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ABSTRACT. For every primitive GNS-symmetric quantum Markov generator on M;(C), d > 2, we
construct reversible extensions on a countable direct sum with a common all-time diamond-norm
semigroup limit and a common trace-norm I'-limit of relative entropies. Their entropy-constrained
logarithmic current actions nevertheless have a continuum of distinct I'-limits. The additional cotangent
form is y(E — Fy(B))|QoCel?, where y = limsup, b,/¢? is determined by the auxiliary rates. The
joint action—Fisher functional has instead the original core limit. For canonically embedded faithful
initial data, the corresponding energy—dissipation functionals I'-converge, and their almost minimizers
converge to the core semigroup. Every recovery family attaining a strict kinetic saving along a faithful
C? curve below the entropy cap has integrated Fisher cost bounded below by a positive multiple of
log?(1/6). At fixed coupling, the current action need not be lower semicontinuous and can strictly
exceed the metric energy of its induced distance. A second construction has a faithful stationary limit,
vanishing generator and all-time semigroup differences in diamond norm, and entropy I'-convergence,
but collapsing distances between fixed faithful states. A bound in terms of the diamond norm of the
entire auxiliary generator gives a complementary obstruction.
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1. INTRODUCTION

1.1. Operational, kinetic, and energy—dissipation limits. Convergence of a quantum Markov semi-
group and of its relative entropy does not determine the limit of its logarithmic current action. The
examples below distinguish the kinetic action, the induced distance, and the joint action—Fisher
functional.

Fix a primitive GNS-symmetric generator K, on My(C), d > 2, and an eigenvector ¢, of its
stationary density. The family in Theorem B, indexed by ¢ > 0 and k > 0, satisfies

sup sup||Sf’k -8, < Ce, 0 < ¢ < g, (1.1)
k>0 t>0
where C, &y > 0 depend only on the core and e,. The comparison semigroup retains every return
channel and is independent of k. Its restriction to the core is e'X+. For each fixed k, the relative
entropies have the same trace-norm I'-limit, whereas, for every E, T > 0,

r
Ackr = Afp  (e10) (1.2)
in the uniform trace-norm topology on [0, T]. The limiting cotangent form is

g5(C) + k(E — Fy(B)) Qo Cenl?. (1.3)

Distinct k give distinct local metrics at every faithful core state with Fy(B) < E. The estimate (1.1) is
uniform in k; the variational limit (1.2) is asserted for fixed k.
For the same family, Theorem C gives

T T
T
Ag,k,E+/ Ig,k(pt)dter,E+/ Io(B;) dt. (1.4)
0 0

Here k is fixed and A g is the original core action. For canonically embedded faithful initial data,
the associated current energy—-dissipation functionals have the corresponding I'-limit; their almost
minimizers converge to e’ x (Corollary 6.6 and Proposition 6.8).

The additional mobility in (1.3) is obtained by placing mass m/¢, at an auxiliary level with
log(1/8) = o(¢,) and b,/@? — x. The mass tends to zero, its entropy cost tends to m, and its
cotangent contribution tends to ym|QyCe|* (Lemma 4.6). Such kinetic recovery need not recover
the entropy. Indeed, recovery of the time-integrated entropy implies the original core-action lower
bound (Corollary 4.8).

There is also a quantitative Fisher obstruction. Let B be a faithful C? core curve on [0, T] with
sup, Fo(B;) < Eand G = A g(B)— A (B) > 0. Every uniformly trace-convergent family p° — B&0

x.E
attaining the effective action satisfies

T
/ LDdt
. 0
lim inf 5 >
510 log“(1/9) 4Mc

>0, (1.5)

with Mc as in Proposition 6.10. No matching upper rate is claimed.

These statements concern the current action defined in Section 2. At positive coupling it is not, in
general, the metric energy of the induced distance: Corollary 8.9 proves a strict gap and failure of
lower semicontinuity with fixed endpoints. The energy—dissipation limit uses a fixed time interval,
canonically prepared faithful initial data, and no entropy tilt. The proximal limit fixes a positive step.
The faithful-reference example and the complete-generator bound are stated in Sections 9 and 10,
respectively.

1.2. The weak-coupling extension. Let H, = C%, d > 2, and let K, be a primitive GNS-symmetric
quantum Markov generator with faithful stationary state

oo = diag(rmy, ..., 74), 7 >0, Z m = 1.
i
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Fix a coordinate vector ey, in this eigenbasis, and put P = Ep, and Qyp = Iy, — P. On

H=H,® ({1, va,..}), Py = projy,, (1.6)
extend the core channels by zero and adjoin the reversible pairs
aj = q(h, va) = Sbye ", q(vn, h) = by (1.7)

The core channels and the sequences (b,) and (¢,) are fixed; only § > 0 varies. Assume that, for
constants c,, C, > 0,

On > cn >0, 0< b, < Cugp, X = Iirrflsup —. (1.8)
—00 n
Thus 0 < y < 0. Set
Ap= D bue™?,  Zs=1+0m e,  Ps=2Z5". (1.9)
n n

Throughout, D(A|B) denotes Umegaki relative entropy in its extended-value sense. For positive
trace-class operators A, B with supp A < supp B, we write

D(A|B) = T A(log A — log B)),

allowing the value +oo; if the support inclusion fails, then D(A|B) = +co. This notation refers to
the extended relative entropy, not to a subtraction of two possibly infinite traces. More explicitly, if
A=Y, ajlu)(wl| and B =} ; bjlv;)v;|, with positive eigenvalues listed on their supports, then, under
the support inclusion, it is the spectral sum

D(A|B) = Z ail(u;, vj)*(log a; — log b)).
ij
Its negative part is at most Tr B/e, since alog(b/a) < b/efor 0 < a < b and Y; {u;,v;)|* < 1. Thus
the sum is well defined in R U {+o0}. We use 0log0 = 0, D(0|B) = 0, and the same convention for
positive subnormalized blocks. On states this is the usual Umegaki relative entropy; in particular, it is
jointly lower semicontinuous for trace-norm convergence [8, Lemma 4]. The extended semigroup
has stationary density

o5 = Ps <00 +87h Y, e‘q’"Ev,,v,,) . Fs(p) = D(plos), Fo(B) = D(B|oo). (1.10)

Core operators are identified with their zero extensions to .

Write g§ for the logarithmic cotangent form of the finite core, and gg for the form obtained by
adjoining the pairs (1.7). For each 8, let .75 be a real linear space of bounded Hermitian operators
such that

Thin+RIC T5 C T34 :={C=C" e B(H) : g2 (C) < oo} (1.11)
Here i, consists of the Hermitian matrices with finite coordinate support. The reduced action A g
is the infimum of the integrated squared current norm over currents satisfying the weak continuity
equation on a prescribed trace-continuous state curve, with Fs(p;) < E at every time. It is +oo if these

conditions cannot be satisfied. The state domain and the test-integrability condition are specified in
Definition 2.6.

1.3. The effective kinetic limit. For E > 0, let
Kg={BeMy:B>0, TrB=1, F(B) <E}.
For Be K g and a Hermitian core potential C, define
85.5.4(C) = g5(C) + X(E = Fo(B))| Qo Cen[’. (1.12)
a,£(B, V) = sup {2Tr(CV) — gp (O}, V=V" TrV=0. (1.13)

C=C*
Chn=0
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The condition Cpj = 0 fixes the additive scalar in the potential. For an absolutely continuous curve
B : [0, T] - K}, put

T
Aif,E(B) = / ay(By, By) dt. (1.14)
0

Regard this as a functional on C([0, T]; 6(H)), with value +co on all other curves, in particular on
curves not supported in H,.

Theorem A. Assume (1.8). For every E, T > 0 and every family of test spaces satisfying (1.11),

Asp > AT (510) (1.15)

on C([0, T]; (H)) with the uniform trace-norm topology. If §; — 0 and sup; Agj’E(pj) < oo, then (p’)
has a uniformly trace-convergent subsequence. Every limit is a core-supported curve with values in K.

The lower inequality holds for arbitrary quantum approximating curves. For every B of finite effective
action with faithful endpoints, there is a recovery family with endpoints 15By and isBt, where

1sB = Bs <B +0my Y, e_"’"EWn> . (1.16)

Recovery without prescribed endpoints holds for every curve of finite effective action, including curves
through singular states.

For B > 0, let K5 denote the Onsager operator representing gj on trace-zero Hermitian matrices,
and put

RiC = 3(PCQy + QyCP). (1.17)
Then
ay£(B,V) = Tr(V[Kp + x(E — Fo(B)Ry]'V) . (1.18)

The inverse is taken on the trace-zero Hermitian space. At singular states, (1.13) defines the extended
quadratic form. The auxiliary profile enters the limit only through y; the ratio b,/¢? need not
converge. For y = 0, the effective action is the core action restricted to K}.

The unit-time distance d, i of this action is finite on KJ. It induces the matrix norm topology and
makes K} a compact geodesic metric space. If By, B; € K} are faithful, then

W{s:yg(laBm 15B1) — dy,5(Bo, B1). (1.19)

For a fixed faithful base state and a fixed positive step, the entropy proximal functionals also I'-converge.
Every sequence of almost minimizers converges to the unique effective minimizer (Corollary 5.2).
Attainment of the moving infima is not required.

1.4. One operational limit and a continuum of kinetic limits. Let £ retain the core and every
return channel, with all outward rates equal to zero. The difference L. — L, is bounded and has
diamond norm 26A,,. If b, > 1 and the total outward rate is £, Theorem 7.1 gives

supls; — S0 < Ce
>0

for sufficiently small ¢, with C depending only on the core and ey,
Keep b, = n?. For each k > 0, define

n/Jk, k>0, _,® £ 0)
(p%k) = {nz P Ap = Z nfe o, gtk = A—knze on”, (1.20)
) - B n

These extensions have the same core, enlarged Hilbert space, return channels, and total outward rate
¢. Their comparison generator L . is independent of k.
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Theorem B. For the family (1.20), there are constants C, &y > 0, depending only on the core and ey, such
that
1L ks — Loxlo = 26, sup sup|S&F — 0, < Ce (0 < ¢ < &). (1.21)
k>0 t>0
For every fixed k > 0 and E, T > 0, the constrained current actions I'-converge, as € | 0, to the core action
with cotangent form

g3(C) + k(E — Fy(B)| Qo Ceyl*. (1.22)

The relative entropies I'-converge in trace norm to Fy on the core and to +oco elsewhere; the embeddings
(1.16), with § = ¢/ Ak, recover both the states and their entropies. Distinct values of k give distinct local
metrics at faithful core states with Fy(B) < E.

For the symmetric two-level core with equilibrium I, /2, the local coefficient in the direction
Eo1 + Eqg at equilibrium is 4/(1 + kE). On faithful core states below the cap, the entropy-gradient
equation of the limiting metric is

5o x.p ME=FB)

[P,[P,log B]]. (1.23)
The physical core limit is B = K. B. At each positive coupling, the quadratic-exponential profile
also has physical trajectories for which entropy dissipation strictly exceeds squared speed in the
constrained metric (Theorem 8.1).

