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Abstract. For a finite connected graph 𝐺, let 𝑒(𝐺) be the exponent of its Jacobian and Δ(𝐺) its

maximum degree. For each integer 𝑏 ≥ 1, the simple biconnected graphs with 𝑒(𝐺) ≤ 𝑏 form finitely

many isomorphism classes if and only if 𝑏 ≤ 7; exactly eleven occur with 𝑒(𝐺) ≤ 7. The simple

biconnected graphs with 𝑒(𝐺) − Δ(𝐺) ≤ 3 are 𝐾𝑛 (𝑛 ≥ 3), 𝐶4, 𝐶5 and 𝐾2,3. At exponent eight, the

number of vertices is unbounded among simple planar bipartite biconnected graphs of maximum

degree four. For every integer 𝑟 ≥ 1, there is a simple planar biconnected graph whose Jacobian

is isomorphic to (ℤ/8ℤ)𝑟 , with explicit divisor generators and an orthogonal decomposition of its

monodromy pairing. Every simple 3-connected planar graph satisfies 2|𝑉 (𝐺)| − 4 ≤ (𝑒(𝐺) − Δ(𝐺) + 1)2

and 2|𝑉 (𝐺)| − 5 ≤ 3𝑒(𝐺)2/5. Every simple graph with a cellular torus embedding whose full inverse

image in the universal cover of the torus is 3-connected satisfies |𝑉 (𝐺)| ≤ 𝑒(𝐺)2.

1. Introduction

For a finite connected graph 𝐺 with at least two vertices, let 𝐿 be its Laplacian and 𝐶 a reduced

Laplacian. Write 𝑒(𝐺) for the exponent of its Jacobian. Then

Jac(𝐺) ≃ ℤ|𝑉 (𝐺)|−1/𝐶ℤ|𝑉 (𝐺)|−1, 𝑒(𝐺) = min{𝑎 ∈ ℤ>0 ∶ 𝑎𝐶−1 ∈ Mat|𝑉 (𝐺)|−1(ℤ)}. (1.1)

The order of Jac(𝐺) is the number of spanning trees; the terms critical group and sandpile group

denote the same finite abelian group [2, 5, 3, 18]. Its monodromy pairing is a nondegenerate symmetric

bilinear pairing with values in ℚ/ℤ [22, Theorem 3.4].

Graphs are finite, undirected and simple, unless parallel edges are explicitly permitted. A graph is

biconnected if it has at least three vertices and remains connected after deletion of any vertex. It is

3-connected if it has at least four vertices and remains connected after deletion of at most two vertices.

Write

𝑛(𝐺) = |𝑉 (𝐺)|, 𝑚(𝐺) = |𝐸(𝐺)|, Δ(𝐺) = max
𝑣∈𝑉 (𝐺)

deg𝐺(𝑣).

Graph isomorphism is denoted by ≃, and [𝐺] is the isomorphism class of 𝐺. The vector 𝐞𝑣 has

coordinate one at 𝑣 and zero at every other vertex.

The bounded-exponent finiteness conjecture attributed to Baker and Shokrieh in [16, Conjec-

ture 1.1, arXiv version] asserts that, for each positive integer 𝑏 , there are finitely many isomorphism

classes of biconnected graphs with 𝑒(𝐺) ≤ 𝑏 , even when parallel edges are permitted. The cases

𝑏 ≤ 3 follow from [12, Lemma 5.2 and Section 5.3]; see also [16, Section 3.1, arXiv version]. For each

finite abelian group 𝐴, [12, Proposition 5.7] gives an integer 𝑁𝐴 such that 𝑛(𝐺) < 𝑁𝐴 for every simple

biconnected graph with Jac(𝐺) ≃ (ℤ/2ℤ)𝑘 ⊕ 𝐴, 𝑘 ≥ 0.

Let 𝑆7 be the graph obtained from 𝐾4 by subdividing once the three edges incident with one chosen

vertex. Equivalently,

𝑉 (𝑆7) = {𝑜, 𝑥1, 𝑥2, 𝑥3, 𝑦1, 𝑦2, 𝑦3},
𝐸(𝑆7) = {𝑜𝑥𝑖, 𝑥𝑖𝑦𝑖 ∶ 1 ≤ 𝑖 ≤ 3} ∪ {𝑦1𝑦2, 𝑦2𝑦3, 𝑦3𝑦1}.

(1.2)
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Theorem 1.1. For an integer 𝑏 ≥ 1, the set

{[𝐺] ∶ 𝐺 is simple and biconnected, 𝑒(𝐺) ≤ 𝑏}

is finite if and only if 𝑏 ≤ 7. The simple biconnected graphs with 𝑒(𝐺) ≤ 7 are precisely

{𝐶𝑛 ∶ 3 ≤ 𝑛 ≤ 7} ∪ {𝐾𝑛 ∶ 4 ≤ 𝑛 ≤ 7} ∪ {𝐾2,3, 𝑆7}. (1.3)

Eight is also the least exponent attained by infinitely many such graphs. The same finiteness threshold
holds if planarity is required, and if planarity, bipartiteness and maximum degree at most four are all
required.

For 𝑡 ≥ 2, let 𝐺𝑡 have vertex set {𝑎1, 𝑏1, … , 𝑎𝑡 , 𝑏𝑡} and edges

𝐸(𝐺𝑡) = {𝑎𝑖𝑎𝑖+1, 𝑎𝑖𝑏𝑖+1, 𝑏𝑖𝑎𝑖+1, 𝑏𝑖𝑏𝑖+1 ∶ 1 ≤ 𝑖 < 𝑡}. (1.4)

Put

𝐻𝑡 = 𝐺𝑡 + {𝑎1𝑏1}, 𝐷𝑖 = 𝐞𝑎𝑖 − 𝐞𝑎𝑖+1 (1 ≤ 𝑖 < 𝑡). (1.5)

For 𝑟 ≥ 1, let 𝐵𝑟 be the symmetric tridiagonal matrix with diagonal 4, … , 4, 5 and adjacent entries −1;

thus 𝐵1 = (5).

Theorem 1.2. For every 𝑡 ≥ 2, the graph 𝐻𝑡 is planar and biconnected, with 2𝑡 vertices, 4𝑡 − 3 edges and
maximum degree at most four. The map

(ℤ/8ℤ)𝑡−1 ⟶ Jac(𝐻𝑡), (𝑐𝑖) ⟼
𝑡−1
∑
𝑖=1

𝑐𝑖[𝐷𝑖] (1.6)

is an isomorphism. Its monodromy pairing satisfies

⟨[𝐷𝑖], [𝐷𝑗 ]⟩ =
(𝐵𝑡−1)𝑖𝑗

8
(mod ℤ). (1.7)

Writing ⟨𝑢/8⟩ for the pairing (𝑥, 𝑦) ↦ 𝑢𝑥𝑦/8 (mod ℤ) on ℤ/8ℤ, one has

Jac(𝐻𝑡) ≃ ⟨5/8⟩⟂⌈(𝑡−1)/2⌉ ⟂ ⟨7/8⟩⟂⌊(𝑡−1)/2⌋ (1.8)

as groups with pairing.

By Lemmas 3.2 and 3.3, the graphs 𝐺𝑡 , 𝑡 ≥ 3, are planar, bipartite and biconnected, have maximum

degree four, and have exponent eight. The graph 𝐻𝑡 contains the triangle 𝑎1𝑏1𝑎2𝑎1. The multiplicities

𝑡 − 1 in (1.6) are unbounded, contrary to [12, Conjecture 5.9] at modulus eight.

Brandfonbrener et al. [6, Conjecture 6.3] conjecture that, for each vertex 𝑥 of a simple biconnected

graph 𝐺, there is a vertex 𝑦 such that [𝐞𝑥 − 𝐞𝑦] has order at least 𝑛(𝐺). For 𝐺𝑡 with 𝑡 ≥ 5, every class

is annihilated by eight, so

ord[𝐞𝑥 − 𝐞𝑦] ≤ 8 < 2𝑡 = 𝑛(𝐺𝑡) (𝑥, 𝑦 ∈ 𝑉 (𝐺𝑡)). (1.9)

Every simple biconnected graph satisfies 𝑒(𝐺) ≥ Δ(𝐺)+1 by [12, Lemma 5.2]. For adjacent vertices

𝑥, 𝑦, [6, Proposition 5.2] gives the sharper estimate

ord[𝐞𝑥 − 𝐞𝑦] ≥ deg(𝑥) +
deg(𝑥) − 1
deg(𝑦) − 1

.

Theorem 1.3. Let 𝐺 be biconnected and put 𝑞 = Δ(𝐺). Then 𝑒(𝐺) ≥ 𝑞 + 1, and

𝑒(𝐺) − 𝑞 𝐺
1 𝐾𝑞+1
2 𝐶4
3 𝐶5 or 𝐾2,3.

(1.10)

In particular, every noncomplete biconnected graph other than 𝐶4, 𝐶5, 𝐾2,3 satisfies 𝑒(𝐺) ≥ Δ(𝐺) + 4.
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Theorem 1.4. Let 𝐺 be 3-connected and planar, and put 𝑛 = 𝑛(𝐺), Δ = Δ(𝐺) and 𝑒 = 𝑒(𝐺). Then

2𝑛 − 4 ≤ (𝑒 − Δ + 1)2, 2𝑛 − 5 ≤
3
5
𝑒2. (1.11)

Consequently,

𝑛 ≤ min
{

⌊
(𝑒 − Δ + 1)2 + 4

2 ⌋ , ⌊
3𝑒2

10
+
5
2⌋

}
. (1.12)

The first inequality in (1.11) is an equality for 𝐾4. For each fixed 𝑏 , only finitely many isomorphism
classes of such graphs satisfy 𝑒(𝐺) ≤ 𝑏 .

A torus embedding is cellular if every complementary component is an open disk. It is essentially
3-connected if the full inverse image of the embedded graph in the universal cover of the torus is

connected and remains connected after deletion of at most two vertices.

Theorem 1.5. Let a connected simple graph 𝐺 admit a cellular, essentially 3-connected embedding in
the torus. Then

𝑛(𝐺) ≤ 𝑒(𝐺)2. (1.13)

For each fixed 𝑏 , there are only finitely many isomorphism classes of such simple graphs with 𝑒(𝐺) ≤ 𝑏 .

Let 𝑃𝑡 denote the path on 𝑡 vertices. Without a surface restriction, the graphs 𝑃𝑡[𝐾3], 𝑡 ≥ 3, are

3-connected, have exponent eighteen, and satisfy 𝑛(𝑃𝑡[𝐾3]) = 3𝑡 (Proposition 7.4).

Integral potentials. Let 𝐺 be biconnected, put 𝑒 = 𝑒(𝐺), and choose a vertex 𝑜 of maximum degree

𝑞. Write 𝑋 = 𝑁(𝑜) = {𝑥1, … , 𝑥𝑞} and 𝑈 = 𝑉 (𝐺) ⧵ ({𝑜} ∪ 𝑋), and let 𝐶 be the Laplacian reduced at 𝑜.

For 1 ≤ 𝑖 ≤ 𝑞, let 𝐿𝑝𝑖 = 𝑒(𝐞𝑥𝑖 − 𝐞𝑜) and 𝑝𝑖(𝑜) = 0. By Lemma 4.1,

𝑝𝑖(𝑣) ∈ ℤ>0 (𝑣 ≠ 𝑜), 𝑝𝑖(𝑣) < 𝑝𝑖(𝑥𝑖) (𝑣 ≠ 𝑥𝑖), ∑
𝑖
𝑝𝑖(𝑣) = 𝑒 (𝑣 ≠ 𝑜).

The matrix 𝐵 = (𝑝𝑖(𝑥𝑗 )) equals 𝑒(𝐶−1)𝑋𝑋 . Assume 𝑠 = 𝑒 − 𝑞 ∈ {1, 2, 3}. The proof of Theorem 1.3

gives 𝐵 = 𝑠𝐼𝑞 + 𝐽𝑞 , where 𝐼𝑟 is the identity matrix and 𝐽𝑟 is the all-one matrix of order 𝑟 . Suppose

𝑈 ≠ ∅. Then 𝑠 ≥ 2 by Theorem 1.3. For 𝑢 ∈ 𝑈 , let 𝑤𝑢 be row 𝑢 of −(𝐶𝑈𝑈 )−1𝐶𝑈𝑋 . These rows give

harmonic extension from 𝑋 to 𝐺 − 𝑜 and satisfy 𝑤𝑢 ≥ 0 and ∑𝑞
𝑖=1(𝑤𝑢)𝑖 = 1 [9, Lemma II.1(3)]. For

𝑢, 𝑣 in distinct components of 𝐺[𝑈], Lemma 4.7 gives

𝑒(𝐶−1)𝑢𝑣 = 1 + 𝑠 𝑤𝑢 ⋅ 𝑤𝑣, 𝑠 𝑤𝑢 ⋅ 𝑤𝑣 ∈ ℤ.

