VOLUME ASYMPTOTICS AND EINSTEIN MODULI ON SPHERES
ANASS NIFA

ABsTrRACT. The moduli spaces of positive Einstein metrics of volume one on S and S%, modulo all
diffeomorphisms, each have countably infinitely many connected components. More generally, this
holds on $P*9*! and $**! x Q whenever p,q > 2,d = p + q < 8, and Q is a closed connected positive
Einstein g-manifold. For sequences obtained from B6hm’s cap construction and normalized by Ric = dg,
we determine the leading volume difference from the limiting sine-cone volume. It is a positive definite
quadratic form in the data on a minimal hypersurface. For every such pair, suitable spherical sequences
and reflection doubles have volumes converging from above to a positive limit, with successive volume

excesses in limiting ratio exp(—27+/(d — 1)/(9 — d)).
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1. INTRODUCTION

Bohm constructed infinite sequences of inhomogeneous Einstein metrics on S°, ..., S and on
products SP*! x Q with an isotropy irreducible factor Q [2, Theorems 3.4 and 3.6]. He conjectured
that their Einstein moduli spaces have infinitely many connected components [2, pp. 146 and 153].
The normalized metrics converge to sine-cones [2, Theorem 3.7]. We prove that the leading volume
difference is a positive definite quadratic form in the data on a minimal hypersurface. It gives infinitely
many distinct volumes and separates connected components of the full Einstein moduli space.

For a closed smooth n-manifold M, with n > 3, and d > 0, put

Es(M) ={g € C*(S*T*M) : g >0, Ric, = dg}/ Diff(M), (1.1)

with the quotient of the smooth topology. Volume is locally constant on £;(M), by rescaling from
the corresponding statement for the Einstein—Hilbert functional on unit-volume Einstein moduli [18,
Theorem 3.6(2)].

Theorem A. Each of £5(S®) and &;(S®) has countably infinitely many connected components.
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Wang-Ziller constructed homogeneous Einstein metrics on 52 % §2m+1 1y > 1, whose unit-volume
Einstein constants tend to zero [23, Theorem 3 and Corollaries 4-5]. Liu-Sano-Tasin constructed
infinitely many Sasaki-Einstein families on every odd-dimensional standard sphere of dimension
at least five [13, Theorem 1.1 and Corollary 1.2]; their volume formula separates components in
full Einstein moduli [13, Section 2.4, Remark 2.13]. Suitable sequences in both constructions have
volumes tending to zero at fixed Einstein constant. Foscolo-Haskins constructed inhomogeneous
nearly Kahler Einstein metrics on S% and S® x S* [9, Main Theorem]; Chi constructed a non-round
Sp(2)Sp(1)-invariant positive Einstein metric on S® [7, arXiv v5, Theorem 1.3].

On a fixed closed connected n-manifold, the volumes of homogeneous Einstein metrics with
Ric, = dg form a finite set above every positive lower bound [4, author manuscript, Theorem 1.8].
The normalization § = Vol(g)™?/"g has scalar curvature nd Vol(g)?/". The cited theorem gives
finitely many components above each positive scalar-curvature bound; local constancy of scalar
curvature gives finitely many values. The sequences below have distinct volumes with positive limits.

1.1. Volume asymptotics. Write @; = Vol($’, y;) for the volume of the unit round j-sphere. Fix
integers

d-1 \/(d—l)(9—d)>o‘

p.q =2, d=p+q<3, a=—, B = 5 (1.2)
Let (Q9, hg) be closed and connected, with Ricp, = (q — 1)ho, and set
/2 q/2
p—1\""(q-1
Q = w, Vol(Q, hp), vy = () ( ) ,
d—1 d—1 (13)

T
Voo = Qvo/ sin? t dt.
0

This is the volume of the sine-cone

-1 -1

For the unit round fibre Q = S9, write

_ 1 p/z _ 1 CI/Z Y

Theorem B. For every pair in (1.2) and every (Q, hg) as above, SP*™! x Q admits smooth metrics g; with
pairwise distinct volumes such that

Ricg, = dgj, Vol(g;) > Ve, Vol(gj) — V. (1.5)

When Q = S9 is unit round, there is also such a sequence on S+, with limiting volume Vp.q- Each of the
corresponding spaces £ has countably infinitely many connected components. In particular, this holds
on §°, 56,87 S8 §°,

In [2, Theorem 3.4], Q is compact, connected and isotropy irreducible, with positive Einstein
constant,and 2 < ¢ < 6,3 < p +1 < 9 — q. After rescaling h, these are special cases of Theorem B.
The replacement of the noncollapsing round factor by an arbitrary positive Einstein manifold was
observed in [10, arXiv v1, §3.1, paragraph following (42)]. Thus Theorem B proves the component
conclusion conjectured in [2, pp. 146 and 153] for all the manifolds in its Theorems 3.4 and 3.6.
Theorem A follows by taking (p, g) = (2, 3) and (2, 5).
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1.2. The volume difference. For the spherical matchings and reflection doubles of Proposition 6.2,
let Z; = (x;, y;) be the data on the common minimal hypersurface, with the outward normal of one
cap. The coordinates are defined in Sections 4 and 6. There are constants y, v > 0, depending only on
d, such that, as j — oo,

Qpquy
2ad?

Vol(gj) — Voo = (vsz + yyf) + o(x]2 + y]?).

For spheres, Q = w,w4 and Vo = V, 4. The constants are given in Lemma 6.1. The boundary variation
formula [17, 1] gives a quadratic primitive for each cap volume. Reversal of the normal cancels the
mixed terms; the remaining quadratic form is positive definite (Proposition 7.3).

1.3. Geometric spacing.

Theorem 1.1. For every pair in (1.2), there is a spherical sequence in Theorem B and a constant C, 4 > 0
such that

Vol(g)) = Vg + Cpge 2"%/P(1 + 0(1)). (1.6)

Its volumes are eventually strictly decreasing, and

Vol(gi+1) =V, -1
m m =exp| —27 L ) (1.7)
j=e Vol(g)) = Vpq 9—d

For the six- and eight-spheres, the limiting volumes are

. (5 v _2567T4\F v, lzsrt (19)
237 1542 257 945 \|3’ 7 31503 '

The ratios in (1.7) are ¢ 2" on S¢ and e 27¥3 on S8. The sequences on S for (p, ¢) = (2,5) and (3,4)
have distinct positive limiting volumes. Reflection doubles on SP*! x Q satisfy the same geometric
asymptotic for every pair in (1.2); see Corollary 7.4.

1.4. Related results. Gibbons-Hartnoll-Pope computed the limiting sine-cone volumes and tabulated
decreasing volumes for selected compact B6hm metrics [10, arXiv v1, Section 5.2]. Equation (1.6)
determines the sign and rate of the leading difference along infinite sequences.

The cap matching construction is due to Bohm [2, Section 7, Theorem 7.3]. Nienhaus—-Wink
describe minimal-section intersections by cap rotation and comparison with the sine-cone linearization
[14, arXiv v3, Introduction, Lemma 3.4 and Remark 5.3]. Siffert’s three-warp construction contains
uniform C! matching estimates in logarithmic scale variables [19, Lemmas 7.5 and 7.8, Theorem 7.9];
her SU(3)-invariant sequence on S’ has geometric singular-orbit scale spacing [20, Theorem 1.1 and
Proposition 8.1]. The cone exponents —a + iff occur in [12, Section 6, (6.11)] and [10, arXiv v1, Section
6, (126)]. The equatorial cross term computed in Lemma 6.3 gives the spacing in (1.7) for every pair
in (1.2).

Further constructions include the metrics on S'° in [14], on S'2 in [5], and on S'!, $'2, §13 and
S7 x $% in [24, arXiv v3, Theorem 1.1]. Huang independently constructed a non-product metric on
$3 x 87 [11, arXiv v2, Theorem A]. For Boshm’s sequences, the number of negative Lichnerowicz
eigenvalues on transverse-traceless tensors tends to infinity [22, Theorem 4.3].