In Theorem B, the variational limit is taken for fixed k, while the diamond estimate is uniform in
k. The parameter tending to zero multiplies the outward generator; the unbounded return generator
remains fixed. The common stationary limit oy @ 0 has kernel Hj. Corollary 5.2 fixes its proximal
step independently of the coupling.

1.5. Fisher coercivity, action-Fisher convergence, and prepared EDP limits. Let 75 be the channel
Fisher information defined in (2.21), and let Z, be its finite-core counterpart. Write A g for the
original finite-core action on K}; thus Agg = .Ae{f with y = 0. On the same curve space as in
Theorem A, set

T T
B p(p) = Asp(p) + /0 Is(p)dt,  Bor(B) = Aox(B) + /0 Lu(B)dr.  (1.24)

The second functional is +co outside core-supported curves.

Theorem C. Assume (1.8). For every E, T > 0 and every family of test spaces satisfying (1.11),

Bsy > Bop  (510) (1.25)

in the uniform trace-norm topology. If §; — 0 and sup; PBs,£(p’) < oo, then (p’) has a uniformly
trace-convergent subsequence. Every limit is core-supported and takes values in KJ. Recovery includes
singular limiting states. For a curve of finite %, . with faithful endpoints, recovery may be chosen with
the prescribed endpoints 15By and i15Br.

The limit in Theorem C is independent of y. Its principal estimate is

> bul\(py,v,. S 0") < —5——T(p) + JSZ boe /2 0<S<1.

lo 2(1 /5)
Thus bounded integrated Fisher information makes the auxiliary current pairing vanish in the limiting
continuity equation. More precisely, Proposition 6.10 applies to faithful C? core curves lying strictly
below the cap for which A g(B) > Aef%(B) every uniformly trace-convergent family attaining

the effective action satisfies the positive log?(1/8) lower bound in (6.14). For a fixed canonically
embedded faithful initial state, the full current energy—-dissipation functionals also I'-converge; their
almost minimizers converge to e'**x (Corollary 6.6 and Proposition 6.8). The initial state is prepared
canonically; the entropy is untilted, and the time interval is fixed.
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1.6. Robustness and the boundary of the instability. Theorem 9.1 concerns a different family. A
fixed faithful infinite-dimensional reversible reference admits perturbations of both rates of one pair
for which the bounded generator differences and the all-time semigroup differences tend to zero in
diamond norm. The stationary states converge in trace norm and in both directions of relative entropy,
but distances between fixed faithful states collapse. The reference generator remains unbounded, and
the reference-state ratios are not uniformly bounded. The associated energies nevertheless I'-converge
to the faithful reference energy (Corollary 9.6).

For an auxiliary Lindblad generator Q.. with positive rates and diamond norm 7, Proposition 10.1
gives

gp,aux(c) < g”ceh||2

uniformly over all states and core tests. Hence a nonzero limiting auxiliary cotangent term cannot
persist when the entire auxiliary generator of this edge form tends to zero in diamond norm. Moreover,
fixed positive returns and vanishing total outward rate force every trace limit of the stationary states
to be core-supported (Proposition 10.3).

1.7. Related work. Carlen—-Maas [3] constructed the logarithmic transport metric for finite-
dimensional quantum Markov semigroups with detailed balance. Mittnenzweig—-Mielke [10] obtained
entropic gradient structures for Lindblad equations and their couplings to macroscopic systems.
Brooks—Maas [2] proved that a finite-dimensional ergodic Lindblad equation admits a Riemannian
relative-entropy gradient representation if and only if it satisfies BKM detailed balance. These
existence results concern a fixed evolution. Theorems A and B concern limits of the specified
logarithmic current construction. For the Carlen-Maas noncommutative transport distance, Wirth
[16] proved a Hamilton—Jacobi dual formula. The time-dual representation in Lemma 4.2 is derived
directly for the present capped effective action. In the tracial Dirichlet-form setting, Wirth [17]
obtained a metric entropy flow under a gradient estimate; the test domains and hypotheses there
differ from (1.11).

Variational convergence of gradient structures is studied through energy-dissipation functionals
and their tilts in [11, 12]. Mielke-Stephan [12] treated linear fast—slow reaction systems with cosh
dissipation. Gladbach—Kopfer—-Maas—Portinale [7] obtained effective dynamical transport actions
on periodic graphs through a cell formula. Peletier—Schlottke [14] gave an energy-dissipation limit
which is not the functional of a gradient system. Deng—Gao-Wang [5] obtained different homogenized
dynamics from different time-discrete metric structures. Theorem A instead determines a kinetic-
action limit on moving quantum entropy sublevels. Its coefficient is the limsup in (1.8); Theorem B
realizes all finite values of that coefficient with one common all-time semigroup limit. Theorem C
and Corollary 6.6 give, for the same families, the joint action—-Fisher limit and its prepared-initial
energy—dissipation form. The auxiliary Fisher estimate separates this limit from the kinetic limit; no
tilted EDP convergence is asserted.

Notation. &,(H) denotes the Schatten class, and S(H) = {p € &1(H) : p >0, Trp = 1}. The
trace is unnormalized. Hilbert inner products are conjugate-linear in the first variable; on Hilbert-
Schmidt operators the real inner product is (U, V)gr = Re Tr(U*V). The symbols I and I, denote the
identities on H and H,, respectively. Matrix coordinates refer to the chosen eigenbasis of the core
and the auxiliary basis (e,, ). A matrix has finite coordinate support if it equals Px CPx for some finite
coordinate projection Px. For a bounded map T on trace class,

ITlo = sup| T ® idw, le, e, -

m>1

Faithfulness means trivial kernel. It does not imply a positive lower bound by the identity on an
infinite-dimensional space. Metric derivatives and curves of maximal slope have the conventions of
[1]; for extended metrics they are considered within a finite-distance component.
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2. THE LOGARITHMIC CALCULUS AND THE LEVEL EXTENSION

2.1. The finite core. The generator K, is GNS symmetric at o, if its Heisenberg adjoint K is self-
adjoint for (A, B),, = Tr(c¢A*B). It is primitive if etXB — g, as t — oo for every core state B. Fix a
modular representation [3, Theorem 3.1 and Remark 3.3], indexed by a finite set Jy with an involution
j+— j’, such that

Lj/ = Lj, a)j/ = —Q)j, [LJ,IOg 00] = O)JLJ, (21>
K.B=— Y [L}e/*L;B - e“/*BLj]. (2.2)
j€do

Nonnegative coefficients are absorbed in the L;. Their common commutant is Cl: a matrix commuting
with all the L; is fixed by the Heisenberg semigroup, and primitivity makes every fixed matrix scalar.
For U € B(H) put Dy(p) = UpU* — {U*U, p}/2. Reindexing by j’ gives

K.=2) Dy, (2.3)
j€do
The identity includes self-adjoint channels. Extend each L; by zero to H, and denote the resulting
bounded generator by K. Its loss operator on the core is
Go=2) e“/*LL;. (2.4)
Jj€Jo

It commutes with o and is positive definite. Indeed, if Gov = 0, then Ljp = Ljfv = 0 for all j. The
projection onto Cv commutes with every channel. Since d > 2, primitivity implies v = 0.

2.2. The extended semigroup. On edge hv, set
o= (aibn)l/4

Bo=dra D=0, d= g s @9
Together with the extended core channels, these satisfy (2.1) with reference ¢s. Their generator is
Ls. =K.+ ) (a5Dg,, + buDg,, ). (2.6)
n>1

since 2(£0)? e~n/2 = ad and 2(£9)? e@n/2 = b,. The return part of (2.6) is the generator of (2.7); the
core and outward parts are bounded perturbations. In particular, (2.6) does not denote an operator-
norm convergent series.

Lemma 2.1. Let D, be the identity on H,, and let D;e, = e_b"t/zevn. Then

Tp=DipDi+P Y (1—e")p, (2.7)
n

defines a strongly continuous semigroup of completely positive trace-preserving maps on S1(H). If G, is
its generator, then

;X

-X
Dom G, = {X € Si(H) : lilr(r)lf exists in 61(7—[)}.
t

Finite-coordinate matrices form a generator core. On that core,
1
Q*X = Z bn <Xvnvnp - Z{EVnVn’X}) > (2‘8)

n>1

where the sum is finite for each finite-coordinate X. More precisely, if Pr projects onto the core and the
first R auxiliary coordinates and

ErX = PrXPr + PTr((I — Pr)X),
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then £g Dom G, C Dom G, and, for every X € Dom G,,
EX — X, G.ErX = ERG.X — G, X
in trace norm.

Proof. For X € 61(H), Y., 1X,,v,| < |X|1. The series in (2.7) therefore converges in trace norm. After
finite amplification, diagonal compression gives ., | Xy, v, |1 < [X]1, so the same conclusion holds for
the amplified series. Each summand is completely positive, and, for X > 0,

Tr(D:XDy) + Y (1— e )X, = TrX.
n

Thus T; is a channel. The identities D;P = P and D;D; = D, give T;T; = T;;s. On each finite
coordinate subspace containing the core, ;X — X as t | 0. Density and contractivity imply strong
continuity on trace class. Differentiation on that subspace gives (2.8).

Direct substitution gives

ERT,X = T,ErX = D,PRXPRD; + P (Zu —e Xy, + Y. Xvnvn> :
n<R n>R

Moreover,
|€rX = X[y < |PrRXPr — X|1 + [ Tr((I — PR)X)| — 0.
The contractions &g therefore converge strongly to the identity and commute with T;. For X € Dom G,

ErX € Dom(,, G.ErX = ERG.X,

and
||8RX - X”l + ”g*gRX - Q*XHI — 0.
Since g X has finite coordinate support, these matrices form a generator core. ]

Proposition 2.2. For every § > 0, the operator (2.6) generates a strongly continuous semigroup of com-
pletely positive trace-preserving maps on S1(H). Its unique stationary density is o5, and its Heisenberg
semigroup is GNS symmetric with respect to this density. Moreover,

Dom L. = Dom L. = DomG,,
their difference extends to a bounded map on trace class, and, for every T > 0,

IL5 — Loxlo = 204, sup 12 — %6 < 28A,T. (2.9)
0<t<

The restriction of S? to core-supported operators is e'**.

Proof. Since ¢, > c.nand b, < C.¢?%, A, < co. The outward generator is bounded and equals
OA
Bs(p) = pan D anEv,v, = — 1P, p} (2.10)
n

The bounded perturbation theorem [6, Theorem I11.1.3] gives
Ls.=G.+ IE* + Bs, Dom L. = Dom ..
The same holds with Bs = 0. Since the two perturbations are bounded,

V, = et(lE*+Bg) — hm(etla/qeth/q)q

q—)OO
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in operator norm. The products (T;/4V;/4)? are contractions. The sum generator has dense domain

~

DomG,, and A — G, — K, — Bs is surjective for sufficiently large A by the bounded perturbation
theorem. The product formula [6, Corollary II1.5.8] therefore gives

SOX = lim(TiygViy)'X (X € &:(H)).

Each factor is a channel. The same limits hold after every finite amplification. The positive cone
is trace-norm closed and the trace is continuous; hence each amplified limit is positive and trace
preserving.

