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TOPOLOGICAL SINGULARITIES IN THE CODIMENSION-TWO STRATUM OF
NONCOLLAPSED RICCI LIMITS

ANASS NIFA

ABSTRACT. We construct classical noncollapsed Ricci limits with a topologically singular point whose
unique tangent cone has a topologically Euclidean vertex. Fix an integer n > 4 and a closed connected
oriented smooth manifold Q" such that, for some smoothly embedded closed n-disc D" C Q, Q \ int D"
carries a positive-Ricci metric with unit-round strictly convex boundary. For all sufficiently small g > 0,
there is a complete pointed (n + 1)-dimensional Gromov-Hausdorff limit (Y, d, p), realized by complete
smooth boundaryless (n + 1)-manifolds with nonnegative Ricci curvature and uniformly positive based
unit-ball volumes, with unique tangent cone R"™* x C(S;,,
circle of length 27 q. A neighbourhood of p is homeomorphic to the open topological cone over Q#(—Q),
where —Q has opposite orientation, and H;(Y, Y \ {p}; A) = H 1(Q#(=Q); A) for every abelian group
Aand j > 0. If Q#(—Q) is not an integral homology n-sphere, then p is topologically singular. At p,
the density is g, and Y has empty Kapovitch-Mondino boundary. For each integer N > 5, there is an
N-dimensional example where p is the unique nonmanifold point and every tangent cone at every
point splits RV2. Thus the Cheeger—Colding codimension-four singular stratum is empty although

) at p, where C(Sé,[q) is the cone over the

Y is not a topological manifold, disproving the Cheeger—Colding conjecture that the interior of its
complement is a topological manifold.
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1. INTRODUCTION

Let N > 2 be an integer, and let (MY, g;, p;) be complete connected pointed smooth Riemannian
N-manifolds without boundary. Assume that constants K € R and v > 0 satisfy, for every i,

Ricg, > K gi, Vol (Bi(pi)) > v,

and suppose that (M;, dg,, p;) P, (Z,d, p). A pointed limit arising in this way is called a classical
noncollapsed Ricci limit of dimension N. Every tangent cone of Z is a metric cone [5]. At a fixed
point, tangent cones need not be unique; Colding—Naber constructed examples in which the topology
of the cross-section varies and examples in which the dimension of the maximal Euclidean factor
varies [8].

We use the following notation in the statements below. The set Tan(X, x) consists of the pointed-
isometry classes of pointed limits of (X, r; 'd, x) along sequences r; | 0. A pointed space (T, o) splits
R/ if it is pointed-isometric to (R’ x W, (0, w)), with the product metric, for some pointed metric
space (W, w). For a nonempty compact metric space F, C(F) denotes its Euclidean metric cone, with
vertex o, and S} denotes the intrinsic circle of total length ¢£. For a nonempty compact topological
space M and r > 0, let Cyop (M) := ([0, 1) x M)/({0} x M) be the open truncated topological cone,
whose vertex is also denoted by o. If X is an m-dimensional classical noncollapsed Ricci limit, then

m
Rmet(X) :={x : Tan(X, x) = {R™}}, 0"(X,x) :=lim w,
rio wpr™
where w,, = H™(BR"(0)). The symbol 09X denotes the Kapovitch-Mondino boundary, not the topo-
logical boundary; Stop(X) is the set of points having no open pointed neighbourhood homeomorphic
to (BR"(0),0); and Inty(A) denotes the interior of A in X. Full conventions appear in Section 2.
For the counterexample discussion, assume N > 5. For k € {0,..., N — 1}, set

SK2Z)={x€Z : no tangent cone at x splits R,

Cheeger and Colding call x k-weakly Euclidean if some tangent cone at x splits RF. Their set D(Z) of
points which are not (k + 1)-weakly Euclidean is therefore S¥(Z). In the noncollapsed N-dimensional
category their regular set is Rnet(Z) by Section 2; hence their singular stratum is

Sc(2Z) := DI(Z)\ Ruer(2)-
Conjecture 0.7 of [5] states that
Intz(Z \ 51%(24(2)) is a topological manifold. (1.1)

We prove that (1.1) fails in every dimension N > 5.

The known structure theorems delimit the possible locus of such a failure. Cheeger-Jiang—Naber
proved that S¥ is k-rectifiable and that, at 7*-almost every point of S*, every tangent cone splits
RF [6]. For noncollapsed limits under a two-sided Ricci bound, Cheeger-Naber proved that the
singular set is closed and has Hausdorff codimension at least four; its complement is a manifold
with a C1* Riemannian metric for every 0 < a < 1. If the approximating metrics are Einstein, the
limiting metric is smooth on this complement [7, Theorem 1.4 and Section 2.2]. Brué-Pigati-Semola
proved that, if Z = RN™® x Z* as a metric-measure space, then Z* is a topological 3-manifold. They
also proved that, if every tangent cone at a point is (N — 4)-symmetric, then their cross-sections
are mutually homeomorphic [4]. These results concern, respectively, almost-everywhere stratum
structure, two-sided curvature bounds, the product hypothesis Z = RN x Z*, or symmetry of every
tangent at the point. None excludes the exceptional point constructed here.

Menguy constructed four-dimensional noncollapsed Ricci limits that are not topological manifolds
even though all their tangent cones are homeomorphic to R* [11, Theorem 0.6]; see also [4, Section 1.2].
Thus the property that all tangent cones are topologically Euclidean does not by itself characterize
local manifold structure. Colding—Naber constructed a five-dimensional noncollapsed Ricci limit with
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nonhomeomorphic tangent cones at one point and, in other examples, tangent cones with different
Euclidean splitting ranks [8]. Reiser proved that any finite collection of closed smooth manifolds
of one fixed dimension, each admitting a core metric, can occur as cross-sections of tangent cones
at one point [13]. The examples used for Corollary B exhibit a different combination: the tangent
cone at p is unique and isometric to RN 72 x C(S%ﬂq); its maximal Euclidean factor has dimension
N — 2; its distinguished point is topologically regular; Stop(Y) = {p}; and S{,(Y) = @. Moreover, a
sufficiently small pointed neighbourhood of p is homeomorphic to the open topological cone over the
oriented connected sum Q#(—Q), where —Q carries the opposite orientation. For the choices used in

Corollary B, the resulting local homology is incompatible with a manifold chart at p.

Theorem A. Let n > 4 and let Q" be core-admissible in the sense of Definition 3.1. There exists

Q0 = qo(n, Q) > 0 such that, for every q € (0, qo), there exist a complete classical noncollapsed Ricci limit
(Y"1 d, p) and a number ry > 0 with

Tan(Y,p) = {R"" xC(S3,) }»  (Br(p): p) = (Crop, (Q#(—0Q)). 0).
Moreover,
0" (Y,p)=q. Y =0,
and, for every abelian group A,

Hi(Y, Y \{p}A) = Hi_(Q#(-Q):4)  (j>0).

The complement Y \{p} is diffeomorphic to (0, 00) x (Q#(—Q)). The realizing manifolds have nonnegative
Ricci curvature and a common positive lower bound for their based unit-ball volumes. If Q#(—Q) is not
an integral homology sphere, then

p € Stop(Y) n (S (Y)\ S™A(Y)).

The distinguished point (0, 0) of R" 1 x C(S%”q) is nevertheless a topological (n + 1)-manifold point.

Corollary B. For every integer N > 5, there exist q € (0,1) and a complete classical noncollapsed
N-dimensional Ricci limit (Y, d, p) such that

oY =@,  Tan(Y,p) = {R"?xC(S,,) } -
Moreover,
Stop() ={p},  S"()=0.
Consequently,
SNHY) =S, () =0, Ity (YNS{(YV) =Y,
and Y is not a topological manifold.

Theorem A is Theorem 3.2; Corollary B is Corollary 3.4. For the choices made in Corollary 3.3,
one has Hy(Q#(—Q); Z) = Z2. Every point of Y \ {p} is smooth, while the unique tangent at p splits
RN72, Hence SN3(Y) = @, and the nesting of the degeneracy sets gives SN "4(Y) = @. The local
homology formula gives H3(Y, Y \ {p}; Z) = Z?, so p admits no manifold chart. Thus Stop(Y) = {p}
and S§C,(Y) = @. Therefore the interior in (1.1) is all of Y, while Y is not a topological manifold.

Here codimension two refers to the infinitesimal metric condition p € SN72(Y) \ SN73(Y), not
to the Hausdorff codimension of the topological singular set. In Corollary B, Stop(Y) = {p}. Thus
E := {p}is closed, dimy E = 0, and Y \ E is smooth. The failure concerns the Cheeger-Colding
stratum defined above: S5°,(Y) does not contain the topological singular set, and in the present
examples even the larger degeneracy set SNV"4(Y) is empty.

Section 4 separates the two parts of the example. It first constructs on My a Ricci-positive
family converging to the singular link L, 4, and then feeds that family into the radial construction of
Colding—Naber.
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2. PRELIMINARIES AND CONVENTIONS

All metric balls are open, and a bar denotes metric closure. We normalize Hausdorff measure
so that, on every m-dimensional smooth Riemannian manifold, 1} equals the Riemannian volume
measure. Here d is the ambient metric; the subscript is omitted when the metric is fixed. If A C Z,
then Intz(A) is the interior of Ain Z. Put S° := {1, 1} with de(—1,1) = x. For every integer m > 1,
S™ denotes the unit round m-sphere and gg» its Riemannian metric. Set w,, := H™(BX"(0)) for m > 1

and o, := H™(S™) for m > 0. For £ > 0, S} is the circle of total length ¢ with its intrinsic length

GH mGH
metric. The symbols P, and 2 denote pointed Gromov-Hausdorff and pointed measured

Gromov-Hausdorff convergence, respectively.

Definition 2.1 (Classical noncollapsed Ricci limit). Let N > 2 be an integer. A pointed proper
metric space (Y, d, p) is a classical noncollapsed Ricci limit of dimension N if there exist a sequence
(M;, gi, pi)ien of complete connected pointed smooth Riemannian N-manifolds without boundary
and constants K € R and v > 0 such that, for every i € N,

Ricg > Kgi,  Volg (Bf'(p) >0,

GH
and the sequence satisfies (M;, dg,, p;) LN (Y,d, p).

With the normalization above, Vol,, = Hfi\’g . The smooth lower Ricci bound makes M;, equipped
with d, and Hfj\g , anoncollapsed RCD(K, N) space [10, p. 446]. Moreover, lim inf; o Héi (Bf(p) >

v > 0. This lower bound excludes alternative (ii) of [9, Theorem 1.2]; hence alternative (i) applies and
gives

pmGH
(M, dg, M3, pi) —— (Y, d, HJ, p).
In particular, (Y, d, HY) is a noncollapsed RCD(K, N) space, and H} has full support.

Let M be a smooth Riemannian manifold with boundary. Along dM, let v be the inward unit
normal. For v, w € T(dM), set

II(v, w) := —(V,v, w).

If m > 2, B, is a geodesic ball in the unit round m-sphere, and 0 < p < /2, then

IIy5, = cot(p) gas,-

Indeed, the round metric is dr® +sin?(r) ggn-1, the inward normal along 9B, is —d,, and V,d, = cot(p)v
forv € T(9B,).
Let (F, dr) be a nonempty compact metric space. Its metric cone is

C(F) = ([0,00) x F)/({0} x F),

with vertex o = [0, F] and Euclidean cone metric

de([r, x], [s, y])2 =r2+s%—2rs cos(min{dF(x, ), n}).

In particular, deer) (o, [r, x]) = r. If X is a closed Riemannian manifold with metric h, write C(X, h)
for the cone over the metric space (X, dp,). If M is a nonempty compact topological space and r > 0,
put

Crop,r(M) := ([0, ) x M)/({0}x M), Ciop,(M) := ([0, r] x M)/ ({0} x M),

with the quotient topology. The common collapsed class is denoted by o. Thus Ci,p, ,(M) is the open
truncated topological cone, whereas Ciop,-(M) is the closed truncated topological cone.

Definition 2.2 (Ricci closability). For a pointed metric space (N,d,q) and 0 < a < b < oo, let
AfZ »(@Q) :=1{z € N : a < d(q,z) < b}, with the distance restricted from N. A closed Riemannian
n-manifold (X, g) is Ricci closable if, for every € € (0, 1), there exist a complete connected pointed
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smooth noncompact (n + 1)-manifold (N, He, g.) without boundary, a compact connected smooth
domain K, C N, with g, € Inty. K, and a diffeomorphism of manifolds with boundary

@, : [1,00) x X — N \Intyn, K¢
such that
Ricy, > 0, ®*H, = dR* + R*(1 - €)g.

The pullback identity is an identity of smooth Riemannian tensors. The domain K, need not be a
metric ball, and R is not required to equal dp_ (g, ). We use this conical-end formulation throughout.
An end beginning at a positive coordinate R = A can be normalized to begin at R = 1 by replacing H,
with A"2H, and R with R/A; the cross-sectional metric is unchanged.

Let N > 2 be an integer. For a pointed proper metric space (Z, d, z), Tan(Z, z) is the set of pointed-
isometry classes of pointed proper metric spaces (T, dr, 0) for which there is a sequence r; | 0 such
that

(Z,r'd, 2) POH, (T,dr,0).

Put R® := {0}. For an integer m > 0, a pointed metric space (T, o) splits R™ if it is pointed-isometric
to (R™ x W, (0, w)), with the product metric, for some pointed proper metric space (W, dy, w).
Suppose that Z is a classical noncollapsed Ricci limit of dimension N. For k € {0, ..., N — 1}, put

SK(Z) :={x € Z : no T € Tan(Z, x) splits R¥*1}.
If a tangent splits R¥*2, then it also splits R**'. Hence
S%2)cSY(2)c - cSN(2).
The metric regular set is
Rumat(Z) i={x € Z : Tan(Z, x) = {(R", devat, OO}

A point x € Z is topologically regular if there are an open neighbourhood U C Z of x and a
homeomorphism
(U.x) = (B} 0).0).

Put Stop(Z) :=Z \{x € Z : x is topologically regular}.
Fix a realization of Z as in Definition 2.1, and let K be its common lower Ricci bound. Define

JIN =1)/K sin(t\JK/(N - 1)), K >0,

skN(t) =t K =0,
JIN = 1)/IK] sinh(¢,/[K]/(N - 1)), K <0,
and setvg N(7) := Non /0 " sgn(t)N71 dt. The RCD(K, N) condition implies the CD(K, N) condition.
Hence, for 0 < r < R such that sk x is positive on (0, R], the Bishop—Gromov inequality gives
HY (B, (x)) . HY (Br(x))

vkN(r) vk n(R)

(xe2)

[17, Theorem 2.3]. Since HY has full support, the right-hand side is positive. The ratio on the left has
a limit in (0, 0] as r | 0. Moreover, sx n(t) = t+ O(t*) and v n(r) = TN + O(rN*2). Consequently
the volume density
HY (B
eN(Z,x) : = lim d(irgx))

rl0 WNT
has a positive extended limit. Corollary 2.14 of [9] makes this limit finite and gives 0 < ®N(Z, x) < 1
for every x € Z.
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Cheeger—Colding call x regular if, for some integer k, every tangent cone at x is pointed-isometric
to (R, 0) [5, §0]. In the present noncollapsed N-dimensional setting, their regular set equals Rmet(Z2).

To prove this, suppose that every tangent at x is (R¥,0), and choose p; | 0. Put d = p;'d and
= p; NHN. Choose iy so that Kp? > —1 for i > iy. For such i, the rescaled space is noncollapsed
RCD(Kpiz, N) and hence noncollapsed RCD(—1, N). For R > 0, define
_1 N (2t
Dp = sup UNGH
o<t<ar U-1N(t)

The quotient in this supremum extends continuously to ¢ = 0 with value 2V; hence Dy < oo. The
Bishop-Gromov inequality then gives

1(BE(y) < Drps(BI ()

fori>ip, ye€ Z,and 0 < s < 4R. Fix 0 < s < R. Properness makes B (y) compact; choose a finite
maxnnal s/2- separated subset {y;}jer of Bd i(y). The balls B /4(y]) are pairwise disjoint and lie in

B, 4(y). Since BSS / () C B4s(yj), four applications of the displayed measure-doubling inequality
give

(B, () > Dt u(BE ().
Full support makes the last measure positive. Summing over the disjoint balls yields |I| < D;
maximality gives B?"(y) C Ujer B?}z(yj). Fix R > 0 and ¢ > 0, and choose an integer g > 0 such that
279R < ¢. Iterating this covering g times gives an e-net of Bg" (x) with at most D;q points for every

i > iy. Each of the finitely many compact balls Eﬁi(x) with i < ij has a finite e-net. Hence one integer
N(R, €) bounds the cardinality of the required nets for every i. The pointed compactness theorem [2,
Theorem 8.1.10] gives a subsequence r; := p; | 0 and a pointed proper metric space (T, o) such that

(Z,r'd, x) POH, (T, o).

The limit (T, 0) belongs to Tan(Z, x); the hypothesis therefore gives (T, 0) = (R¥,0). Set d; : = r"'d.
Since HY 4= rr NHY, the density identity gives

HY (B (x)) — @N(Z, x)wn > 0.

The rescaled space is noncollapsed RCD(K r?, N). For all sufficiently large i, Kr? > —1, hence it is also
noncollapsed RCD(—1, N). Alternative (i) of [9, Theorem 1.2] now yields

(Z d,,Hd X) (Rk eucl, HN O)

and the limit is a noncollapsed RCD(—1, N) space. If k < N, then HY (B[fk (0)) = 0, so the displayed
limit measure does not have full support. If k > N, then HN (B[fk (0)) = o0, so it is not locally finite.
Both cases contradict the conclusion of the theorem. Hence k = N, and x € Rpet(Z). Conversely,
every x € Ruet(Z) has all tangent cones pointed-isometric to (RN, 0) and is regular in the sense of
Cheeger—Colding. Their k-weakly Euclidean definition and the definition of Dy in [5, §0] therefore
give
D(2Z) = $"2),  S(2) = D)\ Ruer(2).
The symbol 9Z denotes the RCD boundary of [10, Definition 4.2], not a topological boundary. Let
GH
(T, dr, 0) represent an element of Tan(Z, x), and choose r; | 0 such that (Z, r;'d, x) il (T,dr,0).
-1

The density identity gives Hj\fl d(Br" d(x)) — ON(Z,x)onx > 0. For all sufficiently large i, the
rescaled spaces are noncollapsed RCD(—1, N) spaces. Alternative (i) of [9, Theorem 1.2] upgrades the
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convergence to pointed measured Gromov-Hausdorff convergence with reference measure Hé\; on

T. After rewriting [10, equation (2.16)] in the rescaled spaces, pointed measured convergence shows

that its normalizing denominators converge to cr := fBT(o)(l —dr(o, 2)) dHéVT (z) > 0. Consequently
1

(T, dr, c}lHé\’T, 0) is a metric-measure tangent of (Z, d, HY, x). Thus [10, Lemma 4.1] applies: the
underlying pointed metric space is a cone C(F) over a noncollapsed RCD(N — 2, N — 1) link F.
Accordingly,

0Z :={x € Z : some T € Tan(Z, x) is C(F) with oF = @},

where the boundary of F is defined inductively by this formula in dimension N — 1. In dimension
one, a singleton, a circle, and a line have empty boundary; the boundary of a half-line is its endpoint,
and the boundary of a nondegenerate compact interval is its two-point endpoint set.

Whenever homology appears, A denotes an abelian coefficient group. All homology groups are
singular homology groups with coefficients in A. For every nonempty space M, reduced homology is
normalized by H {(M;A) :=0.

3. MAIN RESULTS

Throughout Sections 3-10, let n > 4 be fixed. If Q is oriented, then the underlying smooth
manifold of —Q is Q, and its orientation is reversed. Connected sums are oriented and are taken up to
orientation-preserving diffeomorphism. Inequalities between symmetric (0, 2)-tensors are pointwise
quadratic-form inequalities.

Definition 3.1 (Core-admissibility). A closed connected oriented smooth n-manifold Q is core-
admissible if there are a smoothly embedded closed n-disc Dy C Q, the compact manifold with
boundary Py := Q \ intp Dy, a diffeomorphism S : S""! — 9Py, a smooth Riemannian metric kg
on Py, and constants kg, p1op > 0 such that

ﬁa(le(?PQ) = 8sn-1,

. . (3.1)
ﬂQIIaPQ,kQ > KQ&sn-1, RleQ > ;leQ.

The manifold Py is connected. Indeed, its boundary is diffeomorphic to the connected sphere $™~!
and is therefore contained in one component of Py. Any other component would be disjoint from the
boundary, hence open and closed in Q, contrary to the connectedness of Q.

A core metricin the sense of [15, Definition 1.2] is a Ricci-positive metric containing an isometrically
embedded closed hemisphere of the unit round n-sphere. Every closed connected oriented smooth
n-manifold that admits a core metric is core-admissible.

Let Q admit a core metric. By [15, Lemma 2.18], there are a smoothly embedded closed n-disc
Do C Q and a Ricci-positive metric k on Q such that, for Py := Q \ intg Dy, the restriction
k := k| p, has round boundary metric and positive-definite boundary second fundamental form in
Reiser’s outward-normal convention. If v is our inward unit normal, then Reiser’s outward unit
normal is —v, and his boundary tensor is (V,(—v), w) = —(V,v, w) = II(v, w). There are R > 0
and a diffeomorphism o : "' — 9Py such that f5(klap,) = R?ggn1. Set kg := R7%k. Then
,Ba(kQL;pQ) = gsn-1, Ricg, = Ricy, and ﬁBIIapQ,kQ = R‘lﬁ*QIIapQ,k. Let Amin denote the least eigenvalue
of a self-adjoint endomorphism. The continuous functions

X > Amin(kél RiCkQ)(x)a yr Amin(g;nl—lﬁauaPQ,kQ)(y)

are positive on the compact spaces Py and S"™!, respectively. Let o and k¢ be their respective
minima. Then pg, ko > 0, and (3.1) holds.

Theorem 3.2. Let n > 4 and let Q" be core-admissible. Put Mgy := Q#(—Q). There exists qy =
qo(n, Q) > 0 such that, for every q € (0, qo), there exist a complete pointed classical noncollapsed Ricci
limit (Y34!, d, p) and a number ro > 0 satisfying:

(i) Tan(Yp,q, p) = {R"1 x C(S%,rq)};
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(ii) (Brg(p), P) = (Ctop,ro(MQ): 0);
(iii) for every abelian group A and every integer j > 0,

Hi(Yo,q Yoq \{ph A) = Hi_1(Mg; A);
(iv) @Yo, p) = ¢;
(v) 9Ypq = @.
There is a diffeomorphism Yg 4 \ {p} = (0,00) x M. The realizing sequence may be chosen to consist
of complete connected smooth manifolds without boundary, with nonnegative Ricci curvature and a

common positive lower bound for the volumes of their based unit balls. If Mg is not an integral homology
n-sphere, then

p € Stop(Yo,i) N (8" (Yo, \ S"2(Yo,q))-
The distinguished point (0, 0) of R"™! x C(S},,) is a topological (n + 1)-manifold point.
Corollary 3.3. Forevery integer N > 5 there exist q € (0, 1) and a complete pointed classical noncollapsed
N-dimensional Ricci limit (Y, d, p) such that
Y =0,  peStop(Y)n (SNE)\NSVE(Y)),
Tan(Y, p) = { RN x C(Sénq)} .

For a classical noncollapsed N-dimensional Ricci limit Z with N > 5, the conventions identify
Cheeger-Colding’s regular set with R,et(Z) and give

Dn-4(2) = SNHZ),  S{E(2) = DN-a(D\ Runea(2).
Cheeger-Colding Conjecture 0.7 asserts that
Intz(Z \ Sve.(Z )) is a topological manifold
[5, Definitions 0.3-0.4 and Conjecture 0.7].

Corollary 3.4. For every integer N > 5 there exist q¢ € (0,1) and a complete classical noncollapsed
N-dimensional Ricci limit (Y, d, p) such that

oY =0, Stop(Y) = {p}, SNB(y) = o,

Tan(Y, p) = { RV 72 x C(S},,,) } -

The realizing sequence may be chosen to consist of complete connected smooth N-manifolds without
boundary, with nonnegative Ricci curvature and a common positive lower bound for the volumes of their
based unit balls. Moreover,

SN(y) = s, (Y) = o, Inty (Y \ S{C,(Y)) = Inty (YN SV 4(Y)) = Y,
and Y is not a topological manifold.

Remark 3.5 (Scope of the counterexample). For the spaces in Corollary 3.4, set Eop, := Stop(Y) = {p}.
Since Y is a metric space, Eyp, is closed. For every s > 0, H*(Eyp) = 0, whereas H(Eyop) = 1;
hence dimy; Eiop = 0 < N — 4. The proof of Proposition 9.2 identifies Y \ E;,, with a nonempty
smooth Riemannian N-manifold whose Riemannian distance is the restriction of d. Therefore
dimz(Y \ Erop) = N, and finite-union stability of Hausdorff dimension gives dim;; Y = N. Thus
dimy; Y — dimy; Eyop = N > 4. In contrast, the Cheeger-Colding codimension-four singular stratum
Ecc 1= S5, (Y) is empty, while Y \ Ecc = Y is not a topological manifold. Moreover,

Dn-o(Y) = SN (Y)=Ecc =@,  Stop(Y) ¢ Ecc.
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Proof of Corollary 3.3. Fix an integer N > 5and putn := N — 1.

Suppose first that n is even. Put m := n/2 and let Q := CP™ with its complex orientation. Then
m > 2, and Q is a closed connected oriented smooth n-manifold. By [3, Theorem C], there are a
smoothly embedded closed n-disc Dy C Q and a smooth metric k on Py := Q \inty Do with positive
Ricci curvature, round boundary metric, and positive-definite outward second fundamental form.
If v is the inward unit normal, the latter tensor is (V,(—v), w) = —(V, v, w); it is therefore II in our
convention. Choose R > 0 and a diffeomorphism S : $"™' — 9Pg such that 5 (klap,) = R*gsn-1,
and set kg := R™%k. Constant scaling gives

ﬁ*Q(kaPQ) = ggn-1, RiCkQ = Ricg > 0, ﬁaII&PQ,kQ = R_lﬁéII(;pQ,k > 0.
Define
l’lQ = };1’61}32 Amin(kél RICkQ)(x),

Kg i= rensinr}l Amin(gs_nl—lﬁ’é]:]:apg,kg)(y)'
y

The two least-eigenvalue functions are continuous and positive on compact spaces. Thus g, ko > 0,
and the displayed data satisfy (3.1). Hence Q is core-admissible.

Suppose next that n is odd. Then n > 5. Let Q := S" % x 52, viewed as the unit sphere bundle
S(R*) — S$"72 of the trivial rank-three Euclidean bundle, and give Q the product orientation. The unit
round metric on S"~2 is a core metric. Reiser’s [15, Theorem 5.1], applied to this linear sphere bundle
with fibre S2, implies that Q admits a core metric.

In either case, Q is core-admissible. Fix an embedded closed disc Dy C Q occurring in a choice of
core-admissibility data as in Definition 3.1.

We next compute Hy(Q; Z). If n is even, the standard CW decomposition of CP™ has one cell in
each dimension 0, 2, ..., 2m; hence its cellular differential entering or leaving degree 2 vanishes and
Hy(Q;Z) = Z.1f nis odd, then n — 2 > 3, and the integral Kiinneth theorem gives Hy(S" 2 x $?; Z) =
Hy(S"%,7Z) ® Hy(S%,Z) = Z. Thus Hy(Q; Z) = Z.

Define Q,, Q_, and Mg by

Q4+ 1= Q\intg Do, Q= (—Q)\il’lt_Q Dy,
MQ = Q#(—Q)

For either sign, a collar of the embedded disc boundary makes the pair (+Q, Q.) a good pair, and the
quotient obtained by collapsing Q. is homeomorphic to Dg/dDg = S™. Since n > 4,

H(£0.05:2)=0  (j=2.3).

The long exact sequences of these pairs therefore give Hy(Q.; Z) = Hy(Q; Z.).
Choose a bicollar ¢ : $"! x (—=2,2) — M of the connected-sum sphere so that the negative and
positive collar halves lie in Q. and Q_, respectively. Define

Uy = inty,(Q1) U (8" x (=2, 1)), U- = inty,(Q-) U e(S" " x (—1,2)).

Then U, U U- = M, the spaces U, deformation retract onto Q,, and U; n U deformation retracts
onto S""!. The relevant Mayer—Vietoris segment is

Hy(S"™1,Z) — Hy(Q4+;Z) ® Hy(Q—; Z) — Hy(Mg; Z) — Hy(S" ;7).
The two end groups vanish because n > 4. Hence
Hy(Mg; Z) = Hy(Q; Z) ® Hy(Q: Z) = Z*.

In particular, My is not an integral homology n-sphere.
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Let go = qo(n, Q) > 0 be supplied by Theorem 3.2 and set ¢ := min{qy/2,1/2}. Then g € (0, 1)
and q¢ < ¢o. Applying Theorem 3.2 to (n, Q, q) gives a complete pointed classical noncollapsed
(n + 1)-dimensional Ricci limit (Y, d, p) satisfying

Y =, p € Stop(Y) n (S"H(Y)\S"4(Y)),

Tan(Y, p) = {R"™ xC(S;,,) } -

Since n+1 = N, n—1 = N—2,and n—2 = N -3, these are precisely the conclusions of Corollary 3.3. [

4. LINKS, CAPS, AND RADIAL REALIZATION

Fix n > 4 and a core-admissible closed connected oriented smooth n-manifold Q. Choose
Do, Py, Bo, ko, kg, jio as in Definition 3.1. In the proof of Theorem 8.1, the constant . € (0, 1) is fixed
first and then go(n, Q) € (0, y«/2) is chosen. Decreasing qo(n, Q) if necessary, assume go(n, Q) < 1/2.
Throughout this section,

0< q< qO(I’l, Q), MQ = Q#(—Q)

The metric tangent and the topology of a sufficiently small neighbourhood of the distinguished
point are determined by different spaces. The link L, ; determines the tangent cone, whereas Mg
determines the topology of the completed radial space. Theorem 8.1 relates them through a smooth
family (g;)s=0 on My satisfying

Ricg, > (n—1)g;, dvg, = dvyg,,

GH
(MQ5 gs) s_)—oo) Ln,q-

t <0and ¢ := g for t > 0. The two formulas agree with gy on a neighbourhood of ¢t = 0; hence
(£1)rer is smooth. It has common volume form, Ric,, > (n — 1)¢;, equals gy for t > 0, and satisfies
(Mg, ;) = Lpq in Gromov-Hausdorff topology as t — —oco. The common-volume, Ricci, stationarity,
limit, and closability clauses above are the hypotheses of Proposition 9.2 with X = Mg, > = L, 4, and
g+ = t+. The proposition yields a complete classical noncollapsed Ricci limit whose unique tangent at
the added point is C(L,,4), whose punctured space is the smooth manifold (0, %) x Mp, and whose
sufficiently small pointed balls are open topological cones over M.

There is s, > 0 such that g; = gy for 0 < s < s,, and g is Ricci closable. Define ¢, := g_; for

4.1. The tangent-cone link. Define
Bn,q P= Sn_3 * Szlﬂq’ Ln,q P= SO * Bn,‘]‘

Since g < 1/2, all join factors have diameter at most 7. The cone formula for spherical joins [1,
Proposition 1.5.15], together with Lemma 5.1, gives

Ln,q Ziso S"% S%ﬂ'q! C(L",q) Ziso R™ C(S%”q)’

Ln,q Ztop s, Hn(Ln,q) = ({0n-

Since diam S%”q = 7mq < 7, the line argument in Lemma 5.1, together with the displayed splitting,
gives maximal Euclidean splitting rank n—1. The number g fixes the density and the codimension-two
tangent geometry, while My fixes the topology of the completed radial space.

The quotient-length suspension family in [8, Example I] has B, 4 in its Gromov-Hausdorff closure.
Lemma 5.2 replaces the singular suspension metrics by smooth metrics satisfying (5.5)- (5.8). From
these estimates, Theorem 5.3 constructs a smooth path h; and a smooth nonincreasing function y
satisfying

RiChS > (n - 2)]’13, V01(5n71> hs) = Y(S)O'n—h

_ GH
(s" 1, hs) ;;’ Bn,q~
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The function y is constant near 0 and converges to g. Its initial value is the number y, fixed before
qo; hence

Y 1/(n-1)

8 1 .
qg<qo< ) <y <1, Y < me{l, Ko}

The first chain of inequalities supplies the cap-volume margin. The second places the round boundary
radius below the convexity scale of the core metric.
For each s, Theorem 5.3 also gives metrics g, and isotopies ¢;,, u € R, such that

gou =y Vgg (W< -2),  gou=¢h (u>2),
Ricg, , > (n —2)gsu, dvg,, = dvg, _,.
For —2 < u < 2, set g5y := (¢ L)* gs.u- Pullback gives
/gf,afz = Y(s)z/(n_l)gs"*l’ §§Zp = hs,
Ricgew > (n — 2)g5 P, Vol(S"il,:gff;p = y(s)on-1.
This path is constant on neighbourhoods of u = —2 and u = 2.

4.2. Caps and connected-sum topology. Let I C [0, %) be nonempty and compact, orient "1, and
put @y := dvgw. Fix a background metric on S"1, with Green operator Gs and codifferential d.

Since fs,,,1 duwsy = 0, the harmonic projection of 9, w5, vanishes. Define

Nsu = d;QS(auws,u); I, Wsu = —Hs,u-

The Hodge identity gives dns, = 9dywsy. Let @5, be the flow of X, with ¢;_, = Id. Smooth
dependence for ordinary differential equations on the compact sphere gives a smooth family in (s, u),
and Cartan’s formula gives

d * *
E((ps’uws,u) = qos)u(auws,u + dlxwws,u) =0.

This is Moser’s construction [12]. Because d,w;, = 0 near u = £2, the flow is constant there. Hence
Tou i= (pj’u’gfip has volume form independent of u, satisfies Ricg , > (n — 2)g; 4, and is constant near
both endpoints. After endpoint extension, the pointwise norms underlying (6.2) are continuous on
I x [-2,2] x "1, vanish for |u| > 2, and are uniformly bounded. Thus Theorem 6.1 applies.

The terminal metric is ¢§,hs. Before the terminal collar pullback in Theorem 7.5, the outer
boundary metric is sin® £ ¢ ,h;, and the inward second fundamental form is greater than cot ¢ times
this metric. The terminal collar diffeomorphism F satisfies

FsoPo=Poe (p?% on §"1,
Therefore the final boundary metric, pulled back by S, is sin® eh;. The constant scaling in Theorem 6.1
gives
Ricieg,, 2 (n—1— Cnez)chs,g.

Use Pg and kg from the fixed core-admissibility data. The cap consists of the spherical-deformation
region, a round annulus, and a scaled copy of (Pg, kp). At each of the two seams, the restricted
metrics agree and the sum of the inward-convention second fundamental forms is positive definite.
The two input Ricci tensors are strictly greater than the lower bound retained after smoothing. Thus
Reiser—-Wraith’s Theorem A and Corollary B apply at each seam [16, Theorem A and Corollary B];
the two smoothing supports are disjoint. The compact-parameter construction and its exhaustion on
the half-line are carried out in Theorem 7.5 and Proposition 7.6.