Eschenburg-Wang established local existence for invariant Einstein metrics near a singular orbit
[8]. In the doubly warped family, Lemma 3.1 and Corollary 3.2 give analytic dependence on the
Einstein constant. B6hm’s complete Ricci-flat caps [3] determine the small-cap asymptotic, whose
logarithmic parameter derivative is given in Proposition 5.2.

The metric hp need not be homogeneous, and Q need not be orientable. All integrals are taken
with respect to the Riemannian density.
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2. BOUNDARY VARIATION
At the boundary of a Riemannian manifold, let v be the outward unit normal and put
I(X,Y) = g(Vxv,Y), H=try, IL
For a symmetric two-tensor h, write hT for its restriction to TOM.

Lemma 2.1. Let g(s) be a smooth family of metrics on a fixed compact n-manifold with boundary, n > 3,
such that Ricg(s) = Ag(s) for a fixed A # 0. Suppose that IM is minimal for every s. If h = 95g(5s)|s=o,
then

2AasVng(Qﬂ&0:r—jQMﬂLhT)dA. (2.1)

Proof. Put ¢ = (n—2)A/2 and

I(g)=—/(scalg—2c)dVg—2/ Hg dA,.
M oM

The first variation formula for this functional [1, arXiv v6, (4.15)-(4.17)] is
DI,(h) = / {Ricy —1scaly g+ cg, h) dVy + / (II-Hg",h") dA,.
M oM

Here II = %(EV g)", with v outward. Along the given family the interior integrand vanishes and
I(g(s)) = —2AVol(g(s)). Since H = 0, differentiation gives (2.1). For a nonorientable M, apply the
same formula to its orientation double cover and divide both sides by two. O

3. THE SINGULAR INITIAL VALUE PROBLEM

Fix integers p, q > 2, putd = p+q, andlet (Q9, hg) be closed and connected, with Ricp, = (g—1)hg.
Write y, for the unit round metric on SP. On an interval where a, b > 0, consider

g=dt* + a(t)zyp + b(t)th, Ricg = Ag. (3.1)

Put A=d’/a,B=b"/b,and H = pA + gB. The mixed components of the Ricci tensor vanish, and
its diagonal components are

Ricy(9;, ;) = —H' — pA® — qB%,
Ricg|rsr = ((p—1a? — A"~ HA)glrsr,  Ricy|rg = ((— 1)b™? — B’ — HB)glro.
Thus the tangential equations are
A =(p-1a?-HA-], (3.2)
B =(q—-1)b"* -HB- A (3.3)
Their trace, together with the radial equation, gives
H? — pA® —qB* = p(p—1)a* +q(q—1)b™* = (d — 1A (3.4)

These equations depend on hg only through its Einstein constant. For the general cohomogeneity-one
singular initial-value problem, see [8].

Lemma 3.1. Let I C R be a compact interval. There is ty > 0 such that, for each A € I, a unique pair of
even analytic functions f, g = O(t?) gives a solution

a(t) = tel®, b(t) = e8® (3.5)

of (3.2)—(3.4) on (0, ty]. The functions depend analytically on A. The metric extends smoothly over the
zero section of DP*! x Q.
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Proof. With & = a as independent variable, put v = @’ and w = b’. The tangential equations become

(p-DE*-1) qw A

&v b v’
—1)(1—-w?)/b—Ab
b o, o P2 @ DO /b0
£ v
The initial values are v(0) = b(0) = 1, w(0) = 0. Set
-1)/b—2Ab C(b,))/b+ A
cpay= A=V/b=Ab gy aCODbEA 9
+1 2p (p—Db
and
v—1 w 9
]*2?, W,r:?, Z=W,-C, X=J,—D+nZ, E=1+¢&].
Thus . =D+ X —nZand W, = C+ Z. Put
o —1J? + AL 1)CJ. —1)W?
=W po@oDEAM e et DCR (G- DWE/b
E E E
The equations are
gbg = ngo, §/1§ =0, (3.6)
£Z: = —(p+ 1)Z + £°F, EXy = —2pX + EX(Fy + nFy + mp R 2). '

The linear term in Z in the last equation vanishes because (p — 1)y = q/b. The F; are analytic near
(£,,1,X,7) =(0,1, 4,0,0), where b = E = 1.

In [16, arXiv version, Theorem 3], take (b, 1) as regular variables and (X, Z) as the remaining
variables. The positive coefficients are 2p and p + 1, and all powers in the regular terms are 2. The
theorem gives a unique solution, analytic in (£, A¢), with

b(0)=1, M0)=2ly, X(0)=2(0)=0, b—1,X,Z=0(&).

Since the right sides depend on ¢ through &%, uniqueness makes b, X, Z, and hence J, Wi, even in &.
The geodesic coordinate

Ear
t(€, Ao) = /O 1+ 02J.(C, Ao)

is odd and analytic, with (0, 49) = 1. Its analytic inverse a(t, Ao) is odd and equals t + O(#*); the
composite b(a(t, Ag), Ao) is even and equals 1 + O(t?). Thus f = log(a/t) and g = log b are even
analytic and O(t?). Conversely, any such pair gives even analytic J., W.; the constant terms of their
equations force W,(0) = C(1, 1) and J.(0) = D(1, ). Hence X, Z = O(¢?), and uniqueness in (3.6)
gives uniqueness of f, g. A finite cover of the compact interval I by these parameter neighborhoods,
with uniqueness on overlaps, gives a common neighborhood of [—t, t] x I. Every fixed mixed t- and
A-derivative is bounded on this compact set.
For x € RP*!, put t = |x| and A,(t?) = /). Then

— A,
dt® + azyp = A(IxP) Z dx? + x |§|x| ) <Z X dxl> .

Since A.(0) = 1, the quotient is analytic in |x|?, as is b* = ¢28() The metric therefore extends
smoothly, with value equal to the Euclidean normal metric plus hg at the zero section.
The tangential equations and the vanishing mixed Ricci components give

scalg = —H’ — pA* — gB® + d).
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This function is constant on each level. For L = A Its» @ B I7(, the tangential equations are the metric
and shape-operator equations of [8, author manuscript, Lemma 2.2]. That lemma gives

(Ricg(at, dr) — )L) a’?b??  constant in t.

Smoothness at the zero section bounds the Ricci tensor, while a??b?? = O(t?P). The constant is zero.
Thus H' = —A— pA? — qB?, and the trace of the tangential equations gives (3.4). The Einstein equation
extends across the zero section by continuity. (]

Corollary 3.2. For s > 0, let g, be s* times the normalized metric of Lemma 3.1 with A = ds*. In
its geodesic coordinate it has Einstein constant d and initial values as(0) = 0, a%(0) = 1, by(0) = s,
b/(0) = 0. Set

@(t) = slay(st),  by(t)=sb(st), Y, =(a, b a, b))

These are the normalized functions of Lemma 3.1 with A = ds?. Let Y, denote the normalized Ricci-flat
solution. For every fixed T on which Y, is regular for t > 0, there is st > 0 such that, for each integer
j 2 01

IYs — Yolciqo 1y + 1595 Yslcigo,rpy < Crjs° (0 <s<s7).
The parameter derivative is taken at fixed rescaled geodesic coordinate t.