The identity

Z bn(05)v,v, = PsbmnAy < oo

and dominated convergence in (2.7) imply o5 € Dom G,.. The core term vanishes, and aﬁ(05)hh =
bn(os)y,v, for each n. Thus L5 .05 = 0.

Let Sf R retain the core and the first R reversible pairs, with the other auxiliary coordinates frozen.
The modular identities imply GNS symmetry at o5 on every finite coordinate compression containing
these pairs, hence on the full space by trace-class approximation of the GNS pairings. Let :9\? R retain
all returns but only the first R outward channels. Duhamel’s formula gives

ISPR -8l <2t Y al — 0
n>R

locally uniformly in t. For X supported on the core and the first R levels, Sf’RX = :9\;3 RX . Density
and contractivity give Sf Rx - S?X in trace norm for every X, also at each finite amplification. For
bounded A, B, duality and preservation of adjoints give

Tr(osA*(S7)*B) = Tr(S)*(05A™)B),
Tr(o5((SP7)* A)*B) = Tr(A*S{*(Bos)).

Both inputs on the right are trace class. Passing to the limit in
Tr(o5A"(S;™)"B) = Tr(a5((S7"™)"A)'B)

proves GNS symmetry of (S9)*.
Let p be stationary. Then p € Dom L; ... For B = PypP, and p, = p,,,, its coordinate equations
give

(Go + 8A,P + byIy)Pype,, =0, (bn + bm)py,v,, =0 (n+m),

bnpn = aﬁth.

The off-diagonal blocks vanish, )}, b,p, < oo, and the core equation becomes KC..B + §A,Dp(B) = 0.
Both Heisenberg summands are nonpositive and self-adjoint for (-, -),,. Therefore

ker(K + 6A,Dp) = ker K nker Dp = CI,.

The predual kernel is one-dimensional and contains oy. It follows that B = ro and p, = rém,e .
Normalization gives r = fs.

Finally, |Bs|, < 26 A, by the Lindblad representation. Equality follows from |Bs(P)|; = 26A,. The
identity

t
(57 -SDX = [ S BsSiXds (X e ®100)
0

holds as a trace-norm Bochner integral. At each finite amplification, contractivity bounds it by
26A,t|X];. Taking the operator norm and then the supremum over the ancilla dimension proves
(2.9). When the outward rates vanish, the core is invariant and its generator is KC,. O
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The auxiliary commutators are Hilbert-Schmidt for every bounded test, and

S 4128 13) = V8 Y b/ < oo, 2.11)

n
The finiteness of (2.11) does not give a uniform bound for gg over all states.

2.3. Mobility and raw currents. For p € G;(H), p > 0, define the logarithmic mobility by
1
M, ;U = / U/ Dos i pl=u gy, U € Gy(H). (2.12)
0

The integrand is norm-continuous for 0 < u < 1 and bounded on (0, 1). Thus (2.12) is a Bochner
integral in B(&;). Each integrand is a positive operator there. For a state p, [M, ;| < el*//2. The
values assigned to the powers at u = 0, 1 do not affect the integral. The scalar logarithmic mean is

a—>b

1
_ upl-u _
A(a,b)—/0 ab du_iloga—logb

(a, b >0), (2.13)

with A(a, a) = a and A(a,0) = A(0, a) = 0. For r > 0 and a positive finite matrix B, A(r, B) is defined
by spectral calculus, with its continuous extension when r = 0 or B is singular. In a spectral basis
peq = Tae,, substitution in (2.12) gives

M, Eap = A(e“/?ry, €121, Eyy.

This coefficient is positive when r,, r, > 0 and zero when r,r, = 0. In particular, M, ; is injective at
every faithful state; in infinite dimension its inverse need not be bounded.

Lemma 2.3 (Uniform remote logarithmic-mean asymptotics). Let s; — oo, let ¢c; > 0, and let Lj € R
satisfy L;j/sj — 0. Let © be a parameter set and let u; : © — (0, ) satisfy

sup |log u;(0)| .

0. (2.14)
6] Sj
For every compact interval K € (0, o),
Sj ~(s;+L})
sup |——=<A(cju;(0),cje T2 —1' — 0. (2.15)
0co, 2¢k | €ju;(0) (5. )

Consequently, if B;j(0) are positive matrices in a fixed finite dimension independent of j, whose spectra
all lie in K, then

sup
0O

Sj —(s;+L;)
——Alciu; ; TR B -1 0. 2.1
) (c]u](Q), cje ](9)) H — (2.16)

In particular, if cju;j(0)/s; — q(0) uniformly, then the operator logarithmic means converge uniformly
to q(O)I.

Proof. For all sufficiently large j, put

. ILj| + supyeg | log u;(0)| + max,ex | log A
;= )

Sj
Then s; > 0 and ¢; — 0. Homogeneity gives
Sj 1— e WA /u;
L A(cjuj, cje Yy = /4 :
cjuj 1+ (L;j+loguj—logl)/s;

For £; < 1 the denominator is at least 1 — ¢;, and

0< e_(sf+Lf)/1/uj < e (=2,
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Consequently the absolute difference of the preceding quotient from one is at most

uniformly in 8 and A € K. This tends to zero. Spectral calculus proves (2.16).

For large fixed j, condition (2.14) bounds u; on ©. If ¢;u;/s; — q uniformly, one such index shows
that g is bounded. Uniform convergence then bounds c;ju;/s; uniformly for all large j. Multiplication
in (2.16) proves the last assertion. O

Let J = Jou{(n,+),(n,—) : n > 1} and let J% = P;c7 62(H) be a real Hilbert space. For
C =C* € B(H) put

DyC= (M) DALY CL), gh(C) = ) Im) V(LY. . (2.17)
J

The vector DgC is defined in 7%, precisely when the sum is finite. Superscripts are omitted when the
coupling is fixed.

Lemma 2.4. Fix a channel j. On the positive trace class, the maps p — M, ; and p — M;’/jz are continuous
from trace norm to operator norm on &,. For every U € &,, the function p = (U,M, ;U)g is concave.
For positive trace-class p,n and b > 0,

0<p<by = M,;<bM,;,  My,;=bM,; (2.18)

Proof. Let p, — p in trace norm. For 0 < u < 1, continuous functional calculus gives pi — p*
and pl=% — pl™* in operator norm. Their norms are uniformly bounded on a bounded trace set.
Dominated convergence in (2.12) gives M, ; — M, ; in operator norm on &,. Continuity of the
positive square root gives the same conclusion for M1/2,

For 0 < u < 1, Lieb’s theorem [9] makes

p > Tr(U*p“Up'™*)

concave in finite dimension. Apply it to the compressions of two positive trace-class operators and of
U by one increasing sequence of finite-rank projections. The operators converge in trace norm and
U in Hilbert—Schmidt norm. Convergence of the powers in operator norm permits passage to the
limit. Integration against the positive weight e(*~1/2¢j proves concavity on the positive trace class.

Let L4 and R4 denote left and right multiplication. If 0 < p < bn, operator monotonicity of powers
and commutation of left and right multiplication give

LpuRpl—u S buLnuRpl—u S bLﬂuRnl—u.

Integrating proves the first assertion in (2.18). Homogeneity follows from (bp)* = b*p“ for b > 0;
the case b = 0 is immediate. g

For a positive bounded operator M on a real Hilbert space, define its inverse quadratic form by

au(J) = 51[1]p{2(], U) —(U,MU)}. (2.19)

Lemma 2.5. The action ap(J) is finite precisely when J € Ran M2, In that case,
ay(J) = min{|¢]* : M'/?E = J},
and the minimizer is the unique solution orthogonal to ker M. For positive bounded M, M,
M>aM,, a>0 = ay(J)<a lay (). (2.20)

For each channel, (p,]) — am,;(J) is jointly convex. Measurable state and raw-current fields of finite
action have strongly measurable least-norm square-root representatives.
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Proof. Suppose ap(J) = A < co. Optimization over scalar multiples of U gives
. U) < VAIM'2U].

Thus MY2U ~ (J,U) is a well-defined bounded linear functional on Ran M'/2. Its continuous
extension to Ran M1/2 = (ker M)" has a unique Riesz vector & there. For every U, (J, U) = (£, M'/2U);
hence J = M'/2¢. Conversely, for such a vector,

2, U) = IM2U? = £ - [MY?U - £,

Density of Ran M/ in (ker M)"* gives ay(J) = |£|?. Every other solution differs from & by a vector
in ker M, proving the least-norm assertion.
If M > aM,, then

an(J) < supl2(]. U) = (U, MyU)} = a " ap, ().

For fixed U, the expression defining am, ,(J) is affine in J and convex in p, by Lemma 2.4. Its supremum
is jointly convex.
For the least representative J = M'/2¢, spectral calculus gives

M+ ) V2] = (MM + 1)) e — &

Indeed, the scalar multiplier \/A/(A + r) is at most one, tends to one for A > 0, and & L ker M.
For measurable state and current fields, Lemma 2.4 and continuous functional calculus make each
regularized expression strongly measurable. Their pointwise norm limit is strongly measurable. The
countable channel representatives have finite summed square norm; their finite partial sums converge
in the separable space J%;. O

For Hermitian C, adjoint pairing gives
Mp,j/(U*) = (Mpij)*’ [L]/’C] = _[L]; C]*

The involution J; = —J ; preserves the action and the real continuity pairings. Averaging a raw
current with its image does not increase the action. Raw currents with Hermitian prescribed velocity
may therefore be chosen so that J; = —J j‘.
2.4. Channel Fisher information. For each state and channel define
T (p) = e *Lip—e“pLy,  Ts(p) = Y. am,, U™ (p)). (2.21)
jeJ

The parameters in the channels and mobilities are those of the given coupling. The sum takes values

in [0, +o0] and uses the inverse quadratic form (2.19), including at singular states. When it is finite,

let ¢, ; be the least-norm solution of M;,/jz Gi=1J fnt(p). The finite-core counterpart, with only the

original core channels and states on H,, is denoted by Z,. The auxiliary-channel sum is Z§"*.

2.5. Admissible curves. For a test space (1.11), set
Gz ={peGi(H): p20, Trp=1 go(C) <0 (Ce T},  Kjp=6gni{Fs <Eh

Definition 2.6. Let T > 0. A state-current pair (p, &) on [0, T] is admissible if p : [0, T] - & is
trace-norm continuous, & € L2(0, T; .7%), and, for every C € .,

T
/ g (0)dt < oo, (2.22)
0

Tr C(p; — ps) = — /t(D‘;uC, EDr du (0<s<t<T). (2.23)
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Its action is /0 T |&:]? dt. For p € C([0, T]; S(H)), the reduced action As g(p) is the infimum of these
actions over all admissible currents on p, subject to Fs(p;) < E for every t € [0, T]. An empty infimum
is +o00. Dependence of A5 g on the chosen test space and the time interval is suppressed in the notation.
The time interval is fixed; a family (75);s is specified whenever a variational limit is taken, and this
family may vary with é as in (1.11). For x, y € ng, define

Wy3(x, ) = ot Ase(p).  T=1 (2.24)

The same infimum without the entropy constraint defines the uncapped extended pseudometric
Wa% on & g;. It has the symmetry and triangle properties supplied by the action, but it need not
separate distinct states; Proposition 8.7 gives an explicit nonseparation example. By contrast, the
entropy-capped functional ng is separating by Lemma 3.2. Thus the constraint in W(gg applies to
the whole connecting curve.