Consequently, for some &, C, D, V > 0, there are metrics K, on Pg, s > 0,0 < ¢ < ¢, such that

Bo(Kselopy) = sin’ € hy, Boapy k., > cote Bio(Kselar,),
Ricg,, > (n—1- CeHKs.,, diam(Pp, K;,) < De,
Vol(Pg, K.c) < V.



12 ANASS NIFA

At each outer attachment, the truncated suspension and cap have boundary metric sin? ¢ h,. Their
inward second fundamental forms are — cot ¢ times that metric and strictly greater than cot ¢ times it;
hence their sum is positive definite. For the chosen gluing reserve, the Ricci tensors on both sides are
strictly greater than the retained lower bound. Reflection across the suspension equator interchanges
the two cap copies and preserves the boundary metrics, normal fields, and second fundamental forms.
These are the hypotheses of Proposition 7.4, which gives the reflected glued family.

Attach a copy of Py at one pole and an oppositely oriented copy at the other. The resulting closed
manifold is

Po Ugn-1 ([0,1] x S"1) Ugn-1 (—Pg) = Q#(—Q).
For the round initial link, let v be reflection across the equator and let G. be the initial glued metric.
The synchronized cap and seam constructions give t* G. = G. and Ric &, > 0. Its fixed-point set is the
nonempty equatorial hypersurface {r/2} x S"~1; the suspension direction is a nowhere-vanishing

normal field. Hence the normal bundle is trivial. The compact-filling construction in [13, proof of
Proposition 3.2], followed by the conical-end attachment in the proof of Theorem 8.1, gives co > 0
such that czQ G. is Ricci closable in the sense of Definition 2.2.

After G, and the cap constants have been fixed, the proof of Theorem 8.1 chooses ¢y € (0, y/2) so
that (8.6)—(8.8) hold. These inequalities preserve the normalized Ricci bound, keep the initial scaling
within the range supplied by Ricci closability, and place the cap-volume error below the available
volume margin.

The proof of Theorem 8.1 chooses a smooth function ¢ : [0,00) — (0, &), constant near 0 and

tending to 0, and constructs metrics @s on M. Equation (8.17) gives (Mo, 63) — Ly,q in Gromov-
Hausdorff topology. The family also satisfies (8.13) and (8.14).

4.3. Volume normalization and radial realization. Define the positive scale

1/n
qon 0 2A
by i = —————— >0, = biG,.
’ (VOI(MQ, G5)> & o

The functions b, and g° are smooth in s. Write (s) := y(s)/q — 1. The lower estimate in (8.14) gives
Vol(Mp, Gy) > qon(1 + B(5)/2), hence b? < (1 + B(s)/2)"2/". In the proof of Theorem 8.1, (8.13) has
coefficient (n — 1)(1 + (s)/2)~%/". Since the covariant Ricci tensor is unchanged under constant
scaling, Ricy = Ric a2 (n—1)g2. The two-sided volume estimate implies b; — 1. The convergence
of (Mo, G) gives a uniform diameter bound for all sufficiently large s. Since distances for g2 = b2 G,
equal b times the corresponding distances for G,, the identity correspondence has distortion at most
|bs — 1| diam(M, é\s) — 0. Consequently

Vol(Mg, g9) = qon,  Ricg > (n—1)gy,
GH
(MQ> gg) S_)oc’ Ln,q-

The path is constant near 0. Equation (8.7), together with stability of Ricci closability under constant
scaling down, shows that g is Ricci closable.

Put w; := dvg. Since /, Mg @5 = 40n for all s, orient M, fix a background metric and its top-degree
Green operator Gy and codifferential dy;, and define

* .
ns 1= dyQmos, ly,0s = —1s.

The harmonic projection of @ vanishes, so dnj; = w;. Let /5 be the flow of Y with ¢y = Id. A smooth
time-dependent vector field on the compact manifold My is complete on every finite s-interval;
uniqueness of integral curves makes the resulting flows compatible on overlapping intervals and
defines i/ for all s > 0. Then

d
7 (Yiws) = Y505 + diy,ws) = 0.
s
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The vector field vanishes on the initial constant interval. Hence g; := /g is constant there, has
volume form dvy,, satisfies Ricy, > (n — 1)gs, is isometric to g, and has the Ricci-closable initial
metric gy = gJ.

Define (£;);er as at the beginning of the section. Apply the slow reparametrization in the proof
of Proposition 9.2 to this family and denote the resulting family by (%;)cx. It has the same common
volume form and Ricci bound, equals gy for ¢ > 0, has the same limit as t — —oo, and satisfies

sup sup (19:Z17 (x) + 07717 () + V90Tl (x)) < 1.
teR xEMQ

The common volume form, the Ricci bound, the constant positive half-line, and the displayed pointwise

derivative estimate instantiate Lemma 9.1 with X = Mg and the family (¢;). For the dimension-only

functions h, f supplied by that lemma,

g = drz + rzh(r)sz(r), Rng >0,
h(r) — 1, f(r) = —oo, rf'(ry—=0 (rlo).

Using the conical-end fillings of gy, the smooth-approximation construction in Proposition 9.2 gives
complete connected smooth boundaryless Ricci-nonnegative approximants to the metric completion
of ((0,00) x Mg, g), with a common positive lower bound for the volumes of their based unit balls.
Denote the pointed limit by (Yp 4, d, p).
The estimate r f/(r) — 0 gives tangent uniqueness. For 0 < a < b < oo,
Sp(a, b) := max{|log al,|log bl} sup lrf'(r)] — o.

min{a,1}p<r<max{b,1}p

Integration of f” gives |f(pt) — f(p)l < 8,(a, b) for a < t < b. The derivative bound for (%,) then
gives the pointwise quadratic-form inequality

eiéﬂ(a’b)?}(p) < ?f(pt) < eap(a’b)?}(p) (a<t<b).

Moreover h(pt) — 1 uniformly on [a, b], while f(p) — —oo and (MQ,E) — Ly 4. By Proposition 9.2,
the rescaled metrics converge on compact annuli to the corresponding annuli in C(L,, ). The rescaled
ball of radius a about the vertex has diameter at most 2a; letting a | 0 upgrades annular convergence
to pointed convergence of balls. Therefore every blow-up at p is C(Lyq) Zijso R" ' X C(S%”q). The
same proposition identifies a sufficiently small pointed neighbourhood of p with the open topological
cone over M.

Section 10 computes the density and local homology from this radial model. Let (M;, dg,, p;) be
the realizing sequence in Proposition 9.2. It satisfies

GH
(M, dg,, pi) —— (Yoq: d. p),
Ricg, > 0, VOlGi(Bl(pi)) >0v>0.

Thus (M;, dg,, H™*!, p;) is a sequence of noncollapsed RCD(0, n + 1) spaces with a common based
noncollapse constant, and every M,; is a topological manifold without boundary. Kapovitch-Mondino’s
theorem [10, Theorem 1.10], applied with K = 0 and N = n + 1, gives dYp ; = @. Finally, Section 11
identifies the Cheeger—Colding strata and proves Corollary 3.4.

5. MODEL LINKS AND COLDING-NABER PATHS

5.1. The target link. Let (A, d4) and (B, dg) be nonempty compact metric spaces with diameters at
most 7. Their spherical join is

Ax B :=([0,7/2]x AxB)/ ~,
where ~ is generated by

(0,a,b) ~(0,a,b"), (n/2,a,b) ~ (n/2,d,b).
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Its metric is
da.s([t,a,b],[s,a’,b']) = arccos(cos t cos s cos da(a, a’) + sin t sin s cos dg(b, b’)) .

The diameter assumptions make the truncations in [1, Definition 1.5.13] redundant. Definition 1.5.13
and Proposition 1.5.15 of [1] therefore show that this formula defines a metric and that

®up : C(A* B) — C(A) x C(B), Dap([r,[t,a,b]]) = ([rcost,al,[rsint, b]),

is a pointed isometry. The quotient map from [0, 7/2] x A x B to the metric join is continuous by the
distance formula. It is a continuous surjection from a compact space to a Hausdorff space, hence a
quotient map. Thus the metric topology on A * B is the quotient topology.
Put S(A) := S° = A. For q € (0, 1], define
Bpg 1= 3 4 Séﬂq, Lpng 1= S(Bng).

Lemma 5.1. For nonempty compact metric spaces Ay, Ay, As of diameter at most 7,

(Ay * Ap) * Az =igo Ay * (Ag * A3).

For q € (0,1),
Ln,q Siso S"% x S%ﬁq,
Ln,q Etop Sn: (5.1)
Hn(Ln,q) = (0n, (5'2)
C(Lng) Ziso R % C(S,)- (5.3)

The cone in (5.3) splits R"! and does not split R".

Proof. The cone-join isometries identify each of C((A; * Az) * As3) and C(A; * (A, * As3)) pointed-
isometrically with C(A;) x C(Ay) x C(A3). Their composite preserves the radial coordinate. If F
has diameter at most 7, then der)([1, x],[1, ¥]) = 2sin(dr(x, y)/2), which is strictly increasing
in dp(x,y) € [0, ]. Restricting the composite to the radius-one spheres proves the associativity
assertion.

The map

[t e,x] — (ecost,sintx) from S« 8" toS" % cRxR"?

is distance-preserving by the join-distance formula. It is surjective: for (yo,y’) € S"2, take t =
arccos |yo|, choose ¢ € S® with ¢|yy| = yo when y, # 0, and take x = y”/|y’| when y’ # 0; the endpoint
relations remove the unused choices. Thus it is an isometry. Associativity gives L, g =iso S™ % * S%ﬂq.

Identify S,,, with R/(27Z) endowed with the metric g times the unit-circle metric, and write its
coordinate as 6. The formula

Yo([t, x,0]) := (costx,sintcosf,sintsinf) € S" C R* ! xR?

is constant on the join equivalence classes and induces a continuous map. If (y, z) € S" and y, z # 0,
its unique preimage is determined by ¢ = arctan(|z|/|y|), x = y/|yl, and (cos 0,sin 0) = z/|z|. If z = 0
or y = 0, the corresponding join relation removes the undetermined circle or sphere coordinate. Thus
¥, is bijective. Its domain is compact and S" is Hausdorff, so it is a homeomorphism. This proves
(5.1).

Set Cq := C(Szl,,q) and U := (0, 7/2) x S""%2 x R/(27wZ). The quotient map identifies U with the
complement of the two endpoint strata in S"2 % S}

2rq- On a sufficiently short angular interval, choose
alift 6 and define

1,(t,x,0) :=(cos tx,sin t cos( 5), sin ¢ sin( 5)) e S".
q q q

For two points in this coordinate neighbourhood, the round spherical distance formula for their
images equals the join-distance formula, because the circle distance is g|6 — 6’|. Hence 1 is a local
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isometry. Since it maps each coordinate neighbourhood isometrically onto an open subset of the unit
sphere, H" on the regular stratum is the Riemannian volume of

8¢ = dt? + cos® t ggnz + g% sin’ t d6?,

whose volume form is q cos” 2 t sin t dt dvg.— d6. The endpoint strata are isometric to "% and S}, q
and have zero n-dimensional Hausdorff measure. For g = 1, the distance formula shows that ¥; is an
isometry onto the unit round S". Since dvg, = q dvg, on U,

H (L) = / dg, = q / dog, = qH"(Lny) = qon.
U U

This proves (5.2). The radial map [r, x] = rx is a pointed isometry from C(S""2?) to R""!: the cone-
distance formula agrees with the Euclidean distance because (x, y) = cos dsn-2(x, y). Proposition 1.5.15
of [1], applied to S"~% and Synq» NOW gives (5.3).
Write T := R™"! x C,. The product exhibits an R" !-splitting. Let y : R — T be a unit-speed line
with y(0) = (0, 0). For t > 0, write
y(=t) =@ [r—z-]),  y(®) =@ [re 2D

Since both points have distance t from (0, 0), [v.|* + r2 = t%. The triangle inequalities in the two
factors and then in R? give

2t = dr(y(=t), y(1))
< (ool + os ) + (= + 7)?

< (o2 + Y2 + (o |* + V2 = 21,

)1/2

Equality in the second inequality is equality in Minkowski’s inequality; since both summands have
norm ¢, it implies (jv_|, —) = (|v+[, ;). Equality in the first implies dc ([r—, z_], [r+, z:]) = r— + ri.. If
the common radial coordinate were positive, the cone-distance formula would give d S%Hq(z,, zZy) = T,

%nq = mq < m. Thus r_ = r, = 0. Since t was arbitrary, every line in T through

(0, 0) is contained in R"! x {o}.

Suppose that T split R"”, and let F : (R" x W, (0, w)) — (T, (0, 0)) be a pointed splitting isometry.
For v # 0, the image of the unit-speed line s — (sv/[v|, w) is contained in R""! x {0} and contains
F(v, w); pointedness gives the same conclusion for v = 0. Hence F(v, w) = (f(v), 0) for a distance-
preserving map f : R" — R"! with f(0) = 0. For the standard basis,

[f(ed” +1f (e = [f(e) = flep)l* _

(f(e, f(ep) = 5 = dij.

This would give n orthonormal vectors in R™ 1, a contradiction. Therefore T does not split R". [

contrary to diam S

5.2. Regularization of the codimension-two edge. For 0 < t < 1 and a nonempty compact length
space (Z,dy), let S;(Z) be the quotient of [0, t7] x Z obtained by collapsing {0} x Z and {tr} x Z
separately. If ¢ = (r,z) : [a, b] = (0, txr) x Z is absolutely continuous, set

b
Li(c) := / JIF () + sin®(r(s)/D)|z(s)? ds,

where |Z| is the metric derivative in Z. The quotient is endowed with the length metric generated by
such curves and radial segments ending at either pole. This is a metric. Indeed, the radial coordinate
is 1-Lipschitz. If two distinct interior points have the same radial coordinate r; and a joining curve has
length less than % min{ry, t7 — ry}, then the curve remains in a strip on which sin(r/t) has a positive
lower bound, its projection to Z has length bounded by a fixed multiple of the original length. Thus
two distinct points cannot have zero distance. The quotient projection is continuous, since a radial
segment followed by a horizontal curve gives

ds,z[r.z],[r",2']D) < |r = 1’|+ dz(2, 2).
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It is therefore a quotient map from a compact space to a metric space, so the metric topology is the
quotient topology. For a closed Riemannian manifold Z, this is the ¢-suspension of Colding—Naber 8,
Example I, p. 8].
For t > 0, let S!(t) denote the round circle of radius ¢. Given t = (t, ..., t,—1) With 0 < t,_; < - <
t < 1, define
Xt += St (St,(++ St (8 (ta=1)) ).

Iterating the standard suspension homeomorphism identifies X; with the fixed smooth sphere S"1.
For every m > 2, we use the single-join identification

[t, p, %] — (cos t p,sin tcos 0, sin t sin 0) € S™ ¢ R™ ! x R?,
where 0 <t < /2, p € S" 2, and 0 € R/27Z. We write g for the transported quotient length metric.

Lemma 5.2. Letm > 3 and q € (0,1). There are d. = d.(m, q) > 0, a constant C,, > 0, and a function
Wmgq * (0,d.) — (0,00) such that wmge(d) — 0 asd | 0 and the following holds. Let ¢ < f < 1,
0<A<1,and0<d<d. OnS"? xS, s identified with the fixed standard smooth sphere S™ by
the preceding homeomorphism, let g, be the quotient length metric whose restriction to the regular
cylinder is

A2(ah‘2 + cos? t ggna + % sin® thz).
There is a smooth metric G(A, B, d) on S™ whose restriction to (0, r/2) x S™ 2 x St is

A*(dt* + cos® t ggns + bp a(1)?d6?). (5.4)

The map (A, B, d) = G(A, B, d) extends smoothly to an open subset of (0, ) containing (0,1) x [g, 1] x
(0, d.). Moreover,

Secg(Af.d) = A73(1—d), (5.5)

G(A1,d) = Alggn, (5.6)

0 < Vol(S",G(A, B, d)) — H raw(sm) < CpA™d, (5.7)
deu((S™, G(A, B, d)), (S™, g5F)) < Awmg(d). (5.8)

Proof. Choose y € C*([0,0),[0,1]) such that y = 0 on [0,1/2], y = 1 on [1,), and y” > 0. For
0<p< /4, set

/2
J(p) 1=/0 x(t/p)cottdt.

The integrand vanishes on [0, p/2], and differentiation under the integral sign gives

/2
J(p) = —p_z/0 ty'(t/p)cottdt <O.

The inequality is strict because y’ is positive somewhere in (1/2, 1) and the support of y’(¢/p) lies in
(0, £/2). Moreover, J(p) > /;)”/4 cot t dt, so J(p) > oo as p | 0.
Choose d, > 0 so that d. < 1/16, d.J(r/4) < 1/2, and, for 0 < d < d,,

rle 4 < d, d|logsin Vd| < 1. (5.9)
This is possible because both left-hand sides divided by their asserted bounds tend to zero. Set
4 1+¢
=-1 §:=d— H:=—.
og /. 1+ d

Then 0 < § <d<1/2and H > J(r/4). Since ] is strictly decreasing from +oo to J(7r/4), there is a
unique p = p(f, d) € (0, /4) satistying J(p) = H. The implicit function theorem applies to

1-logp

F(p,p.d) :=J(p) - R
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because d,F = J'(p) # 0. Thus p is smooth on

1 :={(ﬁ,d) D f>0,0<d<d, 1_2"3'8>J(ﬂ/4)},

which contains [ g, 1] x (0, d.).
Define
t
z(t) :==8x(t/p), y(t) :=exp </ z(v) cotv dv> , bga(t) :=sint y(t).
0

For 0 < t < p/2, one has bg 4(t) = sint. If p < t < 7/2, then

¢
/ x(/p)cotvdv = J(p) + logsin t.
0

Since §J(p) = ¢,
y(&) = f(sint)™®,  bpa(t) = f(sint) . (5.10)

Near t = 0, the metric in (5.4), divided by A?, is dt? + cos? t ggm-2 + sin’ t d6?%; hence the normal
2-plane has the standard polar metric and the tangential coefficient is a smooth even function of the
normal radius. Near ¢t = /2, with s = n/2 — t, it is

ds? + sin? s ggn— + f%(cos )27 g2,

The first two terms are the standard polar metric in the normal (m — 1)-plane and the final coefficient
is smooth and even in s. These expressions give a smooth metric across both strata and depend
smoothly on (A, f,d) € (0,00) x U If f = 1, then £ = § = 0 and b; 4 = sin t, proving (5.6).

Divide the metric by A%, abbreviate a(t) := cost and b(t) := bg 4(t), and write

g 1= dt* + a(t)’ ggno + b(t)*d 6>

At a point of S™2 choose a geodesic orthonormal frame ey, ..., e,_2 and set E; = a”'e; and Eg = b™19,.
At that point, Koszul’s formula gives

/ /

a a
Vo, Ei =0, VE O = ;Ei, VEE; = —51‘]‘;@,
b/
VatEg = 0, VEgat = ?Ee,

4

b
VEQE@ = _?at, inEG = VE(.)Ei = 0.
Substitution in R(X, Y)Z = VxVyZ — VyVxZ — V|x y|Z, together with RS'H(e,-, ej)ej = e fori # j,
shows that the curvature operator is diagonal on

O NTS™ 2, APTS™2
TS™ 2 A TS, d; NTS,

with respective eigenvalues

! 1—(a)?
e e,
a a
ab’ b (5.11)
- =1+z, -
ab b

The second summand is absent when m = 3. Since b’ /b = (1 + z) cot t,

177

e =14z—2 cott—z(1+z)cot’t.
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Now —d <2< 0,2z’ <0,and 1+ z > 0. Every eigenvalue in (5.11) is atleast 1 —d. If Q = Y, ¢,Qy is
the unit simple 2-vector of a two-plane in an orthonormal eigenbasis of A, then secy(Q) = Y, ¢21, >
1 — d. Smoothness extends the estimate to both strata. Scaling by A? proves (5.5).

The function y is nonincreasing, y(0) = 1, and y(r/2) = f; hence

<y <1 (5.12)

Furthermore, J(p) < //)72/2 cott dt = —logsin(p/2). Since J(p) = H > d~! and sin(p/2) > p/,

p<me Vil pr<d (5.13)
by (5.9). For 0 < x < 1 and 0 < § < 1/2, the mean-value theorem applied to r — x™" gives
0< x%—1< 8|logx|x~1/2 (5.14)

Let 3y = S™ % and ¥; = S! be the strata at t = 0 and t = /2. Their inclusions are Lipschitz
for both metrics, with induced dimensions m — 2 and 1, so they have zero m-dimensional Hausdorff
measure. On the regular cylinder the Riemannian volume forms give, with ¢,, := 270,_2,

VOl(Sm, g(A, ﬂ, d)) - ngqaw(sm) 77.'/2
yT s =cm / cos™ %t sint (y(t) — ) dt.
0

The integral is nonnegative by (5.12). Its part on [0, p] is at most Cy,p%. On [p, 7/2], (5.10) and (5.14)
bound it by

/2
Cm5/ cos™ %t sin'/? t|logsin | dt.
0

The integral is finite: the integrand is o(t1/2| log t]) at 0 and O((r/2 — t)™) at 7 /2. Since p? < d and
d < d, this proves (5.7).

Let dy and d; be the distances of gffg’ and G(A, f, d) on the common quotient. We first justify the
curve class used below. For i = 0, 1, every pair of points and every ¢ > 0 can be joined by a finite
concatenation ¢ whose open nonradial pieces lie in the regular cylinder and whose d;-length is at
most d;(x, x”) + ¢. For dy, this follows from the quotient length definition after replacing an arc in
3 by its parallel copy at t = ¢ and an arc in X by its parallel copy at s = 7/2 — t = ¢. Write L for
the ggm—2-length of the arc in 3 and Ly for the angular length of the arc in %;. The respective length
errors are bounded by

2Ae + A|]l — cos €|L, 2Ae + A sup |bg 4(n/2— 1) — P|Ls,
0<r<e

and tend to zero; the raw metric has the same property with bg 4 replaced by f sin t. For d;, begin with
a piecewise geodesic curve of length at most d;(x, x") + ¢/2 and cover it by finitely many strongly
convex coordinate balls. In one such ball, fix a vertex v outside the strata. If the geodesic segment
[v, w] meets 3; at z = exp,(sexp,! w) with 0 < s < 1, then w = exp,(s™! exp, " z). The bad endpoints
are therefore contained in the image of the smooth map (s, z) — exp,(s™* exp;! z) on its domain in
0,1)xX j- This domain has dimension at most m — 1, so its image has zero m-dimensional measure.
Fubini’s theorem on the finite product of small coordinate balls permits the interior vertices to be
moved arbitrarily little so that every open geodesic edge avoids both strata. If an endpoint lies in a
stratum, a short normal segment moves it to the regular cylinder. Continuity of length under these
finite vertex perturbations and the two parallel-copy estimates above prove the assertion.

Since bg 4(t) > fsin t, comparison of regular-cylinder lengths now gives

dy < dy. (5.15)
Fix n with p < n < 1/4. For t > n, (5.10) gives

t
1< y;) = (sint)? < exp(d| log sin ry|) =: Lq,. (5.16)
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Let ¢ be a finite regular concatenation from x to x” with Lg,(¢) < do(x,x”) + €. If ¢ meets {t < n},
let I = [s_, s4] be the interval between its first and last visits to this set. Choose compatible angular
representatives on the regular pieces of c|;; compatibility across a visit to ¢ = 0 is possible because all
angular values are identified there. Replace the angular coordinate on I by a constant and insert, at s_
and s, shortest angular arcs restoring the original endpoint values. Each inserted arc has d;-length
at most mAbg 4(t) < mAsint < mwAn. The central replacement has no angular velocity, so its dy- and
d;-lengths are equal and do not exceed the original dy-length on I. Outside I, (5.16) bounds d;-length
by Lg,, times dy-length. The same outer estimate applies to all of ¢ when the inner set is not met.
Letting ¢ | 0 yields

di(x,x") < Lgydo(x, x') + 27 An. (5.17)

Two radial segments to Xy and a shortest arc in 3y give diam(S™, dy) < 27 A. For the identity
correspondence Rig := {(z,z) : z € §"}, (5.15), (5.17), and the diameter bound imply, whenever
d|logsinp| <1,

dis(Rig) < CmA(r; + d|log sin ry|), (5.18)
because " — 1 < 2r for 0 < r < 1. By (5.13), p < J/d. Take n = v/d and define
Omg(d) 1= Cm(x@+ d|log sin \/E|)

Equation (5.9) makes (5.18) applicable, and sin Vd > 2vd/7x gives wmq(d) — 0. Since the identity
relation is a correspondence and dgy < % dis(Riq), (5.8) follows after increasing Cy,. O

5.3. The variable-volume path.

Theorem 5.3. Fix0 < q < yx < 1. There exist a smooth nonincreasing function y : [0,00) — (q, y«],
smooth metrics hs on S"!, smooth paths g, ,,, and smooth isotopies ¢, with (s, u) € [0,00) x R, such
that

Ricy, > (n — 2)hy, (5.19)
Vol(S" ™, hy) = y(s)on_1, (5.20)
(5" hy) — B g- (5.21)

The function y equals y. on [0, so] for some sy > 0 and satisfies y(s) — q as s — oo. For every s > 0,

8su = )’(s)z/m_l)gS”*1 (u < -2), 8su = ¢:,2hs (u>2),
$su=1d (u<-2), Psu= P52 (u2>2),
Ricg, , > (n —2)gsu, dvg,, = dvg, _,.
The maps (s, u) = gsu and (s, u) — ¢, are smooth. There is 6p) > 0, independent of s, such that the

left endpoint identities hold for u < —2 + &1 and the right endpoint identities hold for u > 2 — Jy). For
0<s<syandu€R,

hS = gs,u = YE/(n_l)gS"719 ¢s’u = id.
Proof. Putm = n—1and sp = 1. Define
0, 0< s < s,
d(s) = 9
eXp(—(s - 50) ), s> sp.

Then 9 is smooth and nondecreasing, vanishes on [0, so], takes values in [0, 1), and tends to 1. Set

1/m
V) =g+ (- QU= 96, a(9) = (1. + (1= )3)"".
Thus y has the asserted monotonicity and endpoint behaviour, while

a(s)™ —y(s) = (1 —q)9(s) >0, 0<a(s)<1
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for finite s, and a(s) — 1.
Define

y(s)
a(s)m—l
Since y(s) < a(s)™, the last coordinate of t*(s) is at most a(s). For ¢ € {—,+} and 1 < j < m, put
xj(s) = —log t;(s). Both endpoint vectors lie in the convex set

t*(s) = <a(s),...,a(s), ) . t(s) = (p()Ym Ly (s)m).

Dy = [x €(0,00)™" 1 x; <+ < X, ij = —log y(s)].

j=1

Choose yp € C°((—2,2)) with yp > 0 and fR o = 1, and define A(u) = f_:o xo(v) dv. Since supp yo €
(-2, 2), there is §y > 0 such that A(u) = 0 for u < -2+ 8y and A(u) = 1 for u > 2 — . Set

xi(s,w) = (1= Mw)x; (s) + Mwxf(s),  ti(s,u) = e 9w,

Convexity of D) gives 0 < ty(s,u) < -+ < ti(s,u) < 1and [T, t;(s, u) = y(s). The first m — 1
entries are equal. Define

tm(s, u) y(s)

ti(s,u)’ a(s)y™

Then f(s,u) = B(s)*™. Since y(s) < fi(s) < 1and 0 < A < 1, one has B,(s)*® > B.(s).
Consequently,

A(s, u) = t1(s, w), B(s,u) = Bi(s) =

g<y(<PGW <L, AGw"B(sw) = y(s). (5.22)

For every Riemannian metric h, the change of variable r = At gives dr? + sin?(r/A)A%h =
A%(dt* + sin® t h). The first m — 1 suspension parameters are A(s, u). Repeated use of this identity
factors out A(s, u)?. The remaining unit suspensions are spherical joins with S°; associativity from
Lemma 5.1 identifies the resulting quotient with S™2 »* Szlnﬁ( s.u)- Under the fixed smooth-sphere
identification of Lemma 5.2, its quotient length metric is

g = A(s, u)? (dt2 + cos? t ggna + B(s, u)* sin® td@z) .
On every lifted angular interval, the map
(t,x,0) —> A(s, u)(cos t x, sin t cos(f(s, u)g), sin t sin(f(s, u)g))

is a local isometry into the round sphere of radius A(s, u). Thus the m-dimensional Hausdorff measure
on the regular cylinder is the Riemannian measure of the displayed tensor. The collapsed strata have
dimensions m — 2 and 1, hence zero m-dimensional Hausdorff measure. Using o, = 2w0p,—2/(m — 1),

one obtains
27O m—2

Hyran (S™) = A(s, u)" B(s, u) =y(s)om.

m-—1

Replace the constant d, in Lemma 5.2 by min{d., 1/16}, and set

d.1— A(s, u)?

d(s, u) = gm(l — 19(3))4

For finite s, 0 < A(s, 1) < 1, and therefore
0<d(s,u)<d,, d(s, u) < 1— A(s, u)>.

The functions A, f, and d are constant in u near (—oo, —2] and [2, ) and are constant in s on [0, sy ].
Define g, = G(A(s, u), f(s, u), d(s, u)). The hypotheses of Lemma 5.2 follow from (5.22); hence

secg,, > A(s,u)*(1—d(s,w)>1,  Ricg, >(m—1DFu.
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Moreover,
0 < Vol(S™, Zsu) — Y(s)om < CuA(s, u)™d(s, u). (5.23)

Let

V(s u) = Vol(s". ). E(su)" = yv(<) Z"ﬁ,

The smooth parameter dependence in Lemma 5.2 implies that V, £, and g are smooth. Equation (5.23)
gives 0 < & < 1. Since constant scaling leaves the Ricci tensor unchanged and é72 > 1,

:g\s,u = §(3> U)ZEs,u-

Vol(S™, gs.u) = y(8)om, Ricy > (m —1)g;u. (5.24)

If B(s, u) = 1, then Lemma 5.2 gives g, = A(s, u)>gsn. In this case A(s, u)™ = y(s), so &(s,u) = 1
and

Tow = y()¥ ™ gen. (5.25)
In particular, this holds for u < —-2.
Atu =2,

y(s)

AD=a9 =1 fs2= o

d(s,2) = 0.

Let d™¥, d,, and d denote the distances of g8, B2, and Fio. By (5.23), 1 < &(s5,2)™ < 1+
Cnd(s,2)/(qom), so &(s,2) — 1. The Gromov—-Hausdorff estimate in Lemma 5.2 gives

den((S™, d), (S™, d5™)) < A(s, 2)mg(d(s,2)) — 0.
Let d, be the quotient distance of B, 4 on the common underlying join quotient, and put

_AG2Bs2) _ y(s)

Cs = A(S, 2), Cs q = qa(s)m_l.

For finite s, 0 < ¢; < 1 < Cy, and both ¢; and C; tend to 1. For every absolutely continuous lifted
piece used in the quotient-length definition, including pieces contained in either endpoint stratum,
the two length integrands F, and F; satisfy c¢;F; < Fy < CsFy. Taking infima over the same admissible
concatenations gives

cody < d™ < Cd,,

Since every spherical-join distance is at most x, the identity correspondence has distortion at most
mmax{l — ¢5, C; — 1}. Thus

dGH((Sm, dﬁaw), Bn,q) < %max{l — ¢, Cs— 1} — 0.
The first two Gromov-Hausdorff estimates bound diam(S™, d~s) for large s. Since ;l\s = &(s, 2)d~s,

~ ~ 1
dGH((Sma ds)’ (Sm> ds)) <

< §|1 — &(s,2)| diam(S™, d;) —> 0.

Set hy = gs2. Equation (5.24) gives (5.19)—(5.20), and the three estimates give (5.21).
It remains to make the volume form independent of u. Orient S™, fix a background metric, and let
¢ be the Green operator of its Hodge Laplacian on top-degree forms. Define

Wsy = dv/gs,u’ Ay = auws,u-

Equation (5.24) gives fsm asy = 0. Thus the harmonic projection of a5, vanishes. Since ¢ «; ,, has top
degree, d¥9 a;,, = 0, and the Hodge decomposition yields d d*¥ a;,, = a5 y. Define

*
Nsu = d gas,u, IX;, @Ps,u = —Hs,u-
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Contraction with the positive volume form is an isomorphism from vector fields to (m — 1)-forms, so
X 1s uniquely defined and depends smoothly on (s, u). For —2 < u < 2, let

Qudsu = Xsuo s Ps—2 =id.

A smooth time-dependent vector field on the closed manifold S™ has a flow throughout the finite
interval [—2, 2], and smooth ODE dependence gives joint smoothness in (s, u, x). Cartan’s formula
gives
d . R
E(d’s,uws,u) = gi)s’u(ocs,u + dlxs,uws,u) =0.

The metric g, is constant in u on fixed neighbourhoods of (—c0, —2] and [2, ©); hence a5, = 15, =
X;u = 0 there. Extend ¢, by id for u < —2 and by ¢, for u > 2, and set g, , = ¢}, 8s.. The constant
extensions are smooth and satisfy

* .
dvg,, = ¢, 0su = 052 = dvg,_,, Ricg , > (m —1)ggu.

Equation (5.25) and the definition of h; give the endpoint metrics in the statement.
For 0 < s < sp, one has 3(s) = 0 and t*(s) = t (s). Therefore A(s, u) = y*l/m, B(s,u) = 1, and
Gsu = yf/mgsm for every u. It follows that X, =0, ¢, = id, and hy = g;,, = yf/mgsm. |

6. SPHERICAL DEFORMATION
For a tensor field T on $" !, write [T|g := sup,cgnt | T(x)],-

Theorem 6.1. Let I C [0, ) be a nonempty compact interval. Let g, (s, u) € I xR, be a smooth family
of metrics on S"! such that

Ricg , > (n —2)gsu, dydvg,, = 0. (6.1)
Assume also that

sup (”augs,u"gx,u + ”aigs)u"gs,u + ||Vgs’“5ugs,u||gs,,,) < oo, (6.2)
(s,u)eIxR

Assume that g, = gs—2 foru < =2 and g, = gs2 foru > 2.

There are constants ey = ey(n) > 0 and 0 < ¢, < C, < oo with the following property. For every
0 < ¢ < g there are smooth functions y, : (0,1] — (0,1] and ¥, : (0,1] — [-2,2], numbers
r_¢ € (0,1) and k. € (0,1/2), and a smooth family of metrics on (0,1] x S"°1,

. 2
sin(x,r)
Gse := dr’ + <Kg)(g(r)> &s,0.(r) sel. (6.3)
&€
The resulting data have the following properties:
Ve(r)=—-2 (0<r<r,), Ve(r)=2 forr near1l, (6.4)
li =1, li ‘(r)y=0, 6.5
im Xe(r) im rx:(r) (6.5)
cne <k, < Cpe, (6.6)
Ricg,, > (n —1—Cue* - Can)KgGs,g. (6.7)
Define
1 .
e = \/sin? ¢ — 8¢, A, =25 Ce o e
Ke A,
These choices satisfy
(c7Gs.elpapsnt = sin” e gz, (6.8)
II{l}xsnfl’ Gy, > cote (C? Gs,£)|{1}><5n—1, (6.9)

Ricgg, 2 (n—1- Cne?)c? Gy, (6.10)
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The map (s, &, r) = Gs(r) is smooth. The functions y., . and the numbers r_ ., k., ¢, depend smoothly
on ¢. Their formulas may involve I and the family (g .)(su)cixr but do not involve s; the constants
€0, Cny Cy depend only on n.