For a 3-connected plane graph, choose consecutive facial vertices 𝑎, 𝑜, 𝑐 and potentials 𝐿𝑓 = 𝐞𝑎−𝐞𝑜 ,

𝐿𝑔 = 𝐞𝑐 − 𝐞𝑜 , with 𝑓 (𝑜) = 𝑔(𝑜) = 0. Add 𝑎𝑐 within the face if necessary (Lemma 6.1) and take 𝑎𝑜𝑐 as

the outer face. By the proof of Lemma 6.2, 𝑝 = 𝑒(𝐺)(𝑓 , 𝑔) is the integral harmonic embedding in the

nondegenerate triangle 𝑇 = [𝑝(𝑎), 𝑝(𝑜), 𝑝(𝑐)] given by Tutte’s theorem [26, (2.8), (7.2), and (9.2)]. Its

other 𝑛(𝐺) − 3 vertex images are distinct and strictly interior. Pick’s theorem [4, Theorem 2.8] gives

𝑛(𝐺) − 3 ≤ | int(𝑇 ) ∩ ℤ2| ≤ area(𝑇 ) − 1/2.

For a connected simple graph with a cellular, essentially 3-connected torus embedding, [11,

Theorem 2.5] gives a unit-weight geodesic equilibrium embedding in ℝ2/ℤ2
. Translate a vertex 𝑜 to

zero and choose lifts 𝑥𝑣 ∈ ℝ2
with 𝑥𝑜 = 0. The integral edge translations give 𝐷 ∈ (ℤ2)𝑉 (𝐺)

, ∑𝑣 𝐷𝑣 = 0
and 𝐿𝑥 = 𝐷 by (6.8)–(6.9). Thus 𝑒(𝐺)𝑥𝑣 ∈ ℤ2

by Lemma 2.2, and the embedding induces an injection

𝑉 (𝐺) ↪ 𝑒(𝐺)−1ℤ2/ℤ2
into a set of 𝑒(𝐺)2 elements.

Graph substitutions. For a graph 𝐹 and 𝑚 ≥ 2, the graph 𝐹[𝐾𝑚] replaces each vertex by an indepen-

dent part of size 𝑚 and each edge by all edges between its two parts. The graphs 𝐺𝑡 = 𝑃𝑡[𝐾2] are

double graphs [21, 20]. Their resistance distances are special cases of [13]. For connected 𝐹 with at

least two vertices, [1, Theorem 3.5] gives

𝐿+𝐹[𝐾𝑚]
=

1
𝑚2𝐿

+
𝐹 ⊗ 𝐽𝑚 +

1
𝑚
Δ−1
𝐹 ⊗ (𝐼𝑚 −

1
𝑚
𝐽𝑚) , (1.14)
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where 𝐿+ is the Moore–Penrose inverse and Δ𝐹 is the degree matrix. Up to an additive constant, the

potential in Lemma 3.2 is the specialization of (1.14) to a path.

Jacobson, Niedermaier and Reiner [14, Proposition 9(v)] give an integral similarity reduction for

repeated matrix blocks. Dong, Guo and Jiang [10, Proposition 2.1] give an integral reduction for

the Laplacians of graphs with successive independent parts of size at least two, including 𝑃𝑡[𝐾𝑚].
Resistance formulas are known for substitutions by equal-sized complete or independent parts [23],

by disjoint unions of edges and isolated vertices [28], and by arbitrary graphs [27].

The graph 𝐻𝑡 is the substitution of 𝐾2 at the first vertex of 𝑃𝑡 and of 𝐾2 at every other vertex.

Write 𝐺(𝑢, 𝑣) for the effective resistance when every edge has resistance one. Set 𝛼𝑖 = 4 for 𝑖 < 𝑡
and 𝛼𝑡 = 2. For this substitution, [15, Theorem 4.1, arXiv version] gives

𝐻𝑡 (𝑎𝑖, 𝑏𝑖) =
2
𝛼𝑖
,

𝐻𝑡 (𝑥𝑖, 𝑦𝑗 ) =
|𝑖 − 𝑗|
4

+
1
2𝛼𝑖

+
1
2𝛼𝑗

(𝑖 ≠ 𝑗, 𝑥𝑖 ∈ {𝑎𝑖, 𝑏𝑖}, 𝑦𝑗 ∈ {𝑎𝑗 , 𝑏𝑗 }).
(1.15)

In that specialization the weighted base path has conductance four on every edge, hence resistance

|𝑖 − 𝑗|/4 between vertices 𝑖 and 𝑗 .
For a connected graph 𝐺 with at least two vertices, fix 𝑜 ∈ 𝑉 (𝐺) and let 𝐶 be the Laplacian reduced

at 𝑜. The indexed resistance matrix determines 𝐶−1
by Lemma 2.4:

(𝐶−1)𝑢𝑣 =
𝐺(𝑢, 𝑜) +𝐺(𝑣, 𝑜) −𝐺(𝑢, 𝑣)

2
(𝑢, 𝑣 ≠ 𝑜). (1.16)

Consequently it also determines the Jacobian and its pairing. In particular, polarization of (1.15) on

the divisors 𝐷𝑖 gives (1.7).

2. Divisors, potentials and finite groups

Let 𝐺 = (𝑉 , 𝐸) be connected, with 𝑛 = |𝑉 | ≥ 2. For 𝑣 ∈ 𝑉 , let 𝐞𝑣 be the corresponding coordinate

vector. Write 𝟏 for the all-one vector, 𝟏𝐴 for the indicator of 𝐴 ⊆ 𝑉 , and 𝛿𝑖𝑗 for the Kronecker delta.

All inner products are Euclidean. Define

(𝐿𝑓 )𝑣 = deg𝐺(𝑣)𝑓𝑣 − ∑
𝑤∼𝑣

𝑓𝑤, Div0(𝐺) =

{

𝐷 ∈ ℤ𝑉 ∶ ∑
𝑣∈𝑉

𝐷𝑣 = 0

}

. (2.1)

The principal divisors form the subgroup 𝐿ℤ𝑉 ⊆ Div0(𝐺), and

Jac(𝐺) = Div0(𝐺)/𝐿ℤ𝑉 .

A potential of 𝐷 ∈ Div0(𝐺) is a function 𝑓 ∈ ℝ𝑉
with 𝐿𝑓 = 𝐷. A function is harmonic on 𝑈 ⊆ 𝑉 if

(𝐿𝑓 )𝑣 = 0 for all 𝑣 ∈ 𝑈 . Write

𝑁𝐺(𝑣) = {𝑤 ∈ 𝑉 ∶ 𝑣𝑤 ∈ 𝐸}, 𝜕𝐺𝑊 = {𝑣 ∈ 𝑉 ⧵ 𝑊 ∶ 𝑁𝐺(𝑣) ∩ 𝑊 ≠ ∅} (𝑊 ⊆ 𝑉 ).

Thus 𝜕𝐺𝑊 is the external vertex boundary of 𝑊 .

The Laplacian is symmetric, 𝐿𝟏 = 0, and

𝑓 T𝐿𝑓 = ∑
𝑣𝑤∈𝐸

(𝑓𝑣 − 𝑓𝑤)2 (𝑓 ∈ ℝ𝑉 ), (2.2)

where each edge occurs once. Since 𝐺 is connected,

kerℝ 𝐿 = ℝ𝟏, 𝐿ℚ𝑉 =

{

𝐷 ∈ ℚ𝑉 ∶ ∑
𝑣
𝐷𝑣 = 0

}

; (2.3)

see [3, Sections 2 and 3.3].
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Lemma 2.1 ([6, Section 2.1]). Fix 𝑜 ∈ 𝑉 , put 𝑉𝑜 = 𝑉 ⧵ {𝑜}, and let 𝐶 = 𝐿𝑉𝑜𝑉𝑜 . Then 𝐶 is positive definite,
and restriction to 𝑉𝑜 induces

Jac(𝐺) ≃ ℤ𝑉𝑜/𝐶ℤ𝑉𝑜 , | Jac(𝐺)| = det 𝐶. (2.4)

Keep 𝑜, 𝑉𝑜 and 𝐶 fixed. For 𝐷 ∈ Div0(𝐺), write 𝑑 = 𝐷|𝑉𝑜 . The potential of 𝐷 with value zero at 𝑜
is rational and has restriction 𝐶−1𝑑. We write 𝑒(𝐺) = exp Jac(𝐺), with exponent one for the trivial

group.

Lemma 2.2. Let 𝑓 ∈ ℝ𝑉 , 𝐿𝑓 = 𝐷 ∈ Div0(𝐺) and 𝑎 ∈ ℤ>0. Then

𝑎[𝐷] = 0 ⟺ 𝑎(𝑓𝑣 − 𝑓𝑤) ∈ ℤ (𝑣, 𝑤 ∈ 𝑉 ). (2.5)

In particular,

𝑒(𝐺) = min{𝑎 ∈ ℤ>0 ∶ 𝑎𝐶−1 ∈ Mat𝑛−1(ℤ)}. (2.6)

Proof. By [6, Lemma 3.1], 𝑎[𝐷] = 0 if and only if 𝑎𝐶−1𝑑 ∈ ℤ𝑉𝑜
. Since 𝐶−1𝑑 = (𝑓𝑣 − 𝑓𝑜)𝑣∈𝑉𝑜 , this is

(2.5). The classes [𝐞𝑣 − 𝐞𝑜], 𝑣 ∈ 𝑉𝑜 , generate Jac(𝐺); their normalized potentials are the columns of

𝐶−1
. Thus their common annihilators are precisely the integers 𝑎 > 0 for which 𝑎𝐶−1

is integral. □

Lemma 2.3 ([22, Theorem 3.4 and Proposition 3.7]). For 𝐷, 𝐸 ∈ Div0(𝐺) and 𝐿𝑓𝐸 = 𝐸, the formula

⟨[𝐷], [𝐸]⟩ = 𝐷T𝑓𝐸 = 𝑑T𝐶−1𝑑′ (mod ℤ), 𝑑 = 𝐷|𝑉𝑜 , 𝑑′ = 𝐸|𝑉𝑜 , (2.7)

defines a nondegenerate symmetric bilinear pairing Jac(𝐺) × Jac(𝐺) → ℚ/ℤ.

This is the monodromy pairing. In the formula of [22, Proposition 3.7], the generalized inverse is

𝐶−1
extended by a zero row and column at 𝑜; see [22, Example 3.2].

Lemma 2.4. For 𝑢, 𝑣 ∈ 𝑉 , choose 𝐿𝑓 = 𝐞𝑢 − 𝐞𝑣 and set 𝐺(𝑢, 𝑣) = 𝑓𝑢 − 𝑓𝑣. This is independent of the
choice of 𝑓 , and 𝐺(𝑢, 𝑢) = 0. For 𝑢, 𝑣 ∈ 𝑉𝑜 , (1.16) holds. Hence the resistance matrix, with its vertex
indices specified, determines 𝐶, Jac(𝐺) and its monodromy pairing.

Proof. The kernel identity (2.3) gives independence of 𝑓 . For 𝑄 = 𝐶−1
, the resistance and energy

formulas in [3, Sections 3.2–3.3] give

𝐺(𝑢, 𝑜) = 𝑄𝑢𝑢, 𝐺(𝑢, 𝑣) = 𝑄𝑢𝑢 + 𝑄𝑣𝑣 − 2𝑄𝑢𝑣 (𝑢, 𝑣 ∈ 𝑉𝑜).

Solving for 𝑄𝑢𝑣 gives (1.16). Since 𝐶 = 𝑄−1
, the remaining assertions follow from Lemmas 2.1

and 2.3. □

Here 𝐺 is the effective resistance when every edge has unit resistance [3, Section 3.2].

Lemma 2.5 (Matrix-tree theorem). Let 𝜆1, … , 𝜆𝑛−1 be the nonzero eigenvalues of 𝐿, counted with
multiplicity. If 𝜏(𝐺) is the number of spanning trees, then

det 𝐶 = 𝜏(𝐺) =
1
𝑛

𝑛−1
∏
𝑗=1

𝜆𝑗 . (2.8)

The determinant formula is [3, Theorem 6.1]; the spectral formula is [18, Section 2, equation (1)].