For an admissible pair put J; = 1/ 2 & I = 3,[L7, J;] converges in trace norm to a Hermitian V,
then, for every bounded Hermitian C W1th £,(C) < 00,

~(D,C, &) = Tr(CV). (2.25)
For afinite set F C J,put Vi = — 3 jcp[L}, J;]. Each L; has finite rank, so [L;, C] € &z and [L}, ];] € &;.

Self-adjointness of Ml/ % and cyclicity of the trace give

_Z<M1/Z L C] §j>JR = —ZReTr<[Lj, C]*]j)

jeF jeF
= ReTr(CVp).
Moreover,
) (MG/FILs, €L &R | < (O 1L, < .
Passing along the trace-norm convergent partial sums gives —(D,C,&)r = ReTr(CV), since

| Tr(C(VE — V)| < |C||VF = V1. As C = C*and V = V*, Tr(CV) = Tr(VC) = Tr(CV), which
proves (2.25). If Jy = —J; and F is invariant under j — j/, then
(-2 J0) ==Lyl Ve= Vi

In this case the finite-sum trace is already real. Finite raw action supplies the measurable least
representatives of Lemma 2.5.

Lemma 2.7. Let p be a trace-continuous state curve on a compact interval and suppose that p; < bos
for one constant b < co. Then

g <bgl(0) (Cegp.
Every such test satisfies (2.22).

Proof. For each channel, (2.18) gives

IMY2[L;, CIE < bIMY2 (L, CIIE.

Summation proves the claimed bound. Its right side is finite and independent of ¢, so integration over
the compact interval proves (2.22). 0

Lemma 2.8. Let (p, &) be admissible on [0, T| and let C(t) = Y.7_, c,(+)C,, where C, € Js and
cq € CI([0, T];R). Put

T
£,(C) = TH(C(T)pr) - Tr(C(O)po) - /0 TH(C/(1)p0) dt.
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Then DgC € L%(0, T; %) and

T
£,(C0) = - A (D° (1), £ dt. (2.26)

IfFs(p:) < E for all t, then

T
2,0~ [ gh(Ct)dr < Asulp). (2.27)

Proof. For each a, the scalar function t +— Tr(Cyp;) is absolutely continuous, with derivative
—(Dgt Ca, &R in L by (2.22) and Cauchy-Schwarz. The finite-span estimate

go(C(1) <m Y lea(O)F gl (Ca)

a=1

gives square integrability. Scalar integration by parts proves (2.26). Finally,

T T T
2Ep(C)—A g,SS,(C(t))dt=A (1&1* - 1& + D, ) dtg/o &1 t.

Taking the infimum over admissible currents proves (2.27). |

2.6. The core Onsager operator and auxiliary currents. For B > 0 on H), define K on hy = {C =
C*€ My : Tr C = 0} by
Tr(CKpD) = (D%C, D}D)r. (2.28)

Equivalently, KgD = }’c 7, [L}, Mg ;[L;, D]]. This sum is Hermitian and trace zero by adjoint pairing.
It is nonnegative and continuous in B, including at singular matrices, by Lemma 2.4. If B > 0, it
is positive definite on by: a zero of its quadratic form commutes with all the channels. On every
compact set of positive definite core matrices its least eigenvalue has a positive lower bound. The
maps B — Mg ;, B — Mg jz, and B — ]Kg1 are smooth on B > 0: finite-dimensional functional calculus
and differentiation under the integral apply on every compact spectral interval in (0, o). Inverses of
Kp are used only when B > 0.
For B > 0, differentiation with respect to u in e(“*l/z)wa“LjBlf" gives

Mg [L;,log B —log oo = e *//*L;B — ¢®1/*BL;. (2.29)
Consequently KB = —Kp(log B — log 0¢), where scalar parts of the potential are immaterial.

Lemma 2.9. Let Hx be a finite coordinate subspace containing ey, with e, 1 Hg. Fix B> 0 on Hx and
p.a,b >0, and set

p=B@& pE,,, t=(ab)"/* /2, w=log(b/a),  Ly=tE,,, L_=L%.
For R = |e, Xvl|, v € Hg,

M,+(R) = (ab)"/?RA(bp, aB). (2.30)
If w € Hx N e, the current pair
Jo==CleXwl  J=-J; (2.31)
has negative divergence V,, = |ep){w| + |w)ep| and action
am,.(J+) + av,_(J-) = 4w, A(bp, aB) "' w). (232)

For a real scalar ¥, the pair J, = ¥E,;/(2¢), ]- = =] has negative divergence (E,, — P) and action
#%{en, A(bp, aB) ' ep). (2.33)

The formulas remain valid after adjoining further diagonal blocks to p.
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Proof. Left multiplication by p* on R is multiplication by p*“; right multiplication by p!~* is multipli-
cation by B!™*. Thus

1
M,+(R) = R / e V/Do pupl=t gy — (ab)"V2RA(bp, aB).
0

The row space is invariant for this self-adjoint positive operator and therefore reducing. Its inverse is
right multiplication by vabA(bp, aB)™'. Since £* = Vab /2, each of the currents in (2.31) has cost
2(w, A(bp, aB)"*w). Moreover,

—[€Epy, J+1 = [tEvh, J-1 = [en)(wl| + [w)(enl,
because w L e. For J. = FE,;/(2¢) and J- = —FEp, /(2¢), direct multiplication gives
_[[Eh\/a]+] - [vah’]—] = f(Evv - P)

Each channel has cost %i’2<eh, A(bp, aB) 'e;). Their sum is (2.33). The orthogonal complement of
the displayed row and column spaces is invariant under left and right multiplication by every power
of p. Adjoining diagonal blocks therefore changes neither the currents nor their inverse-mobility
costs. U

3. THE ENTROPY OF THE MOVING SUBLEVELS

Let N vanish on H, and satisfy Ne, = ne,, . For a state p, write

s =Tr((I — Py)p), DPn = Pvyvns M= Z OnPns L = log(1/9).

For s < 1 put B, = PypPy/(1 — s).
Lemma 3.1. Fix E > 0. As § | 0, uniformly over states with Fs(p) < E,
Fs(p) = Fo(Bp) + M + Ls + o(1). (3.1)
The compression B, is defined for all sufficiently small 5; s — 0 uniformly, and
M+ Ls < E — Fy(B,) + o(1), lp— (B, ®0); — 0 (3.2)

uniformly on the same sublevels. For all sufficiently large L, the absolute remainder in (3.1) is at most
Cglog(e + L)/L, where Cg < oo is independent of p and .

Proof. Diagonal measurement decreases relative entropy [13]. For probability vectors p,r and
bounded real V, relative entropy against z;e"/ Y’ i el gives

Z Vipi < D(p|x) + log Z mieVi.

Take V = 0 on the core and V,,, = % min{¢, + L, R} on the tail. For L > 0, monotone convergence as
R — oo yields

M + Ls < 2Fs(p) + zlog[ﬁ5 <1 +Vém, Z e“P"/2> <2E+C. (3.3)

Hence s < Cg/L and Tr(Np) < M/c. < Cg. For y > 0,

Tre™N =d+ < 0.

ey —1

The Gibbs entropy bound gives S(p) < S(diag p) < y Tr(Np) +log Tre N < oo,
Let pP! = PypPy + (I — Py)p(I — Py). Concavity of entropy and the entropy triangle inequality for
the isometry v — Pyv ® ey + (I — Py)v ® e; give

0 < S(p°) — S(p) < hy(s), hy(s) = —slog s — (1 — s)log(1 — s).
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For s > 0, the normalized tail block has number mean at most M/(c.s). Comparison with the
geometric law of mean p bounds the entropy of every probability distribution on INy with that mean

by
1+ ) log(1 + p) — plog p < 1+ log(1 + p).
Applying it to the shifted tail index and using the direct-sum entropy identity gives

M
1+log <1+ C*s>}. (3.4)

At s = 0 the right-hand side is defined by continuity. For 0 < s < 1/2, hy(s) < slog(e/s). The
functions s — slog(e/s) and s — slog(1 + C/s) are increasing on this interval for C > 0. Using
s < Cg/L and M < Cg in (3.4) therefore bounds it by Cf log(e + L)/L for all sufficiently large L.

For Hy = —log oy, the reference energy is finite and

IS(p) = S(B)| < ha(s) + slogd + s

Fs(p) — Fo(By,) =M — Ls = — s Tr(HyB,) — slog 7, +log Zs
+ S(Bp) = S(p).

The first two terms are O(s), and log Zs = O(J). This proves (3.1) with the stated remainder. Finally,
for Q = I — Py, Schatten Holder gives

lp = PopPoly < 1Qp"lalp" 12 + 1Pop™* 2l p** Q1
< s+ s(1—s)<24s.
Since PypPy = (1= s)B,, [p — (B, ® 0)|; < 24/s + s. Together with (3.1), this proves (3.2). O

The estimate (3.4) is a number-energy entropy bound; related continuity estimates are given in
[15].

Lemma 3.2. Forevery § > 0 and C € Jy, there is a finite constant cs ¢ such that, for every state p,

g5(C) < c5.c(1 + F5(p)). (3.5)

Consequently, every finite-entropy state belongs to the finite-test domain, and Fin + RI € T4, For each
E > 0 and every test space (1.11), ng is a separating extended metric on K(gg For a fixed core test C
and fixed E, the values ofgg(C) on {Fs < E} are bounded uniformly for sufficiently small §.

Proof. Choose a finite coordinate set K containing H, and the support of C. For a diagonal unitary
U which is the identity on K, every channel is multiplied by a scalar phase under conjugation, or
is unchanged. For a finite channel set J, this implies g, pue g (C) = gg’ 7(C). Concavity in Lemma 2.4
implies that averaging such conjugations can only increase this finite sum.

Successively average the phases of coordinates outside K. The averaged states converge in trace
norm to Bx @ diag(pn)y,¢x, with Bx = PxpPk. Indeed the assertion holds exactly on each finite
compression, and contractivity of the averages and density of finite-coordinate matrices give the
trace-norm limit. Continuity of each channel, followed by monotone convergence of the nonnegative
channel sums, gives the same inequality for g°.

For a level outside K, the row calculation in Lemma 2.9, followed by homogeneity, gives

ba(Cen, A(pn, 5¢ " Bi)Cen) < buA(pn, Se )| Cel?. (3.6)

This also holds for singular Bx and p, = 0, by continuity; here 0 < Bg < Ik. The finitely many
remaining channels have a bound independent of the state.

For fixed §, choose ny such that, for n > ny, ¢, + L — ¢,/2 > ¢,/4 and Se % < e /2, On
pn 2 e_fpn/z’

buA(pn, b€ %) < 4C.pnpn.
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On the complementary set it is at most C,.¢?e~?"/2. The latter sequence is summable: for every a > 0,
@2e 9 < C,e79/2 Applying the entropy variational bound with potential ¢, /2 on the tail gives

M < 2Fs(p) + Zlog[ﬂg <1 +6my ). e—%/2>] .