Proposition 6.2. Letm > 2, let A > 1, and let X" be a closed smooth manifold. Let (£;);er be a smooth
family of metrics on X. Assume that, for every t € R, the following identities and inequalities hold
pointwise on X:

dvg, = dvy, Ric,, > (m — 1), (6.11)
and that
AP AP Vit < A. (6.12)
Here dv,, denotes the Riemannian volume density and a dot denotes a t-derivative.
Let ] C (0,00) be an interval. Let f : ] - R and w : J — (0, 00) be smooth, put g(r) := {4, and

equip ] x X with G := dr* + w(r)*g(r). A prime denotes an r-derivative, and div, g’ is the one-form
defined by

(divg g')(Z) = EXVgx%m

where (ey, ..., en) is any g(r)-orthonormal frame. In coordinates, (divy g'); = Vg, Ife € T X is
g(r)-unit, then

' w’ 1 o
RICG(ah ar) =-—-m— - 7|g g (613)
w 4
1
Ricg(9,, wle) = Z—(divg g')(e), (6.14)
w
w 2 w”’
Ricg(w e, wle) = w2 Ricg(e, e) = (m—1) () - —
) v v (6.15)
1 1
A LGOS CORI(CPH
In coordinates tangent to X,
. - w 2 w”’
(Ricg)ij = (Ricg);j + w? |- <(m -1) (w) + > 8ij
(6.16)
m w
gl] - 7gz] + gabgz/ngbj
Furthermore,
gl <AL IVl <AlfL 187l S A(SI+IFP). (6.17)
The mixed component also satisfies
mA
Rica(@,, w' o) < Y417} (6.19)
Suppose now that | = (0,1] and 0 < p < e~°. Define
T(r) := —log(pr), L(r) :=log T(r),
E
h(r) :=1— —, w(r) := rh(r), f(r) :=—FlogL(r) + c,
L(r)
where E, F > 0 and ¢ € R. Assume that, for every 0 < r < 1,
E 1 T
(r) > 4, E > 2m AF, E > A*F%, (6.19)

02 I
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Then, for every g(r)-unit vector e,

RiCG(ar, ar) > 2T(r)§(r)2rz’ (6.20)
Ricg(w e, wle) > L(f)rZ (6.21)
}Rch(a,, wo e)} WAF (6.22)

= T(HL(r)r?
The Ricci tensor of G is positive definite on (0, 1] x X.

Proof. The identity 0,dvy(,) = 3 try() &'(r) dvg(,), together with the first identity in (6.11), gives

tre(r) g'(r) = 0. Differentiating g“bg'b = 0 and using (g®) = —gapg;,ngb gives

trgn &7 (r) = 1 (N (6.23)

Put g(r) := w(r)?g(r). The metric G = dr? + g(r) has the form required by [13, Lemma 2.4]: the
interval is J, the slice manifold is X, and r — g(r) is a smooth family of positive-definite metrics. For
tangent vectors U, V and a g(r)-orthonormal frame (i, ..., &), that lemma states

1
RiCG(ar: ar) =7 tr/\ | |2:

Ricg(U, 9,) = fU (trg Z(vg U, &),

Ricg(U, V) = Ricg(U, V) — f”(U V)+ s Z (U, )8 (V, &)
j=1

1 ~/ ~
—;gULVﬁ@g

Puta := w'/w,let (ey,..., ey) be g(r)-orthonormal, and set &; : = wle ;. Since w is constant on each
slice and trg g’ = 0,

¥ = w(2ag + ),

a2 2 Wiﬂ o
gi=wl2 a+W gt4dag +g" |,

try 8’ = 2ma,

R = amat + gL,
s

— 2 Wf 712

try 87 2m<a+w>+|g|g.

The final identity uses (6.23). Substitution in the first cylinder formula gives

44
7 w

1 ~712 1 /2
——tr; 8+ - |g'a = —-m— — =g’
5 g8 Ig et

which proves (6.13).
The function trg g’ = 2ma is constant on each slice. If € = wle, then

m m

Y ETICE) = — 3% e ) = - (divg o)

J=1 W=

The last equality follows because g’ is symmetric, so (V5 g")(U, V) = (V5g")(V, U). Substitution in
the second cylinder formula proves (6.14).
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For tangent coordinate vectors, the three terms in the third cylinder formula which involve
r-derivatives are

L, 2 [ 2 W , 1y,
8 =V —(a Tt gij_zagij_ggij ;

1

ab 7

/
gaigbj:| >

N |

" )

~ AN -~ !
§ : 201, €.)8' (9, e) = W’ |2d°g;j + 2ag]; + 28
a=1 -

1y, ~ 2 [ 2 m .,
—Zgijtrgg =w h—ma &ij — Eagij].

For each fixed r, constant rescaling gives Ric,,(,2q(;) = Ricg(y) as symmetric (0, 2)-tensors. Adding
the four terms proves (6.16); evaluation on w™!e proves (6.15).
The chain rule gives

g=bnf, &=V +lnf”, Vg =IOl S

This proves (6.17). If (ey, ..., ey) is a g(r)-orthonormal frame, then

(dive g')(e)| = < Jm|vEg .

Z(veag/)(ea, e)
a=1

Equation (6.14) gives (6.18).
For the logarithmic functions, 0 < p < e *and 0 < r < 1 give T(r) > e and L(r) > 1. Direct
differentiation gives

E F

/ _ / _
L TR Al v (629
E 12
wo=——1+=+—). (6.25)
rTL? T TL

Write x := E/Land § := E/(hTL?) = x/(hTL). The first inequality in (6.19) gives 1/2 < h < 1.
Hence x/h < 1,and TL > 1 gives 0 < § < 1. Thus

w  1-6 w1
L= , 0<—< -, (6.26)
w r w T r
Equations (6.13), (6.17), and (6.25), together with A°’F> < E and T > 1, give
Ricg(0,.9,) > — L W
ic ,0r) > ——— | mE — > .
oI = et 4T 2r2TL?
This proves (6.20).
For0<x<1/2,
x%(3 — 2x)
h2-1-2x="—""_2* 6.27

Moreover, —w” /w > 0 by (6.25), and |g’(e, ')@ > 0. Since T/L > 4and L > 1, one has 0 <
1—T7!—(TL)™! < 1. Consequently,

F 1 1 F
" _ 1————), ") < ]
f r2TL < T TL) UE r2TL

Because 0 < § < 1, equations (6.26) and (6.27) give
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Using this inequality and (6.17) in (6.15) gives

. _ _ Y m 1
Ricg(w e, wle) > (m—Dr Z(h 2_(1- (5)2) - E|g’(e, e)| - 5|g”(e, e)|

1 (m+1)AF  AF?
> — (2(m—-1)E - -
Lr? 2T 2T2L
1 +1)AF  AF?
> U (ogm_pp_ M+ DAF .
Lr? 2T 2TL

The inequality E > 2/m AF gives AF < E/(2+/m). Since A > 1, the inequality E > A*F? also gives
AF? < E. Since T > 4 and L > 1, the expression in parentheses is at least

E(z(m—l)—””l—1>.

16ym 8
Form > 2,
m+1 1 m+1 1 31m-—35
2m—1)— ——=—=>2(m—1)— o= T
16ym 8 16 8 16
This proves (6.21). Equations (6.18), (6.24), and h > 1/2 give (6.22).
Define
E E Jm AF
ay = ——, = 1= .
’ 2TL2r2 o Lr? ' TLr?

The tangential restriction of Ricg is bounded below by y,G|rx, and the mixed one-form V —
Ricg(d,, V) has norm at most b, with respect to G|rx. Furthermore,

, B omAZF2L
ayr=br 2 orma \1 T Ty

> E* 1 L >0
T 2TL3rt 2T '

The second inequality uses E > 2/m AF; the last uses T/L > 4. For s € Rand V € T, X,

Ricg(s9, + V,$9, + V) > a,s* — 2b,|s||V|g + 1,V [%.

Since a, > 0, y, > 0, and a,y, — b? > 0, this quadratic form is positive definite. Hence Ricg is positive
definite. 0

Proposition 6.3. Let I C [0,00) be a nonempty compact interval. Let g, (s,u) € I xR, be a smooth
family of metrics on S""! satisfying (6.1), (6.2), and
8s,u = &s,-2 (u < -2), Es,u = 8s,2 (u>2).

There are constants Oy, € (0,1) and Cy, < oo, depending only on n. There are also a number L} > 1
and a smooth nondecreasing map p; : R — [~2,2], depending only on I and the family (g .)(su)eixr>
such that

p1w) =-2 (v<-Lp), piw) =2 (v=Lyp).
For0 < 0 < Oy.p, put

E:= Q, F:= i, t = 64n672, Ty := eb, ro(0) := e T, (6.28)
8 64n
and, for0 < r <1, set
Ty(r) := —log(ro(O)r), tp(r) = log Tp(r),
coy :=Lr+ 1+ Flog ¢, xo(r) :=1- i (6.29)
’ to(r)

@o(r) :=—Flogte(r) + cor, Yo(r) := pi(pe(r)).
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The function @g is strictly increasing, po(r) > —c0 asr | 0, and p(1) = Ly + 1. Let r_ g € (0, 1) be the
unique solution of po(r—p) = —L;, and put
bo(r) :=rxp(r), 85.0(r) ©= &5 po(r) Goso 1= dr’ + by(r)*gso(r).
Foreveryseland0<r<1,
Ricgs,y(") > (n—2)gso(r), dvgs,g(r) = dl)gs,_z. (6.30)

Primes below denote r-derivatives. On (0,1] x S*1,

Ricg,,, > 0, (6.31)

X/
11— xol + 7 ;72 + rlglol + r*lglsl < 6, (6.32)
r’ [Ricg, (9, by '€)] < Cir.n6 (6.33)

for every g o(r)-unit vector e. The tensor norms in (6.32) are pointwise norms with respect to gs o(r).
Moreover,

gso(r)=gs—2 (0<r<r.g),  go(r)=gs forrnearl.
At the outer endpoint,
1= xo(D] + [x5(DI < 6, (6.34)

and at the inner endpoint,

. . . ’ _

lrlgl xo(r) =1, lrlflol rxo(r) = 0. (6.35)
The maps (0,r) — xo(r), (0,7r) = @o(r), and (0,r) — Yo(r) are smooth on (0, Oy ) x (0, 1], and the
maps 0 — ry(0) and 0 — r_ g are smooth. The functions ry, xg, 99, Y ¢ and the constants E, F, £y, Ty, co 1
depend on n,I, 0, r only through the displayed formulas and do not depend on s. The number L; and the
map pr depend only on I and the family {g;, : (s,u) € I xR}.
Proof. Define

Cr:= sup (”augs,ungx,u + ”aigs,u"gs,u + ”vgs’uaugs,u”gs,u) .
(s,u)€IxR

The pointwise norm functions are continuous on I x[—2, 2] x §"~!, Their maxima on S"~! are therefore
bounded on I x [—2, 2]. Since the family is constant in u outside I x [—2, 2], one has C} < .
Define

n(t) ::{0’ t=0 190(1‘)::L po(v) ::—2+430<U;1>.

eV >0, n(t) +n(1—1t)’

For every j > 0, the derivative 1()(t) on t > 0 is e™'/* times a polynomial in ¢~!; hence () — 0 as
t | 0. Thus 7 is smooth on R. The denominator defining 9 is positive, 39 = 0 on (—o0,0], and J¢ = 1
on [1, 00). The vanishing jets of 5 at 0 show that J, is smooth at 0 and 1. On (0, 1),

7’ (1 — 1)+ n(Hn' (1 —1)
(n(t) + n(1 = 1))?

Hence p, is smooth and nondecreasing, with py(v) = —2 for v < —1 and py(v) = 2 forv > 1.
Set ay := |pgli=r) and az := |pg |=w)- For L > 1, define kg,LU) := g po(v/1)- The chain rule gives

> 0.

8(1) =

o(v/L)
aukg;)) — pOT(aug)s,po(U/L)’

po(/L)?

2250 — Py (/L)
L2 L2

vihsp (aug)s,po(v/L) + (aig)s,po(v/L);

kEL,,) o _ P(,)(U/L) S
\Vas 6Uks’v = T(Vg augs,u)|u:p0(y/L)'
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Consequently,

2a,C +a®)C
a; 1y (@e+a)C (6.36)

12
All norms in this estimate are C°-norms with respect to kgﬁ,). Set L; := max{1,4a;Cy, \/2(az + a3)Cr}.
The right-hand side of (6.36) is then at most one. Define

10, k2] + 02K 2] + [va, k)] <

VTS,V

pI(U) = pO(U/LI)a ks,v = &s.pr(v)-
The map py is smooth and nondecreasing, equals —2 on (—oo, —L;], and equals 2 on [Lj, ). Moreover,
[0uks ol + 195 ksoll + [VO ksl < 1. (6.37)

For every s € I and v € R,
dydvk,, = pr(v) dydvg, ,

u=pi(e) = 0-
Thus dvg,, = dvg,_, for every v € R. The first inequality in (6.1), evaluated at u = pr(v), gives
Rick,, > (n — 2)ks,. Also, ks, = gs—» forv < —Ly and ks, = g2 forv > L.

Putm :=n—1and 6, := 1/4. For the functions and constants in (6.28)- (6.29), write T(r) :=
To(r) and &(r) := £4(r). Then

gs,Q(r) = Zs.p1(po(r)) = kS,‘Pe(’)'

Equation (6.30) follows from this identity, the fixed-volume identity for k;,, and Ricg , > (n — 2)k;,.

Since n > 4and 0 < € < 1/4, one has £ > 3 and 0 < ry(0) = e " < e, The function

x — x/log x is increasing on (e, ), and x +— €*/x is increasing on (1, o). Since T(r) > T = e,

E 63 1 T(r) _ b
— < < -, >— >4
&r) ~ 512n 2 «r) £
Moreover,
Ovn—1 0 0 62 0
ZMF:LS—<72E, 2=~ _ < _—=E.
32n 32 8 4096n? 8
Fix s € I. Put

A =1, X = Sn_l, Z) = ks,va

Pizro(e), C :=CoJ, hi:){e, w I=TXg, f::(PG-
Here m > 3, A > 1, and X is closed and smooth. The family v Z) is smooth, satisfies dv;v = dv?0
and Ric; > (m — 1)%,, and (6.37) gives separately

[Gl; <A el <A IVVGI; < A

Moreover, ] = (0,1],0 < p < e, the functions h, w, f have the logarithmic form required in Proposi-
tion 6.2, and the four inequalities in (6.19) are the four inequalities established above. Proposition 6.2
therefore yields, for every g; ¢(r)-unit vector e,

RicG,, (07, 0r) >~
1060 (0r- 1) 2 Sy e

Ricg, ,(by'e. by'e) > (6.38)

E
o(r)r?’
Jn—1F

. ~1| < .
[Ricg, , ,(9r, by 'e)| < T2

The positive-definiteness conclusion of Proposition 6.2 gives Ricg, , > 0 and hence (6.31).
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Direct differentiation gives

F

04(r) = rT(r)i(r)’

”(r)—# _1_{_#4_#
PR =T () T(r) "~ T )
E
/ [ —
X0 = = e
As r | 0, one has T(r), {(r) — oo; hence (6.35) follows. Since T(r) > e% > €3 and #(r) > £, > 3,

1 1
0<l—-———-———<1.
T(r) T(r)&r)
Since g o(r) = kwe(r)’
8o = (0k)ph,  glp = (05K) (@) + (9,k) ¢y

Equation (6.37) and yp > 1/2 give

/

E X 2E
|1 - X9| S PR r i S T 20
f xol  Totg
F F F?
/ 21 .17
r < —, r <—+ —.

The sum of these four bounds is at most
63 0> 3 0°
+ + + .
512n 16384n2 2048n2 16777216n*

The ratios of the last three summands to the first are 82 /(32n), 1/(4n), and 6°/(32768n°), respectively.
They are less than one, so the sum is at most 6°/(128n) < 6. This proves (6.32). Equation (6.38) gives

0Jn—1
r[Ricg,, ,(9r, bg'e)| < Vn—1F = % < 0.
n
Thus (6.33) holds with Cy; , = 1. Atr =1,
E 2 &

<0,

E
/
11— xe(D[ + [xp(D] < A + T2 < % " 256n
which proves (6.34).

One has ¢g(1) = L; + 1, gg(r) - —c0 as r | 0, and ¢}(r) > 0. Hence there is a unique r_g € (0, 1)
satisfying @g(r— p) = —L;. Monotonicity gives ¢g(r) < —L; for 0 < r < r_g and @¢(r) > Ly near r = 1.
The defining properties of p; then give the two endpoint identities for g g.

The functions E, F, £, Ty, ro(0), co.1, xo, and @g are jointly smooth in their displayed variables for
0 < 0 < Oy 5. Since py is smooth and chosen before 0, the map (0, r) = pi(@g(r)) = Yo(r) is smooth
on (0, Oy.n) x (0, 1]. Since 9,¢p(r—g) > 0, the implicit-function theorem gives smooth dependence
of r_ g on 6. The construction of L; and p; precedes the choice of 9; both depend only on I and the
family {g;, : (s, u) € I x R}. Thus the proposition holds with 6, = 1/4 and Cy;, = 1. O

Proof of Theorem 6.1. Let ¢ > 0 satisfy é* < 0y,. The interval I is compact, and the family
(&s,u)(s,weIxr is smooth, equations (6.1) and (6.2) hold, and g, , = g —» for u < —2 while g, , = g, for
u > 2. Therefore Proposition 6.3 applies with = . Put
X 2= Xets Y=Y
S S gs(r) := &s.9(r)
b(r) :=rx(r), Gos 1= dr* + b(r)*g,(r).
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The endpoint and inner-limit conclusions of that proposition give

y(r)=-2 (0<r<r), Y(r)=2 forrnear 1, (6.39)
li =1, li ‘(r) = 0. 6.40
im x(r) im ry (r) (6.40)
Moreover,
/
Ricg,, >0, r X +r|gll+ r2|g§'| <t (6.41)

and, for every gs(r)-unit vector e,
r?[Ricg,,(9,, b7"€)| < Cirne™. (6.42)
For 0 < k < 1/2, set

s = D) = s (p), G 1= dr a0

Define A; by

Ar := max { 1, sup ("augs,u”gs,u + "aigs,u”gs,u + ||Vgx’“9ugs,u||g$,,,) } .
(s,u)eIxR

This number is finite by (6.2). For fixed s € I, apply the first part of Proposition 6.2 with

m=n-—1, A=A, X =51

.] = (Oa 1]3 [t = gS,t: f = w,
and successively with w = a and w = b. These warping functions are positive because y > 0,
r > 0,and 0 < kr < 1/2. The Ricci and derivative hypotheses are (6.1) and (6.2). The identity
dydvg,, = 0 gives dvg,, = dvg, _, for every t € R. Hence r > dv, () is constant and tr, () g¢(r) = 0.

The identities (6.13), (6.14), and (6.15) therefore hold for G, s and Gy ;. For either (w, G,,) = (a, G s)
or (w, G,,) = (b, Gy 5), equation (6.14) gives

1
Ricg, (9, €) = wRicg, (3,, w 'e) = E(di"gx g)(e).

In particular, Ricg, (9,, €) = Ricg, (9;, e). Set a := x'/x and di := Kk cot(xr) — r~!. For x € (0,1/2],
put

xcotx —1+x2/3 _ (x/sinx)*-1-x%/3

Fl(x) = 4 3 Fz(x) = 4 5
x x
x/sinx —1
F3(x) L= - 2
x
The expansions
2 4 2 2 4
X x x¢  x
xcotx =1—"—— "=+ 0(x%), ( ) =14+ + = +0(x°,
3 45 sin x 3 15
2
—— =1+ —+0(x"
sin x 6
give the continuous extensions
1 1 1
Fi(0) = ——, F(0) = —, F5(0) = —.
O=-—  RO==. RO=
Let Cray be the maximum of their absolute values on [0, 1/2]. Substitution of x = kr gives
Kir 43
di = BEY + Eq, |E1| < Crayk™r’, (6.43)
2
se(r) 2 —r?= 3 tE IEIS< Crayk*r?, (6.44)
Kr

— 1| < Crayk?re. 6.45
sin(xr) ‘ = Ty (6.45)
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The logarithmic derivatives are

/ 4

a 1
— = kcot(kr) + a, —=—-+a
a b r
Using w”/w = (W' /w)’ + (w'/w)? and %(K cot(kr)) = —x? csc?(kr) gives ”7” - bTN = —x? 4+ 2d.a.
Consequently,
Ricg, (9, d,) — Ricg, (9;,9,) = (n— Dk? —2(n—1)d,a.
Equations (6.41) and (6.43) imply
1 2 1 4.2
|d| < 3 + Cray | k1, |deal < 3 + Cray | €'x".
Hence there is a dimensional constant C,,, > 1 such that
Ricg, (9r,9,) — Ricg, (9;,0,) 2 (n—1~— Cpret — Cpric®)ic. (6.46)

Put p, :=d’/aand py := b’/b. Then
2dy

r

2

pe—po=de,  pi—ph=""+2dca+d

Subtracting (6.15) for w = a and w = b, the common terms —% g/(e,e) and %I gi(e, -)|‘2g)_ cancel, and
one obtains

DTI

Ricg, (a 'e,a 'e) — Ricg, (b "e, b7 'e)
2(n - 2)d,
=(a?*-b7? Ric, (e, €) + — (nr)d
-1
—2(n-1)dea—(n—2)d% - anKg;(e, e).

Since s,(r) < r, one has a™? — b™2 = y2(s;> — r %) > 0. The link Ricci bound therefore gives

(a % - biZ)Ricgs(r)(e, e)>(n-— 2))(72(322 — riZ).
Equations (6.41), (6.43), and (6.44) imply, for a dimensional constant C,,; > 1,

n—2
(n— 2))(72(3;2 — rfz) > TKZ — Cpik?,

2(n—2)d 2(n—2
D KD
r

|dyal +1dcgile, )l < Cpreti?,
d2 < Cpyxt.

Here the first estimate uses s.(r) < r, so that s_? — r~2 > 0 and multiplication by y ™ > 1 preserves
the lower bound. The coefficient of the three leading terms is (n —2)/3+1+2(n—-2)/3 =n—1.
After enlarging C,; if necessary,

Dr > (n—1— Cpe* — Cpyc®)i? (6.47)

Let e be gs(r)-unit. The coordinate equality above and bilinearity give

1 b
Ricg, ,(9,,a 'e) = — Ricg, .(d,, €) = — Ricg,,(9,, b 'e).
: a : a :

Consequently,

b
Ricg, (9,,a 'e) — Ricg, (9, b 'e) = ( - 1) Ricg,,(d,, b 'e).
: , a :
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Since b/a = xr/ sin(kr), (6.42) and (6.45) give
|RicGK’S(8,, ale) - Ricg, ,(9;, b_le)| < Come*i?,

where Cpp 1= Cir,nCray is dimensional.
Let

V =x9, + ya e, Vo = x9, + yb e, xi 4yt =1
Every Gy s-unit vector is of this form. The vector Vj is G s-unit, and bilinearity gives
Ricg, (V, V) = Ricg, .(Vo, Vo)
+ x*[Ricg, (9, 9,) — Ricg,, (37, 3,)]
+ yzDT
+2xy [RicGKVs(a,, ale)— Ricg, (9, b_le)].
By (6.41), (6.46), (6.47), and (6.48),
Ricg, (V,V) > (n —1— Cpqe* - Cn,dKz) K2 (x% + y*) — 2C,met kP xy,
where C, 4 := max{Cp,, Cy;}. Since x? + y? = 1 and 2|xy| < x* + y?, this is at least

4 2 2 R
(n—1— Cpoe* — Cror?) K%, Cno := Cna + Com.

(6.48)

Thus the estimate in (6.7), with (G, k) replaced by (G s, k), holds with any final constant C,, > C,

and every 0 < k < 1/2.

The function ¢ — (sin? £ — 8£*) /£? extends continuously to £ = 0 with value 1. Hence it is positive
on some dimensional interval (0, &,,). For 0 < ¢ < &,,, put A, := vsin® ¢ — 8¢%. The function
¢ — A, /¢ extends continuously to ¢ = 0 with value 1. Choose a dimensional number ¢, € (0, £,.2)

such that, for 0 < ¢ < ¢y,

.1 £ 1
0<e<miny—-,—r, —e< A < ¢, < sin —.
8 4 £ 2

Equation (6.34) gives 1 — ¢* < y(1) < 1, and therefore

Ag £ 1
<— .
x(1) T 1—¢t 2

We henceforth assume 0 < ¢ < ¢,1. The equation

0<

y(Dsink = A,
has a unique solution k = k. € (0,1/2). The tuning equation and the preceding bounds give

£

£
- <A, <sink, = < — < 2¢.
2 =t o) T 1—et T
Since sint < tand sint > t/2 on (0,1/2),
1
—¢ < K, < 4e.
2
We shall take ¢, := 1/2 and choose the final C, > 4 below.
Equation (6.49) gives
1) sin k A sin ¢
A =gy = XKDSIKe A
K K A;

Moreover,

a’(1) = y(1) cos x + o Kg)(/(l), x()cosk, = x(1)? — A2
K

£

(6.49)

(6.50)
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Since 1 — &* < (1) < 1, one has y(1)> — A% — cos® ¢ = y(1)* — 1 + 8¢* > 6¢*. Since 0 < £ < 7/4, both
terms in the denominator below are positive and at most 1. Hence

D2 — 22 — cos?
Jx(1)? =22 —cose = x(V) e €05 ¢ > 3¢t

Equation (6.34) and sin k. /k, < 1 give |(sin k. /x.)y’(1)| < . Therefore

a’(1) > cose. (6.51)

The unscaled boundary metric is A%g; », and (6.8) follows from c2A? = sin? ¢. By (6.4), g5(r) = gs2
on a neighbourhood of r = 1; hence g/(1) = 0. The inward unit normal at r = 1 is —9,. With
H(r) := a(r)?gy(r) and the convention II(v, w) = —G(V,v, w),

(o, w) = G(V,9,, w) = %H’(l)(v, w).

Since g/(1) = 0,

a'(1)

II{I}XS"*,GKF,S = a(l)a’(l)gs,z = TGK5>S|{1}><S"’1'
£

For G = ¢2G, one has VG = VS and ve = ¢; 'vg; hence 11z = ¢.I1g. Thus

a’(1)
CeAg

a'(1)
sin €

II{l}xS"‘l,cfG,CE,S = (Ci Gkg,s)l{l}xS”‘l = (05 Gkg,s)|{1}><5"‘1'

Equation (6.51) proves (6.9).
Since the Ricci tensor is unchanged as a (0, 2)-tensor under constant scaling,

2
K
. 4 2\ Ke, 2
Ricazg,,, 2 (n —1—-Cpoe” — Cn,()KE)?(CEGKE)S).
£

Now
K2 y: 8et
—2 = — 2 =1—- o
¢ sin‘e sin® ¢
Since sin ¢ > ¢/2 and (6.50) holds,
4
1——5— >1-32¢%, n—1— Cpoe* — Cpok? > n—1-17Cpoe?.
sin® ¢

Set Cp1 :=17Cppo +32(n — 1) and C, := max{4, Cy, Cp1}, and choose & > 0 so that

n—1
€ < min {thr{:, Enl \| 300 } .
n,0

For 0 < ¢ < &, the two lower factors n — 1 — 17Cp0¢% and 1 — 32¢? are positive. Therefore

A7
sin® ¢
> (n—1—17Cnoe*)(1 — 32¢%)

=n—1-Cp1e® +544Cp0e* > n—1— Cpqél

(T’l —-1- Cn’0£4 — Cn,()K,'g)

For every 0 < ¢ < ¢, equations (6.46)—(6.48) give (6.7) with the final C,, (6.50) gives (6.6) with
cn = 1/2, and the last display gives (6.10).

The functions yy, {¢ and the radius r_ g in Proposition 6.3 depend smoothly on 6. Define F(¢, k) : =
Xet(1) sink — A,. On (0, &) x (0,1/2) this function is smooth, and at every solution of (6.49),

xF(e, k) = xpa(1)cosx > 0.
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The implicit-function theorem gives smooth dependence of k. on ¢. Equations (6.39) and (6.40) prove
(6.4) and (6.5). The identities

sin € k
Xe = Xets Ve = Y, T =T, Ce=—) 2 (6.52)
&
give the stated smoothness and parameter dependence. Substitution in (6.3) proves smoothness of
(s,6,7) = Gge(r). O

7. CAPS WITH PRESCRIBED BOUNDARY METRICS

Fix a core-admissible Q" and choose Do, Py, o, ko, k0, jig as in Definition 3.1, so that (3.1) holds.
Put ko :=min{l, kp}.

7.1. Parametric Ricci gluing. Throughout this subsection, B is a smooth paracompact manifold,
possibly with boundary. Fori = 1, 2, let M; be a compact smooth n-manifold, not necessarily connected,
with boundary, let 3; C dM; be a compact union of boundary components, and fix diffeomorphisms
fi + ¥ — %; from one compact, possibly disconnected, manifold 3. Let b + h;(b) be smooth families
of Riemannian metrics on M;. Assume

B ((D)s,) = B (ha(B)h,) = hs(b). .)
Let II; , denote the pullback by f; of the second fundamental form of 3; C (M;, h;(b)), computed with
the inward unit normal. Let A, 5, w : B — R be continuous, with n, w > 0, and fix L > 1. Assume,
pointwise on M;,
Ricp,p) > (A(D) + 2n(b))hi(b), i=1,2. (7.2)
Assume also, pointwise on X,
I, + 11, > 0. (7.3)
Glue X to 2, by fo o fi and let M := M; U Boop! M, denote the quotient. Let

Miop = (B x My) Up g, (x))~(b,fa(x)) (B X Mp), 7 Myp — B

be the resulting quotient. Let ¢ : M; U M, — M be the quotient map. Since B is locally compact
and Hausdorff, idp xq is a quotient map. The quotient universal property then gives mutually
inverse continuous maps [b, x] = (b, [x]) and (b, [x]) = [b, x]. Thus Mp = B x M, and 7 is the
product topological bundle with fibre M. Boundary components not contained in ¥; remain boundary
components of M. Since I; is a compact union of boundary components, sufficiently small normal
collars of 3; are disjoint from dM;\%;. The interpolation and mollification defined below are supported
in these collars and therefore leave h;(b) unchanged on an open neighbourhood of dM; \ ;.
Fori = 1,2, let v;; be the inward unit normal along ¥; and set

E(b,r,x) = expp) (rvip(Bix),  x e,
for every r > 0 for which the inward normal geodesic is defined in M;. Define the simultaneous collar
radius by
reol(b) = sup({r >0 : E(b, -,-) is an embedding on [0, r] x X fori = 1,2} U {O})

The tubular-neighbourhood theorem and compactness of 3; give r.,1(b) > 0 for every b € B. For
—reol(b) <t <0and 0 < t < ro(b) define

Ei(b,t,x) := Ey(b, —t, x), Ep(b,t,x) := Ey(b, t, x).

For by € Band 0 < ¢ < ro1(by), smooth dependence of the normal exponential maps and C*-openness
of embeddings on the compact set [0, ¢] x = give a neighbourhood U of by on which both collars are
defined and embedded up to c. For such U and c, define

[b,Ei(b,t,x)], —c<t<0,

Euclb, t,x) 1=
(b1, %) {[b,EZ(b,t,x)], 0<t<ec
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The preimage of £y (U x (—c¢, ¢) x X) in (B x M;) U (B x M,) is the saturated union of the two open
half-collar images. The quotient map is open on saturated open sets, and the collar inverses agree
under the boundary identification. Hence £y . is a homeomorphism onto an open subset of M.
Two signed-collar charts have the identity transition in the coordinates (b, t, x); their transitions to
the product charts away from the seam are restrictions of E; or E; . Together with the product charts
away from the seam, these charts endow M., with the structure of a smooth manifold with corners,
denoted by M. In every such chart, 7 is the projection to B; hence 7 is smooth and d is surjective.

For (b, x) € UxX, the curves r — I/*:\,-(b, r, x) are unit-speed geodesics orthogonal to 3; at r = 0. The
Gauss lemma and smooth dependence of the exponential map on (b, r, x) give uniquely determined
smooth families of metrics H; () on X characterized by

Ei(b)*hi(b) = dt* + Hy () (—reai(b) <t <0),
Es(b)*ha(b) = dt* + Hpp(t) (0 < t < reqr(h)).

Define h8l(b) to equal h;(b) on the two side charts. In a signed-collar chart its pullback is dt* + Hy (1),

where
H;,(t), t<0,
Hy (1) = 16(1)
Hyp(t), t>0.

The collar identities above give agreement on the side-chart overlaps, and (7.1) gives H; ;(0) =
H;,(0) = hs(b). Hence h® is a continuous positive-definite vertical two-tensor on M. Extend
tangent vectors along the normal geodesics with vanishing bracket with 9,. Since t = —r on the M;
side and t = r on the M, side, metric compatibility, torsion-freeness, and symmetry of the shape
operator give Hj ,(0) = 2II; ; and H;,(0) = —2II, ;. Consequently,

Hy5(0) = Hpp(0) = hy(b),  H{,(0) — Hy,(0) = 2(IL;  + I1z5) > 0. (7.4)

For b € Band § > 0 with 26 < r.q(b), set H. := Hy(=95), H, := Hp(5), K. := 9;Hp(-9), and
K, := 9;Hy(6). For |t| < 6, define

S s(t) i = 52_5%1, ; ‘52+5tH+
2
N (t— 5425(5 + ) (K_ B H+2—5H> 75
2(t— H,-H-
N (t+ 5;(3(; 8) (K+ B +25 ) .
Differentiating (7.5) at the two endpoints yields
Hp5(=6) = H-, Hp,5(6) = Hy,
(7.6)

0::4,5(=6) = K-, 9::4,5(0) = K.

Thus (7.5) is the tensor-valued Hermite cubic in [16, equation (1)]. Define 7, 5 to equal dt? + %} 5(t)
for |t| < & and h8!(b) elsewhere on M. Equation (7.6) shows that T, s is a symmetric C' two-tensor,
smooth away from t = +4.

Choose even functions o,y € CZ((-1,1)) with o > 0,0 < y < 1, e = I, and y = 1 on
[-1/2,1/2]. For €,v > 0, put pc(s) := € 'o(s/€e)and €, := v%/(1+ v). Let ] C R be open, let 7 € J,
andlet A : J — I'(Sym? T*X) be C!. Suppose that [r — v —€,, 7 + v + €,] C J and that A is smooth
on a neighbourhood of this interval minus {r}. Define

-7
mr,vA(t) = A(t) * X(T) </JR QeV(s)A(t a S) ds— A(t)> > |t - T| <, (77)

A(b), [t —1] > v.
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For |t — 7| < v, every t — s occurring in the integral belongs to J. The integral is computed pointwise
in the finite-dimensional fibres of Sym? T*X. After the change of variables u = t — s, each t-derivative
falls on the smooth compactly supported kernel o, (t — u), while every x-derivative falls on the
smooth section A(u). Differentiation under the integral therefore shows that the convolution is
smooth in (¢, x). Because y has compact support in (—1, 1), the two branches in (7.7) have equal
derivatives of every order at |t — 7| = v whenever A is smooth there.