Proof. Let Y(t, ) be the normalized family of Lemma 3.1. Scaling and uniqueness give Y,(t) =
Y(t,ds?). Choose ty € (0, T) in the common initial interval. For t > t, the regular equation is
Y’ = F(Y, 1), where Y = (a, b,v, w) and

F(Y, ) = (U, W, (P -1 —1)2) _Quw ra. (q -1 - W2)  pow _Ab> |
a b b a

The Ricci-flat trajectory on [ ty, T]is compactin{a, b > 0}. The smooth-flow theorem [21, Theorem 6.1],
applied to (F,0), extends Y smoothly to a neighborhood of [0, T] x [-Ar, A1] for some Ay > 0. Every
fixed C/([0, T]) norm of 9,Y is bounded there. For ds? < A7,

ds?
Y(t,ds?) - Y(,0) = / 2, Y(t,A)dA, s9sY(t,ds?) = 2ds?9,Y(t, ds®).
0

These identities prove both estimates. O

4. RICCI-FLAT CAP ASYMPTOTICS

Fix 4 < d < 8. Take A = d for the caps and A = 0 for the Ricci-flat cap. Define

-1 -1
a=agre?™d b= byre /4, al = 57_ T bi = 72_ oY= x', z=ry, o=logr. (4.1)

Thus r = (apbq/(agbg))l/d and x = log(a/ag) — log(b/by). Put

—2gx/d 2px/d
co_PD_ g P g
2(d—1) d

The function K is strictly convex and tends to infinity at both ends of R. Since K(0) = 1 and K’(0) = 0,
it satisfies K > 1. Also K”/(0) = 4pq/d>.

vo = abby. (4.2)

Lemma 4.1. For a cap with A = d, before the first zero of H one has r’ > 0 and
% 4+ 1% = K(x) + k2%, (4.3)

d-1
Xo = Z/fa 25 = _(d - 1)2 + T(e_qu/d - eZPX/d): (44)

f= \/K(x) +xkz2—r2=7r. (4.5)
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For
1 K(x)-1
A=-22+ K -1 , (4.6)
2K
the geodesic derivatives satisfy
/ 2
A =—(d-1=2 r? 4+t =1+ 2kA, r =—r— p—gz—. (4.7)
r ds r
Proof. The definitions give
/ / / 7\ 2
A:r—+gy, B:r——gy, H:dr—, pA* +qB* =d - +ﬂy2.
r d r d r r d

Ast | 0,H = p/t+ O(t) > 0; hence r’ > 0 until its first zero. Moreover,

p(p—1)a?+q(qg—1)b"%* = d(d — 1)r *K(x).

Substitution in (3.4) gives (4.3). Subtracting the tangential equations and observing that A— B =y
gives
/

y = —dr—y +(d — 1)r (e 2ax/d _ g2px/d), (4.8)
r
Consequently
’ r’ d—1 s4x/d _ 2px/d
7 = —(d—1)—z+ ——(e20¥/d _ 2px/d)
r r
Division by ¢’ = r’/r gives (4.4). Finally,
K'(x) = —2x(d — 1)(e 29/ — ¢2px/d), x'=z/r,

s0
d-1 K’ d
- z(e72ax/d _ g2px/dy 4 z(er)z =—(d- 1)%22.
The constraint is r’? + r? = 1 + 2k.A. The radial Einstein equation H' = —d — pA% — qB? gives
r// r/2 r/2 Pq
d(—) ——d-at; Py

r r2 r2

’ r’
A :—(d—1)7z +

This proves the last identity in (4.7) wherever a, b > 0, including at a regular minimal hypersurface.

Il
For A = 0, the same calculation gives r’> = K(x) + kz? and (4.4) with f = K(x) + xz%. The
energy identity in o is A, = —(d — 1)2°
Lemma 4.2. The normalized Ricci-flat cap exists for all t > 0, is complete, and satisfies U = (x,z) — 0
as r — oo, Moreover,
a(t)/t = ay, b))/t > by, d'(t) > ag, b'(t) > by.

Proof. For Q = S9, the product action of SO(p + 1) x SO(q + 1) on R?*! x $9 has principal orbit S? x S,
singular orbit S, and invariant principal-orbit metrics a’y, + b?y,. The product submersion onto S
has zero O’Neill tensor. Thus the parameters in [3, §11] are

k=p>2  do=gq  Ric®=q-1, [Al=0, D=(qg—17%>0.

Theorem 6.1 of that paper, whose case r = 0 is treated in §11, gives a complete Ricci-flat cap. The
uniqueness theorem [2, Theorem 2.3], recalled in [3, p. 174], identifies its profiles with those of
Lemma 3.1 after normalization. If (ay, by,) denotes the profiles with initial data (0, 1, h, 0), homothety
gives

ap(t) = hay(t/h),  bu(t) = hbi(t/h).



8 ANASS NIFA

Hence every h > 0 gives a complete cap. For linear Ricci-flat profiles a = nt, b = £, the tangential
equations give (p — )2 = (¢ — 1) 2 = d — 1. Convergence Theorem 11.1 and the geodesic-time
convergence in [3, §10, pp. 171-172] therefore give

(an, bp) — (aot, bot)  in Cigc((0,00))  (h | 0).

Evaluate this convergence and its first derivative at t = 1, with h = 1/T. The scaling identities give
the four stated limits.

For general Q, the scalar equations and normalized initial values are unchanged. Their analytic
solution and regular continuation therefore have the same positive profiles. The metric is smooth
at the zero section by Lemma 3.1. Its radial sublevel sets are compact and |dt|, = 1 for ¢t > 0; every
curve leaving all compact sets has infinite length.

The profile limits imply r/t — 1, x — 0, and

N SN W
“t\a/t b/t

Near zero, r = Ct?/4(1 + O(t?)), with C > 0 and r’ > 0. The constraint > = K + kz® > 1 preserves
this sign. Thus r increases from zero to infinity. ]

Lemma 4.3. Suppose 4 < d < 8. For the normalized Ricci-flat cap, there is c € R? \ {0} such that

Ure(r) = roe + O(r2%), Ag = (_2(;_ 1 _(dl_ 1)> . (4.9)

Here a, § are given by (1.2). For every fixed j > 0, the remainder after j applications of ra, is also
o(r—2%),

Proof. The Ricci-flat vector field F is holomorphic near zero: the analytic function K(x) + xz? has
value one there, so its square root has a holomorphic branch with value one. Moreover, F(0) = 0 and
DF(0) = Ap. The eigenvalues A, = —a + iff have a, f > 0, their convex hull does not contain zero,
and
Re(kAy + A —A)=—(k+t—1)a <0 (k,t€Zsy, k+€>2, ¢ €{+,-}).

There are no resonances. The Poincaré linearization theorem [6, arXiv version, Theorem 1.2] gives
a holomorphic local diffeomorphism L, with L(0) = 0 and DL(U)F(U) = AoL(U). Its linear part
commutes with Ag; multiplication by its inverse therefore makes DL(0) = I. On real U, the real part
Lr = Re L still satisfies the conjugacy equation and has derivative I. Its real analytic inverse has the
form h(V) = V + O(|V?).

For all sufficiently large o = log r, Lemma 4.2 places the cap in this neighborhood. Then

V(o) = Lp(Upp(e?)) = e, ceR2
If ¢ = 0, regular uniqueness would give x = 0 throughout the cap, hence a/ay = b /by, contradicting
a(0) =0, b(0) = 1. Thus ¢ # 0.

The distinct eigenvalues of A, give |V(o)| = O(e™#?). Put R(V) = (V) — V and .Z = (A)V) - Vy.
This derivation preserves the order of vanishing at zero, so every .#/R vanishes to order at least two.
Hence, for each fixed j > 0,

I R(V(0)) = (ZL'R)(V(0)) = O(e™>*7).

Since Ugr = V + R(V), this proves the assertions. O

5. DEPENDENCE ON THE CAP PARAMETER

Fix rp € (0,1) and write U = (x, z)T. Constants in this section may depend on p, g, r; dependence
on an additional parameter R is indicated by a subscript. On 0 < r < ry the shape equation for A = d
has the form

(1- rz)_l/z) . (5.1)

U, = A(r)U + N(r, U), A(r) = (—Z(d . 1)(01 _ 2 (d—1)
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Since f > /1 —r¢ > 0, its vector field is smooth also at r = 0 for U in a fixed ball. Its value at U = 0
is zero and its derivative there is A(r). Taylor’s formula therefore gives
IN(r, U)l < C|UP,  [DuN(r, ) < ClUJ, (5:2)
uniformly for 0 < r < r in that ball. Also A(r) — Ay = O(r?).