This proves (3.5).
For 0 < § < 1, split instead at p, = e~ (L+¢n)/2 Then

> bulA(pn, 5€7) < 2C.(M +Ls) + Cy. Y, gheEron/2, (3.7)
n n

For core tests, the other channels are fixed core channels; their bounds are independent of §. Lemma 3.1
proves the asserted uniform bound, also when Cpj, # 0.
For every admissible capped pair, Cauchy-Schwarz gives

1
Tr Clpr — po)l? < c5,c(1+ E) / & dt.
0

Finite Hermitian tests separate states. Symmetry follows by time reversal. If two connectors have
positive actions Ay, A, give them durations /A;/(J/A; + +/A;) and concatenate. The resulting action
is (J/A; + +A2)?. The same conclusion for a zero action follows by a limiting choice of positive
durations. Taking infima proves the triangle inequality. Constant curves have zero action and satisfy
the test conditions at each state of K gg O

Corollary 3.3. As§ | 0, the energies Fs I'-converge in trace norm to Fy on core-supported states and to
+oo elsewhere. If §; — 0 and sup; Fs,(p’) < oo, then (p) is relatively compact in trace norm. For every
core state B,

Fs(1sB) = ,B(SFO(B), 1sB— B&®0. (3.8)

No faithfulness assumption on B is required.
Proof. For every bounded-energy sequence, Lemma 3.1 gives concentration on the finite core and
relative compactness in trace norm. For a convergent such sequence, (3.1) and continuity of F give
the lower inequality. Any limit outside the core is therefore incompatible with a finite energy lower
limit.

The auxiliary block of 5B equals that of o; their core blocks are 5B and fso. The direct-sum
formula for relative entropy gives

D(i5Blos) = psD(B|ao).

This identity holds also for singular B, since oy > 0. Moreover 5 — 1. It gives recovery at every core
state. U

4. THE ACTION LIMIT
4.1. The effective action. For the remainder of this section fix E, T > 0 and set sg(B) = y(E — Fy(B))
on K}.
Lemma 4.1. For each Hermitian potential C, the function B — gg,,(C) is continuous and concave on
K. For B€ K and V = V* with Tr V = 0, the dual action a, g(B, V) is the infimum of
4wl

A )

Jj€do

over currents satisfying

V==Y L]+ V., Vi = len)(w] + [w)(en|, w L ep. (4.2)
Jj€do
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When the denominator vanishes, the last term is 0 for w = 0 and +oo otherwise. A finite infimum is
attained in normalized currents. For B > 0 it is given by (1.18). The cost (4.1) is jointly convex in B, ],
and w.

Proof. Lemma 2.4 and continuity of entro y in finite dimension give continuity. Concavity follows
P g
*

from mobility concavity and concavity of sg. Adjoint-pair averaging allows the restriction J; = —J;

without increasing the cost. Normalize v = —2w//sg(B) when sg(B) > 0; when it is zero, take v = 0.
Regard QoM as a real Hilbert space with scalar product Re(:, ), and put 7o = P ;c 7, S2(Hy). The
real linear map

Cp : ho — g ® (QuHodr,  CsC = (DYC, \[s(B) QpCep)

has squared norm gz, (C). Since Tr(CV,,) = 2Re(QyCey, w), equation (4.2) is equivalent to

Tr(CV) = ~(GsC,(Eo)r  (Ceho)  J; =M2E,

If the supremum is finite, scalar optimization gives | Tr(CV)| < \/a, £(B, V) |GgC|. Riesz representa-
tion on the finite-dimensional range of G gives a unique least vector with the displayed pairings.
Lemma 2.5 identifies its squared norm with the infimum in (4.1). Adjoint-pair averaging makes the
raw divergence Hermitian without changing its pairings.

On trace-zero Hermitian matrices, G5Gp = Kp + sg(B)Ry. For B > 0, Kp is positive definite by
(2.28); inversion proves (1.18). At every finite-action point, the least normalized current is

- 11151 Gs(GiGp + rI)7'V.

This gives a measurable choice when B, V are measurable, also when the rank changes. The raw core
costs are jointly convex by Lemma 2.5. The map (w, s) — 4|w|?/s is convex and nonincreasing in
s > 0; its extension at zero is lower semicontinuous. Composition with the nonnegative concave
function sg(B) proves joint convexity of the remaining term. O

Lemma 4.2. For B € C([0, T];Kg) and C € CY([o, T]; M}), let

£5(C) = Tr(C(T)Br) — Tr(C(0)By) — /0 ! Tr(C'(1)B;) dt.

Then, with values in [0, +o0],

T
ATEB) = sup {ZLZB(C)— / gBt,E,X(C(t))dt}. (4.3)
ceC'([0,T;M$ 0

Chn=0

The effective action is lower semicontinuous for uniform matrix convergence. Every curve of finite action
belongs to W([0, T]; M).
Proof. On the compact set K} there is Mg > 0 such that gg 5, (C) < Mg|Cl5 for C € by. Scalar changes
of a potential leave its quadratic form and its pairing with a trace-zero velocity unchanged. Hence
ay£(B. V) > M'[V[.
Finite action therefore implies B € W2,
Let ® be the right-hand side of (4.3). If ® < oo, optimization over scalar multiples of C gives

1/2

T
£5(0) < VD ( / gB,ﬂ,X(cu))dt) < VD[ Cl.

Apply this bound to C(t) = f(t)A, with f € CZ(0, T) and A ranging over the diagonal units E,,,
a # h, and the Hermitian real and imaginary off-diagonal matrix units. Each resulting distributional
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derivative is represented by an L? function. Since By, = 1— . .., Baa, its derivative is also in L. Thus
B € W2 and integration by parts gives L(C) = fo T Tr(CB) dt.
Suppose B € W2, Choose a countable dense set (C;) in the gauge space, with C; = 0, and put

fm(t) = 112]‘2551{2 TI‘(CjBt) - gBt,E,X(Cj)}'

Then 0 < fp, T ay p(B;, B,;) almost everywhere. Taking the least maximizing index gives a bounded
measurable field C™. Approximate it in L? by smooth gauge-valued fields. The linear integral
converges since B € L?; the quadratic integral converges since the coefficients of g are uniformly
bounded. Hence © > fo ! fm dt. Monotone convergence gives © > A;{%(B). The reverse inequality
follows from the pointwise definition of a, . If B ¢ W12 both sides are infinite.

Each expression in the supremum is continuous for uniform convergence of B, by continuity of g
on K. The supremum is therefore lower semicontinuous. g

4.2. The cotangent bound and the lower inequality.

Lemma 4.3. Let ps — B & 0 in trace norm, with Fs(ps) < E. For every Hermitian core potential C
satisfying Cp, = 0, extended by zero to H,

lim sup £5.(C) < gg(C) + x(E — Fo(B))|Qo Cen[*. (4.4)
10

For every fixed Hermitian core test, with or without the condition Cyj, = 0, its cotangent norm is uniformly
bounded on {Fs < E} for sufficiently small §.

Proof. For each core channel, ps — B @ 0 implies M, ; — Mpgy,; in operator norm by Lemma 2.4. Its
commutator with C is fixed and core-supported. Hence the sum of the core cotangent terms tends to
g2(C). Average the phases of the auxiliary coordinates as in Lemma 3.2, retaining only the auxiliary
channel sums. Concavity and (3.6) give

Y 8o (O < [Cenl? Y, buA(pn, o), (4.5)

Fix 0 < 6 < 1 and 5 > 0. For some ny, b, < (y + )¢ whenever n > ny. If p, > e 00+¢n) then

+1 Qapn X n
b A (L+(p,,) < X n L+
n (Pn ) 1- 0L+ gn 1 — ( (Pn)Pn

For the other indices n > ny, monotonicity of the mean gives the bound C, ¢? e %%+¢")_ Their sum is
at most C.e 'Y, p2e %% and tends to zero. For each n < ny, continuity of A and p, — 0 make its
contribution tend to zero. Hence Lemma 3.1 implies

lim sup Z buA(pp, e oMY < X * U(E Fy(B)).
sl 5

Let ,6 | 0. Since Ce, = QyCey, in this gauge, (4.4) follows. Uniform boundedness without the gauge
restriction is (3.7). O

Lemma 4.4. Let §; — 0. If sup; As, (p!) < oo, then (p’) has a uniformly trace-convergent subsequence,
and every limit is a core-supported curve with values in K. For every sequence p’ — B uniformly in
trace norm,

ASH(B) < hm inf As,£(p’). (4.6)
The left side is +0co when B is not core-supported or does not belong to the domain of the effective action.

Proof. Choose admissible currents with squared norms at most Agk,E(pk) + 1/k. Lemma 3.2 bounds
the cotangent norm of every core matrix test uniformly in k. Thus

1
ITr ok = p9)] < Creflt = sl(As, 60" + 1/k)
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The core compressions form an equicontinuous bounded family in a finite-dimensional matrix space.
Their traces tend uniformly to one by Lemma 3.1. The normalized compressions consequently have
the same compactness. Arzela—Ascoli and (3.2) give uniform trace convergence of a subsequence of
the full curves to a core curve B. The entropy budget and continuity of Fy imply Fy(B;) < E for every
t.

Suppose the liminf is finite. Pass to a subsequence along which the actions are bounded and
converge to that liminf. For C € C'([0, T]; M) with Gy, = 0, extend C by zero to H. Lemma 2.8
gives

T T
As.s(ph) 22 [Tr Dk~ Tr 0 - [ Tr(C’(t)pbdt}— [ e
0 0 ,D[

A fixed basis of core Hermitian tests and the bounded coefficients of C(t) give a common integrable
bound for the last integrand. Lemma 4.3 applies at every time. Reverse Fatou therefore gives

T T
R A COLEY  FRCOLE
k 0 t 0

Uniform convergence passes the linear terms to 2L£5(C). Taking the supremum and using Lemma 4.2
proves (4.6). O

4.3. Recovery.

Lemma 4.5. Let B have finite effective action. There are smooth core state curves B/ and smooth raw
currents J/, w' satisfying (4.2) with V.= B/, such that B’ — B uniformly,

J : _ J
B; >0, oé?ng(E Fy(B})) > 0,
and the upper limit of their integrated costs (4.1) is at most A;f%(B)
Proof. Choose the measurable least currents of Lemma 4.1. They lie in L?: the core mobilities are
uniformly bounded and sg(B) < yE. For 0 < n < 1, set

B" = (1 - n)B + noy, J"=Q0-nlJ, wl=(1-nw.