Write

Ips = dt® + Ab’(g(t)

on the signed collar. Assume 0 < 8v < §.If 7 € {-6, 8}, |t — 7| < v, and |s| < €,, then
5
[t—s|<d+2v < 15 < 26 < reol(b).

Thus (7.7) is defined for A; s at both joins. The supports of the two modifications are disjoint. If
Ap 5(u) is positive definite for every u € [t — €,, t + €, ], then the identity

Mz Ap,s(t) = (1= x((t = 7)/v))Ap,5(0) + x((t = 7)/v) A 0e, ()Ap,s(t — s)ds

expresses the localized coefficient as a convex combination of positive-definite tensors; it is therefore
positive definite. Define Sj 5., by replacing Ap s with M, (M_s., Aps) and leaving dt* unchanged.
If |t — 8| < v and |s| < €,, then

[t—s+6|>25—|t—05]—|s|>26—2v>v.

Thus the modification centred at —§ leaves every value sampled by the modification centred at
d unchanged. The same argument with the two centres interchanged proves that the operators
commute. On |t ¥ §| < v /2 the tangential coefficient is a convolution; on the remaining part of
either smoothing band the coefficient Ay s is smooth. Hence Sy 5, is smooth and equals 7} 5 outside
{lt + 8| < viu{t— 5| < v} Put P, := dt? + hx(b) on the signed collar. Fix 0 < 25 < req(b). A
positive-definite C! tensor g, smooth away from finitely many joins, satisfies the gluing bounds at
(b,0)if
Ricg > (A(b) + n(b))g on every smooth piece,
L2P, < g < L*P, for |t| < 26.

The Ricci inequality is required to extend strictly to every one-sided closure; the remaining inequalities
are pointwise inequalities of quadratic forms. No comparison with P, is imposed outside the collar
|t| < 28. On the complement of |t| < 28, both T} s and S}, 5., equal h8(b), hence equal hy(b) on the
negative side and h,(b) on the positive side.

Let By C B be open. A smooth pair (8pr, vpr) : By = (0,0)? is downward admissible if

46pr < W, 8Vpr < Opr, (7.8)
and, for every b € By,
(a) every 0 < 5 < Spr(b) satisfies 25 < reol(b), and T, 5 satisfies the gluing bounds at (b, g),
(b) every 0 < ¥ < vp(b) makes Sb.5,:(b).7 @ smooth metric satisfying the gluing bounds at (b, 6pe(b)).

Let a finite group G act smoothly on B, let o : G — &3 be ahomomorphism, and write o, := o(y).
Suppose there are diffeomorphisms y;, : M; > M, i), for y € G, b € B, and i = 1,2, such that each
map (b, x) = (yb, y;p(x)) is smooth and the maps on (B x M;) L (B x M,) satisfy

(Yoib = Yo.Gi)eh © Tihs eip = idyy, . (7.9)
For every y € G and b € B, suppose that one diffeomorphism j, : ¥ — X satisfies, for bothi = 1,2,

Yib © Bi = Bo,i) © Vb- (7.10)
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The boundary map is therefore y, = ﬂ;yl(i) o ¥i.p o Pi for either i. Equation (7.9) and the homomorphism
identity oy, = 0,0, give
YTy = Veb © Tbs e, =idy . (7.11)

Require also

Yirho,)(yb) = hi(b), (A n,w)(yb) = (4, n, w)(b). (7.12)
Equation (7.10) preserves the quotient relation defining M. The fibre maps therefore descend to
homeomorphisms y;, : M — M from the fibre over b to the fibre over yb. Equation (7.9) descends to
(y©)p = yeb o Tp and e, = idyy. A diffeomorphism of manifolds with boundary maps the inward half-
space to the inward half-space. Hence the isometry y; , maps the inward unit normal to the inward
unit normal. After applying y; 5, both geodesics begin at ﬁgy@(y}, x) with velocity Vo, (i)y b(ﬁgy(i)()’/b x));
uniqueness for the geodesic equation yields

Yib (Ei(b, 1, %)) = Eq y(yb. 7, 7). (7.13)

Let &, = 1 when o is the identity and ¢, = —1 when it is the transposition. In signed collar
coordinates the descended map is

(t,x) — (&yt, px). (7.14)
This formula and its inverse are smooth across the seam; together with the piecewise smoothness

away from the seam, it proves that each y;, is a diffeomorphism. Equations (7.11) and £,, = £, &, show
directly that these signed-collar maps satisfy the group law.

Lemma 7.1. The function reo] : B — (0, 0] is lower semicontinuous and admits a smooth positive
minorant. Fix a smooth function p : B — (0, o) satisfying 0 < p < ro1. For b € B, let 9, be the set of
d > 0 such that every 0 < § < d satisfies 26 < p(b) and makes I}, 5 satisfy the gluing bounds at (b, §),
and set d.(b) := sup(Z, u{0}). Then d. : B — (0, ) is lower semicontinuous.

Let 5 : B — (0,00) be smooth, suppose 26(b) < reoi(b), and suppose that Ty, sy satisfies the gluing
bounds at (b, 5(b)) for every b. Let &, be the set of e € (0,5(b)/8) such that every 0 < v < e makes
Sp.5(b),v @ Smooth metric satisfying the gluing bounds at (b, (b)), and set e.(b) := sup(&}, U{0}). Then
e, : B — (0,00) is lower semicontinuous.

Define

Py :={(b,8) : 0< 25 < rea(b)},

Py :={(b,6,v) : 0<25 < reoi(b), 0<8v < 6}
On 21, the substitution t = §s identifies the three smooth interpolation pieces, with the two one-sided
copies of each join retained, with fixed intervals; their tangential coefficients are smooth functions of

(b, 6, s,x). On P,, the substitutions t = £ + v s identify the two smoothing bands with [—1, 1] x X; the
coefficients of Sy 5., are smooth functions of (b, 8, v, s, x).

Proof. If ¥ = @, then 1.y = o0 and Iy, s = Sp5,, = h#'(b). Hence
Dy = (0, p(b)/2], d.(b) = p(b)/2,

while, for every admissible &,
&y =(0,8(b)/8), e.(b) = 8(b)/8.

The two threshold functions are smooth, and the parameter-dependence assertions follow because
both tensors are independent of the width parameters. Assume henceforth that 3 = @.

Fix by € B. The tubular-neighbourhood theorem gives r > 0 for which E;(by, -, -) is an embedding
on [0, 7] x X for i = 1, 2. Hence r,1(by) > 0.

Let 0 < ¢ < reo1(bo) and choose ¢ < ¢; < 1y < reo1(by) such that both normal exponential maps are
embeddings on [0, r;] x 2. Smooth dependence of the inward normals and of the geodesic equation
gives

Ei(b,-,-) — Ei(bo,~-) in C ([0, c1] x =, M)
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as b — by, after restricting the parameter to a neighbourhood on which the maps are defined up to c;.

Put D = [0, ¢;] x 2 and fix auxiliary distances dp on D and d; on M;. For each i, cover D by
finitely many relatively compact coordinate sets U;; whose closures lie in larger coordinate sets
Ui, with convex coordinate images. Choose target charts so that the coordinate representative of
E,-(bo)|5i[ is the inclusion. A Lebesgue number for (Uj), gives € > 0 such that any two points of D at
dp-distance less than 2¢ belong to one Uj,. For b sufficiently close to by, the corresponding coordinate
representative Fy;j, is defined on Uy, and satisfies | dFyp —1I| < % The coordinate segment joining two
points of Uy, lies in U integration along that segment gives |F;;(z) — Fp(2')| = %|z — Z’|. Hence
]/E\,( b) is injective on every Uj,.

The compact set {(z,z") € D? : dp(z, z’) > ¢} and the injectivity of Ei(bo) give

g = min  d;(Ei(bo, 2), E(bo, 2)) > 0.
dp(z,2')>e

After another restriction of the parameter neighbourhood, sup, d,-(Ei(b, 2), E-(bo, z)) < p;/3. Thus
pairs at distance at least ¢ have distinct images, while pairs at distance less than ¢ lie in one Uy,
and are separated by the preceding lower Lipschitz estimate. Each E(b) is therefore an injective
immersion of the compact manifold D into the Hausdorff manifold M;, hence an embedding. It follows
that r.o1(b) > ¢; > c near by. Therefore every strict superlevel set of 7. is open, and r., is lower
semicontinuous.

Let F : B — (0,00] be lower semicontinuous. For each b € B, choose a;, > 0 and an open

neighbourhood U, such that 4a;, < F on Uj,. Take a locally finite refinement (U;) of (Up)pep and
choose a; > 0 so that 4a; < infy, F. If (/) is a smooth partition of unity subordinate to (U;), then

fr =Y ajy; (7.15)

J

is a pointwise finite smooth sum and

0< fi(b) < %F(b).

Applying this construction to ., proves the existence of a smooth positive minorant. For the
remainder of the proof, fix an arbitrary smooth function p satisfying 0 < p < r¢ql.

Fix by € B and set ko := A(bg) + %ry(bo). Choose a relatively compact coordinate neighbourhood
U, of by such that

Ab) + n(b) < ko < A(D) + 2n(b) (b € Uy). (7.16)

Let U; be the unit tangent bundle of the family h;(b) over U, x M;, and let U be the unit tangent
bundle of hy(b) over Uy x 3. These spaces are compact. The numbers

Mmin := min  (Ricy,p) —xohi(b))(v,v), my := min (II;, + II)(v,0)
ie{1,2} (b,x,0)EVS
(b,xv)EV;

are positive.
Set r, := §infy; p > 0 and write
Hy := hs(b), Kip = 9:H;(0), Jo = Kip — Kap.
Equation (7.4) gives J, = 2(II; 5 +1I,}) > 2mpH;. Fix a background metric on ¥ and use its connection

to define C?(X) norms. All constants in the next estimates are uniform for b € U,. Taylor’s formula
on the fixed normal collars gives

Hy p(=8) = Hy — 6Ky p + Oc2(8%), 9:H1p(=6) = Ky p + Oc2(6),
H,,(8) = Hy + 8Ky + Oc2(82), 9tHy5(8) = Ky p + Oc2(9).
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Let Ap 5() be the central Hermite coefficient. Substitution in (7.5) yields, for || < J,

2

) t t ; i .
Aps(t) = Hy — Z]b + E(Kl’b +Kyp)— B]b + Ry 5(1), \S|ul¢)s |01Rp s(Dll 2y < €57 (0< j<2).
<

Indeed, the errors in the endpoint values are O¢2(6%), and the Hermite terms involving endpoint
derivatives have an additional factor 28. Each derivative in t contributes a factor (25)~! to the fixed
cubic polynomials. Hence

3
26

For sufficiently small §, the inverses of Ay, s are uniformly bounded, and A;’I(S —H; ' = Oc:(8). The
cylinder formulas in the proof of Proposition 6.2 therefore give

Aps = Hy + O2(6), 9:Aps = Oc2(1), 2Aps ===+ Oc2(1).

. try, Ji
Rlclb’(s(ata at) = ﬁ

Riclb,(s(ats ')|TZ = O(l);

+ 0(1),

. T
Ricz, ; [1sxTs = % + O0(1).

Here the errors have uniformly bounded P,-norm. In the last line, Ricy, , is bounded because the
slice metrics have uniformly bounded tangential C? norms and uniformly bounded inverses. The
mixed component uses only Ay, s, its first normal derivative, and their first tangential derivatives. The
radial leading term follows from — tra, ; 92A 5; replacing Ay by H;' changes it by O(1). Since
dim¥ = n—1 > 1, these estimates imply

Ricz, , > (@ - c) P, (1< ).
: 28
Also T} 5 < 2Py, for sufficiently small §. Choose dric > 0 so that 2dp;c < infﬁo p and, for 0 < § < dgc,

mi
— — C —=2|ko| > 0.
- C 2l

It follows that Ricz, ; > koZp,s on the central piece, including its one-sided endpoint values. On the
other two pieces and their one-sided closures, the tensor is h;(b) and Ricy, () —kohi(b) > minhi(b) > 0.
There is Cy < o such that, for b € U, and every ¢ in the signed domain of H;j, with |t| < 2dgc,

1Hip(2) = hs(b)lnsp) < Coltl, 19:Hi b (D)llns ) < Co-
The Hermite formula and the mean-value estimate for (H, — H-)/(29) give a constant Cyoq such that

sup ”Ib,6 - Pb”P;, < Cpr0d5 (b € UO: 0<d6< dRic)-
[t|<26

Define the positive number
91 :=min{l — L% L* -1} > 0.
Choose d € (0, dric) so that Cproqdy < J1. Then, for b € Upand 0 < § < dy,
L_Zpb <Ips< LZP;, (1] £ 26).

By (7.16), these are the gluing bounds at (b, §). Since by was arbitrary, d. > 0 on B. The definition
also gives d.(b) < p(b)/2 < co.

After setting t = §s, the Hermite formula is smooth in (b, §, s) for § > 0; the outer pieces are
restrictions of the smooth collar families. Thus the interpolation depends smoothly on (b, §) on each
fixed rescaled smooth piece. The Ricci tensor is a smooth expression in the inverse metric and the
derivatives of the metric through order two, hence is continuous from positive-definite C? metrics to
continuous symmetric two-tensors.
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Let 0 < ¢ < d.(bp). By the definition of the supremum, there is d° € &, with d° > ¢; fix ¢’ with
¢ < ¢’ < d°. Shrink a neighbourhood U’ of by so that 2¢” < p(b) on U’. Set

d; :=min{c’/2, do}, U :=U'n .
Then every b € U; and every 0 < § < d; satisfy the gluing bounds. For each &, € [d, ¢’], choose
dy < (/S\() < min{250, do}

The product bound for the admissible width /5\0 applies at t = £26, where both interpolations equal
the original collar metric. Hence the product inequalities for T}, s, extend strictly to the closed interval
[t| < 28. Identify its three closed smooth pieces by t = dys, with s € [-2,—1], [-1, 1], and [1, 2], and
represent each join by its two one-sided copies. Let .75, be the disjoint union of these three compact
pieces with two copies of each join. On its Py, -unit sphere bundle, the three continuous functions

(Ricz, , —(A(bo) + n(bo))Lp,s,)(v, V),
(Tpy5, — L2 Py, )(v,v),
(L*Py, — T, 5,)(0,0)

have positive minima. Continuity in (b, §) on the fixed rescaled pieces gives open sets Us, 3 by and
Is, 3 8o on which all three displayed functions remain positive. Choose 6, ..., o, € [d1, ¢’] such that
[dy, ] ¢ UL, Is; and put

m
U:=UnUn()Us,.
=1
Then every b € U and every 0 < § < ¢’ are admissible. Hence d.(b) > ¢’ > ¢ on U, proving lower
semicontinuity of d..
Fix now a smooth § satisfying the hypotheses of the lemma. For by € B, choose

25(b0) <rn< rcol(b())-

Lower semicontinuity of r. and continuity of § give a relatively compact neighbourhood Uj of b
such that

20(b) < ry < reol(b) (b € Uy).

Thus both signed collar families are defined on one fixed collar over Uj. Since § is positive and
continuous, put Spin := min, g, 5(b) > 0.

Fix a finite coordinate atlas on ¥ and a background connection on Sym? T*3; use the resulting
coordinate norms for mixed derivatives and | - |p, at order zero.

For0 < v < 1/2,0ne has €, < v/2. Near ajoin t = 7, the cutoff in (7.7) equals one on [t — 7| < v /2.
Since the first normal derivative of the interpolation is continuous across the join, tensor-valued
distributional differentiation gives

02(0e, * A) = 0¢, * (92A). (7.17)
Put
Ty :=[t—v,t—v/2lult+v/2, T+ v]

On T;,, the convolution interval lies on one smooth side of the join. In the following estimate
the C? norm is the maximum of all mixed normal and tangential derivatives of total order at most
two on T, x %, in the fixed charts and background connection. Let K € &?; and choose 0 < vk <
min{1/2, é ming &}. Evenness of o, Taylor’s formula, and the maximum on K of the required one-sided
derivatives give a constant Cx such that

190 A= Allcr, x5y < Cre2(1+ v 4175 — 0 (7.18)
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for (b, ) € K and 0 < v < vk. On the central region, convolution converges to A in C! in the normal
variable and in every fixed tangential C" norm. Uniformly for b € U,, there is a modulus w([(;o)(v) -0
such that

ISb.5(6).0 = o500, < wE‘}O)(v)
on the smoothing bands for b € Uj,. The two smoothing regions are disjoint because 8v < §(b). For
ajoin t = £, put A} 5(r) := Ap s5(7 + r), and denote its restrictions to r < 0 and r > 0 by Ay s and

AZ’;;. The explicit collar and Hermite formulas extend both one-sided coefficients smoothly to a fixed
neighbourhood of r = 0. On every fixed compact r-interval, Aj ; is therefore the distributional family

T,+

1wnAys + 1om)Ay s

whose coefficients depend smoothly on (b, §). After the change of variables s = €, z, the convolution
on the normalized band t = 7 4+ vq is

1
/ 0(2)A, s(vqg—€,2)dz.
-1

Translation, positive dilation, and convolution by the fixed smooth kernel preserve smooth parameter
dependence. Thus the displayed integral is smooth in (b, §, v, ¢, x) for §, v > 0. Together with the
formula ¢t = dq on the interpolation pieces, this proves the parameter-smoothness assertions in the
statement.

For G = dt? + A(t), write a prime for 9, and compute tangential covariant derivatives with the
slice metric A(t). Apart from symmetry in the lower indices, the nonzero Christoffel symbols are

1 1
Il = —EA{j, rk = EA“A:,I., I} = T(A)Y.
Direct substitution gives
1 1
Ricg(9;, 9;) = -5 tra A + i tr(AT1A’ATA),
1 .

Ricg(0;, 9;) = 5 (VA —Vitra A'), (7.19)

. . 1 1 1, .,
(Ricg)i; = (Rica)ij — EA{]’- - Z(trA ANAL + 5(A’A TA ). (7.20)

Each component is affine in A” and smooth in the remaining displayed jets. Since the collars are fixed
over Ug and & > S, there is C; < o0 such that |A”| < C, on every one-sided smoothing region. If
B, :=p¢, * A on the central region, then (7.17) and the convergences

BV — A, ath i 8tA,

together with the analogous convergence of the tangential derivatives appearing in (7.19)-(7.20), are
bounded by moduli independent of b € U,. The bound on A” therefore gives a modulus w(éo)(v) -0
such that

Ricai s, (1)~ [ 00, (5) Ricaoat = 5)ds

< 0@ ). (7.21)
Py

Set 8y := 6(bo) and ¢ :=[-5/4,—-1]u[-1,-3/4] L [3/4,1] U [1,5/4], where the copies of —1
and 1 are distinct. The substitution ¢ = §ys identifies ¢ x ¥ with the compact disjoint union of the
four one-sided smooth neighbourhoods of the joins. This union is contained in [t| < 2§y. On its
Pp,-unit sphere bundle, define

MRpic = min(Riczboﬁo —(A(by) + T](bo))lbo,go)(l), v)>0
and let my > 0 be the minimum of the two functions

(Zpy5, — L2 Py, )0, 0), (L*Py, — T, 5,)(0,v).
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Using t = 8(b)s on the four fixed intervals in _#, choose a relatively compact neighbourhood
Usm € U such that, for b € Uy, every P,-unit vector on these one-sided pieces satisfies

(Riclb,g(b) _(/l(b) + U(b))Ib,(S(b))(U, l)) > mRiC/Z,
(Tp.50) — L7°Py)(0,0) > my /2,
(L*Py — Tp 55)) (v, 0) > my /2.

On the transition parts of the smoothing bands the reference interpolation is smooth. Equation
(7.18), continuity of g - Ricg in the C? topology, and boundedness of A + 1 on Usp give a modulus

a)([;:i(v) — 0 such that

Rics, ;,,, —(A(b) + n(b))Sp 5,
o L <o) (7.22)
— (Ricz, ) =(A(B) + n(BN Ly 500 ) 2, "
on those transition parts for every b € Uy, with one modulus a)([}:i
Choose ¢y > 0 such that
1
e < —, 8ey < 5min:
2
1 1
sup w(jo)(v) < —MRic, sup w%:i(v) < —MRijc,
0<v<ey 4 0<v<e 4
1
sup w(L(,)O)(v) < -my.
0<v<ey 4

If |t ¥ 6(b)| < v and |s| < €,, then
= sF S < v +ey < ov < —5(b) < ~6(b)
—s €y < = — - :
P MT: 4
Thus every tensor sampled by the central convolution lies in the compact one-sided regions on

which the margins are at least mg;./2 and my /2. Write ¢, := A(b) + n(b), let A,(t) be the tangential
coefficient of 7 5(), and put

Rout) 1= [ e (At ds.
The one-sided inequalities give
Agev(s)(RiCdﬂmb(t — )= cp(dt® + Ap(t —5)) ds > %mRicPlr
Since dt* + Eb,v is the convolution of dt? + A, in the tangential coefficient, (7.21) yields
Ricdtz+gb,1/ —cp(dt® + Zb,v) > imRich
on the central parts. On the transition parts, (7.22) gives
Rics, i, —~AB) + 1(B)Sh 01 2 i
The Py-operator-norm estimate and the product margin give
Sh.sbyy — L 7Py > imLPb’ L*Py — Sp sb)v = imLPlr
Outside the smoothing bands the tensor is unchanged. Hence Sy, 53), satisfies the gluing bounds for

b € Ugyand 0 < v < ep. Thus e.(by) > 0. Since &, C (0,5(b)/8), one has e.(b) < 5(b)/8 < oo for
every b € B.
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Let 0 < ¢ < ex(by). There is a threshold ¢’ > ¢ in &,; choose ¢ with ¢ < ¢ < ¢€°. Shrink a
neighbourhood U’ of b so that 8¢’ < §(b) on U’. Set

e; :=min{c’/2, ey}, Uy := U’ N Ugn.

Then every b € U; and every 0 < v < e; are admissible. Fix vy € [e;, ¢’]. On the two smoothing
bands, use the fixed coordinates

t=+8(b)+ vs, -1<s< 1.

At (by, vo), the three continuous functions on the compact Py, -unit sphere bundle of these normalized

bands,

(Ricsb,é(b),v —(A(b) + U(b))sb,é(b),v)(vs V),
(Sp.shyw — L72Py)(v,0),
(L*Py = Sp s6).0)(v,0)

have positive minima. Their continuity in (b, v) gives open sets U,, 3 by and I,,, 3 vo with U,,, xI,, C
{(b,v) € U x(0,0) : 8v < 8(b)} on which all three functions remain positive. Outside the
smoothing bands the tensor is 7} s(), which satisfies the gluing bounds by the hypothesis on 6.
Choose vy, ..., v, € | ey, ¢/] with [e;, ¢’] C U;zl I,, and put

,
U:=Un()U,.
j=1

Then every b € U and every 0 < v < ¢’ are admissible. Hence ¢’ € &}, and e.(b) > ¢’ > con U.
Therefore e, is lower semicontinuous. The lower semicontinuity of ., makes both strict parameter
subgraphs in the statement open. The fixed-coordinate calculations above prove the asserted smooth
dependence on those subgraphs. g

The lower semicontinuity of r., makes
Cg = {(ba t>x) € BXR XZ : |t| < rCOI(b)}
open. The local signed-collar maps combine to a smooth map

[b’El(b’t’x)]: t < 07

E:1C — M, Eb.t,x) =
- (b8 [[b,Ez(b,t,x)], t>0.

It is a homeomorphism onto the open signed-collar neighbourhood and satisfies 7 « £ = prg. All
parameter-dependent metrics below are smooth vertical metrics on this fixed smooth total space with
corners; their restriction to the fibre over b is denoted by g(b).

Proposition 7.2. Let B be a smooth paracompact manifold, possibly with boundary. Fori = 1, 2, let M;
be a compact smooth n-manifold, not necessarily connected, with boundary; let %; C dM; be a compact
union of boundary components; and let ; : ¥ — %; be diffeomorphisms from one compact, possibly
disconnected, manifold Y. Let b — h;(b) be smooth metric families satisfying

Pi(h()ls,) = Br(ha(D)ls,) =: hs(b).

Let I1;, be the pullback by f; of the second fundamental form computed with the inward unit normal.
Let A,n,w : B — R be continuous, with n, w > 0, and let L > 1. Suppose

Rich(p) > (A(D) + 2n(b)hi(b) (i=1,2), I+ 1,y > 0.

Let r : M — B be the smooth bundle of manifolds with boundary obtained by gluing the two families
along B, o 7' and using the signed-collar smooth structure above; its total space is a manifold with
corners. There are smooth functions §,v : B — (0,00) and a smooth positive-definite vertical metric

g € I (Sym®(ker dr)*)
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such that, for every b € B,

0 < 26(b) < reoi(b), 45(b) < w(b), 0<8v(b) < dé(b),
Ricy(py > (A(b) + n(b))g(b), g(b) = Sy 5b)v(b) in the signed-collar chart £.

Put £, :=26(b). Then, fori=1,2,
g(b) = hi(b) on M\ E(b,[0,6)x3), 26 < w(b),

and, on (—£y, £y) x 3,
L72(dt* + hx(b)) < g(b) < L*(dt* + hs(b)). (7.23)

Proof. Choose a smooth function p with 0 < p < 7., whose existence is part of Lemma 7.1, and let
d. be the interpolation threshold associated with p. The function F; := min{d,, w/4} is positive. For
every ¢ € R, its strict superlevel set is {d. > ¢} n {w > 4c}; hence F; is lower semicontinuous. The
partition-of-unity construction (7.15) gives a smooth function ¢ satisfying

1
0<d< ZFl < min{d./4, w/16}.

Fix b € B. Since 6(b) < d.(b), there is d, € &}, with 6(b) < dj,. The downward definition of %,
gives

26(b) < p(b) < reol(b)

and shows that 7, 5;) satisfies the gluing bounds at (b, 5(b)).

Apply Lemma 7.1 to this smooth interpolation width and write e, for the resulting smoothing
threshold. The function F, := min{e., §/8} is positive. Its strict superlevel sets are intersections of
strict superlevel sets of e, and §/8, so F, is lower semicontinuous. A second application of (7.15)
gives a smooth function v with

1
0<v< EFZ < min{e. /4, §/32}.

For each b, the inequality v(b) < e.(b) yields an e}, € &, with v(b) < ep. The downward definition of
&y shows that Sy, 55 (») is a smooth positive-definite metric satisfying the gluing bounds at (b, §(b)).

Define g(b) := S} 5(5)v(»)- On the three normalized interpolation pieces, the first parameter-
smoothness assertion of Lemma 7.1 and the smoothness of § make the coefficients smooth in (b, t, x).
On the two normalized smoothing bands, the second parameter-smoothness assertion and the smooth-
ness of J, v give the same conclusion. Outside the collar, g equals the original metric. The cutoff in
(7.7) has compact support in (—1, 1), so these descriptions agree on open neighbourhoods of their
common boundaries. Thus g is a smooth vertical metric on M.

The interpolation equals h&'(b) for |t| > §(b), and the mollification changes it only when [tF5(b)| <
v(b). Therefore g(b) = h;(b) on the corresponding side whenever |t| > §(b) + v(b). Since

0(b) +v(b) <28(b) =t < p(b) < reai(b), 26, = 45(b) < w(b),

the support assertion follows. The Ricci and product inequalities are the gluing bounds for Sy, 53 v (5);
replacing the strict product inequalities by weak ones gives (7.23). O

Proposition 7.3. Assume the hypotheses and retain the notation of Proposition 7.2. Let By C B be open,
let By C By be closed in B, and let (&pr, vpr) be a downward-admissible pair on By. There exist smooth
functions 5, v : B — (0,00) and a smooth positive-definite vertical metric g € T*(Sym?(ker dr)*) such
that, for every b € B,

0 < 28(b) < real(b), 46(b) < w(b), 0 < 8v(b) < 4(b), Ricg(p) > (A(b) + n(b))g(b),

and, in the signed-collar chart, g(b) = Sy 5p)v(p)- Put €, := 26(b). Then 0 < £, < re(b) and
2¢, < w(b); moreover, fori = 1,2,

g(b) =hi(b) on M;\Ei(b.[0,,)x3),
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and, on (—£y, £p) x 2,
L72(dt* + hx(b)) < g(b) < L*(dt* + hs(b)).
The choices retain the prescribed widths on By:
(8,v) = (Spr> Vpr) on By. (7.24)

The corresponding metric satisfies

g(b) = Sps,(b)vmvy (b € By). (7.25)

Proof. Choose a smooth function p : B — (0,00) with 0 < p < r, and let d, be the interpolation
threshold associated with p in Lemma 7.1. Set Fs := min{d., w/4}. For ¢ > 0,

{Fs > c} ={d. > c}n{w > 4c};

hence F; is positive and lower semicontinuous. The smooth-minorant construction (7.15) gives a
smooth &y > 0 satisfying §y < Fs/4. In particular, ) < d. and 45y < w. For each b € B, choose
dy € Py with 6p(b) < dp. If 0 < d < §y(b), then d < dp; thus 2d < p(b) < reo1(b) and I, 4 satisfies
the gluing bounds at (b, d).

The paracompact Hausdorff manifold B is normal. Choose an open set U such that
By,cUcUCcB;.

Smooth partitions of unity subordinate to {B;, B\ U} and {U, B \ By} give smooth functions ys, y, :
B — [0, 1] such that

supp xs C By, xs=1onU, supp yy C U, Xv = 1 on By.
The functions

Xv(b)vpr(b)’ b € By,
0, b ¢ B;

X(S(b)(spr(b), b € By,

) =
0, b ¢ By, Vpr(b) {

3pr(b) ‘= [

are smooth because each cutoff vanishes on a neighbourhood of B\ B;.

Setd := gpr+(1—)(5)50. Then § = 8, on U. Fix b € By If 6pe(b) > 80(b), then 0 < 6(b) < 8,:(D),
and downward admissibility gives 25(b) < rco(b) and the gluing bounds for Z,, 5y. If 6p:(b) < do(b),
then 0 < §(b) < 8y(b) < dp, so the defining property of ¥, gives the same conclusions. For b ¢ B,
one has 6(b) = §y(b) < dp, so the defining property of &, gives the same conclusions. Thus, for
every b € B,

0 < 28(b) < reoi(b), 1, 5p) satisfies the gluing bounds at (b, 5(b)).

On By, the number §(b) is a convex combination of d,,(b) and §o(b); since both satisfy 4d < w(b),
so does §(b). The same inequality follows from § = §, outside B;. Hence 45 < w on B.

Apply Lemma 7.1 to the smooth interpolation width §, and let e, be the resulting smoothing
threshold. A smooth minorant v, of e, may be chosen so that

1 1
0<vg< —e. < —96.
4 32

For each b € B, choose ¢, € &, with vo(b) < e,. Every 0 < v < vo(b) then satisfies 8v < §(b) and
makes S}, 55), @ smooth metric satisfying the gluing bounds.

Set v 1=V + (1 - x,)vo. On supp y, C U one has § = &p;. If v (b) > vo(b) there, then 0 <
v(b) < vp(b), and downward admissibility applies. If v, (b) < vo(b), then 0 < v(b) < vo(b) < ep,
and the defining property of &} applies. Outside supp y, one has v = v < ep, so the defining property
of &) gives the same conclusions. Consequently, for every b € B,

0<8v(b) < d(b), Sp.5(b),v(b) satisfies the gluing bounds at (b, 6(b)).
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Define g(b) by Sy, 5(5),v() in the signed collar and by h;(b) outside the distinguished collars. The
set {(b, t,x) : |t| < 25(b)}is open and lies in the signed-collar domain. The parameter-smoothness
assertions of Lemma 7.1, composed with the smooth functions § and v, give smooth coefficients on
the normalized interpolation pieces and smoothing bands. On the open overlap

8(b)+ v(b) < |t| < 28(b),

the smoothed interpolation equals the original collar metric. The two descriptions therefore define a
smooth positive-definite vertical metric.

The gluing bounds give the asserted Ricci and bilipschitz inequalities. The metric differs from
hi(b) only for |t| < §(b) + v(b) < 26(b) = £,; hence the support assertion holds. The inequalities
already proved give 0 < €, < re1(b) and 2¢, < w(b). On By one has ys = y, = 1, so (7.24) follows.
Substitution in the definition of g gives (7.25). U

Proposition 7.4. Assume the hypotheses and retain the notation of Proposition 7.2. Suppose in addition
that a finite group G acts smoothly on B and that the maps y;, and yy satisfy (7.9), (7.10), and (7.12).
There are smooth functions §,v : B — (0,00) and a smooth positive-definite vertical metric g €
I*(Sym?(ker dr)*) such that, for every b € B,

0 < 25(b) < reoi(b), 46(b) < w(b), 0 < 8v(b) < 8(b), (7.26)
Ricg(p) > (A(b) + n(b))g(b), (7.27)
g(b) = Sy s5(b).v(») in the signed-collar chart. (7.28)

Put ¢, :=25(b). Then 0 < £}, < reo1(b) and 2¢, < w(b); moreover, fori = 1,2,
g(b) = hi(b) on M;\E;(b,[0,8)x3), (7.29)

and, on (—¢y, ) x %,

L72(dt* + hx(b)) < g(b) < L*(dt* + hs(b)). (7.30)
The pair (8, v) is downward admissible on B in the sense of (7.8) and (a)—(b). For every y € G and b € B,
5(yb) = 6(b), v(yb) = v(b), vy 8(yb) = g(b). (7.31)

Let By C B be open and G-invariant, and let By C B; be closed in B and G-invariant. Suppose that
the smooth downward-admissible pair (Spr, vpr) on By satisfies

Spr(yb) = Spe(b), Vpr(yb) = vpe(b) (y € G, b € By). (7.32)

Under these additional hypotheses, the preceding choices may be made so that
(6,v) = (6pr, vpr) on By, (7.33)
8(b) = Sb.5,.(b).vp(b) (b € By). (7.34)

Proof. Fix y € G. Equations (7.12), (7.13), and (7.14) give the signed-collar map T', ,(t,x) :=
(eyt, 7p(x)) and the tangential identity

V5 Hyp(eyt) = Hp(2). (7.35)

If 0 < r < rei(b), choose ' € (r, reoi(b)) for which both normal exponential maps over b are
embeddings on [0, r’] x 3. Equation (7.13) and the diffeomorphisms y;;, and y;, imply that both normal
exponential maps over yb are embeddings on [0, 7] x 3. Thus reo(yb) > reoi(b). Applying this
inequality to y~! at yb yields

rcol()/b) = Teol(b). (7.36)

Choose a smooth function py : B — (0, ) satisfying 0 < py < o, Whose existence is part of
Lemma 7.1, and set

p(b) = = 3 pu(e D). (7.37)
|G| T€G
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The function p is smooth and positive. Reindexing the finite sum shows that p(yb) = p(b). By (7.36),
every summand in (7.37) is smaller than r.,(9); hence 0 < p(b) < reo1(b).
Fix 0 < 2d < p(b). Put

Jyb.d() 2= 7 Hpp.a(eyt).
Differentiating (7.35) gives
£y)7;H)/,h(€yt) = H;(t).
The endpoint identities (7.6) therefore give
0lyba(xd) = oHy(xd)  (j=0,1).

The difference between J, j 4 and .77} 4 is a tensor-valued polynomial of degree at most three with a
double zero at each of —d and d. It therefore vanishes identically. Consequently,

LYo Typa =Tpa (7.38)
Equations (7.1), (7.10), and (7.12) give
7 hs(yb) = hx(b), I, Pyb = Py (7.39)

For every smooth metric g one has Ricr;,bq = F;’b Ric,. Together with A(yb) = A(b), n(yb) = n(b),
p(yb) = p(b), (7.38), and (7.39), pullback carries the gluing bounds at (y b, d) to the gluing bounds at
(b, d). Applying the same implication to y ™' gives 2y, = 2, and d.(yb) = d.(b).