Lemma 5.1. The linear equation in (5.1) has a unique fundamental matrix with r~®(r) - I asr | 0.
It satisfies

o(r) = r(I+0(r%),  |@(N®(P) | < C(r/p)™*, &) < Cr (5.3)
foro<p<r<m.
Proof. Put s, = —a =i, e, = (1,s;)", and E = (ey, e_). Then AyE = E diag(s,, s_) and
Ir) < crme, e < e
Elimination of z = V1 — r2 rh’(r) gives

_ 2 _
d—@d+nrt , 2d-1,

217/
rh +
1—}’2 1_r2

(5.4)

The coefficients are even and holomorphic at zero. The indicial roots s.. differ by 2i ¢ Z. Frobenius
theory [15, §2.7(i), (2.7.3)-(2.7.5)] gives conjugate solutions k. = r*(1 + O(r?)), with differentiated
remainders; uniqueness of the normalized analytic factors gives their evenness. Set

hy B »
b= (g ) =G

The conjugate columns make ® real, and

(Y4, =) = (E + O(r*)) diag(r**, r*).

Since both exponents have real part —a, Y = r~4® = I+ O(r?). The matrix ® extends as an invertible
fundamental matrix to (0, ], so Y, Y~! are bounded there. The identities

o(r)@(p) " = rY(NY(p) p Y, BT =Y ()

give (5.3) and |®(r)| |©(r)~!| < C. If ® has the same normalization, the constant matrix ®~'® tends
to I at zero; hence it equals I. 0

Proposition 5.2. Let Us be the cap with A = d and noncollapsing radius s. For all sufficiently small s, it
reaches r = ry before its first minimal hypersurface, and

Us(ro) = ®(ro)s ¢ + o(s%), (5.5)
sd3Us(ro) = —®(rp)s M Agc + o(s%), (5.6)
where ¢ # 0 is the vector in (4.9). The parameter derivative is taken at fixed r.

Proof. Let R be large and fixed. In rescaled geodesic time 7 = t/s, the volume radius satisfies
rs(st) = s75(r), while x and z are unchanged by the rescaling. The equation 7,(7) = R has a unique
solution and derivative 7; > 1. On a compact interval containing this solution, Corollary 3.2 and the
implicit function theorem give a smooth solution 74(R). Its dependence is through ds?; the derivative
with respect to this variable is bounded for fixed R. Thus

7(R) = 7o(R) = Op(s®),  59575(R) = Or(s").

The rescaled radial derivative is positive up to this section. For small 7, Lemma 3.1 gives

7(7) = gvgl/drp/d—lu +0(z2)),
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with a remainder uniform for small s. This derivative is therefore positive on a common initial interval.
On the remaining compact interval it converges uniformly to 7 > 1. Composition with 7,(R) gives

Us(sR) = Urp(R) + €r(s), ler(s)] + [sep(s)| < Crs®. (5.7)
By Lemma 4.3, there are Ry, K > 0 such that
|Urr(R)| + [(Urp)s(R)| < KR (R>Ry).

For each fixed R > Ry, choose sg > 0 so that sgR < rg and CRsl% < R™“. Constants without a subscript
R below are independent of R > R; and 0 < s < sg. The number sz may be decreased separately for
each fixed R. As long as the solution stays in the ball of (5.2), variation of constants gives

[Us(rl < C(r/(sR))"“|Us(sR)|
r Y d
vc [ @loriuger. 58)
sR P
Put My(r) = suppe <, (p/$)*|Us(p)l. The bound R*|Us(sR)| < K + 1 is independent of R, s. Multipli-
cation by (r/s)* and integration of (s/p)* dp/p give
M(r) < Cy + C1R™*M,(r)*.

Increase Ry so that 4CoC;R7* < 1/2 and the ball of radius 2CyR]* lies strictly inside the fixed shape
ball. The continuous function M; starts below 2C,. At a first point where it equalled 2Cy, the preceding
inequality would give 2Cy < Cy + 4C1R™%C5 < 3Cy/2, a contradiction. Thus

Us(nI < C(s/r)*  (sR<r <) (5.9)

For each fixed s, this bound and sR < r < ry keep a, b bounded above and away from zero. The

formulas
s k) vt (st

keep @’, b’ bounded as well. Hence the original regular first-order system continues until r = ry. The
geodesic time is t(sR) + /., f~* dp; it is finite because f > \/1 — rZ > 0. Thus r/ = f > 0 throughout
this interval.

Smooth cap dependence and transversality of every radius section give a smooth function s —
Us(r) for fixed r. Put Wy = sd;Us at fixed r. Differentiation gives

(Ws)o = (A(r) + DyN(r, Us)) Ws. (5.10)
The chain rule on the moving section is sd% Us(sR) = Wi(sR) + (Us)s(sR), so
Wi(sR) = —(Uy)s(sR) + Og(s?). (5.11)

The vector field for A = d at (sR, Uy(sR)) differs from the Ricci-flat vector field at Urg(R) by Or(s?).
After decreasing s, the initial bound is therefore |W(sR)| < CR™®. For Y, = ® ! W, equation (5.10)
becomes

(Yo =@ 'DyN(r, U)®Y,,  |®7'DuN(r, Up)®| < C|U|.

One has |Y;(sR)| < C(sR)*R* = Cs*, and
o d
/ U(r)| = < CR ™.
sR r

Gronwall’s inequality [21, Lemma 2.7, (2.36)] gives | Y;(r)| < Cs*e“®™”, and hence |W,(r)| < C(s/r)®.
The two nonlinear integrals satisfy

0 _ dr
100 (NG Ul + DN U W) S
s no (5.12)
< Csza/ r%— < Cs"R7%
SR r
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Also ®(sR)™! = (I + Or(s?))(sR)™ and (sR) ™A R% = s~ Thus (4.9) and (5.7) give
O(sR) 'U,(sR) = s ¢+ O(s*R™%) + Ox(s*™?). (5.13)

The differentiated Ricci-flat asymptotic is (Ugg), (R) = R4 Agc + O(R™2%). Multiplication of (5.11) by
®(sR)™! therefore gives

O(sR) ' Wi(sR) = —s M Agc + O(s*R™%) + Op(s**?).
Set
Eos = Uy(ry) — ®(rg)s e, E1s = Wi(ro) + ®(rp)s ™ Age.
Integrating the equations for ® ! U; and ®~! W and applying (5.12) yields, for every fixed R > Ry,

limsup s™“(|Eo 5| + |E1]) < CR™“. (5.14)

sl0
The left side is independent of R, and the constant C is uniform for R > R;. Given € > 0, choose R
with CR™ < € and then let s | 0 with this R fixed. This proves (5.5) and (5.6). O

Lemma 5.3. Every cap with A = d reaches a unique hypersurface {t} x S? x Q with H = 0, at a time
Ty < m/2. Its data on this hypersurface depend smoothly on the initial cap radius s > 0. Near the
sine-cone, the transition from r = ry to the section H = 0 is a smooth local diffeomorphism taking zero
shape data to zero shape data.

Proof. The radial equation gives

H2
H =-d— pA* — qB* = —d — o %q(A— B)?%, (5.15)

and therefore
_PgA-BF
d* + H?

For Q = S9, existence of a zero is [2, §4(e), pp. 156-157], with ds = p, dp = q, dp = k = d, |A| = 0,
Ric? = g—1 > 0and D = (¢—1)? > 0. His mean curvature is £ = pw’/w+dh’/h = H, since w = a/b
and h = b. For general Q, the normalized profiles coincide with the round profiles by Lemma 3.1 and
regular uniqueness. Equation (5.15) makes the zero unique.