Lemma 2.6 (Dirichlet equations). Let ∅ ≠ 𝑋 ⊆ 𝑉 and 𝑈 = 𝑉 ⧵ 𝑋 . Prescribed real values on 𝑋 have a
unique extension 𝑓 harmonic on 𝑈 . If 𝑈 ≠ ∅, then

𝑓𝑈 = −𝐿−1𝑈𝑈𝐿𝑈𝑋𝑓𝑋 .

For each component 𝐾 of 𝐺[𝑈], its external vertex boundary 𝜕𝐺𝑉 (𝐾) is a nonempty subset of 𝑋 , and

min
𝜕𝐺𝑉 (𝐾)

𝑓 ≤ 𝑓 (𝑣) ≤ max
𝜕𝐺𝑉 (𝐾)

𝑓 (𝑣 ∈ 𝑉 (𝐾)).

If either bound is attained at a vertex of 𝐾 , then 𝑓 is constant on 𝑉 (𝐾) ∪ 𝜕𝐺𝑉 (𝐾).
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Proof. If 𝑈 = ∅, there is nothing to extend. Otherwise, the existence and uniqueness principles in [19,

Section 2.1] apply to simple random walk on 𝐺: the boundary data are bounded, and every vertex of

𝑈 has a path to 𝑋 . Uniqueness for zero boundary data makes 𝐿𝑈𝑈 invertible, and the harmonicity

equations give the displayed formula.

For a component 𝐾 , put 𝐵 = 𝜕𝐺𝑉 (𝐾). Connectedness of 𝐺 and maximality of the component give

∅ ≠ 𝐵 ⊆ 𝑋 . The induced graph 𝐺[𝑉 (𝐾) ∪ 𝐵] is connected and has the same harmonicity equations

on 𝑉 (𝐾). Its maximum principle [19, Section 2.1], applied to 𝑓 and −𝑓 with boundary 𝐵, gives both

bounds and the equality assertion. □

3. Exponent eight and homocyclic pairings

For integers 𝑚, 𝑡 ≥ 2, define

𝑉 (𝐺𝑚,𝑡) = {1, … , 𝑡} × {1, … , 𝑚}, (𝑣, 𝑎) ∼ (𝑤, 𝑏) ⟺ |𝑣 − 𝑤| = 1.

Thus 𝐺𝑡 = 𝐺2,𝑡 , with 𝑎𝑣 = (𝑣, 1) and 𝑏𝑣 = (𝑣, 2). The vertex connectivity of a graph is the least

cardinality of a vertex set whose deletion disconnects it or leaves at most one vertex. Put 𝑑𝑣 = deg𝑃𝑡 (𝑣).
Each vertex (𝑣, 𝑎) has degree 𝑚𝑑𝑣; the endpoint values of 𝑑𝑣 are one and the interior values are two.

Lemma 3.1. If 𝑠 ∈ ℤ𝑡 and ∑𝑣 𝑠𝑣 = 0, the equations 𝐿𝑃𝑡𝑧 = 𝑠 have an integral solution. One is specified
by

𝑧𝑡 = 0, 𝑧𝑣 − 𝑧𝑣+1 =
𝑣
∑
𝑗=1

𝑠𝑗 (1 ≤ 𝑣 < 𝑡). (3.1)

Proof. By Lemmas 2.1 and 2.5, | Jac(𝑃𝑡)| = 𝜏(𝑃𝑡) = 1. Thus 𝑠 = 𝐿𝑃𝑡𝑧 for some 𝑧 ∈ ℤ𝑡
. Subtracting 𝑧𝑡𝟏

gives 𝑧𝑡 = 0. Summing the equations over {1, … , 𝑣} gives (3.1). □

Lemma 3.2. For 𝑚, 𝑡 ≥ 2, the graph 𝐺𝑚,𝑡 is bipartite and has vertex connectivity 𝑚. Its exponent is

𝑒(𝐺𝑚,𝑡) =

{
𝑚2, 𝑡 = 2,
2𝑚2, 𝑡 ≥ 3.

Proof. For 𝐷 ∈ Div0(𝐺𝑚,𝑡), put 𝑠𝑣 = ∑𝑎𝐷𝑣,𝑎. Then ∑𝑣 𝑠𝑣 = 0. Let 𝑧 be the integral solution in

Lemma 3.1, and put 𝑧̄ = 𝑡−1∑𝑣 𝑧𝑣. Since 𝑃𝑡 is connected and 𝑑𝑣 > 0, the formula of [1, Theorem 3.5],

with base graph 𝑃𝑡 and independent parts of size 𝑚, applies. As 𝐿+𝑃𝑡 𝑠 = 𝑧 − 𝑧̄𝟏, it gives

𝑓𝑣,𝑎 =
𝑧𝑣
𝑚2 +

𝑚𝐷𝑣,𝑎 − 𝑠𝑣
𝑚2𝑑𝑣

, 𝑓 = 𝐿+𝐺𝑚,𝑡
𝐷 +

𝑧̄
𝑚2 𝟏. (3.2)

In particular 𝐿𝐺𝑚,𝑡 𝑓 = 𝐷. Suppose 𝑡 ≥ 3. Then 2𝑚2𝑓 ∈ ℤ𝑉 (𝐺𝑚,𝑡 )
, since 𝑑𝑣 ∈ {1, 2}. Hence 𝑒(𝐺𝑚,𝑡) ∣ 2𝑚2

.

For 𝐷 = 𝐞(1,1) − 𝐞(2,1), one has 𝑧 = (1, 0, … , 0) and

𝑓2,2 =
1

2𝑚2 , 𝑓3,1 = 0.

By Lemma 2.2, 𝑎[𝐷] = 0 implies 2𝑚2 ∣ 𝑎. Thus 𝑒(𝐺𝑚,𝑡) = 2𝑚2
. For 𝑡 = 2, one has 𝐺𝑚,2 = 𝐾𝑚,𝑚, whose

exponent is 𝑚2
by [14, Corollary 5] with 𝑘 = 2 and equal part size 𝑚 ≥ 2.

The unions of the odd and even parts form a bipartition. If |𝑆| < 𝑚, every part contains a vertex

outside 𝑆. Vertices in different parts are joined by a path through surviving vertices in the intervening

parts; two vertices in the same part have a common surviving neighbour in an adjacent part. Thus

𝐺𝑚,𝑡 − 𝑆 is connected and has at least 𝑚𝑡 − (𝑚 − 1) = 𝑚(𝑡 − 1) + 1 > 1 vertices. Deleting the second

part leaves the 𝑚 ≥ 2 first-part vertices isolated. The vertex connectivity is therefore 𝑚. □

Lemma 3.3. For every 𝑡 ≥ 2, the graphs 𝐺𝑡 and 𝐻𝑡 are planar and biconnected. They have 2𝑡 vertices
and respectively 4𝑡 − 4 and 4𝑡 − 3 edges. Their maximum degrees are at most four; that of 𝐺𝑡 equals four
for 𝑡 ≥ 3.
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Proof. The 𝑡 − 1 pairs of consecutive parts contribute four edges each. The additional edge 𝑎1𝑏1
belongs to 𝐻𝑡 alone. The degrees in 𝐺𝑡 are two at the end parts and four at interior parts; in 𝐻𝑡 the

two first-part degrees increase from two to three. Both graphs have 2𝑡 ≥ 4 vertices. By Lemma 3.2,

𝐺𝑡 − 𝑣 is connected for every vertex 𝑣, and it is a spanning subgraph of 𝐻𝑡 − 𝑣. Thus both graphs are

biconnected.

Embed 𝐺2 as the cycle 𝑎1, 𝑎2, 𝑏1, 𝑏2, 𝑎1 in the sphere. For 𝐻2, draw 𝑎1𝑏1 in one face. In either case

there is a face 𝐹 with disk closure and with 𝑎2, 𝑏2 on its boundary. Suppose an embedding has such a

face with 𝑎𝑡 , 𝑏𝑡 on its boundary. Draw two simple arcs from 𝑎𝑡 to 𝑏𝑡 whose interiors are disjoint and

contained in 𝐹 , and subdivide them at 𝑎𝑡+1 and 𝑏𝑡+1, respectively. The four new edges are precisely

those between parts 𝑡 and 𝑡 + 1. The arcs bound a disk whose interior is a face of the enlarged

embedding and whose boundary is 𝑎𝑡 , 𝑎𝑡+1, 𝑏𝑡 , 𝑏𝑡+1, 𝑎𝑡 . This face contains 𝑎𝑡+1, 𝑏𝑡+1 on its boundary,

so induction gives the required embeddings. □

Lemma 3.4. For 𝑡 ≥ 2, set

𝛼𝑣 =

{
4, 𝑣 < 𝑡,
2, 𝑣 = 𝑡.

Let 𝐷 ∈ Div0(𝐻𝑡), put 𝑠𝑣 = 𝐷𝑎𝑣 + 𝐷𝑏𝑣 , 𝑞𝑣 = 𝐷𝑎𝑣 − 𝐷𝑏𝑣 , and choose an integral solution of 𝐿𝑃𝑡𝑧 = 𝑠. Then
a potential of 𝐷 on 𝐻𝑡 is

𝑓𝑎𝑣 =
𝑧𝑣
4
+

𝑞𝑣
2𝛼𝑣

, 𝑓𝑏𝑣 =
𝑧𝑣
4
−

𝑞𝑣
2𝛼𝑣

. (3.3)

In particular 8 Jac(𝐻𝑡) = 0, and

| Jac(𝐻𝑡)| = 8𝑡−1. (3.4)

Proof. Put ℎ𝑣 = 𝐞𝑎𝑣 − 𝐞𝑏𝑣 , and define 𝐽 ∶ ℝ𝑡 → ℝ𝑉 (𝐻𝑡 )
by (𝐽𝑢)𝑎𝑣 = (𝐽𝑢)𝑏𝑣 = 𝑢𝑣. The orthogonal

decomposition

ℝ𝑉 (𝐻𝑡 ) = 𝐽ℝ𝑡 ⊕
𝑡

⨁
𝑣=1

ℝℎ𝑣

is preserved by 𝐿𝐻𝑡 , with

𝐿𝐻𝑡 𝐽𝑢 = 𝐽 (2𝐿𝑃𝑡𝑢), 𝐿𝐻𝑡ℎ𝑣 = (2𝑑𝑣 + 2𝛿𝑣1)ℎ𝑣 = 𝛼𝑣ℎ𝑣.

Since 𝐷 = 𝐽 (𝑠/2) + ∑𝑣(𝑞𝑣/2)ℎ𝑣 and 𝐿𝑃𝑡𝑧 = 𝑠,

𝐿𝐻𝑡 (
𝐽(𝑧/4) +∑

𝑣

𝑞𝑣
2𝛼𝑣

ℎ𝑣)
= 𝐷.

This gives (3.3). Moreover,

8𝑓𝑎𝑣 = 2𝑧𝑣 +
4
𝛼𝑣

𝑞𝑣 ∈ ℤ, 8𝑓𝑏𝑣 = 2𝑧𝑣 −
4
𝛼𝑣

𝑞𝑣 ∈ ℤ,

so 8 Jac(𝐻𝑡) = 0.

The 𝑡 − 1 nonzero Laplacian eigenvalues of 𝑃𝑡 have product 𝑡, by Lemma 2.5. The same lemma

and the invariant decomposition above give

| Jac(𝐻𝑡)| =
2𝑡−1𝑡 ∏𝑡

𝑣=1 𝛼𝑣
2𝑡

=
2𝑡−1𝑡 4𝑡−1 ⋅ 2

2𝑡
= 8𝑡−1.

□
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Lemma 3.5. The divisors in (1.5) satisfy (1.7).

Proof. Put 𝑐𝑣 = (2𝛼𝑣)−1 and 𝑅𝑖𝑗 = 𝐻𝑡 (𝑎𝑖, 𝑎𝑗 ). By (1.15),

𝑅𝑖𝑖 = 0, 𝑅𝑖𝑗 =
|𝑖 − 𝑗|
4

+ 𝑐𝑖 + 𝑐𝑗 (𝑖 ≠ 𝑗).