Let Ay (t) be a tangential tensor family satisfying A,(t) = 7, Ay (e, t). Linearity and continuity of
pullback on smooth symmetric tensors allow it to pass through the convolution integral. The change
of variable s = ¢, u, together with evenness of o, gives

I (/R e, (8)Ayp(eyt —s) ds> = AQE‘,(u)Ab(t— ) du.

g,(t—1) B t—1
X( v > B X( % ) '
Substitution in (7.7) yields, for 7 € {—d, d},
)7; (mfyr,vAyb)(fyt) = (mr,va)(t)' (7.40)

If 8v < d, the two enlarged smoothing supports have radius less than 2v and centres separated by
2d; hence they are disjoint. Each localized operator is the identity on every tensor value sampled by
the other, so the operators commute. Equations (7.38) and (7.40) imply

Evenness of y gives

Iy pSybdy = Sbdv- (7.41)

Suppose that d : B — (0, 00) is smooth, d(yb) = d(b), and I, 4 satisfies the gluing bounds for
every b. Equations (7.41) and (7.39), together with the equalities for A and 7, show that a smoothing
width belongs to & if and only if it belongs to &. Hence

Eyp = &, ex(yb) = e.(b). (7.42)

Let F : B — (0,00] be positive, lower semicontinuous, and G-invariant. If f is smooth and
0 < f < F, define

1 _
Acf(b) := = >, f(z'b). (7.43)
|G| 7€G
Reindexing proves Ag f(yb) = Acf(b). Moreover, f(r7'b) < F(zr7'b) = F(b) for every 7, so
0<Agf <F.
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By Lemma 7.1, d, is positive and lower semicontinuous. Equation (7.12) and the invariance of d,
show that F; := min{d., w/4} is positive, lower semicontinuous, and G-invariant. Apply (7.15) to F;
and average the obtained function by (7.43); call it §y. Then

0< 6y < d., 460 < w, 50(}/17) = 5()([7) (744)

For each b, choose d;, € 9, with §y(b) < dp. If 0 < 5 < do(b), then 5 < dp; the definition of &,
gives 28 < p(b) < reoi(b) and shows that 1, 5 satisfies the gluing bounds at (b, 8). Apply Lemma 7.1
to 8. Equation (7.42) gives e.(yb) = e.(b) for every y € Gand b € B. By Lemma 7.1, e, is positive
and lower semicontinuous. Equation (7.42) and the invariance of §, show that F, : = min{e,, §o/8} is
positive, lower semicontinuous, and G-invariant. Apply (7.15) and (7.43) to F;; call this function v,. It
satisfies

0< vy <e, 8vy < 50, V()()/b) = Vo(b). (745)
For each b, choose e, € &} with vo(b) < e,. If 0 < ¥V < vo(b), then V < e, < 6o(b)/8; the

definition of &}, shows that S}, 5,(5) is a smooth metric satisfying the gluing bounds at (b, §o(b)).
Hence (o, vo) is downward admissible on B. Define gy(b) by Sy, 5,(»).v,(») in the signed collar and by
hi(b) on the complement of the modified collar in M;. The downward interpolation property gives
0 < 280(b) < p(b) < reo1(b). Together with (7.44) and (7.45), this proves (7.26); for £, = 28y(b) it also
gives 0 < £}, < reol(b) and 2¢, < w(b). The definition of g, gives (7.28). Since vo(b) < e, and e, € &,
the metric Sy, 5,() v,(p) Satisfies the gluing bounds at (b, o(b)). Its Ricci inequality gives (7.27), and
its product comparison gives (7.30). The interpolation equals h&(b) for |t| > §o(b), and the smoothing
changes it only where |t F §y(b)| < vo(b). Hence go(b) = h;i(b) on each side for [¢t| > 5o(b) + vo(b);
since do(b) + vo(b) < 260(b) = &, this proves (7.29). Smooth dependence on b follows from the
last assertion of Lemma 7.1 in the fixed signed-collar charts and from equality with h;(b) on the
open overlap 8y(b) + vo(b) < [t| < 28¢(b). On the collar, (7.41) gives y; go(yb) = go(b); off the collar
this equality is (7.12). Together with 8o(yb) = §¢(b) and vo(yb) = vo(b), these identities prove that
(80, vo, o) satisfies (7.31). Thus (8, v, g) := (8, vo, go) proves the first assertion.

For the relative assertion, assume the hypotheses following (7.32). Since the smooth paracompact
manifold B is normal and By C By, there is an open set Uy C B with By C U and U, C B;. Put

= ﬂyeG ¥ Us. The finite intersection is open. Since yBy = By for every y € G, one has By C U,
while U ¢ (yec yUs C By. Reindexing the intersection gives yU = U. A smooth partition of unity
subordinate to {B;, B\ U} gives xJ : B — [0, 1] with supp y§ C B; and xj|; = 1. A smooth partition
of unity subordinate to {U, B\ By} gives x° : B — [0, 1] with supp y C U and y|g, = 1. Set

=3 007,

veG

Z}(a(y‘lb) xo(b) =

yeG

xs(b) :=

Gl Gl

Reindexing each finite sum gives ys(yb) = xs(b) and y,(yb) = x,(b). The identities yB; = Bj,
yU ="U, yU = U, and yBy = B, give

supp xs CBi, xslg=1, suppxy cU, yxlp, =1. (7.46)

The function ysdp; on By, extended by zero to B, is smooth because supp ys C By. Define
§:= X55pr +(1- X5)5O~ (7.47)

It is smooth and positive, satisfies 5(yb) = 8(b), and equals p; on U. Fix b € Band 0 < 5 < 8(b). It
b € By and 6,:(b) > 8¢(b), then S5 < Spr(b). Downward interpolation admissibility of (8, vpr) gives
258 < reol(b) and shows that 7, = satisfies the gluing bounds at (b, 5) If b € By and 6o(b) > 6,(b),
choose dy, € 9, with §y(b) < d;, Then § < o(b) < 50(17) < dp, so the definition of 7, gives
28 < p(b) < rei(b) and the gluing bounds for 7, 5 at (b, 5) If b ¢ By, then 5(b) = do(b); choosing
dp € 2y with 6o(b) < dp gives 25 < p(b) < rcol(b) and the gluing bounds for I zat (b, 5)
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On B, the function § is a convex combination of 6, and &, and both satisfy 46 < w; on B\ B;
one has § = §,. Therefore

28 < Feols 46 < w. (7.48)

Taking 8 = 8(b) in the preceding cases shows that T ».5(b) Satisfies the gluing bounds at (b, 5(b)) for
every b.

Apply Lemma 7.1 to this §. Equation (7.42) gives e.(yb) = e.(b) for its smoothing threshold.
Apply (7.15) and (7.43) to min{e,, §/8} and call this function vi.s. It satisfies

0 < veer < €, 8Vret < 0, Vref()/b) = Vref(b)-

For each b, choose e, € &, with v.f(b) < 5. The function y, vy, on By, extended by zero to B, is
smooth. Define

Vo= X Vpr + (1= Y0 ) Vret. (7.49)

This function is smooth and positive and satisfies v(yb) = v(b). On supp y, one has § = 3, by (7.46).
Fix b € Band 0 <V < v(b). If b € supp y, and vp(b) > vier(b), then ¥ < v (b), so downward
smoothing admissibility gives the gluing bounds and 8V < §(b). If b € supp y, and vier(b) > vp(b),
then v < v(b) < vief(b) < €. Since e, € &, one has 8V < §(b), and S}, 57 is a smooth metric
satisfying the gluing bounds at (b, §(b)). If b ¢ supp y,, then v(b) = vit(b) < ep. Since e, € &,
one has 8V < §(b), and S}, 5() 7 is a smooth metric satisfying the gluing bounds at (b, §(b)). Hence
(8, v) is downward admissible on B and

8v < 6, Sp.5(b),v(b) satisfies the gluing bounds for every b. (7.50)

Define g(b) by S} s(»),v(p) in the signed collar and by h;(b) off the modified collar in M;. The last
assertion of Lemma 7.1 and equality with h;(b) on the open collar overlap give a smooth vertical
metric. Equations (7.48) and (7.50) give (7.26); with £, = 28(b) they also give 0 < £, < re1(b) and
2¢, < w(b). The definition of g gives (7.28). The gluing bounds in (7.50) give (7.27) and (7.30). The
interpolation equals h8(b) for |t| > 8(b), and the smoothing changes it only where |t F 5(b)| < v(b).
Hence g(b) = h;i(b) on each side for |¢t| > 5(b) + v(b); the inequality §(b) + v(b) < 28(b) = ¢
proves (7.29). On By, equations (7.46), (7.47), and (7.49) give (7.33); substitution in the definition of g
gives (7.34). Finally, (7.41) on the signed collar and (7.12) off it give y;, g(yb) = g(b). Together with
6(yb) = 8(b) and v(yb) = v(b), this proves (7.31). O

Smooth identifications with a fixed manifold. The vertical metrics above can be regarded as smooth

metric families on a fixed glued manifold. We record the identifications, including the relative and
equivariant choices needed below. Choose auxiliary smooth metrics k; on the fixed pieces M;, and
use their signed normal collars to give the quotient M a fixed smooth structure, denoted by M™!. For
beBand0< 7 <1, set

ki,b,r = (1 — T)ki + Thl(b)

These tensors are positive definite. No curvature condition is imposed on this auxiliary path. Let
E;p.(r, x) be its inward unit-speed normal collar, with E; ; (0, x) = fi(x).

For each side, prescribe an open set O; C B x M; containing B x %;, disjoint from the unglued
boundary components and from any prescribed protected regions away from the seam. Its fibre is
denoted by O;(b). There is a smooth function a : B — (0, 0) such that, for both sides and every
7 € [0, 1], the map E;;, ; is an embedding on [0, 4a(b)] x ¥ and its image is contained in 0;(b). Indeed,
the compactness of [0, 1] x ¥ and smooth dependence of the normal exponential maps give such a
radius locally in b. Embeddings of a compact collar and containment of its image in the prescribed
open set persist under small parameter changes, as in the proof of Lemma 7.1. The supremum a.(b)
of the admissible radii is therefore positive and lower semicontinuous. The admissible radii form a
downward interval; hence any smooth positive minorant of a., supplied by (7.15), has the required
property. No uniform positive radius on B is needed.
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Choose { € C*([0,),[0,1]) with = 1 on [0, 1] and supp { C [0, 2). Define a time-dependent
vector field on M; by

Vie (Eipo(r,)) = g<(b)> 0eEipe(r,x),  0<r<da(b),
and extend it by zero. The collar inverses and the cutoff show that this is smooth in (b, 7), including
at the edge of its support. Since E;;, ;(0, x) = f;(x) is independent of 7, the vector field vanishes on
;. It vanishes near every unglued boundary component as well. Compactness of M; gives a flow
F, ».r throughout [0, 1], with F;; o = id, smooth in all parameters. The flow fixes the boundary and is
the identity outside O;(b). For 0 < r < a(b), the curve r — E;}, ,(r, x) solves this flow equation, so
uniqueness gives

Fipr(Eipo(r,x)) = Eipo(r,x).

The two maps F; ;1 consequently descend to a fibre-preserving bijection
T : BxM™ — M.

In the reference and target signed-collar charts its expression is (b, t, x) — (b, t,x) for |t| < a(b).
Away from the seam it is the smooth side flow. The inverse has the same local descriptions, with the
inverse side flows. Thus 7 is a diffeomorphism, and the vertical pullback 7, g(b) is a smooth metric
family on Mt

The choices can retain a previously fixed reference family. More precisely, suppose that on a closed
set By C B the input metrics and prescribed collar neighbourhoods agree with those of a reference
family defined on an open neighbourhood B; of By. Use the same k; and ¢ for both constructions, and
let a.ef be the reference radius, chosen strictly below its admissibility threshold. Then a.es(b) < a.(b)
for b € By. Lower semicontinuity of a. and continuity of a.s give an open neighbourhood U C By of
By on which this strict inequality holds. Choose a smooth function 6 : B — [0, 1] with 6 = 1 on By
and supp 0 C U. If aq is any smooth positive minorant of a,, set

a=(1-0)ay + Oacs,

where the last product is extended by zero outside B;. On U both radii are strictly below a., and
outside U one has a = ay. Consequently 0 < a < a. everywhere and a = af on By. On By the
auxiliary metric paths, vector fields, and initial conditions are identical; uniqueness gives F;; ; = Fizfr
there. Thus equality of the glued vertical metrics on By becomes literal equality of their pullbacks
on the fixed manifold. For a family independent of one parameter, make all choices on the reduced
parameter space and pull them back.

For equivariance, suppose that the fibre maps in Proposition 7.4 are independent of b, as are all
the copy and reflection maps used below; write y; and y for these fixed maps. Average the auxiliary
metric on M; LI M, over this finite group, and take the prescribed neighbourhoods to be invariant.
The path k; p, ; is then equivariant. Naturality of the normal exponential map gives

YiEi,b,T(r: x) = an(i),yb,r(rs YX)

In particular, a, is invariant. Averaging a smooth positive minorant of a.. gives an invariant one.
In the relative case take By, B; and the reference data, including a,f, invariant; average ay and 6
before forming a. This preserves the prescribed radius. The displayed normal-collar identity and the
common radial cutoff imply

(Yi)* Vi,b;r = Vay(i),yb,r‘

Uniqueness of the flow proves equivariance of F;; ; and hence of 7. If the group interchanges the
two sides, both signed collar structures carry the same map (¢, x) = (—t, yx), so the conclusion also
holds across the seam. This assertion concerns fixed fibre maps; no parameter-independent action is
asserted for the general fibre maps of Proposition 7.4.
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For a selected gluing width §(b), the sets 9;(b) may be chosen inside the side normal collars of
radius §(b)/2. Thus the identification introduces no change outside the original gluing collar. At
successive seams we apply the construction in order, retaining the fixed side manifolds and auxiliary
data already chosen for the reference family. In the applications below, fixed-manifold identifications
include these maps; metrics, geometric regions, and collar coordinates are transported by pullback. On
the protected regions the maps are the identity. Curvature inequalities, intrinsic diameters, volumes,
and boundary tensors are preserved by these fibrewise isometries.

7.2. Caps over compact parameter sets.

Theorem 7.5. Let I C [0,00) be a nonempty compact interval. Let hg, s € 1, be a smooth family of
metrics on S"7! satisfying Ricp, > (n — 2)hs. Let g5, (s, u) € I x [—2, 2], be a smooth family of metrics.
Assume that the family is constant in the u-variable on relative open neighbourhoods of I x {—2} and
I x {2} and that

/gS,—Z = ngS”’l’ Es,z = hs:
Ricg\s,u 2 (n - 2)/g\3,u9 V01(Sn_1s /g\s,u) = VOI(Sn_ly hs),
Vol(s™1, k) \ V7 1.
Ty i= | ———= , sup 75 < —Ko.
On-1 sel 4

There are constants e > 0 and Cr, Dy, Vi > 0, and a smooth family of metrics (s,e) = K, on Py,
defined for (s, €) € I x (0, ¢1), such that

ﬁa(Ks,ebPQ) = sin’ ¢ hs, ( )

Bolapy k.. > cot e fo(Kselap,), (7.52)

Rick,, > (n— 1 - Cre*)K,,, (7.53)

diam(PQ9Ks,é‘) S ng’ ( )

VOI(PQ’ Ks,s) < Vie. ( )

If, for some T > 0, g5, = T2 ggn-1 on I x [—2,2], then there are a smooth family K, on Py and, forr = 1,2,

smooth functions (5,,v,) : (0,e7) — (0,0)? such that Ky, = K, for every s € I, and the interpolation

and mollification at seam r use the widths 6,(¢) and v,(¢).
Let P be oppositely oriented copies of Po, with their core metrics denoted by k. Let 1 = P§ — Py be

the copy diffeomorphism, and let ﬂé L 8P5 satisfy 1 o ﬂé = P Suppose two input pairs satisfy
the preceding hypotheses and, under the identity of their model spheres,

hi=hy,  §.=8uw kg = k.
After replacing e by a common smaller value, the cap families and the smooth seam-width functions

(6%, vE) : 1x(0,¢7) = (0,00)%, r = 1,2, may be chosen so that
5r =67, vi=v> (r=1,2).

*p— _ o+
le,s_K r r

5,6

Proof. Orient "~ ! and put wg, = dvg . Fix a background metric, and denote by M, G, and d” its

harmonic projection, Green operator, and codifferential. Set Qsy = 0ywsy. The volume hypothesis
gives

/ sy = 0y VOI(S" 1, 8s.u) = 0.
Snfl

Since $"! is connected, its harmonic top-degree forms are the constant multiples of the background
volume form; hence Ha;, = 0. The Hodge decomposition is

sy = Hasy, +dd* Gag,y + d*dGas,,.
The form Ga;, has top degree, so dGas,, = 0. Therefore
sy = dd"Gas,y. (7.56)
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Put 55, := d*Ga;,. Contraction with the positive form w;, is a vector-bundle isomorphism from
vector fields to (n — 2)-forms; it determines a unique vector field X, by ix,, w5y = —7su. The
operators above are continuous linear operators on smooth forms, and (s, u) — g5, is smooth; hence
X, is smooth in (s, u). It vanishes wherever u — g , is constant. Let

au¢’s,u = Xs,u ° ¢s,u, ¢’s,—2 =id.

The flow exists for u € [—2, 2] because S"~! is compact, and smooth parameter-dependent ODE theory
gives smooth dependence on (s, u). By (7.56) and Cartan’s formula,

d * *
E(qss,uw&u) = ¢s,u(a3,u - d’?S,u) =0.

Thus, setting g; ., := $,8s.u one has
dvgs,u = dvgsﬁZ’ Ricgs,u Z (n - z)gs,u-

The map u — g, is constant on neighbourhoods of the two endpoint slices. Extension by its endpoint
values therefore gives a smooth family on I x R. Each norm function in (6.2) is continuous on the
compact set I x [—2,2] x S""! and vanishes outside this set. The maximum of the sum of these three
functions is finite, which proves (6.2).

Let ¢; initially be the constant & in Theorem 6.1. Apply that theorem and write y = ., ¥ = ¥,
K=K r— :=71_g and Gxs = Gs,. For0 < r <r,

sin(xr)

2
Grs = dr* + <T5 X(r)) Gon-1. (7.57)

K

Choose C, such that k < Cye, and choose Cy > C,(C% + 1). Decrease ¢ so that & < 1 and
n—1- Cue* — Cpx? > 0for 0 < £ < g1, and put

Rse i=(n—1— Cpe* — Cux®)K?, AP i=(n-1- 2Coe?)K?,
mg, 1= Ry, — ATP.
These definitions give

Mg — Coe?x? = (Coez — Cpet - CnKz)Kz

(7.58)
> (Co— Cn — CuC2)e’k* > 0.
Consequently m;, > Coe®k® > 0. For the next construction, set d := kp/2 and e := 3&kg/4. For
0 < r<r_, define
sin(kr)
bs,s(r) =T X(r)’

K

e () 1= 7, (cos(xrmr) ; Sm("”x'@)) .

These functions extend to r = 0 by b;.(0) = 0 and ¢,,.(0) = 5. Equation (6.52) gives y. = y,+. Apply
(6.28) and (6.29) with 6 = ¢*, and write T,(r) := T,«(r) and £,(r) := £,4(r). These definitions give

et N et
O sy T e

For every compact J € (0, ¢7), both error terms tend to zero as r | 0, uniformly for ¢ € J. Hence the
displayed extensions of b, and c; . are jointly continuous in (s, ¢, r). For z = (s, €), let p(z) be the
supremum of the numbers p € (0, r_(z)) such that every r € [0, p] satisfies

Cs,s(r) <d,
Rs,fbs,e(r)z < (l’l - 1)(1 - dz),
Rs,e(l - ez)bs,s(r)z < ,UQ(l — dz).
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The identities b, ,(0) = 0 and ¢,,(0) = 75, together with sup; 7, < Ko /4 < d, give p(z) > 0. The set
of radii occurring in the definition is downward closed. If 0 < 7y < p(zp), choose radii 71, 7; such that

T <7 <7 < plzo).

Then 7; < r_(zo) and the three strict inequalities hold on [0, 7;]. Smoothness of r— and compactness
of [0,7;] give a neighbourhood of zy on which 7; < r_(z) and on which the three inequalities retain
positive minimum margins on [0, 73 |. Hence 7; is admissible for every parameter in this neighbourhood,
so p(z) > 7, > 7. Thus {z : p(z) > 7y} is open, and p is lower semicontinuous. The smooth-minorant
construction (7.15) gives a smooth function r, satisfying 0 < r.(s, €) < p(s, €). Set b := b, (r.) and
¢ :=cse(re). Since 0 < kre < wand 0 < y <1,

0< b <rer. <4 (7.59)
The choice of r, gives

1—d? po(1 —d?)
c < d, (n — 1)7 > Rs,g, m > Rs,g. (760)
Define A™ := V1 —d?%/b and T, : = arccos(d)/A™. On the round n-ball use
dt? + (A2 sin®(A" 1) ggn, 0<t< Ty

Its boundary metric is b2gg.1, and its Ricci tensor equals (n — 1)(A™)? g. Identify this boundary with
the slice r = r. of (7.57) by the identity of S""!. The inward normal of the transition cylinder at r = r,
is +9,, whereas the inward normal of the round ball at ¢t = T; is —9;. Hence

c d
IItr = —E bzgsn—l, IIrd = E bzgsn—l,
and therefore
d—
I, + I, = Tc b2ggt > 0. (7.61)

Define the inner cutting parameters by T, := arccos(e)/A™ and s, := v1—e2/A™. Then
0<T,< Ty Let B :=1x(0,¢p),let C =[0,1] x S™!, and let D" be the closed unit ball. Define the
radial diffeomorphisms by

F;r (t,x) = (rc + (1= rot, x),

€

Fil(px) = (Tap,x), 0<p<1.

The second formula uses geodesic polar coordinates and sends 0 to the round centre. Both maps are
smooth radial diffeomorphisms onto the transition cylinder [r,, 1]xS""! and the round ball 0 < ¢ < Tj,.
Their pullbacks define smooth metric families h; and h; on the fixed manifolds M; = C and M, = D".
Take = = S"1, % = {0} x "1, and %, = D", with B1(x) = (0,x) and B,(x) = x. The common
boundary metric is 8 (hilan,) = B3 (halom,) = b2gsn1. On B, set A = ASy, n=my /4, w = (Ty—T.)/4,
and L = 2. The functions n and w are smooth and positive. Equations (6.7) and (7.60) give

Ricp, > Ry hi = (A%2 +my.)hy,  Ricy, > Ryhy.

cap

Both lower coefficients exceed A +2n = A +m;,/2. Equation (7.61) is precisely the positive-definite
sum of the two inward second fundamental forms under the displayed boundary identification. The
support width w is smaller than the available round annulus width T; — T,. The boundary equality,
the two Ricci inequalities, (7.61), and the width inequality satisfy the hypotheses of Proposition 7.2
for the first seam. Denote the resulting smooth glued metric by Gglg) . Its Ricci estimate is

1
Ric 0 > (Agf‘g’ + 4ms,€> G, (7.62)
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The support conclusion of that proposition confines the smoothing on the round side to Ty — (T —
T.)/4 < t < Ty. It leaves both the round region 0 < t < T, and the outer boundary r = 1 of the
transition cylinder unchanged. Use the collar-straightening construction at each seam, with support
inside its gluing collar. At the first seam keep a neighbourhood of 0 < t < T, fixed, and at both seams
keep a neighbourhood of the outer boundary r = 1 fixed. The resulting smooth identifications with
fixed manifolds are used in the following pullbacks.

Delete 0 < t < T,. The affine map

F(u,x) = (T +(Ty— Tov,x),  (v,x) €[0,1] x S",

£

identifies the retained round annulus with a fixed cylinder. Together with F{', and the fixed first-seam
gluing, it identifies the first glued piece after deletion with one fixed compact manifold with boundary;
the pullback metric family on this fixed manifold is smooth. Its inner boundary has metric s?ggn-1.
The inward normal of the retained annulus at ¢t = T, is +9;, s0 Iy, = —(e/sc)s2gs1. Identify this
boundary with dPg by Bo. Constant scaling gives

A K . p
Bollory,stkg 2 TQ Segsm1, Ricg, 2 ?g(ssz)-
Cc

c

Since s? = (1 — €?)b?/(1 — d?), (7.60) gives

KO > R, (7.63)
sC
It also gives
. Kp—e€
o + B lon stk > QS s2gent > 0. (7.64)

c

For the second seam, let Miz) be the first glued piece after removing 0 < t < T, and let Mz(z) = Pp.
The map F¢;" above identifies Mfz) with a fixed compact manifold with boundary. Take the model
seam Y = S™71, let 252) be the inner boundary t = T, of M<2), and let Zgz) = 0Pp; use the identity
parametrization on 2(12) and fp on 2(22). The common boundary metric is s?gs1. For this seam,
choose A = AY, n = my./16, w = min{T,, T; — T,}/4, and L = 2. The functions 5 and w are smooth
and positive, since T, and T; — T, are fixed positive multiples of b. By (7.62), the metric on Mfz)
has Ricci coefficient greater than A5¥ + mg, /4. By (7.63), the core has Ricci coefficient greater than
Rs¢ = A5 + ms .. Both coefficients exceed A + 25 = A5 + ms /8. Equation (7.64) is the positive-
definite sum of the two inward second fundamental forms under the displayed boundary identification.
The inequalities w < T,/4 and w < (T; — T,)/4 place the modification inside the chosen collars and
separate it from the first-seam support. The boundary equality, the Ricci inequalities, (7.64), and these
width inequalities satisfy the hypotheses of Proposition 7.2 for the second seam. Its conclusion gives
a smooth metric K. s.c satisfying

~

1
Ricl?w > <A§ip + 16ms,5> KS,E-

On the round side, the first smoothing support is contained in {t > T; — w}, where w; = (T; — T,)/4,
and the second is contained in {t < T, + w»}, where wy = min{T,, T; — T,}/4. Since

1 1
Te+WZSTe+Z(Td_Te)<Td_Z(Td_Te):Td_Wl;

the supports are disjoint. The support conclusions of the two gluing applications also leave the
outer boundary r = 1 unchanged. The transition cylinder and the retained round annulus form a
compact cylinder attached to 9Py through f. Fix a collar [0, 2) x 9Py < Py, with {0} x 9Py mapped
onto the boundary. After identifying the attached cylinder with [-2,0] x 9Py, choose a smooth
increasing diffeomorphism [-2,2) — [0, 2) which equals the identity on [1, 2). Together with the
identity outside the fixed collar, it gives a diffeomorphism of the glued manifold onto Pp; choose the
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cylinder parametrization so that its outer boundary identification is fo : $"~! — 9Pp. The maps F.,
and F¢;" identify the metric pieces with fixed manifolds; the smooth collar identifications just chosen
therefore make (s, £) — K. s,¢ @ smooth metric family on the fixed manifold Py.

Scale by c?, where

sin ¢ k A 8¢t
Ce = =1-

Ae sin & sin ¢’

Since the Ricci tensor is unchanged as a (0, 2)-tensor under constant scaling,
Asd +mg, /16
¢z
A

sin ¢’

1
= <n —1-2Cye% + R(ZCOEZ — Cpet = anz))

For 0 < £ < 1and x? < CZ%¢?, the first factor on the right is at least n — 1 — Age?, where Ay :=
15Cy/8 + C,(1 + C2)/16. Since sin e > ¢/2,
A2 8¢t

=1-
sin® ¢ sin® ¢

>1-—32¢%

After decreasing ¢; so that both factors are positive, their product is at least n — 1 — (Ag + 32(n — 1))¢?.
Choose C; > Ay +32(n—1). Then

Ricap > (n—1- Cre¥)c?K,,e. (7.65)

Because both smoothing supports are disjoint from the outer boundary, the boundary metric and
inward second fundamental form after constant scaling satisfy

ﬂ*Q(chs,gpr) = sin® € ¢%, h, (7.66)

IB*QIIaPQ,cgl?W > cot ¢ sin’ ¢ ¢}, s (7.67)

For u € [-2,2], put g?;s,u i=Poe psuc ﬁél on dPp. Choose a fixed collar [0, 1] x dPp, with t = 0 at
the outer boundary, and a smooth function A, : [0,1] — [0, 1] such that Ay = 1 near 0 and 1y = 0 on
[1/2,1]. On the collar define Fy(¢, x) = (¢, ¢;1_2 4 AO([)(X)), and extend it by the identity. The inverse is

obtained by replacing $_1 by 5 so Fs is a smooth family of diffeomorphisms. It equals the identity
near the inner end of the collar, and its boundary restriction is g;ﬁ\s_é Since 49 = 1 on a neighbourhood
of t = 0, the map has product form there. As an isometry from the pullback metric to the original
metric, it sends the inward unit normal to the inward unit normal. Set K, := F; (cfl?s,g). Using
(7.66),

ﬁé(Ks,elaPQ) = (d);%)*ﬁ*Q(C?Es,ebPQ)
= (¢;3)"(sin® £ §%,h;) = sin® € ;.
The definition II(v, w) = —(V,v, w) and the preceding normal identity give
Polloro k.. = wg,é)wénan,cEI?s,f
> cot ¢ sin® ¢ h;.
Thus (7.51) and (7.52) hold. The pullback identity for the Ricci tensor and (7.65) give

Rick,, = F; Ric,z > (n—1- Cre¥)K,,

which is (7.53). The map F; is an isometry from (Pp, K; ;) to (P, cfl?s,g); hence diameter and volume
are unchanged.
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For each application of Proposition 7.2, choose inside the region where (7.23) holds a closed signed
collar that contains the smoothing support, has boundary disjoint from that support, and has total
signed-coordinate width at most the chosen function w. Denote these collars by C§1E) and CE’ZE). Let
Ts.e» Bs.e, and Py be the closures of the remaining parts of the transition cylinder, the round annulus,
and the scaled core, respectively. These five compact sets cover the cap and can be ordered so that
consecutive sets intersect.

Fix a background metric gy on S"~!. Smoothness on the compact set I x [—2,2] x S"! gives A; > 1
such that A;'gy < g4 < Argo for all (s, u) € I x [—2,2]. Define

Dg :=  sup diam(S" ™, gs.), Vg i= sup Vol(S" ™1, hy).
(s,u)elx[—2,2] sel

Then D, < A}/ ? diam(S", go) < oo, and smoothness of s = h; on the nonempty compact interval I
gives Vg < 00. On T, the metric equals G;. Its warping coefficient satisfies 0 < (sin(xr)/x)y(r) <
r < 1. Joining two points by two radial segments and one curve in a slice gives diam 75, < 2 + Dj,.
Since Vol(S"™1, g,.,) = Vol(S"™1, hy) for every (s, u),

1 . n—1

Vol T, < / (sm(rcr))((r)) Vol(s™ !, &s,y(r) dr < Vg.
Te K

Therefore

diam 7, < 2 + D, Vol Ty, < V. (7.68)

c __arccos d Cr e ,1—62 Co i 2G4 T
d +— Wa de *— 1—d2’ B -— d \m

These definitions give T; = Cy4b, s, = C4.b, and 0 < b < sup; 75. Two points of B, can be joined
by radial segments of total length at most 2T; and an arc in one round slice of length at most 7 /A™.
Hence its diameter is at most Cgb. Since sin(A™t)/A™ < ¢, its volume is at most the volume of the
full round ball of radius Ty estimated by the Euclidean radial integral. Thus

Define

On—-1

diam B, < Cpb, Vol B, <

cyb", (7.69)
n
Vol Py, < s! VOI(PQ, kQ). (7.70)

For a smoothing collar C, write diam;,; C for the diameter of the intrinsic length metric induced by
the final glued metric. The product metric P = dt? + hy and (7.23) with L = 2 give

diam;y; C < 2(w + diam(2, hz)), Vol C < 2"wVol(3, hy).
At the first seam, hy = b%gg1 and wy = (T — T,)/4; hence
diamjy; Cglg) < 2(wy + b)), Vol C§1,_2 < 2"wio,_ b (7.71)
At the second seam, hy = s2gg1 and wy = min{T,, T; — T.}/4; hence
diamjp; ngg) < 2(wy + 7se), Vol ngg) < 2"wyop g st (7.72)

For x, y € Ps,, let y be a minimizing curve from x to y for the intrinsic length metric of (Pg, s2kg).
Outside ngg) the final metric equals s?kg. If y meets the collar, let p and q be its first and last
intersection points. For every 1 > 0, the definition of the intrinsic distance gives a curve in ngg) from
p to q of length at most diamiy; C§2£) + 1. Replacing the segment of y from p to q and letting n | 0
yields

diam P, < sc diam(Po, ko) + 2(wy + 7s). (7.73)

By (7.59), 0 < b < sup; 7. In the order
TS,E’ C(l)a BS,E: C()Z)

S,€
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consecutive sets intersect and their union is the cap. The ambient diameter of either collar is at most
its intrinsic diameter. Hence the diameter of the union is at most the sum of the displayed diameter
bounds, while its volume is at most the sum of the displayed volume bounds. Equations (7.68), (7.69),
(7.70), (7.73), (7.71), and (7.72) give constants D}, V{ > 0 such that

diam(Po, K; ) < DY, Vol(Py,K;.) < V. (7.74)

After decreasing ¢J, /1? > sin? £/4, and hence

sin € k
ce = g < 2Cqe. (7.75)
£

Constant scaling multiplies diameters by ¢, and volumes by ¢”. Set D; := 2C,DY and V; := (2C,)"V}.
Equations (7.74) and (7.75) prove (7.54) and (7.55).

The functions s, e, ¥, Kg,Rs,g,/lgip, Mse Te, b, c, A, T4, Te, sc, and ¢, are smooth in (s, ). The
maps F,, Ff4, and F™" identify all pieces with fixed reference manifolds. The smooth-parameter
conclusions of the two applications of Proposition 7.2 give smooth collar metrics on those fixed
manifolds. The formulas defining ¢, and F; are smooth in their parameters, so (s, ¢€) — Kj, is smooth.

Suppose that g, = 72ge1. The endpoint identities give hy = 72ggn1 and 73 = 7. Hence ws,
does not depend on u, so a;, = 15, = 0. Contraction with the volume form gives X, = 0, and the
initial-value problem defining ¢, gives ¢, = id. Thus g5, = 72gs1 and the terminal collar map F;
is the identity.

Let  : Ix(0,¢r) — (0, ¢r) be given by 7(s, €) = ¢. Before the first gluing, the transition metric,
the round metric, the core metric, their boundary metrics and inward second fundamental forms,
and the functions A, n, w are pullbacks by 7 of objects on (0, ¢7). Choose the admissible cut radius
rc on this reduced parameter space by the smooth-minorant construction used above, and define
b, c, A", T;, T,, and s, there. Apply Proposition 7.2 to the first seam over (0, ;) and pull its widths and
glued metric back by 7. The first glued metric is the pullback by 7 of a metric over (0, ¢7). The second
seam is obtained by deleting the region 0 < t < T,(¢) in every fibre; its boundary metric, second
fundamental form, Ricci margin, and support bound are again pullbacks by 7. A second application of
Proposition 7.2 over (0, ¢7) gives second-seam widths and a final glued metric pulled back by 7. The
terminal collar diffeomorphism is the identity, so there is a metric K, with K. = K, for every s € I.