Ast | 0,H=p/t+ O(t)and A— B = t~! + O(t). The last integrand in (5.16) tends to q/p > 0.
Integration gives

% arctan(H/d) = —1 (5.16)

T. 2
n * pq(A—B) n
T, =—— ——dt < —.
T2 Jo d?+H? 2

The cap depends smoothly on s on regular compact intervals. Since H” < —d at the zero, the implicit
function theorem gives smooth dependence of T and its induced data.
Put 0 = r’ and

¢ ={F =0}, F(r,w,x,y) = 0* + r* — K(x) — kr*y?. (5.17)
The geodesic vector field is

r=w o =-r-— %ryz, =y ¥y = —d%y +(d — 1)r3(e72ax/d _ g2px/dy,

It is smooth for r > 0. The identities x(d — 1) = pq/d? and K’ = —2x(d — 1)(e 729/ — ¢2P*/?) give
F’ = 0. Along the sine-cone segment from r, to its equator,

(r,w,x,y) = (sint, cost,0,0), dF = (2r,2w,0,0) = 0.

Thus % is a smooth three-manifold near that segment.
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Atr=ry, w=1- rg > 0: the section is transverse, and solving F = 0 for w gives coordinates
(x,y). At @ = 0, the sine-cone has r = 1, ’ = —1 and 9, F = 2: this section is also transverse, with
coordinates (x, y) obtained by solving for r. Smooth flow on the intervening compact segment and
transverse hitting give a smooth transition Py,,. Backward flow gives its smooth local inverse. At the
initial section z = ryy, so

Jn(2) = (e.z/m). P =Pyyotu.  DP(0) = DPy(0) (é r(‘)fl). (5.18)

Both factors are invertible. O

When Q = S7 is round, interchange (p, a) and (q, b). This gives the cap in which the S? factor
collapses. The volume radius r is unchanged, while the exchanged shape coordinates are (—x, —z).
The matrices Ay and A(r) depend only on d, so the same fundamental matrix ® occurs. If ¢ # 0 is the
Ricci-flat coefficient for the exchanged dimensions, the second cap therefore satisfies, in the original
coordinates,

U (r0) = D(ro)s ™ c; + o(s),

—A ¢t =—c=+0.
$9sUy 5(r0) = —®(r9)s ™ Agey + 0o(s%),

If P is the hitting map of Lemma 5.3 for the exchanged dimensions, then the hitting map in the original
coordinates is Y = —P(-Y). Writing K,, ;, for the function in (4.2), the identity K, ,(—x) = K, 4(x)
and uniqueness of the geodesic flow identify this map with P.

6. THE EQUATORIAL EQUATION AND GLUING

Let I'_(s) = (x, y) be the data on the first minimal hypersurface of an a-collapsing cap. For a
round fibre, let ', (s) be the data of a b-collapsing cap, in the same (x, y) coordinates. In both cases
the radial normal points out of the cap. The sine-cone has data on the minimal hypersurface (0, 0).

6.1. The equatorial Wronskian. The shape equation, linearized at r = sint, x = y = 0, is
u’ +dcottu +2(d—1)csc’ tu=0. (6.1)
Here the primes denote differentiation in the geodesic variable t.
Lemma 6.1. For4 < d < 8, there are constants y, v > 0 and &4 € R, depending only on d, such that
pv — 85 = B2 (6.2)

There is a pair u., v, € C, depending only on d, and for each cap type a constant C € C \ {0} such that

I'(s) = Re [Cs“‘iﬁ <Ze>

+ o(s%), (6.3)

e

(a~ip)Cs™ ()
v

e

sI’(s) = Re + o(s%). (6.4)

Consequently, for positive constants c1, cz,

re N o _[(a+dq —u
sT"(s) = BaI'(s) + o(s%), By = ( y - 5d> , (65)

c15%* < T(s)| < ez5%.

Proof. Let h, be the normalized Frobenius solution in the proof of Lemma 5.1. The function u(t) =
h(sin t) satisfies (6.1) for 0 < t < arcsin ry. The normalization of h, gives

u(t) = P Z a;t*, apg =1,
>0
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with convergent series near zero. Thus u = t~**#(1 + O(t?)) and tu’ = t*"#(—a + i + O(t?)).
The solution extends to 7/2 by [21, Theorem 3.9], whose continuous-coefficient hypothesis holds on
(0, r). This normalized solution depends only on d. Equation (6.1) gives

d
E(sind tﬁu/) =sin? t|u/]> — 2(d = 1) sin® % t |uf® € R.

Hence sin® t Im(7u’) is constant. Since %y’ = 72 1(—a + i + O(t?)), this constant equals f3, since
d—2a—1=0.Put

ue = u(r/2), ve= u’(ﬂ/Z), H= |ue|2’ V= |Ue|2a 84 = Re(ueve). (6.6)
Then

Im(wev,) = > 0. (6.7)
This gives u,, v, # 0, (6.2), and a real fundamental pair Re u, Im u.
Let ¢ = (cy, c;)" # 0 be the coefficient of Proposition 5.2, and put
¢+ ac

sy =—a+if, er =(1,s1)", C=cy—i—=—2=, (6.8)

p

Thus Age; = sie;, ¢ = Re(Ce,), C # 0, and s ¢ = Re(Cs*#e,). For 0 < r < 1, define
T

Y(r) = (u(arcsin r), ru’(arcsin r)) (6.9)

By the construction of ® in Lemma 5.1, ¥/(r) = ®(r)e; for 0 < r < ry.

Let P be the hitting map in (5.18). At the initial section r = ry, a pure shape variation has
6r = 8w = 0: K’(0) = 0, and the y terms in the constraint are quadratic. The linearized radial
equations are (6r) = §w and (§w)’ = —4&r. Thus both variations vanish up to the final section. The
variation of the hitting time is —§w/®’ = 0, since «’ = —1 at the equator. The remaining linearized
equation is (6.1). Extending the real differential DP(0) complex linearly gives

DP(0) d(r)es = (e, ve)". (6.10)
Write P(Y) = DP(0)Y + R(Y), where |R(Y)| < C,|Y[?> and |DR(Y)| < C,|Y|. By Proposition 5.2,
both Us(ry) and sd;Us(ry) are O(s*). Consequently
IR(Us(r0))| + IDR(Us(ry)) s95Us(ro)] = O(s**).

The second term is the logarithmic derivative of the composed remainder by the chain rule. Equations
(6.8) and (6.10) now give (6.3) and (6.4).
For the leading term, set w = Cs*u,. Then
_ 64Rew—fImw
P .

x = Rew, y

Since sdsw = (a —if)w,
sdsx = (a + 8a)x — py, sdsy = vx + (a — 8q)y.

Here (85 + f*)/p = v by (6.2). This gives By. This real linear map from w to (x, y) is invertible, and
|w| = |Cu,|s*. The two norm bounds follow, including the o(s*) remainder. O

A continuous angle lift of a sufficiently short cap curve satisfies

do 226 2
= XY TR | o). (6.11)
dlogs x% + y?

The error in this formula is 0(1) because |['(s)| > ¢;s%. The numerator is positive definite by (6.2).
Thus the angular velocity is bounded above and below by positive constants, and 8(s) - —c0 as s | 0.
Normal reversal is

S(x, y) = (x,—y). (6.12)

It reverses the orientation of the angle.
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Proposition 6.2. For a round fibre there are s;, t; | 0 such that

F_(sj) = SF+(tj) = Zj *= 0, |Zj| = S;-x = t;-z. (613)
They give smooth Einstein metrics on S*1. For every (Q,hg) in Theorem B, there are s; | 0 with

I'_(sj) = (x},0), x; # 0. Even reflection gives a smooth Einstein metric on SP*! x Q.