By Lemmas 2.3 and 2.4,

⟨[𝐷𝑖], [𝐷𝑗 ]⟩ =
𝑅𝑖,𝑗+1 + 𝑅𝑖+1,𝑗 − 𝑅𝑖𝑗 − 𝑅𝑖+1,𝑗+1

2

=

⎧⎪⎪⎪
⎨⎪⎪⎪⎩

1
4 + 𝑐𝑖 + 𝑐𝑖+1, 𝑖 = 𝑗,
−𝑐max(𝑖,𝑗), |𝑖 − 𝑗| = 1,
0, |𝑖 − 𝑗| ≥ 2

(mod ℤ).
(3.5)

Here 𝑐𝑣 = 1/8 for 𝑣 < 𝑡 and 𝑐𝑡 = 1/4. The diagonal entries are therefore 4/8 except for the last, which

is 5/8; each adjacent entry is −1/8. For 𝑡 = 2 the matrix is (5/8). □

Proof of Theorem 1.2. By Lemma 3.3, 𝐻𝑡 is planar and biconnected, with 2𝑡 vertices, 4𝑡 − 3 edges and

maximum degree at most four. Put 𝑟 = 𝑡 − 1 and 𝑅 = ℤ/8ℤ. Since 8[𝐷𝑖] = 0 by Lemma 3.4, (1.6)

defines a homomorphism 𝜙 ∶ 𝑅𝑟 → Jac(𝐻𝑡).
Let 𝑏(𝑥, 𝑦) = 𝑥T𝐵𝑟𝑦 on 𝑅𝑟

. Set

𝑢1 = 5, 𝑢𝑗+1 = 4 − 𝑢−1𝑗 (1 ≤ 𝑗 < 𝑟).

In 𝑅, 5−1 = 5 and 7−1 = 7; hence 𝑢𝑗 = 5 for odd 𝑗 and 𝑢𝑗 = 7 for even 𝑗 . Define 𝑔𝑟 = 𝐞𝑟 and,

successively for 𝑘 = 𝑟 − 1,… , 1,

𝑔𝑘 = 𝐞𝑘 + 𝑢−1𝑟−𝑘𝑔𝑘+1.

Each 𝑔𝑘 belongs to 𝐞𝑘+span𝑅{𝐞𝑘+1, … , 𝐞𝑟 }; thus the 𝑔𝑘 form a basis. For 𝑘 < 𝑟 , one has 𝑏(𝐞𝑘 , 𝑔𝑘+1) = −1
and 𝑏(𝐞𝑘 , 𝑔𝑗 ) = 0 for 𝑗 > 𝑘 + 1. Descending induction from 𝑏(𝑔𝑟 , 𝑔𝑟) = 5 gives

𝑏(𝑔𝑘 , 𝑔𝑘+1) = −1 + 𝑢−1𝑟−𝑘𝑢𝑟−𝑘 = 0, 𝑏(𝑔𝑘 , 𝑔𝑘) = 4 − 𝑢−1𝑟−𝑘 = 𝑢𝑟−𝑘+1,

and 𝑏(𝑔𝑘 , 𝑔𝑗 ) = 0 for 𝑗 > 𝑘 + 1. Consequently the matrix 𝑇 with columns 𝑔1, … , 𝑔𝑟 satisfies

𝑇 ∈ GL𝑟(𝑅), 𝑇 T𝐵𝑟𝑇 = diag(𝑢𝑟 , … , 𝑢1). (3.6)

Every 𝑢𝑗 is a unit, so 𝐵𝑟 is invertible over 𝑅. If 𝑐 ∈ ker 𝜙, Lemma 3.5 gives

0 = ⟨[𝐷𝑗 ], 𝜙(𝑐)⟩ =
(𝐵𝑟𝑐)𝑗

8
(mod ℤ) (1 ≤ 𝑗 ≤ 𝑟),

where the quotient is taken after an integer lift. Thus 𝐵𝑟𝑐 = 0 in 𝑅𝑟
, and 𝑐 = 0. Both 𝑅𝑟

and Jac(𝐻𝑡)
have order 8𝑟 , by (3.4); hence 𝜙 is an isomorphism.

By Lemma 3.5 and (3.6), the elements 𝜙(𝑔1), … , 𝜙(𝑔𝑟) form an orthogonal basis, with diagonal

pairings 𝑢𝑟/8, … , 𝑢1/8 in ℚ/ℤ. There are ⌈𝑟/2⌉ entries 5/8 and ⌊𝑟/2⌋ entries 7/8, which gives

(1.8). □

4. Boundary potentials and the first three degree differences

Let 𝐺 be biconnected, and fix a vertex 𝑜 of degree 𝑞 ≥ 2. Put

𝑋 = 𝑁(𝑜) = {𝑥1, … , 𝑥𝑞}, 𝑈 = 𝑉 (𝐺) ⧵ ({𝑜} ∪ 𝑋), 𝑒 = 𝑒(𝐺).

Let 𝐶 be the Laplacian reduced at 𝑜. For each 𝑖 let 𝑝𝑖 be the unique grounded potential

𝐿𝑝𝑖 = 𝑒(𝐞𝑥𝑖 − 𝐞𝑜), 𝑝𝑖(𝑜) = 0. (4.1)

Write 𝑝(𝑣) = (𝑝1(𝑣), … , 𝑝𝑞(𝑣)) and

𝐵𝑖𝑗 = 𝑝𝑖(𝑥𝑗 ), 𝑀𝑖 = 𝐵𝑖𝑖. (4.2)
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Lemma 4.1. The potentials 𝑝𝑖 are integral and satisfy

𝑝𝑖(𝑣) ≥ 1 (𝑣 ≠ 𝑜), 𝑝𝑖(𝑣) < 𝑀𝑖 (𝑣 ≠ 𝑥𝑖),
𝑞

∑
𝑖=1

𝑝𝑖(𝑣) = 𝑒 (𝑣 ≠ 𝑜).
(4.3)

The matrix 𝐵 is symmetric positive definite, has positive integer entries, and has every row sum equal to
𝑒. Moreover,

2 ≤ 𝑀𝑖 ≤ 𝑒 − 𝑞 + 1, 𝑒 ≥ 𝑞 + 1. (4.4)

Proof. By Lemma 2.2, 𝑝𝑖 ∈ ℤ𝑉
. Since 𝐶 is positive definite,

𝑀𝑖 = 𝑒(𝐶−1)𝑥𝑖𝑥𝑖 > 0.

The graphs 𝐺 − 𝑜 and 𝐺 − 𝑥𝑖 are connected. Hence every component of 𝐺 − {𝑜, 𝑥𝑖} has external

boundary {𝑜, 𝑥𝑖}. The function 𝑝𝑖 is harmonic there and has boundary values 0,𝑀𝑖. By Lemma 2.6

(see also [6, Remark 5.3]),

0 < 𝑝𝑖(𝑣) < 𝑀𝑖 (𝑣 ∉ {𝑜, 𝑥𝑖}).

Together with 𝑝𝑖(𝑜) = 0, 𝑝𝑖(𝑥𝑖) = 𝑀𝑖 and integrality, this gives the inequalities in (4.3).

The functions ∑𝑖 𝑝𝑖 and 𝑒𝟏𝑉⧵{𝑜} both vanish at 𝑜 and both have Laplacian 𝑒(∑𝑖 𝐞𝑥𝑖 − 𝑞𝐞𝑜). Their

difference is zero by (2.3). Moreover,

𝐵 = 𝑒(𝐶−1)𝑋𝑋 .

Thus 𝐵 is symmetric positive definite. The sum identity gives its column sums 𝑒, and symmetry

gives its row sums. All its entries are positive integers. For 𝑗 ≠ 𝑖, 1 ≤ 𝐵𝑖𝑗 < 𝑀𝑖, so 𝑀𝑖 ≥ 2. Finally

𝑒 = 𝑀𝑖 +∑𝑗≠𝑖 𝐵𝑖𝑗 ≥ 𝑀𝑖 + 𝑞 − 1, giving both inequalities in (4.4). □

Lemma 4.2. If 𝑀𝑖 ≥ 3 and 𝑗 ≠ 𝑖, then 𝐵𝑖𝑗 ≠ 𝑀𝑖 − 1.

Proof. Suppose 𝑝𝑖(𝑥𝑗 ) = 𝑀𝑖 − 1. In ∑𝑤∼𝑥𝑗 (𝑝𝑖(𝑥𝑗 ) − 𝑝𝑖(𝑤)), the neighbour 𝑜 contributes 𝑀𝑖 − 1. By

Lemma 4.1, the only possible negative term is −1, from 𝑥𝑖; it occurs at most once since 𝐺 is simple.

Thus

0 = (𝐿𝑝𝑖)𝑥𝑗 = ∑
𝑤∼𝑥𝑗

(𝑝𝑖(𝑥𝑗 ) − 𝑝𝑖(𝑤)) ≥ 𝑀𝑖 − 2 > 0,

a contradiction. □

Lemma 4.3. Let 𝑍 ⊆ 𝑉 (𝐺) be nonempty, let 𝑢 ∉ 𝑍 , and suppose 𝑉 (𝐺) ⧵ (𝑍 ∪ {𝑢}) ≠ ∅. If 𝜕𝐺𝑍 ⊆ {𝑢},
then 𝐺 is not biconnected.

Proof. After deletion of 𝑢 there is no edge from 𝑍 to the nonempty set 𝑉 (𝐺) ⧵ (𝑍 ∪ {𝑢}). Thus 𝐺 − 𝑢
is disconnected. □

4.1. The matrices 𝑠𝐼𝑞 + 𝐽𝑞 . Assume for this subsection that

𝐵 = 𝑠𝐼𝑞 + 𝐽𝑞 , 𝑒 = 𝑞 + 𝑠, 𝑠 ∈ ℤ≥2. (4.5)

For 𝑣 ≠ 𝑜, put 𝑧𝑖(𝑣) = 𝑝𝑖(𝑣) − 1. Then 𝑧𝑖(𝑥𝑎) = 𝑠𝛿𝑖𝑎. For 𝑣 ∈ 𝑈 define 𝑇 (𝑣) = {𝑖 ∶ 𝑧𝑖(𝑣) > 0}.

Lemma 4.4. The set 𝑋 is independent. For 𝑣 ∈ 𝑈 ,

0 ≤ 𝑧𝑖(𝑣) ≤ 𝑠 − 1, ∑
𝑖
𝑧𝑖(𝑣) = 𝑠, 2 ≤ |𝑇 (𝑣)| ≤ min{𝑞, 𝑠}. (4.6)

For every component 𝐾 of 𝐺[𝑈],

𝑇 (𝑣) = {𝑖 ∶ 𝑥𝑖 ∈ 𝜕𝐺𝑉 (𝐾)} (𝑣 ∈ 𝑉 (𝐾)).

For 𝑎 ≠ 𝑗 ,
∑

𝑣∈𝑈∶ 𝑣∼𝑥𝑎

𝑧𝑗 (𝑣) = 1. (4.7)
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Proof. Suppose 𝑥𝑎 ∼ 𝑥𝑏 . At 𝑥𝑎, the terms of 𝐿𝑝𝑏 corresponding to 𝑜 and 𝑥𝑏 are 1 and −𝑠; every other

term is nonpositive by Lemma 4.1. Thus

0 = (𝐿𝑝𝑏)𝑥𝑎 ≤ 1 − 𝑠 < 0,

a contradiction. The bounds in (4.6) follow from (4.3), since 𝑀𝑖 = 𝑠 + 1. Their sum is 𝑒 − 𝑞 = 𝑠. A

single positive coordinate would have value 𝑠, contrary to its upper bound. Each positive coordinate

is at least one, so there are at most 𝑠 of them.

Let 𝐾 be a component of 𝐺[𝑈]. Since 𝐺 − 𝑜 is connected, ∅ ≠ 𝜕𝐺𝑉 (𝐾) ⊆ 𝑋 . No vertex of 𝑈 is

adjacent to 𝑜, so each 𝑧𝑖 is harmonic on 𝑈 in 𝐺 − 𝑜. Its boundary values are zero except for the value

𝑠 at 𝑥𝑖. By Lemma 2.6, 𝑧𝑖 vanishes on 𝐾 if 𝑥𝑖 ∉ 𝜕𝐺𝑉 (𝐾), and is strictly positive on 𝐾 otherwise. This

gives the formula for 𝑇 (𝑣).
For 𝑎 ≠ 𝑗 , the equation 𝐿𝑝𝑗 (𝑥𝑎) = 0 reads

deg(𝑥𝑎) = ∑
𝑣∈𝑈∶ 𝑣∼𝑥𝑎

(1 + 𝑧𝑗 (𝑣)),

because 𝑜 is its only neighbour outside 𝑈 and has value zero. There are deg(𝑥𝑎) − 1 terms, giving

(4.7). □

For 𝑇 ⊆ {1, … , 𝑞} put 𝑈𝑇 = {𝑣 ∈ 𝑈 ∶ 𝑇 (𝑣) = 𝑇 }. Edges from 𝑈𝑇 can end only in 𝑈𝑇 or in the

boundary vertices indexed by 𝑇 .