For the reflection assertion, give the two model spheres the same orientation and use the same
background metric in the Hodge operators. Under their identity, the forms «;, and 7;,, the Moser
vector fields, and their flows are equal on the two copies. Use the same spherical-deformation functions
on both copies. Their cut-radius threshold functions are equal; choose one smooth minorant r, and
use it in both constructions. Choose a collar on Pé, transport it to Pé by 1, and use the same collar
cutoff in the two terminal pullbacks.

For either seam type, take M; = M;" LU M; and ¥ = ¥* U X", Let Z/2 act trivially on the
parameter space and exchange the two components by the copy maps. Denote the boundary maps by
i : 3* —> M. The copy maps 1; : M;" - M; and 7 : Z* — 37 act as the nontrivial element on
the plus components, and their inverses act on the minus components. They satisfy

yofi=p ot ih (s, &) = hi (s, €).

The functions A, n, and w have equal restrictions to the two components. These identities give
the boundary compatibility, metric invariance, and cocycle hypotheses of Proposition 7.4 for the
Z./2-action interchanging the copies. Denote the resulting first-seam metrics by gi. The proposition
gives 8] = 87 and v{ = v], while the descended copy map pulls g back to g;".

The equality T,;” = T, places the two second seams at equal round coordinate values. Their
smoothing neighbourhoods are disjoint from the first-seam supports. The involution of the first glued
metric maps one inward unit normal to the other; therefore

I"hs = h3, (11 +11)) = 11 + 115
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The identities A* = A7, * = 7, and w" = w™ hold on the paired components. A second application
of Proposition 7.4 gives §; = 8,, v; = v;, and I"K_, = K{,. Constant scaling commutes with 1. The
synchronized Moser flows, transported collars, and common cutoff give F; o1 = 1o F;, so the terminal
collar pullbacks commute with 1. Consequently *K;, = K{,, proving the final assertion. (]
7.3. A cap family on the half-line.

Proposition 7.6. Let hg, s > 0, be a smooth family of metrics on S"™ !, and let g ., (s, u) € [0, 00)x[—2,2],
be a smooth family satisfying

g\s,—Z = ngS"—l, /g\s,z = hSa
Ricg > (n—2)gu  Vol(S", &) = Vol(S"™, hy).

The scale is

Vol(s" L, h)\ V"D 1
Ts = <0'n_ls <1KQ (320)

Assume that there are open sets U_, U, in [0, ) x [—2, 2] such that
[0: OO) X {_2} C U—’ [Oa OO) X {2} - U+>

~

/g\s,u = gs,—z ((S, u) € U—): gs,u = 8s.2 ((5: u) € U+)-

There are constants gy > 0 and C,D,V > 0, and a smooth family of metrics (s, ¢) = K, on Pg, for
§>0and0 < ¢ < g, satisfying

Bo(Ks elar,) = sin® ¢ h;, (7.76)
Boapy k.. > cote Bo(Kselopy ), (7.77)

Rick,, > (n—1— Ce®)K,,, (7.78)
diam(Py, K;,) < De, Vol(Py, K;,) < Ve (7.79)

The following choices can be made simultaneously with these conclusions.

(@) If
hs = ho, /gs,u = (/g\o,u (S 20, 2<u< 2)>

then K. = K can be chosen for every s > 0. For each of the two gluing seams, its interpolation
and mollification widths

(55 v)  (0,60) — (0,000, r=1,2,
can be chosen smooth and downward admissible in the sense of (7.8) and (a)—(b).
(b) Let so > 0. If
hs=ho,  Eou=5u (0<s<3s, —2<u<2),

fix the reference family K and the four width functions in (a). The family on [0, c0) may be chosen
so that

K. =K; (0<s< 28, 0< e < gg).

(c) Suppose the construction is performed on copies P35, equipped with copied core metrics k&, with
copy diffeomorphism 1 : Pg) — P and boundary parametrizations ﬁé satisfying

o B = Po kg = k.
If, under the fixed model-sphere identification,
h=hy,  Blu=8. (520, -2<u<2),

then the width pair at seam r in the plus copy can be chosen equal to the width pair at seam r in
the minus copy for r = 1,2. Under (b), these equalities can be imposed together with

(55, v =(5:,v)) onl0,2s]x%(0,¢), r=1,2.
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Proof. Put m = n — 1. Orient S™ and fix a background metric. Let G and d* denote its Green operator
and codifferential. Set

Pyp— Pyp— Py— *
Wsy = dv/g\s,u’ Asy = auws,us Nsu = d gas,u'

For every s and u, one has fsm wsy = Vol(S™, hy). Differentiation with respect to u gives /sm asy = 0.
The harmonic projection of the top-degree form a; , is therefore zero. Since Ga;,, has degree m, one
has dGa;,, = 0. The Hodge identity gives

dnsy = dd"Gasy = asu. (7.80)

Define X, by tx,,@wsu = —1s.u. The vector field is smooth in (s, u). On U_U U, one has a;,, = 15, = 0,
and therefore X, = 0. Let

0udsu = Xsu© Psus ¢s—2 =id.

The flow exists on [—2, 2] because S™ is compact; parameter-dependent ODE existence gives smooth
dependence on (s, u). By (7.80) and Cartan’s formula, d%(gb’;uws,u) = ¢su(asu — dnsy) = 0. Define
sy 1= ¢’$’)u§s,u and extend it to u € R by its endpoint values. Then

dvgs,u = dvgs,—z’ Ricgs,u 2 (m - 1)gs,u,

) § (7.81)
8s—2 = Tg8sn-1, 8s2 = ¢s,2h3‘

For s > 0, let

B(s) :=1+ max (|augs,u|gs,u(x) + |aigs,u|gs,u(x) + |vgs'uaugs,u|gs,u(x)) .
(u,x)€[—2,2]xS™

The function under the maximum is continuous on [0, c0)x[—2, 2]xS™. Its restriction to {s}x[—2, 2]xS™
has a finite maximum, and the maximum varies continuously with s. Choose {; € CZ°([0, o)) with
0<{ <14 =10n[0,1], and supp {, C [0,2). For j > 1, choose {; € CZ°([0,0)) with 0 < {; < 1,
{j=1on[j,j+ 1], and supp {; C (j — 1, j + 2). For every integer j > 0 put

b := max B(s), Amaj(s) :=1+ i b; ().

s€[max{0, j—1},j+2] =0

The sum is locally finite. For every s > 0, choose j with s € [}, j + 1]; then {j(s) = 1, and the interval
[max{0, j — 1}, j + 2] used to define b; contains s. Hence Ap,j(s) > 1+ B(s) > B(s). Choose a smooth
nondecreasing map py : R — [-2, 2] satisfying

po@)=-2 @<-1),  p@=2 (@=1)

Set a; := |pfl~®) and a; := |p l1~®), and choose ¢, > max{l,4ay, \|2(az + a?)}. Put L(s) :=
cp(1+ Amaj(9))2 ps(v) 1= po(v/L(s)), and ks, := 8s,p(v)- All norms below are taken with respect to
ksp. The chain rule and the fact that ps(v) is independent of the sphere variable give

/
(v/L(s))

dyksy = £ L(s) Fugs,py(v)s
7/ / 2

2 po w/L(s)) po/L(s))"

av ks,v = L(S)2 augs,ps(v) + L(S)Z augs,ps(v)’

§(0/L(s)
Tk = St

Since B(s) < Amaj(s),

"avks,v" + ”agks,v" + ”vkw avks,v”
2a1B(s)  (az + a?)B(s) 2a; L G + a? <1

= L(s) L(s)? ¢ cf,
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Consequently,

”auks,v”kw + ”63 ks,v”kw + ”vks’u avks,v”ks,v <1,

dvks,u = dvgs,—z’ Ricks,v 2> (n - z)ks,v-

Moreover, ks, equals g;_, for v < —L(s) and g;» for v > L(s).

Let Cspn = Copn(n) > 1 be chosen so that the estimates (6.43)—(6.48) hold with C, <

0<e<1,set
0 0
0:=€45 E:=7: = -
8 64n
o 1= 64n672, Ty := éeb, ro 1= e .

Since n > 4 and 0 < £ < 1, one has £, > 1, whence T, > e and
O<rp=e b <e®

Choose ¢ € (0,1/10) so that 53 < 1/4. Then, for 0 < ¢ < &,

E 1 To
— < -, — >4,
b 2 t

E>2JmF, E>F

For0<r <1, put
T(r) := —log(ryr), «r) :=log T(r),
E
xe(r) :=1— o) @se(r) :=—Flog &(r) + L(s) + 1 + Flog &,

¢s,£ = Ps o Pse.

(7.82)
(7.83)

Cspn- For

(7.84)

(7.85)

(7.86)

Then 0,¢s. = F/(rT¢) > 0, ¢;(r) = —ccasr | 0,and ¢s.(1) = L(s)+1. The equation ¢ (r_(s, €)) =
—L(s) has one solution in (0, 1); the implicit-function theorem makes r_ smooth. Put G(s),g i=dr’ +

(rxe(r))*gs y,.(»)- Fix s > 0 and apply Proposition 6.2 with

m=n—-1, A=1 X-= Snil: t) = ks,v:
p=r, E=86/8 F=0/(64n), c¢=L(s)+ 1+ Flogt,
h=Ye, w=r)e, f=0se

Equation (7.82) bounds each of the three family derivatives by one, and (7.83) supplies the fixed
volume density and the lower Ricci bound. Equations (7.85) and (7.86) verify the four conditions in
(6.19); the first two remain valid for 0 < r < 1 because T(r) > Ty and T/log T is increasing on (e, o).

Hence, for every gs,%g(r)-unit vector e,

E

Ri 0r,0r) 2 —
iec, (0. 01) 2 5 o TRy

| ) ) E
Rlccgye((r)(g) e, (ry.)"e) > W

' _ Jn—1F
RICG(S)’E(ar,(rXS) le) < W

The Schur-complement conclusion of Proposition 6.2 gives

Rich . > 0.

(7.87)
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Writing g(r) := gy..() = Ks.p,.(r)» the derivatives and chain rules are

E F
/ _ = ’ -
X = 7 = LTy
( ) — L 1+ L + ;
5 = e T(r) " T(NIr) )
g/(r) = (avk)s,gos,f(r) (p;,g(r)s
g”(’”) = (agk)s)q)s’g(r) (Pg,g(’”)z + (avk)s,¢5,€(r) (P;fg(r)
Consequently (7.82), y. > 1/2, T(r) > Ty, and #(r) > £, imply
)(s 2E
1— x|+ < -t
11—yl +r X T
F2
rlorgsy, |+ 1 %|o% g, ool < Tt + = e
The explicit values in (7.84) give
E 2E 3F F? 63 6° 363 ¢ 4

—+——+ + 5 < + + +
b T2 Tofy T T 512n  16384n2  4096n2  16777216n*

Consequently,

/

Xe
11— x| + 7
T ke

+ r|args z//”| +r |args lﬁH| < E

r? ‘Richg(ar,(r)(g)f e)‘ <Jn—-1F< ¢

The numerical constants in these estimates depend on n and not on s.
Define A, := Vsin? ¢ — 8¢%. After decreasing &,

Consequently, the equation
xe(1)sink, = A,

has a unique solution k, € (0,1/2), depending smoothly on ¢, and
1
58 < K, < 4e.

Define

. 2
sin(k,r)
Gse 1= drt + < . : )(s(r)> Es.Y5.e(r):

£

The identities (6.13)-(6.48), together with (7.87)-(7.89), give
Ricg,, > R,Gy,, Re:=(n—1- Csph£4 - Csphkg)xf,.

Decrease ¢ so that R, > 0. For 0 < r < r_(s, &),

Gse = dr? + (Tssm(lcgr) (r)) gsn-1.
K

£

Define

<6=¢

61

(7.88)

(7.89)

(7.90)

(7.91)

(7.92)
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Let as.(r) := k! sin(k.r)y.(r). Equation (7.90) gives
Ae 9

aS,S(l) = K7> Céz‘as’g(l)z = Sil’l E.
£

Since (7.88) gives 1 — e* < y.(1) < 1and [)/(1)| < &%,
x(1)? — /1? —cos? e = (1) — 1+ 8¢* > 6¢%,

Jxe(1)2 — A2 — cos e > 3¢,

Here both terms in the denominator of the rationalized difference are at most one. Moreover

sink, ,

pAC B

£

sin k.,
L (1) = (1 =22+ 2 ),

£

one obtains a;,(1) > cose. Since ¢;.(1) = L(s) + 1, continuity gives ¢;.(r) > L(s) for r in a
neighbourhood of 1. Thus ;.(r) = 2 and 9, gy, (») = 0 on that neighbourhood. The inward unit
normal at r = 1 is —9,, and therefore

as.(1)
II{l}xS”’l,Gu = ﬁ(l)Gs’gkl}xsn—l.

Under constant scaling by c? the second fundamental form is multiplied by c.. Therefore

(2 Gy )lapsnt = sin® € g, (7.93)
a; (1)
sine¢
> cot £ (c2 Gy e)lipsn-t-

II{l}xS”‘l,chsyg = (Cg GS,£)|{1}XS"_1

(7.94)

Choose Cpar > 17Cspp and decrease ¢ so that AP i=(n-1- 2Cmare?)x?% > 0. Define the positive
margin by
me := R, — Aiap = (ZcmargZ — Csph€4 — Csthg)Kg > Cmaré‘zkg > 0.

Define
1 3.
d.—EKQ, e := ko,
(-1 -d% po(1—d?)
A (ErrT e

Set the cutting radius by

1 _
re(s,€) 1= a (1 +r-(s,6) 2+ 0i(s, &) + Os(s, e)_l) 1/2. (7.95)
The defining formula gives
2 _ 1 5 2 1 .
—_— — Y = 1,2 .
<t <0 (=12)

In particular 0 < r. < r— and r? < Q;. Put

b =1 Sln(KSFC)XE(rC):

£

sin(x,r.)
¢ =1, (COS(KSVC)XE(rc) - %Xé(fc ) :

&
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Since y/ <0,0 < y, <1, and sin(xr)/x < r,

b < tyre, c< 1, <Kkp/4<d.
The inequalities r2 < Q; give
1-d? po(1 —d?)
n—1)——— >R, —— > R.. 7.96
(-0 >R MR (7.9
Define
W N1—d? __arccos d
A= Tyim
7 . arccose N1-é?
iy TR

Let C = [0,1] x S""! and let D" be the closed unit ball. Pull back the transition cylinder [r,, 1] x $"~*
to C by (¢, x) — (rc + (1 — rc)t, x), and pull back the round ball

dt? + (A" % sin?(AM ) ggn-1, 0<t< Ty,

to D" by radial dilation. On the parameter manifold B := [0, %) x (0, &) use the first-seam pieces
Mfl) = C, Mgl) = D", and model seam X = "1 Set 2(11) := {0} x S C aC, 2(21) 1= 9D",

gl)(x) := (0, x), and ﬁgl)(x) := x. Their pulled-back boundary metrics are both b%gg.1. The inward
second fundamental forms have principal curvatures —c/b and d/b, respectively; hence

g > 0. (7.97)

m? + 1) = =

For the first seam, choose

1

20 = A3P, ,7(1) — ng,
1

wl) = ;(Ta—To), LW =2

These functions are smooth on B, and 77(1), w® > 0. The transition metric has Ricci coefficient
R: = A¢® + m,. The round metric has Ricci coefficient (n — 1)(A™)? > R, by (7.96). Thus both
coefficients exceed A + 27 = A¢® + m, /2. Together with the common boundary metric and (7.97),
these are (7.1)— (7.3) for the displayed pieces. Apply Proposition 7.2 with these objects. Denote its
widths by &;, v; and its glued metric by G{\). Then

Ricgo > (A8 +m, /4G, (7.98)

If ¢, = 28, then 26, < w = (T; — T,)/4. The support conclusion of Proposition 7.2 shows that the
first smoothing collar is disjoint from 0 < t < To; its intersection with the round piece lies in ¢ > T,.
Hence Gglg) equals the round metric on a neighbourhood of 0 < ¢ < T,. Apply the collar-straightening
construction at the two seams in order. Its supports lie inside the corresponding gluing collars, so the
first identification fixes a neighbourhood of the round region 0 < ¢ < T, and both identifications
fix a neighbourhood of the outer boundary r = 1. These identifications are included when the glued
metrics are pulled back to the fixed manifolds below.
Under the radial dilation of the round ball to D", the slice t = T, corresponds to the fixed Euclidean
radius
T,  arccose

== 60,1
Pe T; arccosd ©.1)

Delete the fixed subball {|x| < p.} ¢ D". The complement of this subball in the first glued manifold is
a fixed compact manifold Mfz). On its round annulus use the fixed coordinate v = (|x| — p.)/(1— pe) €
[0, 1]; in physical round coordinates the map is (v, x) — (T, + (Ty — T)v, x). The pullback of Gglg to
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this fixed manifold is a smooth vertical metric. Let Mz(z) = Pp and use the model seam »@ = gn-1,
Set 2(12) ={v=0}xS"1C 8M§2), 252) := 9Py, ﬂgz)(x) := (0, x), and ﬁgz) := Po. Since the first
smoothing support is disjoint from ¢ = T, the pulled-back boundary metric on M%Z) is s2ggn1 and its
inward principal curvature is —e/s.. Give M2(2) the metric s?kg. Its pulled-back boundary metric is

also s?ggn-1, its inward principal curvatures are at least k¢/s., and its Ricci coefficient is p1g/s2. Since
s =(1-€)b?/(1 - d?), (7.96) gives pg/s> > R,, and

Ko — ¢
1 411 > 22" e > 0. (7.99)
S

c

For the second seam, choose

1
2O = e, 1 = e

1
w® = . min{T,, T, - T.}, L® =2

The function 5 is positive and smooth. Since T, and T;— T, are fixed positive multiples of the smooth
positive function b, the same is true of w'®). By (7.98), the first piece has Ricci coefficient greater than
A:® +-m, /4. The core coefficient is greater than R, = A5 +m,. Both exceed 1@ + 217(2) = e +m,/8.
The common boundary metric and (7.99) complete the hypotheses (7.1)- (7.3). Apply Proposition 7.2
to the second seam. Denote its widths by ;, v, and the twice-glued metric by K se- If £5 = 20,, then
26, < w® < (T; — T,)/4. The first and second smoothing supports are consequently disjoint. The

Ricci conclusion is

Ricg > (4™ +m. /1)K, ..
The retained round annulus and the transition cylinder form one compact cylinder attached to 9Pg
through f¢. Fix a collar [0, 2) x 9Py < Py whose slice {0} x 9P is the boundary, and identify the

attached cylinder with [-2,0] x dPp. A smooth increasing diffeomorphism [-2, 2) — [0, 2) which is
the identity on [1, 2), together with the identity outside the fixed collar, identifies

P Usir (ITer Tal x ™) Ugrr ([res 1] x S™)

with PQ.
Scale by c2. Since the Ricci tensor is unchanged as a (0, 2)-tensor under constant scaling,

A2 +m, /16 15 Csph A
—_— = n—1——¢C 6’2— P E4+K2 ¢
c2 g 16 ( ) sin?

-
Define Csc := 15Cnar/8 + 17Cspn/16. For 0 < £ < 1, (7.91) gives

15 C
n—1- gcmar(?Z - ;—2}1(54 +kH>n—1- Ceé.

After decreasing ¢, sin ¢ > ¢/2 and hence

I 8¢t
o =1l —

. : >1-32¢2>0.
sin- € sSin” €

Therefore
A2 +m, /16
% >n—1-— (CSC +32(n— 1))52.
c?
With C := Csc +32(n—1),

Ric,z >(n—1- Ce?)c?K,,. (7.100)

2
c2Kse

At the outer boundary, (7.93) gives the metric sin® ¢ g;, and (7.94) gives its strict inward second-
fundamental-form inequality.
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For u € [-2,2], set q?s,u = fo°Psu oﬁél. Fix a collar [0, 1] x 9P, with t = 0 at the outer boundary,
and a smooth function Jy : [0, 1] — [0, 1] satisfying 9y = 1 on [0,1/4] and Iy = 0 on [1/2, 1]. Define

Fu(t.x) 1= (16 nas ()

on the collar and extend it by the identity. Its inverse is obtained by replacing ¢ s—2+49,(r) With

¢s,—2+4|90(t)> so F is a smooth family of diffeomorphisms. Put K;, := FS*(CEKS,E). Its boundary
restriction satisfies F o fo = fo o ¢, 3. Consequently,

ﬁé(Ks,slaPQ) = (¢;%)*(Sin2 £ ¢§2hs) = Sinz £ hs'

The map F is an isometry from (Pp, K, ) to (P, ¢ Ks ¢), o Ricg,, = F; Ricczﬁ_e, and (7.100) gives
(7.78). The differential of 7y maps the inward unit normal of K, to the inward unit normal of the

scaled metric. Therefore
Bitlaric, = (@73 Billyp, k..

and (7.94) gives (7.77).
Bonnet—-Myers and (7.81) give

diam(S"™, g.,) < 7, Vol(S" !, gou) = " opy < 4_("_1)1%5_10',1_1.

Choose, for each seam, a closed signed collar containing the support of the metric modification,
having boundary disjoint from that support, and having total signed-coordinate width smaller than
w for seam r, r = 1, 2. Denote these collars by C(l) and C(z) Let 7., Bs.e, and P; . be the closures
of the remaining portions of the transition cylinder, the round annulus, and the scaled core. In the
order

7’3,83 C(l

S,E°

Bs., €%

S,€° 7)3,83
consecutive sets intersect and their union is the cap.
The warping coeflicient on the transition cylinder satisfies

O<M)(g(r)£r£1.

£

Joining two points by radial segments and a curve in the slice r = 1 gives diam 7, < 2 + x. The
transition volume is bounded by

n—1
Vol Ty, < / (Smfffr) g(r)> Vol(S™™, gy y.(n) dr <4 " Vi la, .
e

£

c __arccos d Co fl—e2
d - — ms d,e M 1_d2:

Define

W, arccos d — arccos e W min{arccos e, arccos d — arccos e}
1= > 2 "=
441 — d? 41— d?

These constants satisfy
Tq = Cygb, Sc = Cd,eb,
and the two support-width bounds are Wb and W,b. Radial segments and a round-slice arc give

On-1

diam B;, < <2Cd + Vol B, < Cdb”

)b
Ji-dz)
Moreover, Vol P, < C 3, 0" Vol(Pg, ko). For a smoothing collar C, let diam,; C denote the diameter
of its intrinsic length metric. Equation (7.23) with L = 2 gives

diam;,; C < Z(W + diam(Z, hg)), Vol C < 2"wVol(3, hy).
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At the first seam hy = b%gg1 and w = W, b; at the second seam hsy = s?ggi-1 and w = W,b. Hence
diamye CY < 2(W; + 7)b, Vol C{) < 2" Wi, b",
diamip C? < 2(Wy + 1Cg)b,  VolC? < 2"W,Chlo, i b,

For x,y € P, let y be a minimizing curve from x to y in (Py, s?kg). Outside ngg) the metric K,
equals s?kg. If y meets the collar, let z_ and z, be its first and last collar intersections. For every
n > 0, the definition of the intrinsic length metric gives a curve in Cgi) from z_ to z; of length at most
diamip, ngg) + 7. Replacing the segment of y between z_ and z, and then letting 5 | 0 gives

diam P;, < s, diam(Pg, ko) + 2(W + 7Cq)b < (Cy diam(Po, ko) + 2Ws + 27Cq)b.  (7.101)

Since 0 < b < 1, the sum of the five diameter bounds, using (7.101), and the sum of the five volume
bounds define constants Dy, V; > 0, depending only on n, &g, fio, diam(Pg, kg), and Vol(Pp, ko), such
that

diam(Pg, Ks¢) < Dy, Vol(Pg, Ks) < V.

After decreasing &y, one has /15 > sin? £/4 and hence ¢, < 2k, < 8¢. Constant scaling and pullback
preserve the preceding bounds up to the factors ¢, and ¢!. Thus (7.79) holds with D := 8D, and
V= SHVQ.

The derivative 9, ¢; . is positive at r = r_(s, €), so the implicit-function theorem makes r— smooth.
The derivative with respect to k in (7.90) is y.(1) cos k. > 0, so k. is smooth. Equations (7.92) and
(7.95) then make c,, r, b, c, A", T, T,, and s, smooth in their parameters. The pullback metrics on C,
D", the retained round annulus, and Py are smooth vertical metrics on fixed bundles over B. The
two applications of Proposition 7.2 give smooth functions §,, v, and smooth glued vertical metrics,
r = 1,2. The fixed collar identification, constant scaling, and the smooth map (s, t, x) — F(t, x)
preserve smooth parameter dependence. Thus (s, €) — K, is smooth.

Suppose

hs = h, /gs,u = Eo,u (520, —2<u<2).

Choose one background metric and its Green operator for all s, use the s-constant Moser flow defined
by these choices, and choose Apaj(s) = A, with A, > B(0). The formulas defining the scalar functions
and the metrics on the four fixed pieces then contain ¢ but no s. At each seam apply Proposition 7.4
with the trivial group and parameter manifold (0, &). Its ordinary conclusion produces a smooth
downward-admissible pair (§;,v;), r = 1,2, and a glued metric depending only on ¢. Constant
scaling and the collar pullback also depend only on ¢; call the final cap K. Pulling this family back
by [0, 00) x (0, &9) — (0, &) proves (a).
Suppose
hs = hy, gs,u = /g\(),u (0<s<3s, —2<u<?2).

Then B(s) = B(0) on this interval. Let A, be the majorant used to construct the reference family K,
chosen so that

A, > B(s) (0 < s <3s0).

Continuity of B gives 79 > 0 such that B(s) < A. on [0,3s0 + 19]. Let A; := Ap,j and choose
v € C*([0,),[0,1]) with

v=0 on]0,3s], v=1 on[3sy+ 1o, 0).

Define A(s) := A, + v(s)A;(s). On [0, 3s, + 1o] one has A> A, > B;on the complement one has A=
A,+A; > B. Replacing Ay,j by A makes L(s), ps, and k, equal to the values used for K on 0 < s < 3s.
Equations (7.84)- (7.95) then give equality there of x., @5, Yse, 7—, G(S)’g, Gse, Ke, Ces T, by ey A, Ty, T,
and s, with the functions used for K.

Use the reference cap family K from (a). Let §;(¢), v/(¢), i = 1,2, be its interpolation and
mollification widths at the two seams. They are smooth on (0, &y) and are downward admissible for
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seam i in the construction of K, i = 1, 2. At each seam retain the auxiliary background metrics and
cutoff used for this reference family. After selecting the seam widths below, choose the straightening
radius by the relative construction on the corresponding set B((]i). The input metrics and the gluing
widths agree with the reference data there, so its radius is admissible there. The resulting identifications
agree with the reference identifications on B(()i) ; thus the following metric equalities hold on the
fixed manifolds. For the paired copies all these choices are transported by the copy maps, so the
identifications are equivariant as well.
For the first seam set

B =[0,35]x(0,20). B =1[0,350) x (0, ).

and define on Bgl)
51()1)(3, ¢) 1= 8;(e), (1)(3 ) :=v(e).

On Bgl), the transition and round metrics, the two boundary maps, /1(1) M, 4w 1M and both normal-
collar tensors coincide with those used to construct K. Hence (51(,}), v(l)) is downward admissible
there. The set Bgl) is open in B = [0, %) x (0, &), whereas B(()l) is closed in B and B(()I) C Bgl). Write
G for the first glued metric in the construction of K. Apply Proposition 7.3. If 5V, v are the
selected widths and G(l) is the first glued metric, then

(W, vy = (5, vy, Gglg) =GP on B(()l). (7.102)

pr° pr

The first smoothing support is disjoint from the round region 0 < t < T,. Since
BY =0, 350) % (0,0) € B,

(7.102) and the equality of Ty, T,, s, imply that the first glued metric near ¢t = T, the retained round
annulus, its boundary map, the scaled core metric, and 22 17(2), w® L@ coincide with those used to
construct K on Bgz). Define there

8D(s,e) = 85(e),  vD(s.e) = v3(e).

This pair is downward admissible for the second seam. Put B(Z) [0, 2s0] x (0, &9). The set B(z) i
open in B, the set B ) is closed in B3, and B(z) C B(Z) Write G(z) * for the twice-glued metric in the
construction of K*. A second application of Proposition 7.3 gives, for the selected widths 5@, v®

and the twice-glued metric Gg) ,

6O = (5D vD) 6D =GO onBP. (7.103)

Choose once the collar diffeomorphism identifying the twice-glued manifold with Py and use it in both

constructions. On Bgz), the scaling factor c, is the same in the reference and global constructions, and
8s.u = 8o.u for —2 < u < 2. The background metric, Green operator, and initial condition ¢;_, = id
are fixed. Thus

(a)s,u, A us Ns,us Xs,u) = (C‘)O,ua Q0,us> Mo,u> XO,u) ((35 5) € B(()Z))~

Uniqueness for the flow equation gives ¢s, = @o, there, and the fixed collar cutoff gives Fs = F.
Equation (7.103) therefore yields

Kee =K,  ((s,¢) € B). (7.104)

For the paired-copy assertion, make the background Hodge data and all scalar auxiliary choices
identical under the fixed model-sphere identification, and transport the radial and core collars through
the fixed copy diffeomorphism. Then every pre-gluing piece and seam datum is carried to its counter-
part by the copy map. Fix one seam type and denote the pieces on its two sides by M;", M, i = 1,2,

their metrics by hf, h;, the seam hypersurfaces by X%, 37, and the boundary maps by i : 3* — oM.

i
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Denote the common pulled-back boundary metric and the two pulled-back second fundamental forms
by
BE 2= (B (W lonse) = (BE) (L),
ITF o= (B7) Tonge e (i=1,2).
Let; : M;" > M; and i : % — X be the copy identifications. They satisfy, for every (s, ¢),
o B =P o, uh (s, e) = ki (s, €). (7.105)

Define M; := M uM; and ¥ := 3" U3". The component-exchanging diffeomorphisms are

Yilvy = u, Yilve =0t lse =1, fls- =1

The nontrivial element y of Z/2 fixes B and acts by these maps. For every b € B, set y;}, := y; and
¥» := 7. Since be = idy;, and j} = ids, (7.9) and (7.11) hold with oy, = id. Equation (7.105) is (7.10)
for these maps. The isometries in (7.105) map inward unit normals to inward unit normals. The
definition of II therefore gives
"hy = hg, rI; =110 (i=1,2).

The functions A, n, w have equal restrictions to the two seam components. When the widths from
(b) are used, the sets BS-r) are invariant and both components carry the same prescribed pair (7, v));
thus yBg-r) = BE-T) forj=0,1andr =1,2.

Apply the first assertion of Proposition 7.4 to the first seam pair when no width pair is fixed on a
subset. When the width pair from (b) is fixed, apply (7.33)- (7.34). In either case,

S =60 vi=vi.  y'GRT =60

In the second case (7.102) also holds. The second seam in each copy is the slice t = T,. Since T, = T,
and these slices are disjoint from the first smoothing supports, the descended involution interchanges
the second seams and is an isometry of the first glued metric. It maps the two inward normals to one
another, so

7 hy = h3, praIy +1I;) = 11 + 115,
For the second seam,
AW =00, w), yBP =8P (j=0,1),

and, when the reference widths are fixed, both components carry the prescribed pair (55, v;). If no
width pair is fixed on a subset, apply the first assertion of Proposition 7.4; otherwise apply (7.33)-
(7.34). Equation (7.31) gives

5, =68, vy =v,.
In the second case, (7.34) gives (7.103). Thus the width pair at seam r agrees in the plus and minus
copies for r = 1, 2. In the relative case, the common scaling, fixed collar identification, synchronized
Moser flows, and common collar cutoff also reproduce (7.104) on both copies. Hence (b) and (c) hold
simultaneously. ]

8. FIXED-VOLUME DEGENERATION AND RICCI CLOSABILITY
For f > 0, put d,(f) :=(n— 1)[1 -1 +ﬁ/2)_2/"]. Then 0 < d,(f) <n-—1.

Theorem 8.1. There is gy = qo(n, Q) > 0 such that, for every q € (0, qo), M carries a smooth family g,
s > 0, satisfying

Ricg, > (n—1)gs, (8.1)
Vol(My, g;) = qon, (8.2)

GH
(MQ’ gs) — Ln,q- (8'3)
$§—00
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There is s. > 0 such that g; = go for 0 < s < s.. The metric gy is Ricci closable, and dvg, = dvg, for every
s2>0.

Proof. Choose y. € (0,1) such that y,}/(n_l) < Ko/4, and put h, := yf/(n_l)gsnfl. Since Ricg,, , =

n—2)gen1 and *2/("_1) <1,
( )&s 2

On-1

Vol Sn_l,h* 1/(n-1) 1
Ricy, = (n— 2)gors = (n — 2hs, (c’()) = /o) < Ly

For s >0and -2 < u <2, set * :=h, and g% := h,. With 7, := y*l/("_l) < Ko/4, one has

~ref _ 2 ~ref _ pref
8s—2 = Tx8sn1, 852 = hs >

Ricger > (n— 2D Vol(s™, ) = Vol(s™, ™) = yo0y 1.

Define the endpoint neighbourhoods by U- = U, := [0, ) x [-2, 2], with the relative topology.
These sets are open and contain the two endpoint slices. The constant family is smooth, its endpoint
metrics are the two metrics displayed above, its Ricci coeflicient is at least n — 2, its volume is
independent of u, and its scale 7, satisfies 7. < kp/4. Hence Proposition 7.6, together with (a), gives
£cap > 0 and finite constants Ceap, Deap, Veap, @ metric K on Py for every 0 < £ < £¢,p, and smooth

* *

downward-admissible width pairs (8}, v;'), r = 1, 2. The family obtained by pulling K back under

[0, 00) x (0, £cap) —> (0, £cap) satisfies (7.76)-(7.79). Fix the reference cylinder C := [0, 1] x "' and, for
0 < ¢ < 1 /2, the diffeomorphism

O.(r,x) :=(e+(mr—28)r,x) : C — [e,m— ] xS" L.

Equip C with the pullback by ©, of dt? + sin® t h.. Attach oppositely oriented copies of K} to its two
boundary components, using fo. The fixed glued manifold

PQ Ugn-1 C Ugn-1 (—PQ) = Q#(-Q) = MQ

is Mg for every e. After this identification, ¢ denotes the physical suspension coordinate supplied by
©,. After pullback to S""! by the boundary identifications, the two boundary metrics at either seam
are sin® ¢ h,.. The inward normal of the suspension cylinder is 9; at t = £ and —d; at t = 7 — ¢; with the
convention of Section 2, both suspension boundaries satisfy IIss, = —cot e sin? ¢ h,.. Consequently,
ITcap + Igusp > 0. Choose 0 < &1 < min{ecap, 7/8} so that n— 1 — (Ceqp + 1)e? > 0for0 < ¢ < ¢, and
put Binit := (0, £1). Over Biy;; take

M; := Pgu(=Pp), M, :=C, > =5"tystl,
with vertical metrics
hi(e) := K} UK}, hy(e) := O (dt? + sin® t h,).
Write 3 = ¥~ U X7, with each component identified with $"~1. Define the boundary maps by

Pils- :=Po : T~ — 9P, Pils+ :=Po : >t a(—Pp),
Pa(x, =) :=(0,x), Ba(x,+) := (1, x).