Then B" > noy and E — Fy(B") > nE. Joint convexity bounds the integrated cost by (1 — U)A)e(f%(B)
Extend B” constantly outside [0, T] and extend both currents by zero. The state extension is continuous
at 0, T, so its distributional derivative has no endpoint masses. For a nonnegative smooth kernel «, of
integral one, let

(B’Lr’]mr’ Wﬂ,r) =K, * (BU,]U, WU).
Differentiation and the finite sums in (4.2) commute with convolution; hence that equation holds for

the convolved triple. Convexity gives B > noo and Fy(B"") < (1 — n)E. If C denotes the cost in
(4.1), Jensen’s inequality and Tonelli’s theorem give

B

T
/ C(B™, J7, W) dt < / C(B", ], w") dt < (1 - ) AL(B).
0 R

For each fixed 7, convolution converges uniformly to the continuous curve B” and in L? to the raw
currents. Choose its width so that the state error is at most 5. On [0, T] the convolved currents are
smooth and bounded, and their integrated cost is no greater than (1 — U)AS’;%(B). Taking 5 | 0 gives

B

the asserted sequence. O

Lemma 4.6. Let B, J, w be a smooth state-current triple as in Lemma 4.5. There are admissible curves p5
with F5(p?) < E for all t, converging uniformly in trace norm to B ® 0, such that

il
L O Gy |

One family of curves is admissible for every choice of the test spaces in (1.11).

T
—
610 0
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Proof. If y = 0, finite cost forces w = 0. Take p® = 1sB and use the core currents PsJj, with all
auxiliary currents zero. Their negative divergence is BsB and their cost is exactly f5 Y, i amy, U7
by homogeneity. Each curve has positive finite order bounds against o5; Lemma 2.7 gives all test
conditions.

Suppose y > 0. Choose increasing indices n; such that |bnj/(p,21j - x| £1/jand ¢,, > j. For
L = log(1/6) sufficiently large, let j = j(6) be the least integer with j > [L] and ¢,, > L%, and put
n = n;. Such an integer exists since ¢,;, — co. Then

n

n — oo, — — 0, — X (4.7)
@n Pn
For a smooth positive function m(t) < E — Fy(B;), with strict uniform margin, define
m(t)
p? = 1sB; — r(t)P + r(t)E,,, , r(t) = . (4.8)

n

The core has a positive uniform least eigenvalue. Consequently these are faithful states for small &,
and p? > (1 — ¢/@,)15B; uniformly in time. They converge uniformly to B; @ 0.
Write p? = Bs8m,e . Direct-sum relative entropy gives
Fs(p?) — Fs(15B;) = Tr[(BsB: — rP)log(BsB; — rP) — BsB; log(BsB:)]
+(py) + ) log(py +r) = pylog py + r(pn + L), (49)
The core difference is O(1/¢,). Both scalar entropy terms tend uniformly to zero, since x logx — 0
as x | 0. The last term tends uniformly to m(t) by (4.7). Hence
Fs(p() = BoFo(Be) +m(1) + o(1) < E. (4.10)

Use the core raw currents f5]; at the loaded state. Equation (4.2) gives their negative divergence
exactly:

= Y AL BsJi]) = Bs(B— V).
Jj€do
By (2.20), their cost is at most B5(1 — c¢/¢,)! times the original core cost. On the single auxiliary
pair add

T = =@ e XBswil T = —~UL )"

Lemma 2.9 gives its velocity sV, and its action

4ﬂ§<wt, Ts() 'wy),  Ts(t) = A(bn(pg +7r), Sbpe” ?"(BsB; — rP)) . (4.11)
The eigenvalues of fsB; — rP remain in one compact interval K € (0, ). Put
m(t)
S5 = @n, cs = by, us(t) = pl + on Ls = L.
n

Since m has a positive minimum and finite maximum, sup, |log us(t)|/¢, — 0; moreover L/ ¢, — 0
by (4.7). Hence Lemma 2.3, applied uniformly for t € [0, T] and A € K, gives

ont5(0) (14 00,(1)).

n

Ts(t) =

The scalar coefficient satisfies, uniformly in ¢,

bous(t) by by
buus(t) = —m(t) + L2 —s ym().
@n ®hn ®n

Indeed b, < C.¢? and p? = Bsdm,e ?" make the second term at most Cp,d0e " = o(1). Thus
Ts(t) — ym(t)ly uniformly in operator norm. Let m. = minj, 7; m > 0. For small 6, Ts(t) > ym.I,/2
uniformly in time. Hence

sup ITs()™" = Gem(1) ™ Lo — .
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Since w is bounded, the integrated reservoir cost tends to /0 T 4w /(ym(t)) dt.
On the same auxiliary pair add

J[ m/(t)

4 £ \*
4+ anngVnh’ ]n,— = _(Jn,+) :

Its velocity is r’(E,,,, — P) and its integrated action is at most

2 T / 2
om (pZ/ |m’(¢)|” dt.
*¥n 0

The mixed term in the integrated inverse-mobility quadratic form has absolute value at most twice
the geometric mean of the two integrated actions. It is therefore O(p;!). Core and auxiliary currents
have disjoint channel supports. Their total negative divergence is exactly p.

For each fixed J, the whole curve has finite positive upper and lower order bounds against o5. All
active currents and divergences have finite channel and matrix support. Lemmas 2.5 and 2.7, together
with (2.25), give admissibility for every test space (1.11). Therefore

4 wel®

xm(t)

T
lin; sup A(s,E(p(s) < / [Z awmy, ,(J;(1) + dt.
10 0 j

For q > 2, take my(t) = (1 — 1/q)(E — Fy(B;)) and denote the resulting family by p>9. Let

[T | T 4wl
AC‘A zjl o (E) A’_/o ¥ E-FB) "

Choose d; | 0 with dg11 < dg/2 such that, for 0 < § < dg, the family p%4 lies in the cap and

r

1-1/q

Set p? = p%? when dg+1 < 6 < dy. Then g — o0 as § | 0, which gives the assertion. ]

1029 = (B®Olcqortey <1/¢  Asp(p®?) < A + +1/q.

4.4. Prescribed endpoints.

Lemma 4.7. Let B : [0, T| — K} have finite effective action, with By and Bt faithful. The recovery
curves may be chosen with

pg = 15By, p’ST = 15BT.
They converge uniformly in trace norm to B @ 0 and satisfy lim sup Asp(p®) < .A)e(f%(B)

Proof. First fix a smooth faithful prepared curve and y > 0. At an endpoint, write r,. = m/¢, and
choose b.. > 0 smaller than the least eigenvalue of each loaded core matrix and satisfying Bsmy > 2b.
for small . Since pS = Bsdmpe ", for 0 < r < r, one has

_ _ L p‘S + 1y
8 n — n —
A(pS +r,8e b))t < 7" L, =log Seth. L+ ¢, + O(log ¢y,).
The loading action from Lemma 2.9 is at most L,#2/(b,r). For 7, = qz);l/z, use r(t) = r.(t/7,)? on
[0, 7,]. Its action is at most
4r.L,

e O(¢;3/2). (4.12)
b,ty

Use the reversed curve at T. Both endpoints of each loading segment lie in the cap, so its affine
image lies there by entropy convexity. For large n, 27, < T. Place the middle curve on [7,, T — 7,]
by linear rescaling. For the rescaling ,(u) = T(u — 7,)/(T — 27,), multiply every raw current by
9, and compose it with J,,. The continuity equation is preserved and the action is multiplied by
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T/(T —2t,) — 1. If wp is the trace-norm modulus of continuity of B, then |3,(u) — u| < 7, on the
middle interval. The full connector differs from B @ 0 by at most

21~ ) + 4 o),
n
which tends to zero. If y = 0, the embedded smooth curve already has the required endpoints.

For a general finite-action curve, the approximations in Lemma 4.5 have endpoints B!, ij tending
to By, Br. Near each faithful endpoint, the inverse of the original core Onsager operator has a uniform
bound. The straight core segment from B to Bé has unit-time action at most c|By — Bé||2, and the
analogous estimate holds at T. Its normalized embedding has at most the same action. For endpoint
displacements A, choose durations 7; = |Aj]; + 1/j. Then 7; — 0 and |A;|5/7; — 0. Rescale the
intervening curve. All segments remain in the entropy cap by convexity. Their actions tend to zero.
For each fixed j, apply the first part to B/ and insert these endpoint segments. Their total duration
tends to zero with j, so the middle rescaling factor tends to one. The upper limit of the resulting
actions, first in § and then in j, is at most .A;f%(B) Their state errors have the same iterated limit
zero: on the middle interval use B/ — B and the modulus of continuity of B; on the endpoint intervals
use that modulus and Bé — By, ij — Br. After passing to a subsequence in j, choose thresholds
dj+1 < dj/2 such that all these errors and the excess action are at most 1/j for 0 < § < d;. Use the j-th
construction on dj;; < § < d;. The endpoints are exactly 15By, isBr for every chosen coupling. [J

Proof of Theorem A. Lemma 4.4 gives the lower inequality and asymptotic compactness. Let Af(fi-(B) <

>

co. Choose the sequence in Lemma 4.5, and pass to a subsequence whose state error and excess
cost are at most 1/j. For its j-th member, Lemma 4.6 gives a threshold §; > 0 below which the
recovery state error and excess action are at most 1/j. Choose d;41 < §;/2 and use that recovery
for 611 < 6 < §;. The resulting family tends uniformly to B @ 0 and has action upper limit at most
A}f%(B). Lemma 4.7 gives the same construction with the stated faithful endpoints. At an infinite

B

limiting value the upper inequality is automatic. This proves (1.15). 0
4.5. Entropy recovery and kinetic saving,.

Corollary 4.8 (Entropy-recovering families). Assume (1.8), and fix E, T > 0. Let p® € C([0, T]; 5(H))
satisfy p? — B @ 0 uniformly in trace norm, Fs(p?) < E for every t, and

T T
/ Fs(p?)dt — / Fo(B,) dt. (4.13)
0 0
Then B, € K} for every t, and, for every family of test spaces satisfying (1.11),
liminf Asp(p”) 2 Aor(B),  Aop i= Aj. (4.14)

Here the right side is the original core action, including its extended value at curves outside its domain.
In particular, (4.13) holds if F5(p®) — Fy(B;) uniformly in time.

Proof. Put ss(t) = Tr((I — Po)pf), Ms(t) = Y, (pn(pf)vnvn, and Ls = log(1/5). For small §, the
normalized core compressions B 0 are defined and converge uniformly to B;. Lemma 3.1 gives
Fy(B;) < E and a remainder es(t) tending uniformly to zero such that

Fs(pf) = Fo(B5) + Ms(t) + Lsss(t) + es(t).
Continuity of Fy on the finite-dimensional state space and (4.13) imply

/T<M6(t) + Lasa(t)) dt — 0.
0

The integrand is nonnegative for § < 1. By (3.7),

T
/ Z bnA((pf)ann, Se ") dt — 0.
0 n
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Consequently, for every C € C'([0, T]; M) extended by zero, (3.6) bounds the integrated auxiliary
cotangent form by max; | C(t)ep,|* times this vanishing quantity. The core cotangent integrals converge
to fo T ggt(C (1)) dt by fixed-channel continuity and the uniform finite-core bound.

If the action lower limit is finite, pass to a subsequence attaining it and apply (2.27) on that
subsequence. Uniform state convergence passes its linear terms to 2L5(C). Thus

T
lim inf A £(p%) 2 2£5(C) — / &2 (C(H) dt.
0

Take the supremum over the gauge Cp, = 0 and use Lemma 4.2 with y = 0. The case of an infinite
action lower limit is immediate. This proves (4.14). O

‘;{f%( B) < Ao g(B) cannot also recover the time-integrated

entropy of B. This does not conflict with Corollary 3.3: energy I'-convergence provides energy
recovery sequences, not simultaneous recovery by every kinetic recovery family.