Lemma 4.5. Assume (4.5) and 𝑇 = {𝑎, 𝑏}. If 𝑈𝑇 ≠ ∅, its vertices are exactly the internal vertices of one
path of length 𝑠 from 𝑥𝑏 to 𝑥𝑎. Along that path the values of 𝑧𝑎 are 0, 1, … , 𝑠. Each internal vertex has
degree two in 𝐺.

Proof. Put 𝑌 = 𝑈𝑇 , 𝐾 = 𝐺[𝑌 ∪ {𝑥𝑎, 𝑥𝑏 }] and 𝑡 = 𝑧𝑎|𝑉 (𝐾). Then 𝑡(𝑥𝑎) = 𝑠, 𝑡(𝑥𝑏) = 0, and 1 ≤ 𝑡 ≤ 𝑠 − 1
on 𝑌 . Every neighbour in 𝐺 of a vertex in 𝑌 belongs to 𝐾 , so (𝐿𝐾 𝑡)|𝑌 = 0. For 𝑣 ∈ 𝑌 , one has

𝑧𝑏(𝑣) = 𝑠 − 𝑡(𝑣). Equation (4.7) therefore permits at most one edge from 𝑥𝑎 to 𝑌 , ending at a vertex of

value 𝑠 − 1, and at most one edge from 𝑥𝑏 to 𝑌 , ending at a vertex of value one.

By Lemma 4.4, every component of 𝐺[𝑌 ] has external boundary {𝑥𝑎, 𝑥𝑏 }. The bounds on the

number of attachments imply that 𝐺[𝑌 ] is connected and

(𝐿𝐾 𝑡)(𝑥𝑎) = 1, (𝐿𝐾 𝑡)(𝑥𝑏) = −1.

For 1 ≤ 𝑗 ≤ 𝑠, let 𝑌𝑗 = {𝑣 ∈ 𝑉 (𝐾) ∶ 𝑡(𝑣) ≥ 𝑗}. Then

1 = ∑
𝑣∈𝑌𝑗

(𝐿𝐾 𝑡)𝑣 = ∑
𝑣𝑤∈𝐸(𝐾)
𝑣∈𝑌𝑗 , 𝑤∉𝑌𝑗

(𝑡(𝑣) − 𝑡(𝑤)). (4.8)

Each summand is a positive integer. Thus exactly one edge crosses this cut, and its endpoint values

are 𝑗 , 𝑗 − 1. No edge can join levels differing by more than one.

Set 𝑍0 = {𝑥𝑏 }, 𝑍𝑠 = {𝑥𝑎} and 𝑍𝑗 = {𝑣 ∈ 𝑌 ∶ 𝑡(𝑣) = 𝑗} for 1 ≤ 𝑗 < 𝑠. The cut equations imply 𝑍𝑗 ≠ ∅
for every 𝑗 . For 1 ≤ 𝑗 < 𝑠 and 𝑣 ∈ 𝑍𝑗 , adjacent values differ by at most one, so harmonicity gives

0 = (𝐿𝐾 𝑡)𝑣 = |𝑁𝐾 (𝑣) ∩ 𝑍𝑗−1| − |𝑁𝐾 (𝑣) ∩ 𝑍𝑗+1|. (4.9)

There is exactly one edge to each adjacent level, by (4.8). Their endpoints in 𝑍𝑗 therefore coincide;

call this endpoint 𝑣𝑗 . Every other vertex of 𝑍𝑗 has all its neighbours in 𝑍𝑗 , whence

𝜕𝐺(𝑍𝑗 ⧵ {𝑣𝑗 }) ⊆ {𝑣𝑗 }.

If 𝑍𝑗 ⧵ {𝑣𝑗 } were nonempty, deleting 𝑣𝑗 would separate it from 𝑜, by Lemma 4.3. Hence 𝑍𝑗 = {𝑣𝑗 }. The

only edges of 𝐾 join successive vertices of 𝑥𝑏 , 𝑣1, … , 𝑣𝑠−1, 𝑥𝑎: the cut equations exclude other interlevel

edges, and simplicity excludes edges within singleton levels. Each internal vertex has degree two in

𝐺. □
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Lemma 4.6. Assume (4.5).
(i) If 𝑠 = 3 and |𝑇 | = 3, then 𝑈𝑇 is empty or consists of one vertex adjacent exactly to the three

vertices indexed by 𝑇 .
(ii) If 𝑠 = 4, 𝑞 = 3 and 𝑇 = {1, 2, 3}, then 𝑈𝑇 is empty or consists of three vertices forming a triangle.

Their shifted vectors are the three permutations of (2, 1, 1), and the vertex with 𝑧𝑎 = 2 is adjacent
to 𝑥𝑎 and to no other boundary vertex.

Proof. Assume 𝑈𝑇 ≠ ∅. For (i), 𝑧(𝑣) equals one on 𝑇 and zero elsewhere. Write 𝜀𝑎(𝑣) = 𝟏𝑣∼𝑥𝑎 for

𝑎 ∈ 𝑇 . Harmonicity gives

3𝜀𝑎(𝑣) = ∑
𝑏∈𝑇

𝜀𝑏(𝑣) (𝑎 ∈ 𝑇 ).

Thus all three incidences are equal. By (4.7), at most one vertex 𝑣𝑇 has all three incidences one.

Some component has an external neighbour, so 𝑣𝑇 exists. All remaining vertices have no boundary

neighbour; hence 𝜕𝐺(𝑈𝑇 ⧵ {𝑣𝑇 }) ⊆ {𝑣𝑇 }. If this difference were nonempty, Lemma 4.3, with 𝑜 outside,

would contradict biconnectivity. Hence 𝑈𝑇 = {𝑣𝑇 }. Its neighbour set is exactly {𝑥𝑎 ∶ 𝑎 ∈ 𝑇 }.
For (ii), define 𝑍𝑎 = {𝑣 ∈ 𝑈𝑇 ∶ 𝑧𝑎(𝑣) = 2}. The three sets 𝑍𝑎 partition 𝑈𝑇 , since every positive

integer triple of sum four is a permutation of (2, 1, 1). A vertex of 𝑍𝑎 cannot be adjacent to 𝑥𝑏 for

𝑏 ≠ 𝑎: its contribution two would contradict (4.7) for (𝑏, 𝑎). That identity also permits at most one

𝑣𝑎 ∈ 𝑍𝑎 adjacent to 𝑥𝑎. At 𝑣 ∈ 𝑍𝑎, the 𝑎th harmonic equation is

2𝟏𝑣∼𝑥𝑎 = |𝑁𝐺(𝑣) ∩ (𝑈𝑇 ⧵ 𝑍𝑎)|. (4.10)

Every vertex of 𝑍𝑎 not adjacent to 𝑥𝑎 therefore has neighbours only in 𝑍𝑎. Suppose 𝑍𝑎 ≠ ∅. If no 𝑣𝑎
exists, then 𝜕𝐺𝑍𝑎 = ∅, contrary to connectedness. For this unique vertex 𝑣𝑎 one has 𝜕𝐺(𝑍𝑎⧵{𝑣𝑎}) ⊆ {𝑣𝑎}.
If this difference were nonempty, Lemma 4.3, with 𝑜 outside, would contradict biconnectivity. Thus

every nonempty 𝑍𝑎 is the singleton {𝑣𝑎}. Since 𝑈𝑇 ≠ ∅, choose one such 𝑣𝑎. Equation (4.10) requires

two distinct neighbours in the other two singleton sets. All three 𝑣𝑎 exist and are pairwise adjacent,

and 𝑁𝐺(𝑣𝑎) = {𝑥𝑎} ∪ {𝑣𝑏 ∶ 𝑏 ≠ 𝑎}. □

Lemma 4.7. Assume 𝑈 ≠ ∅. Order the reduced Laplacian at 𝑜 by 𝑋, 𝑈 :

𝐶 = (
𝐴0 −𝐻
−𝐻T 𝑇0 )

, 𝑊 = 𝑇−1
0 𝐻T.

The matrix 𝑇0 is positive definite and block diagonal on the components of 𝐺[𝑈]. The entries of 𝑊 are
nonnegative and its row sums are one. Moreover,

(𝐶−1)𝑈𝑈 = 𝑇−1
0 +𝑊

𝐵
𝑒
𝑊 T. (4.11)

Under (4.5), for vertices 𝑢, 𝑣 in different components,

𝑒(𝐶−1)𝑢𝑣 = 1 + 𝑠 𝑤𝑢 ⋅ 𝑤𝑣, (4.12)

where 𝑤𝑢, 𝑤𝑣 are their rows of 𝑊 . If an interior component consists of the internal vertices of a path of
length 𝑠 whose endpoints lie in 𝑋 , with no other edges incident to the component, its nonzero row entries
are 𝑗/𝑠, (𝑠 − 𝑗)/𝑠, 1 ≤ 𝑗 < 𝑠. For a component consisting of one vertex with exactly three neighbours, all
in 𝑋 , these entries are 1/3.

Proof. The matrix 𝑇0 is a positive definite principal submatrix of 𝐶, and its entries between distinct

components of 𝐺[𝑈] are zero. Put 𝑆 = 𝐴0 − 𝐻𝑇−1
0 𝐻T

. Since 𝐶 and 𝑇0 are nonsingular, the block

inverse formula [24, equation (1.4), p. 406], applied with the order 𝑈, 𝑋 , gives

𝑆−1 = (𝐶−1)𝑋𝑋 =
𝐵
𝑒
,

and (4.11) follows.
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No vertex of 𝑈 is adjacent to 𝑜, so the Laplacian row sums on 𝑈 give 𝑇0𝟏𝑈 = 𝐻T𝟏𝑋 . Hence

𝑊𝟏𝑋 = 𝟏𝑈 . For boundary values 𝑔 on 𝑋 , harmonicity on 𝑈 in 𝐺 − 𝑜 is equivalent to 𝑇0𝑓𝑈 = 𝐻T𝑔 ,

whence 𝑓𝑈 = 𝑊𝑔 . Apply Lemma 2.6 with 𝑔 equal to each coordinate vector of ℝ𝑋
; this gives 𝑊 ≥ 0.

For vertices in distinct components, (𝑇−1
0 )𝑢𝑣 = 0, so

𝑒(𝐶−1)𝑢𝑣 = 𝑤𝑢(𝑠𝐼𝑞 + 𝐽𝑞)𝑤T
𝑣 = 𝑠 𝑤𝑢 ⋅ 𝑤𝑣 + (𝑤𝑢𝟏𝑋 )(𝑤𝑣𝟏𝑋 ) = 1 + 𝑠 𝑤𝑢 ⋅ 𝑤𝑣.

On a path, 2𝑓𝑗 = 𝑓𝑗−1 + 𝑓𝑗+1 implies 𝑓𝑗 = (1 − 𝑗/𝑠)𝑓0 + (𝑗/𝑠)𝑓𝑠 . At the centre of 𝐾1,3, 𝑓 = (𝑓1 + 𝑓2 +
𝑓3)/3. □

4.2. Degree differences.

Proof of Theorem 1.3. Choose 𝑜 of maximum degree 𝑞. By Lemma 4.1, 𝑒 ≥ 𝑞 + 1. If 𝑒 = 𝑞 + 1, then

𝑀𝑖 = 2 for all 𝑖, and positivity and the row sums give 𝐵 = 𝐼𝑞 + 𝐽𝑞 . An interior vertex would have all

its coordinates 𝑝𝑖 ≤ 1, giving ∑𝑖 𝑝𝑖 ≤ 𝑞 < 𝑒. Thus 𝑈 = ∅ and

𝐶−1 =
𝐼𝑞 + 𝐽𝑞
𝑞 + 1

, 𝐶 = (𝑞 + 1)𝐼𝑞 − 𝐽𝑞 .

These are the matrices of 𝐾𝑞+1 grounded at one vertex, so 𝐺 = 𝐾𝑞+1.

Suppose 𝑒 = 𝑞 + 2. A diagonal entry two has every off-diagonal entry at most one, so its row sum

is at most 𝑞 + 1. Hence every 𝑀𝑖 = 3. By Lemma 4.2 its off-diagonal entries are all one, so 𝐵 = 2𝐼𝑞 + 𝐽𝑞 .

Every interior support has two indices, and Lemma 4.5 makes the corresponding interior vertices the

internal vertices of one path of length two. Equation (4.7) requires one such path for each unordered

pair of boundary vertices. If 𝑞 ≥ 3, choose two pairs meeting at one index. The two internal vertices

lie in distinct components, and Lemma 4.7 gives

𝑒(𝐶−1)𝑢𝑣 = 1 + 2(
1
2)

2

=
3
2
∉ ℤ. (4.13)

This contradicts Lemma 2.2. Thus 𝑞 = 2 and 𝐺 = 𝐶4.