Their common pullback metric is hs(¢) = sin? ¢ h.. Let t be the nontrivial element of Z /2. It fixes
¢, interchanges the two components of Mj, acts on M, by (r, x) = (1 — r, x), and interchanges the
components of 2. The homomorphism ¢ : Z/2 — G, is trivial because t preserves the cap side M;
and the cylinder side M,. The boundary maps satisfy (7.10); the vertical metrics satisfy (7.12); and the
signed normal coordinates at the two seams are carried to one another without sign reversal. Define

1
Ainit(g) t=n—-1- (Ccap + 2)62’ Uinit(g) = 552,

Winit(¢) 1= ¢, L:=2.
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In the standing gluing notation on Biyit use (A, 7, w) := (Ainit, Hinit> Winit)- For the suspension metric,
the warped-product formulas give

Ricy, (v,v) — (n — 2) cos? ¢t S

Ric(0s,0;) = n—1, Ric((sin ) 'v, (sint) 'v) = 1 + 7
sin

n—1
for every h.-unit vector v. Hence the suspension has Ricci coefficient at least n — 1, while
n—1- Ccapgz > Ainit + 20init = 1 — 1 — (Ceap + 1)e?.

The common boundary identity above is (7.1), and fjI1cap + ILsusp > 0 is (7.3). The cap and cylinder
Ricci estimates are strictly greater than Ainit + 27init, S0 (7.2) holds on both components of X. The
Z./2 maps satisty (7.9)- (7.12). Apply the ordinary assertion of Proposition 7.4 on Bjyit. Denote the
equal interpolation and mollification widths at the two reflected seams by 3} ,(¢) and v, (¢). Their
downward admissibility gives (a) for every 0 < & < 8%,,(¢) and (b) for every 0 < ¥ < v, (¢). The
metric @ on M satisfies t* (/?\g = é\g and

Ricaf > (n —1—(Ceqp + %)Ez)é\g.

Use the equivariant collar identifications to regard this as a smooth family on the fixed Mg. Choose
their supports inside the two outer gluing collars. They are the identity on a neighbourhood of
[2¢, 1 — 2¢] x S"71, in particular near the equator. Retain these auxiliary data and straightening radii
for the reference family used below. Let E, be the union of the lower cap, its smoothing collar, and the
suspension strip up to t = 2¢; let Ef be its reflected copy. For such a connected polar piece E, write
diam;y E for the diameter of its intrinsic length metric. Let S(h.) denote the complete suspension of
(8™ 1, h.), with metric gg(,). Its volume is y.op_ fo "sin"' t dt = y.0,. Denote the two smoothing
collars by C¥. Their signed normal length is less than ¢. Equation (7.30), with L = 2, gives

Vol(CH) < 2"yuop ", diamiy (CY) < (2 + 27)e.
The suspension polar region satisfies

n
VOI([O’zg] x S"1 dt* + sin® th*) < Mf’.n'
n

Consequently,

My
Vol(E¥) < (Vcap + 2"y + W) e,
n

Let P; C S(h.) and P} c S(h.) be the closed polar regions with suspension coordinate in [0, 2¢] and
[ — 2¢, r]. Suspension coordinates induce a Riemannian isometry

(Mg \ int(E; U E;), G,) — (S(h.) \ int(P7 U PY), gseh))

which is the identity on the two boundary slices. Therefore the absolute volume difference is bounded
by the sum of the volumes of the four removed regions, and

Vol(Mo, G.) - Yaon| < Cue", diamyy E; < D, diam E; < D¢, (8.4)

where one may take

2n+2 O
Cy := 2Vcap+2n+1)/*0'n—1+w, D. ::2Dcap+8+6ﬂ"
n

Let n > 0. A point in the retained cap can be joined to its original boundary in (Pp, K;) by a curve
of length at most Dcape + 7. Stop this curve at its first intersection with C; . The retained part has
unchanged metric. From that intersection, join to the suspension-side boundary of C, by a curve in
the collar of length at most (2 + 27)¢ + 1, and then follow a radial segment to ¢ = 2¢, of length at
most 2¢. For a point already in the collar omit the first part; for a point in the remaining suspension
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strip use only the radial segment. All these curves lie in E,. Thus the intrinsic distance of every point
of E, to the slice t = 2¢ is at most (Dcap + 4 + 27)e, after letting n | 0. The intrinsic diameter of
that slice is at most 27¢. Joining two points through the slice gives diamjy E; < (2Dcap + 8 + 677)¢;
reflection gives the same bound for E;. The ambient diameter is no greater than the intrinsic one. Fix
0 < &, < &1 so small that, for every 0 < ¢ < ¢,,

1A A~ 1
Ricag > nTGE, Vol(Mg, G;) — y«0n| < Cie", C.el < PRALEE (8.5)
Define the reference constants by
-1 ~ A~ A~
A 1= " 7 G. 1= G, Ve := VOI(MQ, G.).

The identity t* G, = G, and t? = id define an isometric Z /2-action on the closed manifold My. Its
fixed-point set is the nonempty embedded hypersurface Y, := {x/2} x S""!. The vector field Odrisa
nowhere-vanishing normal field along Y;, so the normal bundle is trivial. Since Ric; > A« G, >0,
all hypotheses of [13, Proposition 3.2] hold. More precisely, the construction in the proof provides
a compact smooth (n + 1)-manifold with positive Ricci curvature and strictly convex boundary
isometric to the prescribed metric. If its preliminary normalization replaces G. by s? G.. multiply the
filling metric by s2. The induced boundary metric is then G., while positive Ricci curvature and
strict convexity are preserved. Retain the connected component containing the connected boundary
My, discarding any closed components. Denote the resulting filling by (W, Hp) and its boundary
identification by By : Mg —> dWp. Thus

ﬂ;ill(HQbWQ) = é\*, RiCHQ >0, ﬂ;}llIIaWQsHQ > 0.

Here the second fundamental form has the convention of Section 2. Compactness gives kg > 0 such
that

Brnllow,.Hy = Kiin Gs-
Choose cp > 0 satisfying
2¢co < Krill, 4(n — 1)05 < Ay
Fix € € (0,1) and put a. = cg V1 — €. Define

t
x(t) = exp(—ﬁ) » Ost<l fe() =1+ aeA (1 + x(s)) ds.

0, t21,

For t < 1, one has y(t) = exp(1) exp(—(1 — t)71); hence every derivative tends to zero as t 1 1. Thus
x and f, are smooth on [0, ). Moreover,
f(@=1 f0O=2a,  ac<f/<2a,
<0 (0<t<1), f'=0 (t>1).
On [0, 00) x Mg, consider
P. = dt* + £.(t)*G.

The warped-product Ricci formulas give

44
RiCPE(ata at) = _n? 2 0) RiCPE(at, feilv) = O:

€
and, for every G,-unit vector v,

Rics (v,v) — (n — 6’2 1’7
Ricpf(fe_ll), fe_lv) — ICG*(U l)) fz(n 1)(f) _ ]]%

A —4(n— 1)c2Q
>2 s
fé
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Thus P, has nonnegative Ricci curvature everywhere and positive Ricci curvature on [0, 1) x Mp. At

t = 0, its boundary metric is G and its inward-convention second fundamental form is II ) = 2aeG .
Consequently,

ﬁ;ﬂ]IIaWQ,HQ + IIcyl > (Kfi]] - 2ae)G* > 0.

Apply [16, Theorem A(i)], in ambient dimension n + 1 with k = n, to (Wp, Hp) and ([0, 1) x Mg, Pe).
Both metrics have positive Ricci curvature, their compact boundaries are isometric, and the sum of
their second fundamental forms is positive definite. Choose the smoothing supported in a sufficiently
small neighbourhood of the seam, disjoint from {t > 1/4}. Extend by the unchanged metric P, on
the remainder of the cylinder. The two descriptions agree on an open overlap and give a connected
smooth manifold without boundary, with nonnegative Ricci curvature.

On this manifold define u = 0 on the filling and on the cylinder segment t < 2, and u = t — 2
for t > 2. Near t = 2, the metric is unchanged and u = max{t — 2,0}, so u is locally 1-Lipschitz.
Integration along curves makes it globally 1-Lipschitz. Its sublevel sets are compact, since they consist
of the compact filling and bounded closed cylinder segments. Every closed ball centred in the filling
is therefore compact; any other closed bounded ball is a closed subset of such a ball. The manifold is
proper and complete.

Fort > 1,

1
fe(t) = act + Be, B.=1+ ae/ x(s)ds > 0.
0

Put A = 2 + B¢/ae, and let K, be the compact region on the filling side of the slice ¢t = 2. Scale the
entire metric by Agz. On t > 2, the coordinate
t+ Be/ac

Ae

R =
ranges over [1,00), and the scaled metric is
dR? + R*aG. = dR? + R*(1 - €)c4G..

Choose a basepoint in the interior of the filling. These data satisfy Definition 2.2. Since € € (0, 1) was
arbitrary, cZQ G.. is Ricci closable.

One has
2/n
n—1—dn<y*—1>_( —1)( ) 50 (g0
q Y« tq

Moreover, (qo,/V.)?™ — 0as q | 0.If ¢ < y./2, then

1 1
5()’* - q)on > EY*G” > C,el

by (8.5). Hence there exists go € (0, y./2) such that, whenever 0 < g < qo,

n—1—dn(y*—1) <, (8.6)
q
qc 2/n
( V:’) < ¢ (8.7)
1
5(2/* — )0, > Ciey. (8.8)

Fix such a q and apply Theorem 5.3; the inequalities 0 < g < y. < 1 are among its hypotheses. Thus
Ricp, > (n— 2)hs, V01(5n71> hs) = y(s)on-1,
(8" hy) = B
§—00
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Moreover, 7, = y(s)V/D < y*l/("_l) < Ko/4. Let g, and ¢, be the path and isotopy in Theorem 5.3,
and let s, > 0 be the length of the initial plateau supplied by that theorem. Define Bou 1= (D) gsu-
Pullback by ¢}, gives

BT, = y(9Y " Ve, g2 =hs
Rngﬁp >(n- Z)Zg\gip, VOl(S”il, :gfip) = )/(S)O'n—1~

Let ;) > 0 be the fixed endpoint-plateau width in Theorem 5.3. The endpoint identities for g5, and
¢s.u imply

P =8 (-2<u<-2+6y), B =82 (@-dn<u<2)
Choose s € (0, sp1/3]. Then
hg = hy, Gsu = So.us Psu=¢ou (0<s<3s, 2<u<?2).
These identities imply
hs = hy, T =3P (0<s<3s, —2<u<2).

The scale satisfies 7, = y(s)!/("™" < &y/4. The families h; and g5 are smooth. Their endpoint
metrics are y(s)?/""V g1 and hy; their Ricci coefficients are at least n — 2; their total volumes equal
y(s)on—1; and 75 < Ko /4. The relative open sets

U- =[0,00) x [-2,-2 + 5p1), Uy =[0,00) x (2 - 5pl: 2]

contain the endpoint slices and carry the required u-plateaux. Apply Proposition 7.6 using K and
the four downward-admissible widths from (a), and use (b) with the number s,. This gives ¢, > 0,
finite constants C, D, V, and a smooth cap family K., s > 0, 0 < ¢ < ¢, satisfying

K. =K} (0<s<2s, 0< &< &)

Decrease &, if necessary, so that £y < ¢, and increase C, if necessary, so that C > Cc,,. Choose

0 < €join < imin{eo, €x}. The family satisfies

Rick,, > (n— 1 - Ce*)K,,,
diam K, < De, Vol K, < Ve

Let the global parameter space be B = [0, o) x (0, &). For the two outer seams, put
M; :=Pou(=Pg), M;:=C, E:=8""us",
and define the vertical metrics on 3 by
hi(s,€) := K U K, hy(s, €) 1= ©*(dt? + sin® t hy).

The boundary maps are the two copies of i and the restrictions of ®, to r = 0, 1; the common
pullback metric is hs (s, £) = sin? € h. Let t act trivially on 3, interchange the components of M, act
on M, by (r,x) = (1 — r, x), and interchange the components of 3. Again ¢ : Z/2 — &, is trivial.
The boundary maps satisfy (7.10); the vertical metrics satisfy (7.12); and the restrictions of A, 5, w to
the paired seam components are equal. Set

1
As,e)=n—1—(C+2)é, n(s,e) = 552,
w(s,e) = &, L=2.
For the relative choice put

BO = [0’ SO] x (0’ 80)’ Bl = [0> 230) X (0’ 80)'
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The first set is closed in B, and the second is open. On B; the two metric families, boundary
identifications, second fundamental forms, and the functions 7, w equal those used to construct G..
The reference curvature function is Aipit(e) = n—1—(Ceap + 2)e?,and C > Ceap gives A(s, €) < Ajnit(e).
Prescribe §;,,(¢) and v}, (¢) on By, using identical functions on the two reflected seams. Their
reference downward admissibility gives, for every smaller interpolation width and, at the selected

interpolation width, every smaller mollification width, the reference gluing bounds, including
Ric > (/Iinit + n)g = (n —1—(Ceqp + %)ez)g.

This Ricci bound implies the corresponding bound with A in place of Ajpit, and the bilipschitz condition
is unchanged. Hence the prescribed pair is downward admissible for the present data. In particular,
its smoothed metric satisfies

Ric > (n— 1-(C+ %)Ez)gz (A+n)g.
Moreover,
A+2p=n-1-(C+1)e* <n—1-Ce.
For the suspension cylinder, the warped-product Ricci formulas and Ric,, > (n — 2)h; give
Ricg:(gr2rsin? thy) = (0 — 1)O:(dt? + sin® t hy) > (A + 2)@%(dt* + sin® t hy).

The cylinder inward second fundamental form at either seam is IIg, = —cot e hs(s, €), whereas
(7.77) gives BIlcap > cote hs(s, €). Thus their sum is positive definite. The cap and cylinder Ricci
estimates are strictly greater than A + 21, so (7.2) holds. The reflected fibre maps satisfy (7.9)- (7.12);
moreover t/3; = Bj for j = 0,1, and

Sout(th) = 8,.,.(D), Vout(tb) = v (b) (b € By).

Apply the relative assertion (7.33)- (7.34) of Proposition 7.4, and denote the metric produced on Mg
by (/}\(s, ¢). Choose the fixed-manifold identifications by the relative equivariant collar-straightening
construction, retaining those of G, on By. Their supports are inside the outer gluing collars, and
the suspension coordinates on [2¢, 7 — 2¢] x S"~! are unchanged. In particular, comparison with the
reference family on B, is an equality of metrics on the same fixed M.

Ricg,,) > (n=1-(C+3)e) G(s, ¢). (8.9)
The common outer boundary has metric sin? ¢ h;. Since the link dimension is n—1 and Ricp, > (n—2)hs,
the Bonnet-Myers diameter estimate gives diam(S" !, h,) < 7. Let C;, and C;, be the two outer
smoothing collars. The signed normal length of each collar is less than ¢. Equation (7.30), with L = 2,
gives, for either sign,

diamip; C, < 2¢ + 2sin e diam(S™ 1, hy) < (2 + 27)e,

s, =

Vol Cf, < 2"e sin" ' e Vol(S"™', hy) < 2"y.op16".

For either pole, Vol([0, 2¢] x S"™1, dt? + sin® t hs) < 2"y 016" /n. Let E;, be the union of the lower
cap, the collar C;,, and the remaining suspension strip up to t = 2¢; define E{, by reflection. For
1 > 0, join a point in the retained cap to its original boundary in (P, K, ) by a curve of length at most
De + 1, and retain only the segment preceding its first intersection with C .. Its metric is unchanged.
Join the last point to the suspension-side boundary inside the collar with length at most (2 + 27)e + 1,
and then radially to t = 2¢ with length at most 2¢. Points in the collar or the remaining strip require
only the corresponding final parts of this curve. Letting n | 0 gives an intrinsic distance to the slice
at most (D + 4 + 27)e. The intrinsic diameter of the slice is at most 2z¢. Joining two points through
that slice, and applying reflection, gives

diam;, Esi)E < (2D + 8 + 67)e, diam Eig < diamypy; Esi,g.
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The volume of either E7, is bounded by

2"y O
<V+ 2" Yooy + Y"l> e".
n

Suspension coordinates give a Riemannian isometry between the complements of E;, U Ef, in

(Mo, a(s, ¢)) and of the two closed polar regions in the complete suspension of h;. The absolute
volume difference is therefore bounded by the sum of the volumes of the four removed regions.
Consequently

Vol(Mg, G(s, €)) = y(5)0n| < Avolc”, (8.10)
diamint E5, < Adiamé, diam E, < Agiame. (8.11)
where one may take
2n+2 o
Aol =2V + 2"y 004 + £ PO Adiam = 2D + 8 + 6.
n

Set Agic = C + 2 and define the relative volume excess by f(s) = y(s)/q—1 > 0. For s > 0 define

L [B6) (qonﬁ<s>)1/” ! }

1+s 2 Agic ’ 2Ay01 ’ (1 + S)Adiam

p(s) = mln [EO’ Ex,

Every entry in the minimum defining p is positive and continuous; hence p is positive and continuous.
Choose a locally finite cover (U;) of [0, o) by intervals of length < 2 with compact closures, a smooth
partition of unity (¢;) subordinate to this cover, and constants r; > 0 satisfying

. 1
4r; < inf p, rj < e

J

Then ew(s) 1= 3 ; ¢;(s)r) satisfies 0 < ew(s) < p(s)/4. If ¢;(s) > 0, then s € U;. Hence

1 1
i< —inf p(t) < - < .
g 4t1€ntp()_4p(S)_4(1+S)

Moreover £x(s) < £./2 and £x(s) < [4(1 + s)]7! — 0. Choose 0, y € C*([0, ), [0, 1]) such that
0 =0on [0, sy/4], 0 =1o0n[3sy/8, ), x =0on[0,5s50/8], x = 1on sy, ).
Define the two cap scales by
Eseed(s) 1= (1= 0(s))ex + 0()ejoin,  €glob(s) 1= (1= x())€join + X(8)éco(s).
Define

G(s, egiob(8)), s = 50/2.

For s < sp and 0 < ¢ < ¢, equation (7.104) identifies the two caps with the fixed caps. Equation
(7.33) identifies the outer gluing widths, and (7.34) identifies the smoothing collar at each of the two
outer seams. The intervening suspension cylinder and the boundary identifications are unchanged.
Therefore

é\s = [Gé‘seed(s)’ O S S S 30/21

G(s, e) = G.. (8.12)

On a neighbourhood of sy/2, both definitions of @s are therefore equal to G Hence s — 63 is

Ejoin *

smooth. It is constant on [0, so/4] and satisfies 60 =G,. For0< s < o, one has

0 < &geed(s) < &4, 0 < £glob(8) < &,
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where the first inequality is used on [0, so/2] and the second on [sy/2, so]. On [0, sy] one has hs = hy,
s = So.us and ¢y, = ¢Po,; moreover (8.12) applies on the second interval. Moreover

_ _re 1 _Lo
y($) = Yus B(s) = 7 1, qufnﬁ(S) = 2()/* qQ)0n.

Thus (8.5) and (8.6) give
Ricg > 1:Gs > (n—1—da(B(5))) G,
while (8.4) and (8.8) give

A~ 1
Vol(Mp, Gs) — y(s)on| < Ceel < Eqanﬁ(s).

Consequently

Ricg 2 (n—1-d,(BMG,,  Vol(M, G~ 1()a| < 2 q0uf(s).

For s > 59, one has £g15p(5) = £w(s) < p(s)/4. Hence

Anceaan (s < R p(5) < - d(B(s)) < da(B())

and (8.9) yields
Ricas > (n —-1- ARicsglob(s)2>é\s > (n —-1- dn(/)’(s))) é\s.
Likewise
n_ Avol . n_ qonf(s) 1
< —
Avolgglob(s) < 4n ,0(3) =T < Zqo'n,B(s):

and (8.10) gives

Vol(Mo, G) — y(s)on| < - aonB(s).

Therefore, for all s > 0,
Rics > (n—1- da(B(s))Gs, (8.13)

‘VOI(MQ, és) —y(s)on| < %qanﬂ(s). (8.14)

For s > sp, put E¥ := E*

S glob(5)" This definition gives

. Agi

diam;,; Esi < Adiaméw(s) < :lmp(s) < 41+ S).
Consequently, diamjy; E¥ — 0 and diam E¥ — 0.

Let S(hs) denote the complete suspension of (S"1, hy), and let Pf, C S(hy) be its two polar regions
t €0,2¢] and t € [ — 2¢, xr]. Their intrinsic diameters are at most (4 + 27)e. Put

M . _ : — S . _ . _
CM = Mp \int(E; U E}), CS 1= S(hy)\ mt(Ps’Eglob(s) U P;glob(s)).

The suspension coordinate and the identity on S"! define a Riemannian isometry Iy : CM — C%
for the intrinsic length metrics; it maps each boundary slice to the corresponding boundary slice.
Identify the two Riemannian manifolds through I; and denote the resulting common region by C;.
Choose points e¥ € E¥ and denote the suspension poles by o¥. Add to this graph all pairs

(x,0F), x€Ef, (ef,y), vye P:’:Eglob(s).

The relation C; defined by these pairs projects onto both spaces. Put

£ qi o opk g pd
A7 := diamyn ES + diamypy, Ps,eglob(S)'
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Let BE be the two boundary slices of Cs. For this fixed s, write

PY =Pl dmi=dg, dsi=dsay
Let z,z’ € Cs, let y be a minimizing curve from z to 2z’ in (Mg, dy), and fix n > 0. Perform the
replacements in the order —, then +. If y meets E_, its first and last points in E lie in B : the
endpoints of y lie in Cy, and E; n C; = B;. Replace the intervening subcurve by a curve in P, with
the same endpoints and length at most diam;,; P; + 5. If the first and last points coincide, use the

constant curve. If E is not met, leave the curve unchanged. The resulting curve lies in
P; up- (CsUEY).

Lengths on its retained subarcs are those of the original metric, and lengths on the inserted subarc
are those of P; . Its total length is at most dy(z, z’) + diamyy P, + 1.

If the resulting curve meets EY, its first and last points in E] lie in B, since E7 is disjoint from
P . Replace the intervening subcurve by a curve in P} with the same endpoints and length at most
diamyn P{ + 1, using a constant curve when the endpoints coincide. If EY is not met, leave the curve
unchanged. This second replacement may delete part of the preceding curve, including the first
inserted subarc, but it adds at most the displayed length. The final curve lies in C; U P, U P} = S(hy);
its retained subarcs in C; have the same lengths for both metrics. Therefore

ds(z,2") < dy(z, 2') + diamyy Py + diamyy; P + 27
Starting with a minimizing curve in S(h;) and performing the same two replacements, now replacing
P* by EE, gives
du(z,2') < ds(z,2") + diamyy E; + diamyy EY + 27.
Letting 5 | 0 yields
das(z, ) - ds(hs)(z, )| < AT + A:. (8.15)

Choose zF € Bf, using the same points in the identified boundary slices. For each sign o € {—, +} and
each polar pair (x, y) € E7 x PZ, the intrinsic diameter bounds give

dy(x,z2) + ds(y,27) < AJ.

For a pair (z, z) in the graph of I, use the anchor z instead, with zero error. Two pairs in the same polar
region have distortion at most A, since each of their two distances is bounded by the corresponding
intrinsic diameter. For all other pairs, the sum of the two anchor errors is at most A7 + Af. The
triangle inequality and (8.15), applied between the anchors in Cs, give

dg (x.x") = dsn) (3. ¥)| < 247 + 247

for every two pairs (x, y),(x",y’) € C;. Since diamiy, P;—;glob( o < (4 + 27)eg10b(5),

dis(C;) < 2 diamin E; + 2 diamine EY + 4(4 + 27)£g10b(5). (8.16)

Consequently, deu((Mop, é\s), S(hs)) — 0. Let R be a correspondence between (S"™!, hy) and B, 4
with dis(R;) — 0. Relate (¢, x) to (¢, y) whenever (x, y) € R;. The spherical suspension distance
is determined by cos d = cos t cos t’ + sin t sin t’ cos(djnk A 7). The displayed right-hand side and
the function arccos : [—1,1] — [0, ] are uniformly continuous on their compact domains. Hence

the relation ((¢, x), (t, y)) defined by (x, y) € R has distortion tending to zero. Thus S(h;) A,
S(Bn,g) = Lnq. Together with (8.16), this gives

A GH
(Mg, Gs) — Ly gq. (8.17)
§—00
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Put V, := qo, and define the positive scale

1/n
b= 1 ) o :=b2G
s = ~ > 8s = bsLs.
VOI(MQ,GS)

The functions b, and g depend smoothly on s, and Vol(My, g7) = V. Since y(s) = q(1 + (s)),
equation (8.14) gives

2/n
Vol(Mo, G) > V, (1 + ﬁ(;)> . b2> (1 + /‘3(25)> .

Together with n — 1 —d,(f) = (n — 1)(1 + B/2)7%/", this yields
n—1-—du(B(s)) ,

Ricy = Ricg > b g > (n-1g.

Moreover f(s) — 0 and (8.14) imply b; — 1. Since the spaces in (8.17) converge to the compact
space L, g, there are S;, D; > 0 such that diam(Mp, G;) < D, for s > S;. The identity correspondence
between (Mo, @S) and (Mo, bszé\s) has distortion at most |b; — 1| diam(Mp, 63). Hence (8.17) gives

GH
(M. &) —— Lng- (8.18)

At s = 0 one has Gy = G, and b2 = (qo,/V.)?/" < cp by (8.7). If g is Ricci closable and 0 < a < 1,
then a?g is Ricci closable. Indeed, for 0 < 7 < 1 put § = 1—a?(1—7n) € (0, 1). A closing whose conical
. _ 2 . . 2 . . 2 A
end has cross-section (1 — §)g = (}\— n)a“g is a closing for a“g. Apply this observation to g = ¢, G.
and a = by/co < 1. Since gf = b¢G., the metric g is Ricci closable.
Let wg = dvgg. Since fMQ ws = Vg, the top form @& = d;w; has integral zero. Fix a background

metric on the closed connected oriented manifold My, let G be its Green operator on top forms, and
set

ns = d*gd)s, ly,s = —Hs.

The harmonic top forms are the constant multiples of the background volume form; hence the
harmonic projection of @; vanishes. Since G@; has top degree, dG@s = 0. The Hodge identity gives
dns = dd*Gos = @s. The vector field Ys depends smoothly on s. For every S > 0 it has a unique
flow on [0, S] because My, is compact; uniqueness makes these finite-time flows agree on overlapping
intervals. Uniqueness defines one flow /5 on [0, o) with 1/, = id. Cartan’s formula gives

d
E(Eb:ws) = Eb?(ws + dlews) =0,

0 Y¥ws = wg. On [0, sp/4] one has G, = G, and b, = by; hence gl =g, Yy =0,and ¢; = id. Define
g = Yigl. Then dvy, = Yiws = wy = dvg, for every s > 0, and g, = go for 0 < s < s50/4. Since
pullback commutes with the Ricci tensor,

Ricy, = ;i Ricg > (n— Dyi gl = (n— 1)gs.

Also

Vol(Mp, g5) = / dvg, = / Wy = qop.
Mg Mg

The diffeomorphism ¥ is an isometry from (Mo, gs) to (Mg, g7), so (8.18) gives (8.3). Finally g = g
is Ricci closable. The theorem follows with s, = sy/4. ([l
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9. ONE-ENDED REALIZATION
9.1. Dimension-dependent radial warping.
Lemma 9.1. For every integer n > 2 there are smooth functions
h:(0,00) > (0,1),  f:(0,0) >R,

depending only on n, with f’ > 0, such that the following holds. Let X" be a closed smooth manifold and
let (£;)ier be a smooth family of metrics such that, for every t € R,

dl)[t = dl)fo, Rint > (n - 1)ft, ft = f() (t > 0),

and, pointwise on X,

|0:tile, + 10 le, + [V a,8i], < 1.
Then dr? + rzh(r)2{’f(,) has nonnegative Ricci curvature. Moreover, for ¢(r) = rh(r),
h(r) > 1,  f(r) - —oo,
rf'(rn)—=0, ¢'(N->1 (rlo),
and
0<¢'(r)<1, o’ (r)<0 (r >0).
There is ry = ro(n) > 0 such that
0<¢'(r)<1, o’(r)<o0 (0<r<n). (9.1)

Proof. Define the dimensional constants by

g =l L e+

1= s = = n R
" 128(n+1) " 16 "
T, := eL", Pn = e In,

Since L, > 192, one has T, = el > eand 0 < p, = e” 1 < e7® Put ¢ := F,logL,. For 0 < r < 1,
write T(r) := —log(p,r) = T, —log r and L(r) := log T(r), and define

ho(r)=1- Lli:)’ fo(r) = —F,log L(r) + cg. (9.2)
Then T(r) > T,, L(r) > Ly, and fy(1) = 0. Direct differentiation gives
/ _ n / _ Fn
o(r) = rT(r)L(r)?’ for) = rT(r)L(r)’ (9:3)
yon_q_ En E, o E, E, 2E, o4
O N 0577 A AN 057 ¢ TRy o5 07 ¢ S 105 07 ¢ AN

where @o(r) = rho(r). Since n > 2 and L(r) > L, > 192, E,/L(r) + E,/(T(r)L(r)?) < 1/(16L,) +
1/(16L2) < 1/2. Consequently,

1
5 < @y(r) <1, @y (r) <0 (b<r<i).

Put g(r) = {4 and G = dr? + ¢o(r)*g(r). The function s — s/log s is increasing for s > e.

Hence, for0 < r < 1,
E 1 1 T T,
n < — <o, ﬂ > LSS 4,
L(r) ~ 16L, 2 L(r) — L, (9.5)

E, > 2JnF, E, > FZ,
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because 2\/nF,/E, = yn/(4(n+1)) < 1and F2/E, = 1/(1024(n + 1)*) < 1. For Proposition 6.2, take

m=n, A=1, J=(0,1], p=pn
E=E, F=F, c=¢c,
h:ho, w = @o, f:f()

The identities dv,, = dv,, and Ric,, > (n — 1)¢; give (6.11). The three nonnegative summands in the
pointwise derivative bound are each at most A = 1, giving (6.12). The inequality 0 < p, < e”¢ and
(9.5) give all four inequalities in (6.19). Therefore, for every g(r)-unit vector v,

E,
2L(r)2T(r)r?’
E,
L(r)r¥’

JnFy
L(r)T(r)r?

Ricg(9r,9,) >

Ricg(@o(r) 1o, po(r)'v) >
[RicG (9, po(r)~v)| <

The Schur-complement conclusion of Proposition 6.2 gives Ricg > 0 on (0, 1] x X.

Since T, — log2 > e, the formulas in (9.2) define smooth functions on (0, 2). Put §, := 1 and
wo(r) := rho(r) on this interval. Formula (9.4) gives 0 < wj(1) < 1 and w{’ < 0 on a neighbourhood
of 1. Choose 0 < § < &y/2 such that w) < 0on [1,1+ 28] and f1 1+2(S(—«vv(’)’(t)) dt < w{(1). Choose
x € C°([1,0),[0,1]) with y = 1 on [1,1+ §] and supp y C [1,1 + 25). Define the smooth function
K : [1,00) = [0, 0) by

{X(F)(—w(’{(r)), 1<r<1+26,
x(r) =

0, r>1+294.

Because 1 + 26 < 2, the first branch is defined. Since supp y is closed in [1, c0) and contained in
[1,1+ 20), there is €, > 0 such that y = 0 on [1 + 2§ — €, ). The two branches therefore agree on
a neighbourhood of 1 + 24, so k is smooth. For r > 1, define

&) = wi(1) - /1 e dt B0 = wo() + A o

On [1,1 + §] one has k = —w{/, and therefore W’/ = w{/. Since W(1) = wy(1) and W' (1) = wj(1),
integration gives W = wy on [1,1 + §]. Furthermore

0< W (r)<wy(1)<1, W (r)=—x(r)<o,

and W is linear for r > 1 + 25. Define w = wy on (0,1], w = W on [1,00), and h = w/r. Since
w(1) = we(1) > 0 and w' > 0, while w(1) < 1and (w—7r) = w —1 < 0 on [1,), one has
0<w(r)<rforr>1. Thus0< h < 1on(0,c0).

Choose 0 < §; < §p/3and f € C*([1,00),[0,1]) withf =0o0n[1,1+ ;] and f = 1 on [1+ 25, ).
For1 < r <1+ 26, puta(r) =1 —pr)fy(r)+ p(r), and put a(r) = 1 for r > 1+ 25;. Then a is
smooth and positive. Define

= f) ©O<r<1),  f0)= / “a)dt (r>1).

Since fy(1) = 0 and a = fj near 1, the two definitions agree on a neighbourhood of 1. Thus f is
smooth and strictly increasing, with f(r) > 0 for r > 1.
Define the global metric and slice family by

G = dr® + w(r)’lyy = dr* + rPR(r)*tpy, B(r) = Ly,
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For 0 < r < 1, one has G = G. For r > 1, one has g(r) = £. Hence g = g’ = 0 and divg g’ = 0.
Equations (6.13), (6.14), and (6.15) give, for every #-unit vector v,

4

) w
Ricz(9y,9,) = —n— >0,
w
Rics(a,, w ') = 0,

Rica(w_lv, w i) > w? ((n -1 —ww’ —(n—- 1)(w’)2) > 0.

Thus Ricg > 0 on [1, ) x X. The metric G is smooth at r = 1: the functions w, f agree with wy, fy on
a neighbourhood of 1. Since t — ¢; is smooth and equals ¢, for t > 0, one has a{{’t|t:0 = 0 for every
j = 1. Repeated differentiation of r — £¢(,) shows that all one-sided derivatives at r = 1 agree with
those of the constant family ¢,. Together with the inner estimate, this proves Ricg > 0 on (0, 00) x X.
All choices in the extension depend only on wy, fy, hence only on n.

Finally, (9.3) and (9.4) give

Fy

h(r) — 1, f(r) = —oo, rf/(r)zm—’(),

o'(n—->1 (rlo.

The inequalities for ¢ on (0, 1] and for w on [1, ) give 0 < ¢’ < 1 and ¢” < 0 on (0, ). Equation
(9.1) holds with ry = 1. O

9.2. Radial completion and smooth approximation. Ricci closability in the following proposition
means the conical-end condition of Definition 2.2. The realization is proved directly under this
condition: no equivalence with a distance-annulus formulation is assumed, and no closing domain is
required to be a metric ball.

Proposition 9.2. Let n > 2, let X" be a closed connected smooth manifold, and let (g;);cr be a smooth
family of Riemannian metrics on X. Assume that g, is Ricci closable and that there is a compact metric
space (3, dx) such that

dvg, = dvg,, Ricg, > (n—1)g;,
GH
g =820, (X&) ——(d)

Then there exist a complete pointed classical noncollapsed Ricci limit (Y"1, d, p) and a number ry > 0
such that

Tan(Y, p) = {C(2)}, (Br(p), p) = (Ctop,ro(X): 0)-

Moreover Y \ {p} is the smooth manifold (0,0) x X, and Y is realized by complete connected smooth
(n + 1)-manifolds without boundary, with nonnegative Ricci curvature and a common positive lower
bound for the volumes of their based unit balls.