Proof. For Q = S9, apply Bohm’s construction [2, Theorem 7.3, pp. 172-174] to the product action in
Lemma 4.2, with

ds = p, do =gq, dp=d, k=d, IA| = o, Ric® = g—1>0.

The dimension hypotheses are p,q > 2 and d < 8. For every sufficiently small ¢ > 0, the two
curves on [2, p. 173], restricted to initial parameters in (0, £), converge to the cone point and have
unbounded opposite angle lifts [2, Lemmas 7.1-7.2]. The intersection construction in the proof of
the cited theorem therefore gives a spherical gluing with both initial parameters in (0, €). Taking
e | 0 gives s, t; — 0; a subsequence makes both sequences strictly decreasing. Their unique minimal
hypersurfaces coincide (Lemma 5.3). Thus I'_(s;) = ST'+(t;) = Z;, and (6.5) gives 0 < |Z;] = s§ = t¢.
At a regular minimal hypersurface, the constraint and H = 0 give
22— K(x) q p

= , A=-2y,  B=-%y 6.14
1= ky? 77 77 (6.14)

Here r?(1—ky?) = K(x) > 0. Hence any sufficiently small matching I'_(s) = ST'y(t) gives equal r, a, b
and opposite outward derivatives a’, b’. In a signed normal coordinate, the two caps have the same
Cauchy data (a, b, @', b’). Since a, b > 0, uniqueness for the regular Einstein ODE [21, Theorem 2.2]
identifies their smooth extensions across the common hypersurface. The identity product-boundary
gluing of DP*! x $7 and S? x DI*! gives the standard SP*9*1 [2, §7, p. 172].

For reflection doubles, take the round-fibre solutions in [2, Theorem 3.3 and §6, pp. 170-172].
Their initial radii decrease to zero, and their profiles satisfy @’ = b’ = 0 at the middle hypersurface.
Replacing the noncollapsing round factor by (Q, ho) preserves the Einstein equations and the endpoint
conditions [10, arXiv v1, §3.1, paragraph following (42)]. Thus I'_(s;) = (x;,0), and (6.5) gives x; # 0
for all sufficiently large j. At every sufficiently small zero of y(s), (6.14) gives @’ = b’ = 0. The even
extensions of a, b satisfy the same regular ODE and the same Cauchy data; uniqueness makes the
reflected metric smooth. The identity boundary gluing gives SP*! x Q. Smoothness at the two zero
sections follows from Lemma 3.1. (|

6.2. The equatorial constants and geometric spacing.

Lemma 6.3. For4 < d < 8, the constants of Lemma 6.1 satisfy

= —m, |64 < % <a. (6.15)
For the two spherical cap types, there are nonzero vectorsv_,v, € R?® such that
T.(s) = eBalo8sy, + o(s%), (6.16)
sT.(s) = Bal+(s) + o(s%). (6.17)
In particular,
Bs = (322/5 _52/8>’ By = <483/7 _73/16)‘ (6.18)

Proof. Let u be the normalized solution in Lemma 6.1. Put 7 = log tan(t/2) and u = (cosh 7)* f. Since
2a =d—1and a? + f? = 2(d — 1), equation (6.1) becomes

fre + (% + aa + 1) sech’ 1) f = 0.
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With & = —tanh © = cos t, this is the associated Legendre equation of degree a and order —if} [15,
(14.2.2)]. The Ferrers representation [15, (14.3.1), (14.3.3)] gives

u(t) = 2%(sin )T (1 + iB)P, ¥ (cos )
= (sin t)_a(z tan(t/z))"ﬁzF1 (—a, a+1;1+ip; 1_2005‘t> ‘

All powers of positive numbers are defined by the real logarithm. The hypergeometric argument
belongs to [0,1/2] for 0 < t < 7/2, and its denominator parameter 1 + iff is not a nonpositive integer.
Its convergent series at zero gives u(t) = t~%+*#(1 + O(t?)), with an even analytic quotient of value
one at zero. Thus the normalization agrees with that of Lemma 6.1.

The Ferrers values at zero [15, (14.5.1)-(14.5.2)] give

) JET( +ip)
T TA+ (@ +ip)/2T((1 - a+if)/2)
: 2rT(1+ip)

T+ a+if)/2)T((—a +if)/2)

The derivative formula includes d(cos t)/dt = —1 at t = x /2. The identities hold for the complex
order —iff by holomorphy of the regularized hypergeometric function in its parameters [15, §15.2(ii)].
Every Gamma argument in the denominators has imaginary part /2 # 0; the factors are finite and
nonzero [15, §5.2(1)].

Setk =if, z=(—a + k)/2,and w = (1 — a — k)/2. The reflection and recurrence formulas [15,
(5.5.1), (5.5.3)] give

(6.19)

Ve

_ 22T(1 - KrQ+k)
" T()I(1 — 2)I(w)I'(1 — w)
_2F(1 - kI + k)
B T

tk  #p
sin(rk)  sinh(zf)’

Uele

sin(rz) sin(rw),

T(1 - K1+ k) =

Moreover,

. ) . [ —ra+ nk ma+ rk
2 sin(mz) sin(rw) = 2sin —Jeos(—5—

) = sin(rrk) — sin(ra).

Consequently,
B sin(ra)
sinh(f)
Taking real parts proves the identity in (6.15). The inequalities follow from sinh(zf) > #nf and
a>3/2.
For @ = 2,3, recurrence and duplication [15, (5.5.1), (5.5.5)], applied to (6.19), give

_ [(/5‘2 + D/ + 4. a=2,
BB + /(B + D +9). a=3.

In these two cases 64 = 0 and v = 82/p. The values (a, f?) = (2,4) and (3, 3) give (6.18).

The leading term in (6.3) satisfies the constant-coefficient equation with matrix B,. Its value
atlogs = 0is vy = Re(Cy(ue,ve)"). The map C — Re(C(ue,v,)") is invertible by (6.7), so vy # 0.
Equations (6.3) and (6.4) give (6.16) and (6.17). O

TUele = iff —

Proposition 6.4. For every pair in (1.2), there are constants S_, S, > 0 and a sequence of smooth spherical
gluings with strictly decreasing cap radii sj, t; | 0 such that

sj=S_e P11+ 0(1)), tj = S,e /P14 0(1)). (6.20)
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Their common data Z; = T_(s;) = SU'y(t;) satisfy
R(Z;) = Ree ™/F(1+ 0(1)),  R.>0,

6.21
R(x,y)* = vx* + uy*. (621)
Proof. Put § = 84, £ =1logs, P = n/p, and
o ) J (b =)
D == s = Vv = 2 —+ 52, N = .
Then
DB4D™' = al + N, N? = —p1,
e B (6.22)
e =TIcos(f) + p~" N sin(f?).
Write

Z:E([) = Dri(ef), Wi(f = e(aI+N)[DUi.
Equations (6.16) and (6.17) give
|Z — Wel + |Zi - W.| = o(e*).