Suppose 𝑒 = 𝑞 + 3. Diagonal entries two are excluded by row sums. If a diagonal entry were three,

Lemma 4.2 would make its other entries one, giving row sum 𝑞 + 2. Thus every 𝑀𝑖 = 4; the other

𝑞 − 1 positive entries must sum to 𝑞 − 1, so 𝐵 = 3𝐼𝑞 + 𝐽𝑞 . By Lemmas 4.5 and 4.6, each component

𝑄 of 𝐺[𝑈] has a support 𝑇𝑄 of size two or three. The induced graph 𝐺[𝑉 (𝑄) ∪ {𝑥𝑎 ∶ 𝑎 ∈ 𝑇𝑄}] is

respectively a path of length three or a copy of 𝐾1,3. Its contribution to the boundary sum for distinct

indices 𝑎, 𝑏 is one if {𝑎, 𝑏} ⊆ 𝑇𝑄 , and zero otherwise. Hence (4.7) gives

∑
𝑄

𝟏{𝑎,𝑏}⊆𝑇𝑄 = 1 (𝑎 ≠ 𝑏).

Thus every unordered pair belongs to exactly one component support, and distinct supports intersect

in at most one index. Since 𝑞 ≥ 2, there is at least one interior component.

Suppose that there are at least two interior components. If their supports were pairwise disjoint,

a pair chosen from two of them could not be covered. Hence two supports intersect, necessarily at

one index. Choose an internal vertex in each component. Their harmonic weights at that index are

𝑐/3, 𝑑/3 with 𝑐, 𝑑 ∈ {1, 2}. Formula (4.12) gives

𝑒(𝐶−1)𝑢𝑣 = 1 +
𝑐𝑑
3

∉ ℤ, (4.14)

since 𝑐𝑑 ∈ {1, 2, 4}. There is therefore only one interior component. Its support must contain all

boundary indices, because it covers every pair. The induced graph on the component and its boundary

vertices is either a path of length three, with 𝑞 = 2, or a copy of 𝐾1,3, with 𝑞 = 3. Adding the edges

from 𝑜 gives respectively 𝐶5 and 𝐾2,3. Conversely, Lemma 5.2 gives

𝑒(𝐾𝑞+1) = 𝑞 + 1, 𝑒(𝐶4) = 4, 𝑒(𝐶5) = 5, 𝑒(𝐾2,3) = 6.

Their maximum degrees are respectively 𝑞, 2, 2, 3. □
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5. Classification below exponent eight

5.1. Maximum degree three and exponent seven.

Proposition 5.1. If Δ(𝐺) = 3 and 𝑒(𝐺) = 7 for a biconnected graph 𝐺, then 𝐺 ≃ 𝑆7.

Proof. Take 𝑜 of degree three. By Lemmas 4.1 and 4.2, the diagonal entries of its boundary matrix

are four or five: a diagonal two gives row sum at most four, and a diagonal three gives row sum at

most five. A diagonal five has off-diagonal entries one and one. A diagonal four has off-diagonal

entries one and two. Since 𝐵 is symmetric and each row contains at most one entry two, the pairs

{𝑖, 𝑗} with 𝐵𝑖𝑗 = 2 are disjoint. On three indices, at most one pair can occur. Hence, up to simultaneous

permutation, the two possibilities are:

𝐵 = 4𝐼3 + 𝐽3, 𝐵 =
⎛
⎜
⎜
⎝

5 1 1
1 4 2
1 2 4

⎞
⎟
⎟
⎠
. (5.1)

Case 𝐵 = 4𝐼3 + 𝐽3. The positive supports in (4.6) have size two or three. By Lemmas 4.5 and 4.6, the

vertices of a nonempty 𝑈𝑇 with |𝑇 | = 2 are the internal vertices of a path of length four, while |𝑇 | = 3
gives a triangle with the three specified boundary attachments. If that triangle occurs, its attachments

already contribute one to every boundary sum (4.7). Any vertex 𝑣 of another component adjacent to

𝑥𝑎 would have some 𝑗 ∈ 𝑇 (𝑣) ⧵ {𝑎}, and 𝑧𝑗 (𝑣) ≥ 1 would make the sum in (4.7) at least two. Thus no

other interior component can have a neighbour in 𝑋 . Every interior component has a neighbour in

𝑋 . Hence there is no other component, and the graph is 𝑆7. If no three-element support occurs, then

every nonzero term 𝑧𝑗 (𝑣) in (4.7) has 𝑇 (𝑣) = {𝑎, 𝑗}, by Lemma 4.4. Thus 𝑈{𝑎,𝑗} ≠ ∅ for every 𝑎 ≠ 𝑗 , and

Lemma 4.5 gives one path of length four for each boundary pair. Choose 𝑢 on the 𝑥1𝑥2-path and 𝑣 on

the 𝑥1𝑥3-path, each at distance three from 𝑥1. They lie in distinct components of 𝐺[𝑈], by Lemma 4.4.

In the notation of Lemma 4.7, their rows are

𝑤𝑢 = (1/4, 3/4, 0), 𝑤𝑣 = (1/4, 0, 3/4).

Thus (4.12) gives

7(𝐶−1)𝑢𝑣 = 1 + 4(
1
4)

2

=
5
4
∉ ℤ, (5.2)

contradicting Lemma 2.2.

Case of the second matrix. Name the boundary vertices 𝑎, 𝑏, 𝑐. Their potential vectors are

𝑝(𝑎) = (5, 1, 1), 𝑝(𝑏) = (1, 4, 2), 𝑝(𝑐) = (1, 2, 4).

For 𝑖 ∈ {2, 3}, the function 𝑝𝑖 is harmonic on 𝑈 in the connected graph 𝐺 − 𝑜, since no vertex of 𝑈 is

adjacent to 𝑜. Suppose 𝑝𝑖(𝑧) = 1 at a vertex of a component 𝐾 of 𝐺[𝑈]. All values of 𝑝𝑖 on 𝐺 − 𝑜 are

at least one. By Lemma 2.6, 𝑝𝑖 = 1 on 𝑉 (𝐾) ∪ 𝜕𝐺𝑉 (𝐾). The only vertex of 𝑋 with this coordinate one

is 𝑎, so 𝜕𝐺𝑉 (𝐾) = {𝑎}. Since 𝑜 ∉ 𝑉 (𝐾) ∪ {𝑎}, this contradicts Lemma 4.3.

At any interior vertex the second and third coordinates are therefore in {2, 3}, by the strict maximum.

The first coordinate is positive, and the coordinate sum is seven. Hence its vector belongs to

𝜅 = (1, 3, 3), 𝑢 = (3, 2, 2), 𝑣 = (2, 2, 3), 𝑤 = (2, 3, 2). (5.3)

For 𝜉 ∈ {𝜅, 𝑢, 𝑣, 𝑤} put 𝑈𝜉 = {𝑧 ∈ 𝑈 ∶ 𝑝(𝑧) = 𝜉}.
The edge 𝑎𝑏 is impossible: the second coordinate is harmonic at 𝑎, where its value is one, its

degree is at most three, and 𝑏 would contribute four. The third coordinate similarly excludes 𝑎𝑐.

Every neighbour of 𝑎 other than 𝑜 therefore lies in 𝑈 and has second and third coordinates at least

two. If 𝑑 = deg(𝑎), harmonicity in either coordinate gives 2(𝑑 − 1) ≤ 𝑑. Since 𝑑 ≥ 2, one has 𝑑 = 2.

Its one neighbour outside {𝑜} has second and third coordinates two, hence is some 𝑢∗ ∈ 𝑈𝑢.
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At 𝑏 , the vector equation is

∑
𝑦∼𝑏

𝑝(𝑦) = deg(𝑏)(1, 4, 2) − (0, 7, 0).

If deg(𝑏) = 2, the single neighbour different from 𝑜 would have vector (2, 1, 4), which is neither a

boundary vector nor one of (5.3). Hence deg(𝑏) = 3, and the other two neighbour vectors sum to

(3, 5, 6). The first-coordinate sum is 1 + 2, so the possible vector sums are

pair {𝑝(𝑐), 𝑣} {𝑝(𝑐), 𝑤} {𝜅, 𝑣} {𝜅, 𝑤}
sum (3, 4, 7) (3, 5, 6) (3, 5, 6) (3, 6, 5).

Thus 𝑁𝐺(𝑏) ⧵ {𝑜} is one of

{𝑐, 𝑤∗} (𝑤∗ ∈ 𝑈𝑤), {𝑘∗, 𝑣∗} (𝑘∗ ∈ 𝑈𝜅, 𝑣∗ ∈ 𝑈𝑣). (5.4)

Interchanging the second and third coordinates gives at 𝑐 the alternatives {𝑏, 𝑣∗} or {𝑘∗, 𝑤∗}.
At a vertex in 𝑈𝑣 , the second coordinate equals two. It is adjacent neither to 𝑜 nor to 𝑎, whose two

neighbours have been determined. Every possible remaining neighbour has second coordinate at

least two. Harmonicity therefore excludes 𝑏 , whose coordinate is four. Thus the second alternative in

(5.4) is impossible. At a vertex in 𝑈𝑤, the third-coordinate equation likewise excludes 𝑐. Consequently

𝑏𝑐, 𝑏𝑤∗, 𝑐𝑣∗ (5.5)

are edges; hence 𝑁(𝑏) = {𝑜, 𝑐, 𝑤∗} and 𝑁(𝑐) = {𝑜, 𝑏, 𝑣∗}.
A vertex in 𝑈𝜅 has first coordinate one. Its neighbours must also have that coordinate one, so they

can only lie in 𝑈𝜅 or be 𝑏, 𝑐. The neighbour sets of 𝑏, 𝑐 have already been determined. Hence 𝑈𝜅, if

nonempty, has no edge to its complement, contradicting connectedness. Thus 𝑈𝜅 = ∅.

For 𝑧 ∈ 𝑈𝑣, the second-coordinate equation permits neighbours only in {𝑐} ∪ 𝑈𝑢 ∪ 𝑈𝑣. Since

𝑝1(𝑧) = 2, 𝑝1(𝑐) = 1 and 𝑝1 = 3 on 𝑈𝑢, its first-coordinate equation is

|𝑁𝐺(𝑧) ∩ 𝑈𝑢| = 𝟏𝑧∼𝑐 . (5.6)

There is precisely one vertex 𝑣∗ adjacent to 𝑐, because of (5.5), and it has one neighbour in 𝑈𝑢. For

𝑍 = 𝑈𝑣 ⧵ {𝑣∗}, equation (5.6) gives 𝑁𝐺(𝑧) ⊆ 𝑈𝑣 for every 𝑧 ∈ 𝑍 ; hence 𝜕𝐺𝑍 ⊆ {𝑣∗}. Since 𝑜 ∉ 𝑍 ∪ {𝑣∗},
Lemma 4.3 rules out 𝑍 ≠ ∅. Interchanging the second and third coordinates gives |𝑁𝐺(𝑧) ∩𝑈𝑢| = 𝟏𝑧∼𝑏
for 𝑧 ∈ 𝑈𝑤 and 𝜕𝐺(𝑈𝑤 ⧵ {𝑤∗}) ⊆ {𝑤∗}. The same separation argument gives 𝑈𝑤 = {𝑤∗}, and both

𝑣∗, 𝑤∗ have one neighbour in 𝑈𝑢.

For 𝑧 ∈ 𝑈𝑢, all possible neighbours lie in {𝑎, 𝑣∗, 𝑤∗} ∪ 𝑈𝑢. The terms 𝑝1(𝑧) − 𝑝1(𝑦) in its first-

coordinate Laplacian equation are respectively −2, 1, 1, 0. Hence

2𝟏𝑧∼𝑎 = |𝑁𝐺(𝑧) ∩ {𝑣∗, 𝑤∗}|. (5.7)

Equation (5.7) gives 𝑢∗𝑣∗, 𝑢∗𝑤∗ ∈ 𝐸. For 𝑍 = 𝑈𝑢 ⧵ {𝑢∗} it gives 𝑁𝐺(𝑧) ⊆ 𝑈𝑢 for each 𝑧 ∈ 𝑍 , because 𝑎
is adjacent to no other vertex of 𝑈𝑢. Thus 𝜕𝐺𝑍 ⊆ {𝑢∗}, and Lemma 4.3 rules out 𝑍 ≠ ∅. Consequently

𝑉 = {𝑜, 𝑎, 𝑏, 𝑐, 𝑢∗, 𝑣∗, 𝑤∗}, 𝐸 = {𝑜𝑎, 𝑜𝑏, 𝑜𝑐, 𝑏𝑐, 𝑏𝑤∗, 𝑐𝑣∗, 𝑎𝑢∗, 𝑢∗𝑣∗, 𝑢∗𝑤∗}.