Thus a family attaining a strict saving A

5. DISTANCES AND PROXIMAL FUNCTIONALS

Let d, ¢ be the distance defined by the unit-time effective action. All states in this section are
finite core states unless otherwise specified.

Lemma 5.1. The distance d,, i is finite on K}, induces the matrix norm topology, and makes K a compact
geodesic metric space. Its square is jointly convex in the two endpoints. For every h > 0 and x € K}, the

function
d, (B, x)?
B+— Fo(B) + X,E( )

has a unique minimizer in KJ.

Proof. There is Mg < oo such that g5 £, (C) < Mg|C3 on KP. Testing an admissible effective curve by
constant matrices gives d,, g(B, C) > cg|B— C|;, for a positive cg. Time reversal and concatenation give
symmetry and the triangle inequality. Joint convexity of (4.1) shows that mixing two state-current
pairs mixes their endpoints with no greater weighted action. Taking infima proves joint convexity of
the squared distance.

For every Hermitian trace-zero V, the stationary core current —Dgo ]K;O1 V has velocity V and norm
atmost c|V|,. For B€ K2 and 0 < n < 1, set B; = (1—nt?)B+ nt?9, 0 < t < 1. Let J be the stationary
raw current for oy — B. At time t > 0, Mp, ; > ntzMgoJ, so the raw current 27tJ has velocity B, and
cost at most

()@t Y am,, ,(J;) < Cn.
J

The additional current is zero. Entropy convexity keeps the curve in KJ. Taking 7 = 1 connects every
state to oo with finite action, and arbitrary 5 gives

dye(B,(1=mB+nag) <cyn  (0<p<1).

Two n-mixed states dominate 5og. The straight segment between them has unit-time action at most
¢?|B — C|%/n, by the same stationary-current bound and (2.20). For B # C, the triangle inequality
with n = min{|B — C|, 1} yields

d,£(B,C) < cg+/|B - Cly (IB=Cly < 1). (5.1)

The two topologies coincide, so K} is compact in the metric.

The bounded cotangent form makes a bounded-action sequence bounded in W2, Uniform
convergence follows after passage to a subsequence. Lemma 4.2 gives the action lower bound, hence
a minimizer between every fixed pair. If its unit-time action is A = d, g(Bj, B;)? and A, is the action
on [s, t], then

d, £(Bo, B1) < dy g(Bo, B;) + dy (B, By) < \/tAO,t + \/(1 — DA < VA
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If A =0, the matrix lower bound makes the curve constant. If A > 0, equality in Cauchy-Schwarz
gives Ag; = tAand A;; = (1 — t)A. Apply the same equalities to a partition containing s, t. The
middle action is (t — s)A and its distance is (f — s)+/A. Thus dy £(Bs, B;) = (t — s)d, g(Bo, By) for all
s<t

The proximal objective is lower semicontinuous on the compact cap. For By = (1 — 8)B + 6C,

(1 — 0)Fy(B) + 0F(C) — Fy(By)
= (1 - 0)D(B|By) + 6D(C|By) > 16(1 — 0)|B — CI;.

The last inequality is Pinsker’s inequality applied to both terms. The squared-distance term is convex
in the output state. Hence two distinct minimizers are impossible. O

Corollary 5.2. For faithful By, B; € K},
W3 (15Bo, 15B1) —> dy.5(Bo, By). (5.2)

More generally, let By, By € KJ be arbitrary, and suppose that xs, ys € ng converge in trace norm to
By & 0, B; @ 0, respectively. Then

dy£(By, By) < litgll%)nf Wﬁ(xg, Vs)-
Fix a faithful x € KQ and a step h > 0. Define

W3y, 15%)?

T
®s(y) = Fs(y) + oh (y € Ksp)
with value +oco elsewhere. These functionals I'-converge in trace norm to
dy£(B, x)?
@) = () + 2E g i

also extended by +oo elsewhere. If D5(ys) — inf s — 0, then ys converges to the unique minimizer of
®y. The entropy and squared-distance terms converge separately to their values at that minimizer.

Proof. Put
Ws = Wyh(xs,y5), = li in %3

If £ = +oo, the distance lower inequality holds. Suppose ¢ < oo, and choose §; | 0 such that ng - £

After omitting finitely many indices, these values are finite. By (2.24), there are connecting curves p’/
on [0, 1] with endpoints x5, ¥s; and

W3 < As p(p)) < W +1/).

Their actions converge to £. Lemma 4.4 gives a subsequence converging uniformly in trace norm to
B @ 0, where B(0) = By, B(1) = By, and

dy£(Bo, By)* < AYL(B) < lim inf As p(p)) = €.

Since Ws > 0, one has /¢ = liminfsy Ws. Taking square roots proves the lower inequality. For
faithful fixed endpoints, apply Lemma 4.7 to an effective minimizing geodesic. This gives the upper
inequality and proves (5.2).

The energy lower bound in Corollary 3.3 and the distance lower inequality give the lower bound
for ®;. For a faithful target B, the canonical embedding has exactly Fs(1sB) = fsFy(B), and (5.2) gives
recovery of its distance term. For a singular target use B” = (1 — )B + noy. Continuity of Fy and (5.1)
imply ®¢(B") — ®¢(B). Choose 1; | 0 with |®y(B") — ®y(B)| < 1/j, and dj+1 < d;/2 such that, for
0<4<d,

|@5(15B") — Do(BW)| < 1/, lisB" = (BY @ 0)], < 1/}
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The choice ys = 1sB" on dj;; < 6 < d; proves the upper bound.

The competitor 15x bounds inf ®5 uniformly. Hence every sequence with objective error tending
to zero has bounded energy. The entropy budget gives relative compactness. The lower inequality
and recovery of the unique effective minimizer show that every cluster point minimizes ®, and
that the infima converge. Lemma 5.1 makes this cluster point unique. Write us = Fs(ys) and
vg = ng(yg, 15x)%/(2h). Their respective lower limits are at least ug, vy, and us + vs — ugy + vo.
Consequently lim sup us < uy + vg — liminf vs < ug, and similarly for vs. Both terms converge. [

Corollary 5.2 fixes h > 0 before § | 0. Its conclusion concerns almost minimizers; the moving
infima need not be attained.

Lemma 5.3. Let B € K} be faithful, with Fo(B) < E, and let V € M satisfy Tr V = 0. Then

lim d)(E(B + sV, B)2

lim 7 = Tr(V[Kp + x(E - Fo(B))R;]'V) . (5.3)

Proof. The inverse tensor is continuous on a faithful neighbourhood of B contained in Fy < E. The
straight segment gives

1
dyp(B+sV,B)’ < s / Tr(VHgy sy V) dt = s2 Te(VHRV) + o(s?),
0

where Hp = [Kp + y(E — Fy(D))Ry,] 1. For the lower bound, choose curves between B and B + sV
whose actions exceed the squared distances by o(s?). The upper bound makes their actions O(s?). If
D) is one such curve, the coercive bound in Lemma 4.2 gives

sup DS — Bl < [DV]z < \[MeALEL(D®) = O((s).
t

Thus these curves lie in the same faithful neighbourhood for small s. Put €, = sup, ||HD<5> -

Hp||/ Amin(Hp). Then €; — 0 and HDES) > (1 — €5)Hgp. Set B; = DES). Therefore

1 1 1
/ Tr(B,Hp,B,) dt > (1 — o(1)) Tr< [ / Byde] i / Btdt]> — (1 - 0(1)$* Tr(VH; V).
0 0 0
This is the lower inequality in (5.3). O

6. FISHER INFORMATION AND ENERGY—DISSIPATION

Throughout this section, (1.8) holds and E, T > 0 are fixed. Write Z§** for the auxiliary-channel
sum in (2.21), and put

L= 10g(1/5), Pn = Pvyvy Ph = Phhs C(p = Z bne_(pn/2 < oo,
n

For x,y > 0, define

(x = y)logx —logy), x,y>0,
Y(x,y) =40, x=y=0,
0o, xy=0,x+y>0.

6.1. The auxiliary Fisher estimate.

Lemma 6.1. For every state p,

12%(p) > 3 Y(bupm aSpy). (6.1)

For each fixed § > 0, the functionals 15 and 1, are convex and lower semicontinuous in trace norm.
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Proof. Fix an auxiliary pair, and let C be a diagonal Hermitian matrix. With t = C,,,, — Cnp, its
entropy current satisfies

Y, ™M) [Lj Chr = (bapn — appa)t.
jel(n)(n)}

Coordinate pinching, Lemma 2.4, and the row formula give

> ML ClIE < Albupn, adpi)t.
jel(n,+),(n,-)}

The dual formula (2.19), optimized over t € R, therefore bounds the pair Fisher action below by
sup{2(bupn — appi)t = Albnpn, appi)t’t = Y(bupn, appr).
t

If both scalar fluxes vanish, the supremum is zero. If exactly one vanishes, the quadratic coefficient
vanishes while the linear coefficient does not, so the supremum is +oo. If both are positive, it equals
their squared difference divided by their logarithmic mean, namely . Summing over finitely many
pairs and then increasing the pair set proves (6.1).

For fixed j, the map p — J ]’?nt(p) is linear and continuous from trace class to Hilbert-Schmidt class.
For fixed U € &, the expression

2(J5™(p), Uyg — (U, M, ;U)r

is continuous and convex in p, by Lemma 2.4. Its supremum over U is convex and lower semicontinu-
ous. The same properties pass to the increasing finite channel sums. g

Lemma 6.2. For0 < § < 1 and every state p,
—Qn 4 aux f
Rs(p) := Y. bul(pn, 5 ") < 15 (p) + C, V6. (6.2)
n
For every Hermitian core test C, extended by zero to H,

4
() < 10l ( F5T8)+ €, 5 ). 3

Proof. Setv, = de % < 1. If p, > fv,, then log(p,/vy) > (L + ¢n)/2 > L/2. For 0 < y < x,
dy¥(x,y) =1—x/y —log(x/y) <0. Thus, when p, > 0 and p, > /v, > vy, the bound p;, < 1 gives

¢(bnpna annPh) > bn¢(Pn, Un)
2
= bnA(pn: Un) IOgZ(Pn/Un) > LzbnA(Pn: Un)-

If py, = 0 in this first case, its Fisher term is infinite and the same inequality holds in the extended
sense. For p, < ,/v,, monotonicity of the logarithmic mean gives A(py, v,) < \U,. Summation and
(6.1) prove (6.2).

Average the phases of all auxiliary coordinates as in Lemma 3.2. The resulting state is PypP, @
diag(pn), and its auxiliary cotangent sum is no smaller. Equation (3.6) gives

gg’aux(c) S Z bn<ceha A(pn: UnPOPP())Ceh> S ||Ceh||2R5(p)s
n

since 0 < PypPy < Ij. Continuity extends the calculation to zero eigenvalues. Combining the two
bounds proves (6.3). O

Corollary 6.3. Let 5 — 0 and let p* be measurable state curves with

T
sup/ I[gk(pf) dt < oo,
k 0
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For every bounded measurable Hermitian core test C(t),

/ g (cydt—o.
0

pk aux
Thus the auxiliary components ofDi’;C tend strongly to zero in L*(0, T; 7).