The matrices ¢! and eV are bounded on R. Since v, # 0, the quantities e~*/|W,(¢)| have positive
upper and lower bounds. The same holds for e"*¢|Z, (¢)| on a sufficiently negative half-line.
Let

L. =log|Z,], L = log|W.],

and choose angle lifts 0., 6 of these curves. Identifying R? with C, the quotient 7, /W, tends to one.
Its argument near one fixes lifts for which

Ly — L% = o(1), 0, — 02 =0(1) (£— —c0). (6.23)

Polar differentiation gives

L, = a+ &cos(20) + o(1), (LYY = a + 8 cos(262), (6.24)

0L =y — §sin(260.) + o(1), (%) =y — §sin(269). (6.25)
Set

m=a—|5>0, M=a+]|d|, c=y—|8|>0, C=y+]|d|

The leading derivatives satisfy
m < (L)Y < M, c<(0)y <cC.
For all sufficiently negative ¢,
L.(0) > m/2, 0.() > ¢/2. (6.26)
Equation (6.22) implies W.(f — P) = —e"*’ W.(f), and hence

L3(¢—P) = LS(¢) — aP, 02(¢—P) = 0%(¢) — . (6.27)
For z € R\ {0}and 0 < h < P,
det(z, eth) = Sml(‘fh)(y|z|2 - 25212'2) >0,

since y > |8] and 0 < fh < 7. Applying this to z = W, () and using W, (¢+ h) = e*"eN* W, (¢) gives,
by continuity of the angle lifts,

0<00(e+h)-0%D <z (0<h<P).
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At h = P, eN? = —T; the angle increment is therefore 7. This proves the angular identity in (6.27).
Each LY is a strictly increasing bijection of R. Define Ty : R — R by

L2(0) = LY(To(0).
The derivative bounds and (6.27) give

MRS, Te-P)=T0-P (6.28)

Thus L(¢) — at, 62(¢) — B¢, and Ty(£) — £ are P-periodic. Define
Fo(€) = 62(0) + 62(To(0)).

Then
c(1+m/M) < Fy(6) < C(1+ M/m), Fo(¢—P) = Fy(¢) — 2. (6.29)
There is a unique ¢, € R with Fy(£.) = 0. Put m, = To(£:). The solutions of Fy(f) = =2 j are
&=t —jP, To(£)) = m. — jP. (6.30)

By (6.26), for every sufficiently negative ¢ there is a unique T(¢) such that
L_() = L (T(0).
The function T is smooth, T” > 0, and T(f) - —o0 as £ — —oo. The radius bounds give
L.(f) = at+ 0(1), LY(6) = at+ 0(1),
and therefore T(£) — £ = O(1) and Ty(£) — £ = O(1). Write n. = Ly — L% = 0(1). Subtracting the two
radius equalities yields
LU(T() — LY(To(®) = 1-(&) = n+(T()) = o(1).
Since (L%)’ > m, the mean-value theorem gives
T() — To(£) = o(1). (6.31)
Put F(£) = 0_(¢) + 0.(T(#)) and e, = 6, — 02 = 0(1). The bound (6%)" < C gives
[F() = Fo(O] < e~ (O] + e+ (T(O))] + C|T(£) — To(O)] = o(1).
Moreover,
F'(0)=0(0)+0(T@)T'(£) >0

on a sufficiently negative half-line, and F(£) - —co as £ — —oo.

For every sufficiently large integer j, there is therefore a unique solution ¢; of F(¢;) = —27j on

this half-line. The solutions strictly decrease to —oo. Set m; = T(¢;), s; = eli, and tj = e™. The matrix
D commutes with S. Thus the radius equality and the phase equation give

F_(sj) = SF+(tj) = Zj = 0.

These are the smooth spherical gluings of Proposition 6.2. Since T’ > 0, both cap sequences are
strictly decreasing.
At these roots,

Fo(£)) = Fo(€)) = Fo(£;) — F(£;) = o(1).
The lower derivative bound in (6.29) implies ¢; — {’(J) = 0(1). Equations (6.28) and (6.31) then give
mj — (m. — jP) = T(;) = To(£;) + To(;) — To(£}) = o(1),
Hence (6.20) holds with S_ = e® and S, = ™.
Finally, set Z. = eB¢%y_ # 0. Since (By — aI)?> = —p%I, equation (6.16) and the root asymptotic
give
Zj=(-1Ye " (Z. + o(1)).
Thus (6.21) holds with
R, = R(Z,) = R(®“v_) > 0.
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7. THE VOLUME ASYMPTOTIC

Let Q = w, Vol(Q, hp) and let V be as in (1.3). Since a?b? = vor?, a level hypersurface has
volume Quor?. Let V_(s) be the volume of an a-collapsing cap up to its first minimal hypersurface.
For a round fibre, let V,(s) be the volume of a b-collapsing cap up to its first minimal hypersurface;
in this case Voo = V) q.

Lemma 7.1. For each cap type,
Voo
lim V.(s) = —. 7.1
im V.(s) = (7.1)

Proof. Write T; for the first minimal time and ry.x = rs(Ts). The radius increases on (0, T;) and
vanishes at the zero section. By (4.7),

r2 =142k A(Fmax) > 1.

max
Fix a sufficiently small r; > 0. Equation (5.5), applied at the section r = ry, gives Us(r;) = O(s%).
Since K(0) = 1 and K’(0) = 0,

K(xs(r))—1 _ a

1
0< Ay(ny) = Ezs(rl)z +

The constant in this estimate may depend on r;. The energy decreases on the increasing branch, and
hence

1<rt  <1+2kAs(r).

max —

In particular, rpax — 1.
The inequality r” < —r in (4.7) gives

r'()* >k —r(t)? (0<t<Ty). (7.2)
Since r’(T;) = 0,
Ts
()% +r(t)? —ri,, = —/ 2r/(u)<r”(u) + r(u)) du>0.

Changing variables from ¢t to r therefore gives

rmax rd
Vi(s) = QUO/ — dr
0 r

) I (7.3)
< Qvormax/O T du.
The last integrand belongs to L!(0, 1).
For0 < <1—ryand r <r <1- 4, the constraint and energy monotonicity give
0<r?=1-r+2ckA,r) <1-r*+2kA,(r).
Consequently
1-6 rd
V.(s) > Quyg (7.4)

dr.
r \/1 —r2+2xkA(r)
On this fixed interval the denominator is at least \/1 — (1 — §)? > 0. Thus the integrand converges
uniformly as s | 0. Taking the lower limit in (7.4), then letting ; | 0 and § | 0, gives

d
dr.

1
liminf V,.(s) > Quy /
sl0 0

1—r?
Equation (7.3) gives the reverse upper bound, since r.x — 1. Finally, r = sint on [0, 7/2] and
sin(;t — t) = sin t, so this common limit is V. /2. O
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Lemma 7.2. For the constants of Lemma 6.1, put Cy = Qpq/d* and
v
QO(x,y) = i (=vx® +2(a + S2)xy — puy*). (7.5)

For each cap type there is a differentiable remainder E.(s) such that

Vils) = T = G + E(s),

E.(s) = o(s*), SE/(s) = o(s*%).

(7.6)

Proof. For s near a fixed positive value, pull the cap back to DP*! x Q by t = Typ, 0 < p < 1. The
function T is smooth by Lemma 5.3. In normal disk coordinates the pullback is the dilation u — T;u,
which is smooth also at the zero section. The cap therefore gives a smooth family on a fixed compact
manifold whose boundary is minimal. For the other cap type the fixed manifold is S? x D7*1,

At its boundary, put Z = (x, y). By (6.14), the density relative to dA,, dAp, is

K(x) )d/Z

7.7
g (7.7)

v(Z) =a’b? =y, <

On a sufficiently small ball about zero, this is a smooth positive function. Its value is vy and its
differential is zero at the origin. Taylor’s formula gives, on that ball,

v(Z) —vo| < CIZI7, IDu(2)| < C|Z|.

The outward second fundamental form has eigenvalues A and B on the two factors. The induced
variation differentiates the boundary values ay(T;) and b(Ty), including the dependence of Ts on s.
Thus

d d
(ILA") = 2pA = log as(Ty) + 2B = log b(Ty)

B d 2pq dx
_2pq dr
~d Vs

Here H = 0 and A — B = x’ = y. Since Ric = dg, Lemma 2.1 now gives

dv, d
OO

Write § = §4 in the next calculation. One has

(7.8)

(7.9)

DO(Z) = Zl)—z{(—vx + (a+0)y, (a+ d)x — yy).