The vertices 𝑜, 𝑏, 𝑐 form a triangle and are joined to 𝑢∗ by the paths 𝑢∗𝑎𝑜, 𝑢∗𝑤∗𝑏 , 𝑢∗𝑣∗𝑐, each of

length two. This is 𝑆7. □

5.2. Jacobians of the eleven graphs.

Lemma 5.2. For 𝑛 ≥ 3,

Jac(𝐶𝑛) ≃ ℤ/𝑛ℤ, Jac(𝐾𝑛) ≃ (ℤ/𝑛ℤ)𝑛−2.

Moreover,
Jac(𝐾2,3) ≃ ℤ/2ℤ ⊕ ℤ/6ℤ, Jac(𝑆7) ≃ (ℤ/7ℤ)2.

All these graphs are biconnected.
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Proof. The cycle formula is [17, p. 280, Remark], and the complete-graph formula is [17, p. 278,

Lemma]. For 𝐾2,3, take 𝑝 = 2 and 𝑞 = 3 in [17, p. 280, Example].

For 𝑆7, the reduced Laplacian at 𝑜, with the 𝑥𝑖 before the 𝑦𝑖, is

𝐶 = (
2𝐼3 −𝐼3
−𝐼3 4𝐼3 − 𝐽3)

.

By Lemma 2.1, its Jacobian has generators 𝜉𝑖, 𝜂𝑖 corresponding to 𝑥𝑖, 𝑦𝑖 and relations

2𝜉𝑖 − 𝜂𝑖 = 0, −𝜉𝑖 + 4𝜂𝑖 −
3
∑
𝑗=1

𝜂𝑗 = 0 (1 ≤ 𝑖 ≤ 3).

Eliminating 𝜂𝑖 = 2𝜉𝑖 gives

7𝜉𝑖 − 2𝑠 = 0 (1 ≤ 𝑖 ≤ 3), 𝑠 = 𝜉1 + 𝜉2 + 𝜉3.

Since ∑𝑖(7𝜉𝑖 − 2𝑠) = 𝑠, these relations are equivalent to 𝑠 = 0 and 7𝜉𝑖 = 0 for 1 ≤ 𝑖 ≤ 3. Eliminating

𝜉3 = −𝜉1 − 𝜉2 leaves

Jac(𝑆7) ≃ ℤ2/7ℤ2 ≃ (ℤ/7ℤ)2.

Deleting a vertex from a cycle leaves a path, and deleting a vertex from a complete graph leaves

a complete graph. Deleting a vertex from 𝐾2,3 leaves either 𝐾1,3 or 𝐾2,2, both connected. For 𝑆7,
deletion of 𝑜 leaves a triangle with one pendent edge at each vertex. Deletion of 𝑥𝑖 leaves the triangle

connected to 𝑜 through the other two paths. After deletion of 𝑦𝑖, the vertex 𝑥𝑖 has the sole neighbour

𝑜, while the two remaining triangle vertices are adjacent and joined to 𝑜 through their two paths.

Thus 𝑆7 − 𝑣 is connected for every 𝑣 ∈ 𝑉 (𝑆7). □

Proof of Theorem 1.1. First suppose 𝑒(𝐺) ≤ 7, and put 𝑞 = Δ(𝐺) ≥ 2. If 𝑞 = 2, then 𝐺 is connected

and every vertex has degree two. Thus 𝐺 ≃ 𝐶𝑛 for some 𝑛 ≥ 3 [17, p. 280, Remark], and 𝑛 = 𝑒(𝐺) ≤ 7
by Lemma 5.2. If 𝑞 ≥ 4, then 1 ≤ 𝑒 − 𝑞 ≤ 3. The noncomplete cases in Theorem 1.3 have maximum

degree at most three, so only 𝐾𝑞+1 remains. If 𝑞 = 3 and 𝑒 ≤ 6, the same theorem leaves 𝐾4 and

𝐾2,3, the listed cases of maximum degree three. The last case, 𝑞 = 3, 𝑒 = 7, is Proposition 5.1. The

inequality 𝑒 ≥ 𝑞 + 1 ≥ 3 excludes exponents one and two. Hence 𝐺 belongs to (1.3). By Lemma 5.2,

𝑒 𝐺 Jac(𝐺)
3 𝐶3 ℤ/3ℤ
4 𝐶4, 𝐾4 ℤ/4ℤ, (ℤ/4ℤ)2
5 𝐶5, 𝐾5 ℤ/5ℤ, (ℤ/5ℤ)3
6 𝐶6, 𝐾2,3, 𝐾6 ℤ/6ℤ, ℤ/2ℤ ⊕ ℤ/6ℤ, (ℤ/6ℤ)4
7 𝐶7, 𝑆7, 𝐾7 ℤ/7ℤ, (ℤ/7ℤ)2, (ℤ/7ℤ)5.

(5.8)

All listed graphs are simple and biconnected. Their degree sequences, with multiplicities indicated by

exponents, are

𝐶𝑛 ∶ (2𝑛), 𝐾𝑛 ∶ ((𝑛 − 1)𝑛), 𝐾2,3 ∶ (32, 23), 𝑆7 ∶ (34, 23).

These sequences and the vertex counts distinguish the eleven graphs.

For 𝑏 ≤ 7 the class in the theorem is a subset of this finite list. For 𝑏 ≥ 8, take 𝐺𝑡 = 𝐺2,𝑡 with

𝑡 ≥ 3. By Lemmas 3.2 and 3.3, these graphs are planar, bipartite and biconnected, have maximum

degree four, and have exponent eight. Their vertex counts 2𝑡 are distinct. Thus each of the three sets

in the theorem is infinite for 𝑏 ≥ 8. For every 1 ≤ 𝑎 ≤ 7, the graphs of exact exponent 𝑎 form a finite

subset of (1.3), whereas 𝑒(𝐺𝑡) = 8 for every 𝑡 ≥ 3. □
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6. Quantitative finiteness on surfaces

6.1. Integral embeddings in the plane.

Tutte’s embedding theorem ([26, (2.8), (7.2), and (9.2)]). Let 𝐺 be a simple 3-connected plane graph
with a triangular outer face. Assign its boundary vertices to three noncollinear points of ℝ2. The map
obtained by extending each coordinate harmonically to the other vertices is a straight-line embedding
with that outer triangle. Distinct vertices have distinct images, all other vertices lie strictly inside the
triangle, and each edge is the segment joining its endpoint images.

Lemma 6.1. In a simple 3-connected plane graph, each face has an induced cycle as boundary and a
closed disk as its closure on the sphere. If 𝑎, 𝑜, 𝑐 are consecutive vertices on a nontriangular face boundary,
one may add the edge 𝑎𝑐 within that face. The resulting graph remains simple and 3-connected and has
a triangular face 𝑎𝑜𝑐.

Proof. By [8, Proposition 4.2.7], each face boundary is an induced cycle. The closure of each face

on the sphere is a closed disk by [8, Theorem 4.1.4]. Let 𝐹 be a nontriangular face with consecutive

boundary vertices 𝑎, 𝑜, 𝑐. Since 𝑎, 𝑐 are nonconsecutive on this induced cycle, 𝑎𝑐 ∉ 𝐸(𝐺). An arc

from 𝑎 to 𝑐 with interior in 𝐹 cuts off a disk bounded by 𝑎𝑜𝑐. Adding this arc gives a simple plane

graph 𝐺 + 𝑎𝑐 with the same vertices and with face 𝑎𝑜𝑐. For every 𝑆 ⊆ 𝑉 (𝐺) with |𝑆| ≤ 2, the graph

(𝐺 + 𝑎𝑐) − 𝑆 contains the connected spanning subgraph 𝐺 − 𝑆. Thus 𝐺 + 𝑎𝑐 is 3-connected. □

Lemma 6.2. Let 𝐺 be 3-connected and plane, and let 𝑎, 𝑜, 𝑐 be consecutive vertices on one facial cycle.
Let 𝑓 , 𝑔 be grounded potentials on 𝐺 with

𝐿𝑓 = 𝐞𝑎 − 𝐞𝑜 , 𝐿𝑔 = 𝐞𝑐 − 𝐞𝑜 , 𝑓 (𝑜) = 𝑔(𝑜) = 0.

Put 𝑒 = 𝑒(𝐺) and 𝑛 = 𝑛(𝐺), and set

𝑅 = (
𝑓 (𝑎) 𝑔(𝑎)
𝑓 (𝑐) 𝑔(𝑐)) . (6.1)

Then 𝑅 is symmetric positive definite, 𝑒𝑅 has positive integer entries, and

2𝑛(𝐺) − 5 ≤ det(𝑒𝑅). (6.2)

Proof. Let 𝐶 be the reduced Laplacian grounded at 𝑜. The vectors 𝑓 |𝑉⧵{𝑜} and 𝑔|𝑉⧵{𝑜} are the 𝑎th and

𝑐th columns of 𝐶−1
. Thus 𝑅 = (𝐶−1){𝑎,𝑐},{𝑎,𝑐} is symmetric positive definite. Since 𝐺 is biconnected

and 𝑎, 𝑐 ∈ 𝑁(𝑜), the functions 𝑒𝑓 , 𝑒𝑔 satisfy (4.1); by Lemma 4.1 their values outside 𝑜 are positive

integers.

If the face is triangular, let 𝐺′ = 𝐺. Otherwise let 𝐺′ = 𝐺 + 𝑎𝑐, with 𝑎𝑐 inside the face as in

Lemma 6.1. In either case 𝐺′
is simple and 3-connected, with face 𝑎𝑜𝑐. Choose this face as the outer

face, and set

𝑝(𝑣) = 𝑒(𝑓 (𝑣), 𝑔(𝑣)) ∈ ℤ2. (6.3)

The boundary images 𝑝(𝑜), 𝑝(𝑎), 𝑝(𝑐) are the origin and the two rows of 𝑒𝑅, and hence are noncollinear.

At every vertex outside {𝑜, 𝑎, 𝑐}, both coordinates of 𝑝 are harmonic on 𝐺. The only possible added

edge joins 𝑎 to 𝑐, so the same equations hold on 𝐺′
. By Lemma 2.6, 𝑝 is the unique harmonic extension

of these boundary positions. Tutte’s theorem gives a straight-line embedding of 𝐺′
in the triangle

𝑇 = [𝑝(𝑜), 𝑝(𝑎), 𝑝(𝑐)]. The 𝑛(𝐺) − 3 other vertex images are distinct integer points strictly inside 𝑇 .

Put

𝐼𝑇 = | int(𝑇 ) ∩ ℤ2|, 𝐵𝑇 = |𝜕𝑇 ∩ ℤ2|.

Then 𝐼𝑇 ≥ 𝑛(𝐺) − 3 and 𝐵𝑇 ≥ 3. Pick’s theorem [4, Theorem 2.8] gives

det(𝑒𝑅) = 2 area 𝑇 = 2𝐼𝑇 + 𝐵𝑇 − 2 ≥ 2𝑛(𝐺) − 5.

□
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Proposition 6.3. If a simple 3-connected plane graph has a face of length 𝑘, then

2𝑛(𝐺) − 5 ≤
𝑘 − 2
𝑘

𝑒(𝐺)2. (6.4)

Proof. Write the facial cycle as 𝐶𝑘 = (𝑜, 𝑎, … , 𝑐, 𝑜), with 𝑘 ≥ 3. Let 𝑓 , 𝑔 and 𝑅 be as in Lemma 6.2,

and let 𝑅𝑘 be the analogous matrix for the unit-resistance cycle 𝐶𝑘 . The series and parallel laws [19,

Section 2.3] give

𝐶𝑘 (𝑜, 𝑎) = 𝐶𝑘 (𝑜, 𝑐) =
𝑘 − 1
𝑘

, 𝐶𝑘 (𝑎, 𝑐) =
2(𝑘 − 2)

𝑘
.

Hence Lemma 2.4 gives

𝑅𝑘 = (
(𝑘 − 1)/𝑘 1/𝑘

1/𝑘 (𝑘 − 1)/𝑘) .