Proof. Slow reparametrization. For j > 0 set

Aj =1+ sup (llatgtllgt + ||3?gt||g, + ||Vg[(9tgt||gt) .
te[—j—2,—j+1]

The tensor norms in this definition are supremum norms on X. The smoothness of (t,x) — g;(x)
and the compactness of [—j — 2, —j + 1] x X imply A; < co. Choose &, ¢ € C*([0,1],[0, 1]), constant
on neighbourhoods of 0 and 1, with

3(0) = £(0) = 0, 31) = £(1) =1, ¥ >o0.

Fix Cy > 1 such that
1910 + 9" loo + 1§ lco + 6”0 < Co.



82 ANASS NIFA

Define C.y and 1, and, for each j, choose L; by

1 1
Ccut L= 3(1+2C0)+(1+2C0)2+2C0, No := min{, },
2 2Ccyt

2CoA; Co + CHA;
szl, 0 j+(0 20)]_
L L2

Set Ty = 0 and Tj4; = Tj — L;. Since L; > 1, one has T; < —j; hence the intervals [ Tj;q, Tj] cover
(=00, 0]. Define ¢/(t) = 0 for t > 0 and, for ¢ € [Tj44, Tj], put

t—Tjt

¢<t>=—(j+1>+a< ) %= s

J
The endpoint constancy of ¢ makes i/ smooth. It is nondecreasing, maps [ Tj1, T;] onto [—j — 1, —J],
and tends to —oo as t — —c0. On [Tj44, T;] the chain rule gives
~ CoAj
9,7 |+ < ,
I tgt”g, =L
(Co + CPA;
2 b
L
Coj

L;

IN

1078l

V& o, gz,

IN

Consequently

l0:8lg, + 1978 Mg, + V¥ 0 Eilz, < no. (9.6)

dvg, = dvg, for every t, Ricg, > (n — 1)g;, and g; = go for t > 0. Since y(t) » —o0 as t — —oo, the
hypothesis on (g;) gives

(X.3) == (5. dy). 6.7)

The identities dvg, = dvy,, Ricg, > (n — 1)g;, and §; = g for t > 0, together with (9.6) and 1o < 1,
instantiate Lemma 9.1 with X and (g;). Let h, f be its dimension-only functions. Then

g=drt+ rzh(r)zgf(r), Ricg > 0. (9.8)
The associated limits are
h(r) - 1, f(r) = —oo, rf'(ry—>0 (r{o). (9.9)

Every curve whose radial coordinate is unbounded has infinite length, because |dr| < ds;. Bonnet-
Myers gives diam(X,8;) < 7. If 0 < r < s and x, y € X, a radial segment followed by a curve in the
slice {r} x X gives

dg((r,x),(s,¥)) < s—r+arh(r). (9.10)

Thus every sequence with radial coordinate tending to zero is Cauchy, and two such sequences have
mutual distance tending to zero. Let (r;, x;) be Cauchy. The radial coordinates are Cauchy because the
radial function is 1-Lipschitz. If their limit is positive, choose 0 < a < b < oo so that the sequence is
eventually contained in [a, b] x X. This cylinder is compact in the product topology. The coefficients
of (9.8) and their inverse are bounded on it, so its Riemannian distance induces the product topology.
A subsequence converges in the product topology; the Cauchy property then gives convergence of the
entire sequence. If the radial limit is zero, (9.10) identifies the sequence with the common zero-radius
class. An unbounded radial sequence is not Cauchy. The metric completion Y consequently adds
exactly one point p. For (r, x) € (0,00) x X,

dy(p,(r,x)) =r. (9.11)
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The radial segment gives the upper bound, and the 1-Lipschitz radial function gives the lower bound.
For R > 0, the map

Ok : Ciopr(X) — Bx(p),  Or([rxD)=(r,x), k(o) = p,

is a continuous bijection: continuity at o follows from (9.11), and away from o both spaces have the
product topology. Its domain is compact and its target is Hausdorff; hence it is a homeomorphism.
Thus every closed bounded ball in Y is compact, so Y is proper and complete. For every ry > 0,
restriction gives the pointed homeomorphism Cyqp, ,,(X) — B (p), and Y \{p} = (0, 00) x X as smooth
manifolds.

The space Y is a length space. For two points in the punctured manifold, this follows from the
isometric inclusion into the completion and the definition of d;. If one endpoint is p, a radial segment
has length equal to the distance by (9.11). To obtain a minimizing curve between distinct y, z € Y,
choose curves y; joining them with L(y;) < dy(y, z) + j! and parametrize them with constant speed
on [0, 1]. Their images lie in the compact ball de(y,z)ﬂ(y), and their Lipschitz constants are bounded
by dy(y,z) + 1. Arzela—Ascoli gives a uniformly convergent subsequence with limit y. For each
partition 0 = #p < -+ < fx =1,

k k
2 dy(y(ta), (1)) = lim Y- dy(y;(ta-s). vy(1a)) < dy(.2).
a=1

a=1

Taking the supremum over partitions gives L(y) < dy(y, z); the reverse inequality follows from the
endpoints. Thus Y is geodesic. For y = z, the constant curve is minimizing.

The tangent cone. Let p; | 0 be arbitrary, and fix 0 < @ < b < 0. Under r = p;s, the rescaled metric
on[a/2,2b] x X is ds? + szh(pis)zgf(pis). Since rf/(r) = 0,

sup [f(pis) = f(pi)l < max{|log(a/2)|,|log(2b)I}

a/2<s<2b (9 12)
sup £/ () — 0. |
min{a/2,1}p;<r<max{2b,1}p;

For a nonzero tangent vector v € T, X,

d ~
7 log g;(v,v)

<loigilz < 1.

Integration between f(p;) and f(p;s), followed by (9.12), gives numbers «w;(, b) | 0 such that

¢ Bro) < Bftps) < €7 8ppy  (@/2< s <2Db).

Moreover h(p;s) — 1 uniformly on this interval. Since f(p;) = —o0, (9.7) gives
~ GH
(X, Er(o)) - (2, ds).

Put g = §/(p)- In what follows, distances for ds® + s*g; are the ambient distances in the completed
metric cone C(X, g;). These cones are geodesic. Indeed, diam(X, g;) < 7 by Bonnet-Myers. If
0 = dg(x,x") € (0, 7], a minimizing geodesic from x to x” is an isometric copy of [0, 0]. Its cone, by
the cone-distance formula, is an isometric Euclidean sector of angle 8. A straight segment in that
sector minimizes between any two specified points on its boundary rays. For 8 = 0, or when an
endpoint is the vertex, a radial segment suffices. Define

0i = wila,b)+2 sup |logh(p;s), ni = /2 _ 1,

a/2<s<2b

Then §; — 0 and

e %(ds + s%g) < ds® + szh(pis)zgf(pis) < edi(ds® + s2gy). (9.13)
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Let z, z’ have radial coordinates r,,r,» € (@, b], and put S = r, + r,,. In both metrics the distance
between z and z’ is at most S < 2b, by joining the endpoints through the vertex. A minimizing curve
cannot meet {s > 2b}, since its total radial variation would then be strictly larger than 2b. Any curve
meeting {s < «/2} has length at least S — «. If minimizing curves for both metrics avoid this inner
region, (9.13) compares their lengths in both directions by the factor 1 + #;. If a minimizing curve for
one metric meets the inner region, its distance is at least S — «, whereas the other distance is at most
S; in the opposite direction, either the other minimizer also meets the inner region or it avoids it and
its length is controlled by the tensor comparison. In all cases,

dpi-zg(z, ) - dyg (2 Z)| < 2a + 2by; (9.14)

for all such endpoints.
Choose correspondences R; C X x X with ¢ := dis(R;) — 0. Bonnet-Myers and Gromov—
Hausdorff convergence give diam(X, g;) < 7 and diam 3 < 7. The relation

A ={((5,%),(5,) : a <s< b, (x,y) € R}

is a correspondence from [a, b] x X, endowed with ds? + s?g;, to [a, b] x %, endowed with its cone
metric. The cone distance formula and the 1-Lipschitz property of cosine give

dis(A%™) < V2 b |z

Let .A; be the relation between the annulus in (Y, p; ' d) and the annulus in C(Z) obtained by composing
the identity relation in (9.14) with A$°"¢. Then

dis(A;) < 2a + 2bn; + 2 b 7.
Let o; = p in (Y, p;'d) and let o be the vertex of C(Z). Set
B := A;U{(z,0) : z€Bg(0))}
U{(0i,2) : z € B4(0)}.

This is a correspondence between the closed radius-b balls. Two inner pairs have distortion at most
2a; an inner pair and an annular pair have distortion at most «; and two annular pairs satisfy the
displayed bound. Consequently

dis B; < 2a + 2bn; + V2 b 7.

Letting i — oo and then « | 0 proves (Y, p;'d, p) = (C(Z), 0) in pointed Gromov-Hausdorff topology.
The sequence (p;) was arbitrary; hence Tan(Y, p) = {C(Z)}.

Smooth approximations. For m > 2 put a,, = 1 — m™! and define ¢, : R —> R by

0, t < —2m,
t+2m
cm(t) = t§< - ), —2m <t < —m,
t, t>-—-m.

The endpoint constancy of ¢ makes ¢, smooth and gives |c},[ < 1+ 2C) and |c| < 2C,. Put
kﬁm) = amg,, (v)- For every t,
dvkgm) = a,';/zdvgo. (9.15)

Constant scaling leaves the Ricci tensor unchanged as a (0, 2)-tensor. Consequently,

Ric g = Ricg, , > (n = Do, > (n— k™.

Bem(t)

The connection is unchanged by constant scaling. For a symmetric 2-tensor T and a covariant 3-tensor
S;

lamTla,z = 1Tz, lamSla,z = a"*ISlz.
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Since a,, > 1/2, the chain rule and (9.6) give

19k + 12K g + IV 0,
< 0o ((1+ VDo + Il + ey lo)
< 1o (3leploo + gl + leprlos) < 1.
Moreover
kg’”) =ang (t<—2mort>0),

and kgm) — g smoothly on compact t-intervals. The common volume form in (9.15), the displayed
Ricci inequality, the pointwise derivative estimate, and kﬁ’”) = ap g for t > 0 instantiate Lemma 9.1
with the family (k§’")). For the same dimension-only functions A, f, the metric

2, 2 27.(m)
dr® + r°h(r) kf(r) (9.16)

has nonnegative Ricci curvature.
Let rcn > 0 be the number in (9.1) and put ¢(r) = rh(r) for r > 0. That lemma gives

0<¢'(n<1,  ¢"(N<0  (r>0),
with ¢”’(r) < 0 for 0 < r < ren, and

@ -1, o'(r)—>1 (rlo.

For every sufficiently small R € (0, rcy) there are dg € (0,1), pr € (0,R), and a smooth function
@R : [0,00) = [0, 00) such that

or(r) =drr (0<r < pg), or(r) = @(r) (r > R),

9.17
0<gr<1, ¢x <0, dg—>1 (R10). 17

Indeed, put k = —¢”’. Then k > 0 on (0, R). For 0 < € < R, feR k(r)dr = ¢’(e) — ¢’(R). Letting € | 0

and using ¢’(€) — 1 gives k € L(0,R) and fOR k(r)dr =1— ¢’(R). Choose 0 < ap < o < yo <R
and y € C*([0,R],[0,1]) such that y = 1 near 0 and supp y C [0, a). Put

R R
M, = / XK, M = / rx(r)k(r)dr.
0 0

Since k¥ > 0 and y = 1 on a nonempty interval adjoining 0, My > 0 and M; > 0. Choose a nonnegative
smooth function { supported in (S, yo) and satisfying fOR r{r(r) dr = M;. Since supp {r C (Bo, ¥0)s
Bo fOR {r(r) dr < My. Moreover M; < agMy < foM,. Hence /OR {r < M. Set

R r
KR=(1—)()K+QVR, dR:1+A (KR—K), pR(r):dR—/O KR(t)dt.

Define ¢g(r) = forpR(t) dt for r < Rand ¢g = ¢ for r > R. Since ¢(r) > 0 and ¢’(r) > 1lasr | 0,
integration of ¢”/ = —k, with k € L*(0, R), gives

R R
SR =1~ /0 k) dt,  o(R) =R /0 (R — )x(t) dt.
Consequently,

R
pR<R)—<p<R):dR—1—/O (kg — K) = 0,
R
ox(R) — p(R) = R(dg — 1) - /0 (R — )(xg — K)(1) dt

_ /R Kk — K)(£) dt = 0.
0
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The last equality is the prescribed first-moment identity for {z. Since kg = k near R, all higher jets
agree there. Since kg = 0 on a neighbourhood of 0, there is pg € (0, R) such that pg = dg on [0, pr];
hence @g(r) = dgr there. The inequalities

0<dp<1,  pr(r)>pr(R) = ¢'(R) >0
hold for all sufficiently small R, and

R
0<1—ng/ k=1-¢'(R) > 0.
0

On [0, R], nonnegativity of kg gives 0 < ¢4 < dg < 1 and ¢¥ < 0. On [R, ), the same inequalities,
with upper bound 1 for the derivative, follow from ¢r = ¢ and the global inequalities in Lemma 9.1.
Thus (9.17) holds.

Choose Ry, | 0, within the range of this assertion, so that

f(Ry) < —2m, R, <m™L.

Put dy, = dr,, ¥m = ¢r,, and p,, = pg,,. Since f is increasing, k%r)) = apmgo for 0 < r < Ry,. The strict

join

inequality f(R,,) < —2m and continuity of f give €, > 0 such that

k%r)) = amgo (R — €™ < r < Ry + €M),

Define g, := dr?+ @m(r)? k;’?r)). This metric is smooth across r = R,,: the slice metric ks,'?r)) is constant
on a neighbourhood of R,,, while ¢, agrees with ¢ to every order at R,,. For r > Ry, this is (9.16). For
r < Ry, the cross-sectional metric is a,,g. The warped-product formulas give

’7
Ricg, (9,,9,) = —n—= >0

m

and, for every (a,, g)-unit vector v,

. _ _ o (n—-1
Rlcgm((pmlva @mlv) 2 (sz < a - @mﬁog - (n - 1)(@:”)2> 2 0

m

Consequently, Ricg, > 0. For 0 < r < pp,
&n = dr® + r*bug, b, = amd,zn €(0,1), b, — 1. (9.18)
On every compact subset of (0, 00) x X,
gn — & smoothly. (9.19)

Indeed, for a compact radial interval and all sufficiently large m, R,, lies below the interval and

em(f(r)) = f(r) there; then g, = dr? + rzh(r)zamgf(r).
Put €, = 1 — by,. Then €, € (0,1) and (1 — €,,)8 = bmg- By Ricci closability of gy, choose the
data

(Nms Hm, Gm), K., D, 2 [1,00) x X — Ny \Inty, Ky
of Definition 2.2 for € = €,,,. Define
Wiy = Ky U ®p([1,2] x X).

This is a compact connected smooth manifold with boundary, and g, € Inty, Wp,. Its boundary and a
neighbourhood of that boundary satisfy

OW,, = D2} x X)), ®* H, = dR* + R*bp,gy (3/2< R <5/2). (9.20)
Let d'™ be the intrinsic length metric induced by H,, on W,,, and put
Dy, = diam(W,,, d™) < co.
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Indeed, comparison with Euclidean metrics in interior charts and boundary half-charts shows that
the intrinsic distance induces the topology of W,,; connectedness and compactness then give finite
diameter. Choose

1 2
0 < r, <min S, —————— ¢,
" {pm m’ m(1 +Dm)}

and define
Tm \ 2 Tm
Fm=| Wn, <?> Hy |, 5m = ?Dm, em = TI'm+ 5m-

Then0 < 6, < 1/mand 0 < e, < 2/m.
On the conical collar of F,,, use the coordinate r = (r,/2)R. The boundary R = 2 becomes r = rp,
and (9.20) gives the collar metric dr? + r?b,,go. Define

Pm + X — Fn, Bn(x) = ®p(2, x).

Identify f,,(x) with (7, x) in ([1y, ) X X, §,). Choose 0 < w,, < min{ry, /4, pm — rm}. Since 1y, < pm,
(9.18) shows that on the resulting collar r,, — wy, < r < 1y, + @y both metrics are restrictions of the
single smooth tensor dr? + r?b,,go. All normal jets therefore agree. The quotient is a connected
smooth manifold without boundary (M,,, Gp, pm), With p, = g, and

Ricg,, > 0. (9.21)

The inserted region has intrinsic diameter §,,. Define t,, : My, — [y, ) by setting t,, = r,, on
Fm and v, (r, x) = r on the exterior. This function is continuous and 1-Lipschitz. Indeed, its radial
differential has norm one on the exterior, it is constant on the filling, and on a collar crossing the
seam it is the maximum of the collar coordinate and r,,. Integration along curves gives the global
Lipschitz inequality. For every exterior point (7, x), this inequality gives the lower bound below. A
curve in Fy, from p,, to f,(x), followed by the outward radial segment, gives the upper bound by
taking the infimum of its length:

’dGm(Pms (r’ .X')) - r\ S €m-

r—rtm < dg,(pm.(r,x)) <1 ="ty + Om,
(9.22)

Moreover, dg, (pm, z) < O for z € Fp,. For every L > 0, the closed based ball of radius L is contained
in

Fin U ([rm, L+ 1] x X)),

which is compact. The Riemannian distance induces the manifold topology, so that closed ball is
compact. Any other closed bounded ball is a closed subset of a based ball. Thus (M, G,) is proper
and complete.
Pointed convergence and noncollapse. Fix R > 0 and 0 < a < R. For all sufficiently large m, r,, < /2
and J,, < R. Smooth convergence in (9.19) gives numbers 7, = (@, R) = 0, with 0 < 1, < 1,
satisfying

1=1m)E < gm <A +nm)g onla/2,3R]xX.
Define

Am(a, R) = max { m_ 1,(1- Um)_l/z _ 1} .

Then A,(a,R) — 0. Let z,z’ be exterior points with radial coordinates r,,r, € [a, R], and put
S = r, + ry. Joining the corresponding points through the vertex in Y gives dy(z,z’) < S. Joining
them by radial segments and a curve in F, gives

dc,(2,2) < S—2rm+ 6m < S+ 8 < 3R.

The manifold M,, is complete and hence geodesic, and the completion argument above proves that
Y is geodesic. Thus minimizing curves exist in both spaces. They cannot reach radial coordinate
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3R, since their total radial variation would be at least 6R — S > 4R, contrary to the preceding upper
bounds.

A joining curve meeting Fp, U ([1, /2] x X) in My, or Bg/z(p) in Y, has length at least S — a. A
minimizing curve avoiding the corresponding inner region lies in the common exterior where the
tensor comparison applies. Applying this distinction first to a minimizing curve in Y and then to one
in M, gives, respectively,

dg,(z,2") — dy(z,2") < max{2RA,, & + S},

dy(z,72') — dg, (z,2") < max{3RA, a}.

Consequently,

ldg, (z,2") — dy(z,2)| < a + 8 + 3RAm(a, R). (9.23)

For L > ry,, define
Dy(L) = Fin U ([rm, L] x X),
endowed with the distance restricted from M,,. Define a correspondence between D,,(R) and B;(p)
by
Cu(a.R) :={(z.p) 2 € Du(@}U{(pm. ) : ¥ € By(p)}
u{((r,x),(r,x)) : a<r<R, xeX}.

Both projections are surjective, and (p,,, p) belongs to the correspondence. For two outer pairs, (9.23)
applies. Two points of D,,(«) can be joined through the filling with length at most 2a + §,,, whereas

diam Bg(p) < 2a. Also dg, (pm, z) < a + Op, for z € Dy (). Thus two inner pairs have distortion at
most 2a + dy,, including when they belong to different inner parts of the correspondence.

For a pair (z, p) with z € D, (@) and an outer pair represented by w = (r, x), radial variation and
a path traversing the filling once give

r—a<dg,(z,w)<r+a+ bn.

Since dy(p, w) = r, their distortion is at most & + p,. For a pair (py,, y) with y € EZ(p) and the same
outer pair, (9.22) and the triangle inequality give
G, (pmw) —rl < em,  ldy(y,w)—r[<a
Their distortion is at most « + e,,. Hence
dis Cpp(a, R) < 2a + ey, + 3RA(at, R).

It remains to compare D,,(R) with the actual based ball. Equation (9.22) gives
—M,p,
Dpn(R) C BrY,, (pm)-

If a point of D,,(R) lies outside Eﬁlm (pm), truncate a minimizing geodesic from p,, to that point at
distance R. The remaining length is at most e,. Conversely, an exterior point of Bfm (pm) has radial
coordinate at most R + r,,, by the lower bound in (9.22). If that coordinate exceeds R, the radial
segment to r = R has length at most r,,. Points in the filling already belong to D,,(R). Therefore, in
the ambient metric of M,,,

& (Dn(R), By " (pm)) < em-
Define
8’5 = {(b’ z) € Egm([)m) X Dp(R) : dGm(b, z) < em}‘

Compactness and the Hausdorff estimate show that both projections are surjective. Moreover,
(pms> pm) € EX. Compose the two correspondences by setting

Sm(a,R) = {(b,y) : there is z with (b, z) € 8,5, (z,y) € Cp(a, R)}
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This is a correspondence between the actual closed based balls, and it contains (py,, p). For two pairs
with witnesses z, z/, the triangle inequality gives

|dGm(b5 b/) - dY(y9 y,)| < dGm(ba Z) + |dGm(25 Z/) - dY(y3 y,)| + dGm(Z/3 b/)
< 2ey +dis Cpy(a, R).
Thus
dis Sp(a, R) < 2a + 3e,, + 3RA(a, R).

The metric realization of a correspondence places each related pair at distance at most half the
displayed bound. Consequently the closed based balls admit a common metric realization in which
both their Hausdorff distance and the distance between p,, and p are at most

3 3
a+ —ey + —RAn(a, R).
2 2

First let m — oo and then a | 0. For every R > 0, the closed based balls converge in pointed
Gromov-Hausdorff topology. Hence

(M, dG,» pm) L (Y,d,p). (9.24)
For all sufficiently large m, the annulus
A :={(r,x):1/4<r<1/2}
is contained in B (p,,) by (9.22). Smooth convergence gives
Volg, (A) — Volg(A) > 0.

Thus Volg, (B1(pm)) has a positive lower bound for all sufficiently large m. Taking the minimum with
the finitely many remaining positive unit-ball volumes gives

Volg, (Bi(pm)) =2 v >0 (m>2). (9.25)

Together with (9.21) and (9.24), this proves that (Y, d, p) is a classical noncollapsed Ricci limit with

the asserted realizing sequence. g
10. THE REALIZATION THEOREM

Proof of Theorem 3.2. Choose Do, Py, fo, kg, kg, 1o satisfying (3.1). Let gy > 0 be the constant sup-
plied by Theorem 8.1 for Do, Po, o, kg, ko, jio, and replace it by min{qo, 1}. Fix g € (0, qo), let (g)s>0
be the family supplied by that theorem, and define

&+ t<0,
ft =
8o, t>0.

Let s. > 0 be the constant in Theorem 8.1 and put § := s./2. Then g; = g for 0 < s < J, and hence
d%gsls=0 = 0 for every integer j > 1. The left and right ¢-derivatives of the displayed piecewise family
agree at t = 0; therefore (£;)er is smooth and ¢; = gy for t > —J. For every t € R,

dvg, = dvg, Ricy, > (n — 1)y,
GH
=g (t>0), (Mg, £;) P Lng-

The metric g is Ricci closable. The manifold My is closed, connected, and smooth of dimension n,
and Ly 4 is compact. Apply Proposition 9.2 with

X = MQ, 2= Ln’q, 8t = [t'
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The five hypotheses are
dvg, = dvg,, Ric,, > (n— 1),

GH
£ = go (t >0), (Mo, £;) P Ln,q

together with Ricci closability of gy. Proposition 9.2 therefore gives a complete pointed classical
noncollapsed Ricci limit (Yp 4, d, p), a number r, > 0, and complete connected smooth realizers
without boundary having nonnegative Ricci curvature and a common positive unit-ball volume lower
bound, such that

Tan(YQ,qsp) = {C(Ln,q)}s (Bro(p)’ P) = (Ctop,ro(MQ)a 0)‘

Proposition 9.2 also gives Yp 4 \ {p} =aitr (0,00) x M. By (5.3), Tan(Yp,q, p) = {R™ 1 x C(S%”q)}. Thus

(i) and (ii) hold; the displayed diffeomorphism and the stated properties of the realizing sequence also
hOl(Si.et U := B, (p), U* :=UN\{p}and Z := Yo ,\U. Then Z = Z C Y ,\{p} = Inty, (Yo, \ {p}).
Excision, with Z removed from the pair (Yp 4, Yo,4 \ {p}), gives
H;(Yo,q. Yo.q \{p} A) = H(U,U™; A).
The pointed homeomorphism in (ii) identifies U with Cyop,r,(Mp) and U™ with (0, ry) x Mp. The maps
[r,x] — [(1 = D)r, x] (0<7<1)
contract U to its vertex. If r. := ry/2, the maps

(rnx)— (A-Dr+r,x)  (0<7<1)

deformation retract U* onto {r..}xMp. The contraction shows that U is path connected. The connected
smooth manifold M is locally path connected and hence path connected; the displayed deformation
retraction therefore shows that U” is path connected. For j > 1, the homology sequence of the pair
and the contractibility of U give

Hj(U,USA) = H_j(US A) = Hi- 1 (Mg; A).

For every nonempty path-connected space W, the augmentation identifies Hy(W; A) with A. Under
these identifications, the inclusion U* < U acts as the identity of A. The degree-zero part of the
homology sequence therefore gives

Hy(U, U*; A) = 0 = H 1 (Mo; A),
where the last equality is the convention in Section 2. This proves (iii).

Density. In the construction of Proposition 9.2, let i/ be the slow reparametrization and put 7; : = Ly()-
Equations (9.8) and (9.9), applied with g; = ¢;, give on Yp 4 \ {p} the metric

dp* + p*h(p) Ty, h(p) — 1 (p L 0).

Every ; has volume go,. The Riemannian volume form is p"h(p)" dp dv;ﬂp), and (9.11) gives B,(p) \
{r} = (0, r) x M. The inclusion of the punctured Riemannian manifold into its metric completion is
isometric, so H"*! restricts there to Riemannian volume. A singleton has zero (n + 1)-dimensional
Hausdorff measure. Therefore

H ) = g0 | " h(p)" dp.
0

The limit h(p) — 1 implies

[ (ko =1y dp

rn+1

< sup |h(p)" —1| = o(r").
0<pl<)r P n+1




TOPOLOGICAL SINGULARITIES IN CODIMENSION TWO 91

Since o, = (n + Dwpt1,
H"™ (B (p)) = qonsar™" + o(r™).

Thus ©"*!(Yg4, p) = g, proving (iv).

For every m > 2, (M, G,,) is a complete connected smooth (n + 1)-manifold without boundary
and (9.21) gives Ricg,, > 0. Hence (M, dg,,, Hg;:) is a noncollapsed RCD(0, n + 1) space. Equations
(9.24) and (9.25) give

GH
(M, o, pm) ~— (Yoqud.p).  HEIBi(pm) 20 >0 (m>2).

Apply [10, Theorem 1.10] with (X, dm, pm) := (M, dg,,, pm), K = 0, and N = n + 1. The sequence
consists of noncollapsed RCD(0, n + 1) spaces; (9.24) is the required pointed Gromov-Hausdorff
convergence; (9.25) supplies the displayed uniform lower volume bound; and each (M, dg,) is a
topological (n + 1)-manifold without boundary. Theorem 1.10 of [10] therefore yields a noncollapsed
RCD(0, n + 1) structure (Yg 4, d, H"™') with 9Yp ; = @. Thus 9Yy ; = @, which is (v).

By Lemma 5.1, the unique tangent at p splits R*~! but not R". Hence p € S" 1(Yg,4) \ S" %(Yg,q).
The manifold My is closed, connected, and oriented, so ﬁO(MQ; Z) = 0 and H,(Mg; Z) = Z. By [14,
Corollary 6.7 and Theorem 3.5], My admits a Morse function and has the homotopy type of a CW
complex with one cell of dimension equal to the index of each critical point. The critical set is a
compact discrete subset of M, hence finite, and every critical index lies in {0, ..., n}. Consequently

Hi(Mg:Z)=0 (> n).

Thus the integral homology of Mg can differ from that of S” only in degrees 1,..., n—1. If Mg is not an
integral homology n-sphere, there exists i € {1,..., n— 1} such that ﬁi(MQ; Z.) # 0. Assertion (iii) gives
Hi11(Yo,q Yo, \Mp} Z) # 0in degree i+ 1 < n+ 1. Suppose that p were topologically regular. Choose
a pointed homeomorphism y : (O, p) — (B]{{M(O), 0) from an open neighbourhood O of p, and put
W = X_l(B]f;;(O)). The set Yo 4 \ W is closed and is contained in Yg 4 \ {p} = Inty, (Yo 4 \ {p}).
Excision and the chart give

Hj(Yo.q, Yoq N {pk Z2) = H(W, W\ {p} Z) = H;(BY), (0), BY), (0)\ {0} Z).

The ball is contractible and its punctured ball deformation retracts onto S". The homology sequence
of this pair therefore gives

Z, j=n+1,
Hi(Yoq Yoo \{phZ) =
1Tog Yo MPEZ) {0, jEn+1.
This contradicts the nonzero group in degree i + 1 < n + 1. Hence p € Stop(Yp,q).
Let ¢ : Lyq — S" be the homeomorphism in (5.1). Define

F([r, z]) = ro(2), G(0) = o,
G(x) = [Ixl, o7 (x/IxD]  (x = 0),

where F : C(L,q) » R™! and G : R"™*' — C(L,4). The cone formula gives d(o,[r,z]) = r. On
(0,00) x Ly 4 it induces the product topology: convergence in the cone metric forces convergence of
the radii and, by the cosine term, convergence in L, 4; substituting convergent radii and link points in
the cone-distance formula gives the converse implication. Thus F and G are continuous away from
the vertices, and the radial identities make them continuous at the vertices. They are inverse maps.
Therefore C(Lp,q) =top R™'. The isometry in (5.3) preserves distance from the cone vertex and carries
it to the distinguished point (0, 0). Hence that point is a topological (n + 1)-manifold point. O
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11. THE CHEEGER-COLDING COUNTEREXAMPLE

Proof of Corollary 3.4. Fix an integer N > 5 and put n := N — 1, so that n > 4. The proof of Corol-
lary 3.3 constructs a core-admissible n-manifold Q and a number g satisfying 0 < g < min{go(n, Q), 1}.
For Mg := Q#(—Q), that proof also gives

Hy(Mg; Z) = Z2. (11.1)
Apply Theorem 3.2 to (n, Q, q), and denote the limit by (Y, d, p). Then

oY =, Tan(Y, p) = {RV2x C(S},) } .

2rq
11.2
Y \{p} =Zaitr (0,00) x M. (11.2)

The conclusion of Theorem 3.2 supplies complete connected smooth realizing N-manifolds without
boundary, with nonnegative Ricci curvature and a common positive lower bound for their based
unit-ball volumes. The proof of Proposition 9.2 identifies d|y\; with the Riemannian distance of the
smooth metric g := gin (9.8). Let y € Y \ {p} and let r; | 0. Choose p > 0 such that 4p is smaller
than the convexity radius at y and By,(y) C Y \ {p}. The exponential map is a diffeomorphism from

BZ;Y(O) onto By,(y), and this ball is strongly convex. Identify T,,Y with RN by an orthonormal basis.
In the normal coordinates defined by exp, and this basis, g,5(z) = 845 + O(z?). Put d; := r;'d and
fix R > 0. For all sufficiently large i, 4Rr; < 4p, and

_mnN
®; : Bip(0) — Y, @(2) := exp,,(n2),

—_ RN
is defined. There is &(R) | 0 such that, on BER (0),
(1 = &i(R)) euct < 17 °®; g < (1 + &(R))eucl- (11.3)

_mN
For every 0 < L < 4R and every z € B? (0), the radial geodesic gives di(y, ®i(z)) = |z|. Conversely,

o —(Y.d; o . . I
strong convexity gives, for every x € BE d )(y), a minimizing radial geodesic from y to x whose initial

vector has gy-length at most Lr;. Hence
—RN =(Y,d;
o(By (0)) =B"%(y)  (0<L<4R). (11.4)

—_RN
Let 2z, 21 € BE (0). The Euclidean segment joining them and the upper inequality in (11.3) give

di (®i(z0), Pi(z1)) < J1+&(R) |z — z1l.
Let y; be the minimizing geodesic between ®;(zy) and ®;(z;). For w € y; and all sufficiently large i,
di(y, w) < di(y, ®i(20)) + di(®i(z0), W)
< R+ di(®i(z0), ®i(21))
< R+ 2R\1+ &(R) < 4R.

Equation (11.4) with L = 4R places y; inside dDi(BfIg’ (0)); put 7i := @;! o ;. The lower inequality in
(11.3) gives

di (®i(z0), Bi(z1)) = Ly2g (Y1)
2 1- Ei(R) Lgeucl(%)
> \J1-¢&(R)|z0 — z1].

Consequently, the closed balls satisfy

— X —_RN
don (By (). By (0)) — 0.
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Since this holds for every R < o and the sequence (r;) was arbitrary,

Tan(Y,y) ={R"}  (y#p). (11.5)

The normal-coordinate diffeomorphism makes every y # p topologically regular. Since RN splits
RN=2, (11.5) gives y ¢ SN=3(Y) for every y # p. The tangent in (11.2) splits RN2, so p ¢ SN73(Y).
Consequently

SNy =o. (11.6)
Since N — 1 > 4, an integral homology (N — 1)-sphere has vanishing second integral homology.
Equation (11.1) therefore shows that My is not an integral homology sphere, and Theorem 3.2
gives p € Stop(Y). The normal-coordinate diffeomorphism at every point of Y \ {p} shows that
Stop(Y) C {p}; hence Stop(Y) = {p}. The strata are nested: a splitting by R¥~2 induces one by
RN73, s0 SN74(Y) ¢ SNT3(Y). Equation (11.6) gives SN4(Y) = @. Since Dy_4(Y) = SV=4(Y) and
SE4(Y) = DN—4(Y) \ Ruper(Y), substitution gives

SN =0,  SEW)=0. (11.7)
Therefore
Inty (Y N\ SN74(Y)) = Inty (Y \ SFEL(Y)) = V.
Assertion (iii) of Theorem 3.2 and (11.1) give
Hs(Y,Y \{p}hZ) = Z*. (11.8)

Suppose that p had a neighbourhood Uy homeomorphic to an open subset O ¢ R? for some integer
_Rd
d > 0, and let z; € O correspond to p. Choose p > 0 such that B]gp (z9) € O, and let U C U be the

inverse image of BQR; (20). The set Y \ U is closed and is contained in the open set Y \ {p}. Excision
and the chart give

Hy(Y, Y\ {p} Z) = Hy(U, U {ph Z) = Hy (BEs (z0), B (20) Nz} Z).

If d = 0, the last pair is ({zo}, ®). If d > 1, the ball is contractible and its punctured ball deformation
retracts onto S~!. The homology sequence of the pair therefore gives

Z, d=3,
H;(Y,Y\{p}Z) =
3( {rk2) 0. d%3.
This contradicts (11.8). Hence p is not a manifold point, and Y is not a topological manifold. Together
with (11.7), this contradicts Cheeger—Colding Conjecture 0.7. g
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