Multiplication by ByZ = ((@ + §)x — py, vx + (a — d)y) gives
DO(2)|ByZ] = vy ((0{ + 8)xy — ,uyz) =00y(BaZ)x. (7.10)
Fix one cap type and write Z(s) = I'.(s). Put £ = log s, Z = sZ’(s), and e; = Z — ByZ. Equation (6.5)
gives
|Z(s)| + |Z(s)| < Cs%, es = o(s%).
For sufficiently small s > 0, define
n(s) = sup u “[ey].

0<u<s

This function is finite, nondecreasing, and tends to zero at zero. Define E(s) = V.(s) — Vo/2 +
CoQ(Z(s)). Equations (7.9) and (7.10) imply

SE'(s) = Co (DQ(Z)] 5] — voy(es)x — (0(Z) — vo)yx).
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The first two terms have absolute value at most C|Z||e,|. The last has absolute value at most C|Z|*|Z|.
Hence

ISE’(s)| < Cn(s)s*® + Cs*. (7.11)
By Lemma 7.1 and Z(s) — 0, one has E(s) — 0. Since a > 0, the right side of (7.11), divided by s, is
integrable at zero. Integration gives

C C
E(s) < — 2y Z gt
|E(s)| < 20{'7(5)5 12’

Thus E(s) = o(s?%); equation (7.11) gives sE’(s) = o(s?%). O

Proposition 7.3. For the sphere matchings and reflection doubles of Proposition 6.2, let Z; = (xj, y;) be
the data on the common minimal hypersurface, with the outward normal of one cap. Then

Qpqug
20d?

for all sufficiently large j. For spheres, Q = w,wq and Vo = V,, 4; for reflection doubles, y; = 0.

Vol(gj) — Voo = (vx]z + ,uyjz) +0(1Zi1*) >0 (7.12)

Proof. The outward data of the two caps are Z; and SZ; = (x;, —y;). For spherical gluings, (6.13) gives
s]2~"‘ =|Zj]* = th"‘. Thus each remainder in (7.6) is 0(|Zj|*). Adding the cap volumes and applying

Q(Z) +Q(SZ) = —%(vxz + uy?) (7.13)

gives the displayed formula. For a reflection double, SZ; = Z;, and the same identity applies to twice
the cap volume; the norm bounds in (6.5) again give an 0(|Z;|*) remainder.
All factors in Qpqu,/(2ad?) are positive, and

va2 + ,uyj? > min{y, v}|Zj|2.

Since Z; # 0 and the remainder divided by |Z;|* tends to zero, the volume excess is positive for all
sufficiently large j. It tends to zero because Z; — 0. O

Proof of Theorem B. The metrics in Proposition 6.2 are smooth and satisfy Ric = dg. By Proposition 7.3,
their volume excesses are eventually positive and tend to zero. After choosing one such term, choose
each subsequent term with excess less than half the preceding excess. This gives the required sequence
of pairwise distinct volumes.

Let M be one of these closed connected manifolds and put n = dim M. Let &(M) be the unit-
volume Einstein moduli space, modulo Diff(M), and let &(M) be its positive locus. The inverse
normalization maps

A,

gr—g=Vol(g)™"g, h y

Ricy, = A(Wh,  A(h) >0, Vol(h) =1,

are continuous and Diff(M)-equivariant. They induce a homeomorphism £;(M) = &,(M), and

S(@) =nd Vol(g)z/", S(h) = / scal, dVy.
M

By [18, Definition 3.1 and Theorems 3.6(2)-(3), 3.9(1)], S is locally constant on the full quotient &(M),
which has at most countably many connected components. It follows that volume is constant on
each connected component of £;(M), so the distinct volumes obtained above give infinitely many
components. The positive locus is a union of components of &'(M); hence both £;(M) and &(M) have
countably infinitely many components. The functional is defined with respect to the Riemannian
density [18, Definition 2.1], so orientability is not required. Finally, p = 2 and ¢ = 2,3, 4,5, 6 give
S, 86,857,588, 5°. 0
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Corollary 7.4. Order the reflection doubles by successive sufficiently small zeros of y(s), with s; | 0.
There are constants s, Cy. > 0 such that

si=se P14+ 0(1),  Vol(g)) = Vo = Cee ™ /F(1 4 0(1)). (7.14)
Their volumes are eventually strictly decreasing.

Proof. Let C # 0 be the coeflicient of the a-collapsing cap in Lemma 6.1, and put £ = log s. Equations
(6.3) and (6.4) give

ef‘”y(e[) = f(o) + e(0), fo) = Re(Cveefim), e(0),e'(6) — 0 (£ — —).

Here v, # 0, so f is a nonzero sinusoid. Write its successive zeros tending to —oo as {’(]) =4 —1j/p.
Choose h with 0 < h < 7/(4f). On each interval |£ — {’(J) | < h, the derivative of f has constant sign
and absolute value at least ff|Cv,|cos(fh) > 0. At its endpoints, f has opposite signs and absolute
value |Cv,| sin(fh). Outside these intervals, |f| > |Cv,| sin(fh). For all sufficiently large j, the errors ¢
and ¢’ are smaller than half the corresponding bounds. The perturbed function therefore has exactly
one zero in each interval and none between them. The derivative bound and f(¢;) = —&(¢;) give
t— {’2 = o(1). Exponentiation proves the first formula in (7.14), with s, = e® > 0.

At a leading zero, Cvee_iﬂfg equals +i|Cv,|. Since
U, Oq4—if

= s V= |vE|27
Ve v

the corresponding leading value of e™* f'x(e(?) is +b,, where

C C
_piced _picl
vl

b.

The zero displacements and the value remainder in (6.3) tend to zero. Thus
x(sj)? = bfs?“(l + 0(1)).
Equation (7.12), with y(s;) = 0, now gives the second formula in (7.14), where

Qpquo
C. =
2ad?

vbZs2 > 0.

The ratio of consecutive positive excesses tends to e 27*/# < 1. It is therefore less than one for all
sufficiently large j, proving strict decrease. g

Proof of Theorem 1.1. For the sequence of Proposition 6.4, put Cy = w,wepq/d?. By (7.12),

Covg

HR(Zj)2 +0(R(Z)%), (7.15)

Vol(g;) — Vg =

since R(x,y)* = vx® + uy* and p, v > 0. Equation (6.21) gives (1.6), with

_ CouoR?

C
Pq 2a

> 0.

The consecutive volume-excess ratio tends to e 27%/# < 1, so the volumes are eventually strictly

decreasing. Since a/f = {/(d — 1)/(9 — d), this also gives (1.7).

Euler’s beta integral [15, (5.12.1)-(5.12.2)] gives

16 32

I = in?tdt =B((d +1)/2,1/2), Iy = —, ===
d Asm ( )/2,1/2) 5= =g

Substitution of w; = 47, w3 = 272, w4 = 87%/3, ws = 7* in (1.4) yields (1.8). O



22 ANASS NIFA

Corollary 7.5. For any sequence in Theorem 1.1 or Corollary 7.4, denote its limiting volume by V.. and
put 8; = Vol(g;)/ V.. — 1. For fixed sufficiently small ey > 0,

p

#Hj:e<dj<ep=
2ra

log(1/e) + O(1) (e | 0). (7.16)
After omission of finitely many terms, the spherical sequences for (p, q) = (2,5) and (3, 4) lie in disjoint
sets of connected components of £;(S®).

Proof. By (1.6) or (7.14),log §; = —b j+ ¢ + 0o(1) for some ¢ € R, where b = 27/ > 0. The sequence
is eventually positive and strictly decreasing. If N(e) = max{j : §; > €}, then

bN(e)—c+0(1) <log(1/e) < b(N(e) + 1) — ¢ + o(1).

Thus N(e) = b~'log(1/€) + O(1); subtracting the fixed upper-threshold count proves (7.16).

Since V,5/V34 = 24/2/3 # 1, the two S® sequences eventually have volumes in disjoint intervals
about their limits. Volume is constant on each connected component of &(5%), so no component
contains sufficiently late terms of both sequences. (]
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