For 𝑡 = (𝑡1, 𝑡2)T ∈ ℝ2
, put 𝐷 = 𝑡1(𝐞𝑎 − 𝐞𝑜) + 𝑡2(𝐞𝑐 − 𝐞𝑜). The current on 𝐺 with divergence 𝐷 has

potential 𝑡1𝑓 + 𝑡2𝑔 and energy 𝐷T(𝑡1𝑓 + 𝑡2𝑔) = 𝑡T𝑅𝑡. The corresponding current on 𝐶𝑘 has energy

𝑡T𝑅𝑘𝑡. Extend the latter current by zero on 𝐸(𝐺) ⧵ 𝐸(𝐶𝑘). Its divergence on 𝐺 is still 𝐷, and its energy

is unchanged. Thomson’s principle [19, Section 2.4, p. 35] therefore gives

𝑡T𝑅𝑡 ≤ 𝑡T𝑅𝑘𝑡 (𝑡 ∈ ℝ2).

Thus 𝑅𝑘 − 𝑅 is positive semidefinite. Both 𝑅 and 𝑅𝑘 are positive definite, so Weyl’s monotonicity

principle [25, Corollary 9.9] gives

det 𝑅 ≤ det 𝑅𝑘 =
𝑘 − 2
𝑘

.

Together with (6.2), this yields

2𝑛(𝐺) − 5 ≤ 𝑒(𝐺)2 det 𝑅 ≤
𝑘 − 2
𝑘

𝑒(𝐺)2.

□

Proof of Theorem 1.4. Fix a plane embedding of 𝐺. Choose 𝑜 of degree Δ and consecutive neighbours

𝑎, 𝑐 in its cyclic order. The sector between 𝑜𝑎 and 𝑜𝑐 belongs to a face, whose boundary cycle contains

the path 𝑎𝑜𝑐 by Lemma 6.1. Write the matrix in Lemma 6.2 as

𝑒𝑅 = (
𝑢 𝑣
𝑣 𝑤) , 𝑆 = 𝑒 − Δ + 2.

All entries are positive integers. For 𝑑 ∈ 𝑁(𝑜), let 𝐿𝑝𝑑 = 𝑒(𝐞𝑑 − 𝐞𝑜) and 𝑝𝑑(𝑜) = 0. Then 𝑢 = 𝑝𝑎(𝑎),
𝑣 = 𝑝𝑐(𝑎) = 𝑝𝑎(𝑐), and 𝑤 = 𝑝𝑐(𝑐). The sum identity in Lemma 4.1 gives

𝑒 = 𝑢 + 𝑣 + ∑
𝑑∈𝑁(𝑜)⧵{𝑎,𝑐}

𝑝𝑑(𝑎), 𝑒 = 𝑣 + 𝑤 + ∑
𝑑∈𝑁(𝑜)⧵{𝑎,𝑐}

𝑝𝑑(𝑐).

The remaining Δ − 2 terms in each sum are at least one; hence

𝑢 + 𝑣 ≤ 𝑆, 𝑣 + 𝑤 ≤ 𝑆. (6.5)

By Lemma 4.1, 𝑒 ≥ Δ + 1, so 𝑆 ≥ 3. Since 𝑣 ≥ 1 and 𝑢,𝑤 ≤ 𝑆 − 𝑣,

det(𝑒𝑅) = 𝑢𝑤 − 𝑣2 ≤ (𝑆 − 𝑣)2 − 𝑣2

= 𝑆2 − 2𝑆𝑣 ≤ 𝑆(𝑆 − 2) = (𝑒 − Δ + 1)2 − 1.
(6.6)

Together with (6.2), this gives 2𝑛 − 5 ≤ (𝑒 − Δ + 1)2 − 1, and hence 2𝑛 − 4 ≤ (𝑒 − Δ + 1)2. In particular

𝑒 ≥ Δ − 1 + ⌈
√
2𝑛 − 4⌉, since 𝑒 − Δ + 1 ≥ 2. For 𝐾4, one has 𝑛 = 4, Δ = 3 and 𝑒 = 4 by Lemma 5.2, so

equality holds.
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Write 𝑚 = 𝑚(𝐺) and let 𝐹 be the number of faces. Since the minimum degree is at least three,

2𝑚 ≥ 3𝑛. Euler’s formula [8, Theorem 4.2.9] gives

6𝐹 − 2𝑚 = 12 − 6𝑛 + 4𝑚 ≥ 12.

The sum of the face lengths is 2𝑚, so some face has length 3 ≤ 𝑘 ≤ 5. Proposition 6.3 gives

2𝑛 − 5 ≤
𝑘 − 2
𝑘

𝑒2 ≤
3
5
𝑒2.

Since 𝑛 is an integer, the two inequalities give (1.12). Since Δ ≥ 3 and 𝑒 ≥ Δ+1, one has 0 < 𝑒−Δ+1 ≤
𝑒 − 2 and hence

𝑛 ≤ min
{

⌊
𝑒2 − 4𝑒 + 8

2 ⌋ , ⌊
3𝑒2

10
+
5
2⌋

}
. (6.7)

For 𝑒 ≤ 𝑏 , put 𝑁𝑏 = ⌊3𝑏2/10 + 5/2⌋. Then 𝑛 ≤ 𝑁𝑏 , and the number of isomorphism classes is at most

𝑁𝑏

∑
𝑗=1

2(
𝑗
2) < ∞.

□

6.2. Essentially 3-connected torus embeddings. An embedding is essentially simple if its universal

covering graph has no loops or parallel edges. A geodesic in a flat torus is the projection of a line

segment in its Euclidean universal cover.

Toroidal embedding theorem ([11, Theorem 2.5]; for simplicial triangulations, [7, Theorems 1–2]).
Let Γ be a cellular, essentially simple, essentially 3-connected embedding of a finite graph in a flat
torus. Assign a positive real number to each edge. Up to translation there is a unique geodesic drawing
homotopic to Γ for which, at every vertex, the sum of the outgoing edge displacement vectors multiplied
by their assigned numbers is zero. This drawing is an embedding.

Proof of Theorem 1.5. Identify the torus with ℝ2/ℤ2
by a homeomorphism. Cellularity and the uni-

versal covering graph are preserved. Since 𝐺 is simple and its universal covering graph is connected,

𝑛(𝐺) ≥ 2; moreover, the covering graph is simple. Apply the toroidal embedding theorem with all

edge weights equal to one. Translate the resulting geodesic embedding so that a chosen vertex 𝑞 lies

at zero, and choose lifts 𝑥𝑣 ∈ ℝ2
with 𝑥𝑞 = 0.

For an oriented edge 𝑑 ∶ 𝑣 → 𝑤, the lift starting at 𝑥𝑣 ends at 𝑥𝑤 + 𝜏𝑑 for a unique 𝜏𝑑 ∈ ℤ2
.

Reversing this lift and translating it by −𝜏𝑑 gives 𝜏𝑑̄ = −𝜏𝑑 . Put

𝐷𝑣 = ∑
𝑑∶ 𝑣→𝑤

𝜏𝑑 ∈ ℤ2. (6.8)

The two orientations of each edge give opposite contributions, so ∑𝑣 𝐷𝑣 = 0. Equilibrium gives

0 = ∑
𝑑∶ 𝑣→𝑤

(𝑥𝑤 + 𝜏𝑑 − 𝑥𝑣) = −(𝐿𝑥)𝑣 + 𝐷𝑣. (6.9)

Thus 𝐿𝑥 = 𝐷. Each coordinate of 𝐷 is an integral degree-zero divisor. Since 𝑥𝑞 = 0, Lemma 2.2 gives,

with 𝑒 = 𝑒(𝐺),

𝑒𝑥𝑣 ∈ ℤ2 (𝑣 ∈ 𝑉 ). (6.10)

The embedding therefore induces an injection

𝑉 (𝐺) ⟶ 𝑒−1ℤ2/ℤ2 ≃ (ℤ/𝑒ℤ)2.

Hence 𝑛(𝐺) ≤ 𝑒2. If 𝑒(𝐺) ≤ 𝑏 , then 𝑛(𝐺) ≤ 𝑏2
. The finite sum in the proof of Theorem 1.4, with

𝑁𝑏 = ⌊𝑏2⌋, bounds the number of isomorphism classes. □
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7. Consequences

Corollary 7.1. Every simple biconnected graph satisfies

𝑒(𝐺) ≥ min{𝑛(𝐺), 8}.

The simple 3-connected graphs of exponent at most seven are exactly 𝐾4, 𝐾5, 𝐾6, 𝐾7.

Proof. Put 𝑛 = 𝑛(𝐺) and 𝑒 = 𝑒(𝐺). If 𝑒 ≤ 7, Theorem 1.1 and Lemma 5.2 give 𝑛 = 𝑒 for the cycles,

complete graphs and 𝑆7, and (𝑛, 𝑒) = (5, 6) for 𝐾2,3. Thus 𝑒 ≥ 𝑛 in this case. If 𝑒 ≥ 8, then 𝑒 ≥ min{𝑛, 8}
directly.

Among the classified graphs, every cycle, 𝐾2,3 and 𝑆7 has a vertex of degree two. A 3-connected

graph has minimum degree at least three, so none of these is 3-connected. The graphs 𝐾4, 𝐾5, 𝐾6, 𝐾7
remain complete on at least two vertices after deletion of at most two vertices, and their exponents

are 4, 5, 6, 7, respectively. □

Corollary 7.2. Let 3 ≤ 𝑎 ≤ 7. If 𝐺 is simple and biconnected and Jac(𝐺) ≃ (ℤ/𝑎ℤ)𝑟 with 𝑟 ≥ 1, then
𝑟 ≤ 𝑎 − 2. Equality is attained by 𝐾𝑎. At 𝑎 = 8 there is no bound on 𝑟 , even among simple planar
biconnected graphs of maximum degree at most four.

Proof. The group (ℤ/𝑎ℤ)𝑟 has exponent 𝑎 and 𝑟 nontrivial invariant factors, so its minimum number

of generators is 𝑟 . Since 𝑎 ≤ 7, Corollary 7.1 gives 𝑛(𝐺) ≤ 𝑎. The graph 𝐺 is connected and simple,

with minimum degree at least two, so [17, p. 278, Lemma] gives

𝑟 ≤ 𝑛(𝐺) − 2 ≤ 𝑎 − 2.

By Lemma 5.2, Jac(𝐾𝑎) ≃ (ℤ/𝑎ℤ)𝑎−2. For every 𝑟 ≥ 1, Theorem 1.2, with 𝑡 = 𝑟 + 1, gives Jac(𝐻𝑟+1) ≃
(ℤ/8ℤ)𝑟 ; these graphs are simple, planar and biconnected and have maximum degree at most four. □

Corollary 7.3. If 𝐺 is simple, planar and 3-connected and Jac(𝐺) ≃ (ℤ/𝑎ℤ)𝑟 , with 𝑎 ≥ 2 and 𝑟 ≥ 1,
then

𝑟 ≤ 𝑛(𝐺) − 2 ≤ min
{

⌊
𝑎2 − 4𝑎 + 4

2 ⌋ , ⌊
3𝑎2

10
+
1
2⌋

}
. (7.1)

Proof. Put 𝑛 = 𝑛(𝐺). The 𝑟 invariant factors 𝑎 are nontrivial, so the minimum number of generators

of Jac(𝐺) is 𝑟 . Since 𝐺 is connected and simple, with minimum degree at least three, [17, p. 278,

Lemma] gives 𝑟 ≤ 𝑛 − 2. Since 𝑒(𝐺) = 𝑎, subtracting two in (6.7) gives the second inequality, with

⌊𝑥⌋ − 2 = ⌊𝑥 − 2⌋. □

Proposition 7.4. For each integer 𝑚 ≥ 2, infinitely many pairwise nonisomorphic simple bipartite graphs
have vertex connectivity 𝑚 and Jacobian exponent 2𝑚2. In particular, abstract 3-connectivity does not
imply bounded-exponent finiteness.

Proof. For fixed 𝑚 ≥ 2 and 𝑡 ≥ 3, the graph 𝐺𝑚,𝑡 is simple by its definition: vertices in consecutive

independent parts are joined by exactly one edge. By Lemma 3.2, it is bipartite, has vertex connectivity

𝑚 and exponent 2𝑚2
. Since 𝑛(𝐺𝑚,𝑡) = 𝑚𝑡, distinct values of 𝑡 give nonisomorphic graphs.

For 𝑚 = 2, these are the planar graphs 𝐺𝑡 of Lemma 3.3. For 𝑚 = 3, these are 3-connected

graphs of exponent eighteen. Two consecutive parts induce 𝐾3,3, so every 𝐺3,𝑡 is nonplanar by [8,

Corollary 4.2.11]. □
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