Proof. Let M = esssup,¢(y 1) |C(t)ex|?. For all sufficiently large k, (6.3) gives

T T
Sk 4 k
C(t)dt<M 1 dt + TCy\/6x | — 0.
A S C(D) AL < <10g2(1/5k)/o (Pt TCy k)

Each finite channel projection of the auxiliary gradient is strongly measurable by Lemma 2.4. The
displayed finite integral makes its channel sum finite almost everywhere; the projections then converge
in the separable space .%;. The left side is its squared L? norm. (]

6.2. The joint variational limit. The functionals %5 and %,k are those of (1.24). The notation
Aog = Ag’fg means the original finite-core action; the first subscript on the right is y = 0.

Lemma 6.4. Suppose 5, — 0, p* — B uniformly in trace norm, and
sup By, 5(p*) < oo.
k

Then B is core-supported, takes values in K2, and

Ao(B) < liminf As, 5(p"). (6.4)

T T
/ IO(Bt)dtglimkinf / L5, (pF) dt. (6.5)
0 0

Every sequence with bounded %s, g has a uniformly trace-convergent subsequence.

Proof. Lemma 4.4 gives compactness, core support, and the entropy constraint. For (6.4), take a
subsequence attaining the action lower limit, and admissible currents £ such that

T
A IEFI2 dt < As, 5(p") + 1/k.

Their core-channel components converge weakly, along a subsequence, in @ ¢z, L*(0, T; &(H)).
For every Hermitian core test C, Lemma 2.4 and the uniform state convergence give

D‘;’,ﬁ’corec — DYC  strongly in L2,

The limit gradients are core-supported. Compress the weak limit currents to this block; their pairings
are unchanged and their norms do not increase. Corollary 6.3 gives, for 0 < s < ¢t < T,

t
/ (D™ C, £ ) du| < |DE™ Clizf€],2 — 0.
s u

Passing to the limit in the continuity equation for a fixed real basis of M3* proves the core continuity
equation for every core test. Weak lower semicontinuity of the compressed current norm yields (6.4).
For each core channel and every ¢,

]jent(pf) — ]jent(Bt) in G,, M,k ; — Mg, ; in operator norm,

where the limiting operators act on the full Hilbert-Schmidt space. For 0 < u < 1, multiplication
on both sides by (B; @ 0)* and (B; & 0)!"* annihilates the orthogonal complement of G5(H,). Thus
Mg, @0,j equals Mp, ; on that block and is zero on its complement. The limiting entropy current is
core-supported, so its inverse action is exactly the finite-core inverse action. Formula (2.19) gives its
lower semicontinuity. Discarding the auxiliary terms and applying Fatou’s lemma proves (6.5). [J
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Lemma 6.5. For every faithful core state B,

I5(15B) = P5Lo(B) + fs65A,¥n(B), (6.6)
where
¥4(B) = (en, (B — mplp)(log B — log(7n)lo)en) 2 0. (6.7)
Proof. Homogeneity gives the core contribution f5Zo(B). The entropy potential of 15B has core block
Hp =log B — log 0 and zero auxiliary diagonal. The auxiliary pair hv, has core velocity
Vo = adBs (mP — 3{P,B}).

The entropy potential is bounded and supported on the core. On the finite block H, & Ce,,, (2.29)
gives J f”t = M,;,[L;, Hg & 0]. Its Fisher action is therefore

—Tr(HpVy,) = a’fs (Re(e, BHpep) — mplen, Hgen)) = afs¥a(B).

Here log opep, = log(mp)en. The scalar function (r — z,)(log r — log 75) is nonnegative for r > 0;
spectral calculus proves (6.7). Summing the pair contributions gives (6.6). 0

Proof of Theorem C. Lemma 6.4 proves compactness and the lower inequality. Let B be a smooth core
curve such that B; > aly and Fo(B;) < E — y for a, y > 0. Its least core current is —D%t]thlBt and is
smooth. Multiply its raw representative by fs, and set every auxiliary current to zero. At i5B the
negative divergence is 5B, and homogeneity gives integrated action f5.4¢£(B). The core matrices
lie between fixed positive multiples of o, while the auxiliary diagonal equals that of ¢s5. Lemma 2.7
and the finite raw divergence prove admissibility for every space (1.11). By (6.6),

T
By 5(15B) < B5Bos(B) + P3O A, / w,(By) dt.
0

The last integral is finite. Hence the upper limit is at most % g(B).
Let % (B) < o and let J be a least core raw current. For 0 < n < 1, set

B" = (1 - n)B+ noy, J"=00-nlJ.

Convexity of the raw action and Fisher information gives

T
Aos(B") + /0 To(B)) dt < (1 — 1) Bo£(B).

Moreover B" > noy and E — Fy(B") > nE. Extend B” constantly outside [0, T] and extend J” by zero.
Convolve both with a nonnegative smooth kernel supported in [—r, r]. The linear raw continuity
equation is preserved. Jensen’s inequality does not increase the integrated action. For the convolved
state B"", convexity gives

T T
/ I()(B?’r) dt < / I()(B?) dt + T(I()(Bg) + I()(B;l )
0 0

For fixed 7, the two endpoint values are finite. Choose r | 0 so that the last term and the uniform
state error tend to zero, and then let | 0. This gives smooth faithful curves B/ with positive entropy
margin, B/ — B uniformly, and joint costs with upper limit at most % g(B).

For each fixed j, choose d; > 0, with dj;; < d;/2, such that, for 0 < § < dj,

T . . .
o, [ wBhdr<1/i B - @ 0lcpome) <15
0

Set p® = 15B/ when djy1 < 6 < d;. Then j — oo, the state error tends to zero, and the preceding
joint-action estimate gives the required upper limit.

At a faithful prescribed endpoint, choose a positive compact convex neighbourhood on which Kz,
1y, and ¥}, are bounded. A straight core connector to its approximating endpoint, with displacement
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AB and duration 7, has action at most C|AB|5/7 and Fisher integral at most Cr. For the j-th
approximation take 7; = |ABj|, + 1/J; then 7; — 0 and |AB;|5/7; — 0. Its canonical embedding has
the same bounds up to S5, with additional Fisher integral at most Cdz. Entropy convexity preserves
the constraint. If the two connectors have total duration 7y + 71, compress the middle curve linearly:
its action is multiplied by T /(T — 7y — 77) and its Fisher integral by (T — 7o — z1)/T. Both factors
tend to one. The same diagonal choice gives exact prescribed faithful endpoints. O

6.3. Prepared initial data.

Corollary 6.6. Let x € K} be faithful and put x5 = 15x. On curves with py = xs, define

T
75 £(p) = Fs(pr) = Fs(x5) + 3 As£(p) + 3 / Is(py) dt, (6.8)
0
and give this functional the value +oco on all other curves. Then, in the uniform trace-norm topology,
Dip - D, (6.9)
where
T
§2(B) = Folbr) = )+ os(B) + [ Ta(Bodi
0
on core curves with By = x, and +oo elsewhere. The sublevels are asymptotically relatively compact.

Proof. Equation (3.8) gives Fs(x5) = fsFo(x) — Fy(x). For curves with finite functional value,

Bs.p(p) = 2(Z5 5(p) — Fs(pr) + Fs(xs)) < 2(Z55(p) + E).

Theorem C therefore gives compactness. For a uniformly convergent sequence with bounded func-
tional values, its initial value tends to x @ 0 and lim inf F5(p7) > Fy(B1) by Corollary 3.3. The initial
entropy converges exactly. Adding these bounds to the joint lower inequality proves the lower
inequality in (6.9). For recovery, use the proof of Theorem C with its faithful initial endpoint fixed. Its
terminal states have the form 15Bj , with B]f — Br. Continuity of Fy on all finite-dimensional states
gives, for the same j = j(J),

F5(15B7") = BsFa(Bf") — Fo(Br).
This proves the upper inequality even when Br is singular. ]

Lemma 6.7. For a core state B, one has I,(B) < oo if and only if B > 0, and 1o(B) = 0 if and only if
B = 0. Suppose B : [0, T| — K} has finite B, g and £ is an admissible core current of finite action.
Then Fy o B is absolutely continuous and, for0 < s <t < T,

Fo(Br) — Fo(By) = — / GooEadndu, 1P = To(By) ace (6.10)

Proof. Let S be the support projection of a singular state B. In a spectral basis, the mobility of every
matrix unit joining SH, to ker B is zero. On an entry with r, = 0 < rp,

U (BYay = € /2Ly )ap -

Finite inverse action forces (L), = 0. On an entry with r, = 0 < r,, the same argument gives
(Lj)ab = 0 from the other term of ]jent. Thus S commutes with every L;. Primitivity implies S = I, a
contradiction. Conversely, all channel mobilities are positive definite at B > 0, so Zo(B) < co. At such
a state, (2.29) gives {5 = D%(log B — log 0y). Its vanishing is equivalent to log B — log oy commuting
with all channels, hence to its being scalar. Trace one then gives B = oy.

Finite core action implies B € W2 by Lemma 4.2 with y = 0. For > 0, define

Fy(B) = Tr((B + nly) log(B + nly)) — Tr(Blog o), H,(B) = log(B + nly) — log o,.
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On trace-zero velocities, Hy is the differential of F;. For almost every u, finite Fisher information
gives B, > 0. In a spectral basis of such a state, set
dap =logry, —logrg, d", =log(ry + n) —log(ra + n).

If r, = rp, both differences vanish. Otherwise,

" dx " dx
_ no_
dab_/ x’ d“b_/ x+n
Ta Taq ’7

SO0 de = 0d,p for some 0 < 6 < 1. Convexity of the square gives

|d}, — ;" < 0lday — wj* + (1 = 0)wf <|dap — o + . (6.11)
Multiplying by the channel mobility coefficients and |(L;),5|*, then summing, yields
IDRH, (B < To(B) + Con Cu = ), e VIL L. (6.12)
J€do

Here the channel mobility coefficient is at most €/®//2, since |B| < 1. Pointwise the gradients tend to
{p; their squared differences are bounded by 4Z,(B) + 2C,,. Dominated convergence therefore gives
strong convergence in L?(0, T; 7%;,), where 7%, denotes the finite-core current space.

Differentiate the continuity identities for a fixed real basis of Mj*. Outside the union of their
finitely many exceptional null sets, linearity gives

Tr(CB,) = (D3, C.&r ~ (C € MP).

At each such u take C = H,(B,). The finite-dimensional Sobolev chain rule then gives

Fy(B.) — Fy(By) = — / (DY, Hy (B, £l du.

The scalar functions (r + 1) log(r + ) converge uniformly to rlog r on [0, 1]. Thus F, — F; uniformly
on the core state space. Strong gradient convergence passes the right side to (6.10). Its integrand is in
L', proving absolute continuity of F; o B. g

Proposition 6.8. The functional 7 is nonnegative, and its unique zero is By = e'Cx. Furthermore,
il’lf @3{}3 — 0.
If 2% ,(p°) — inf D%, — 0, then p® — (X x)o<r<1 uniformly in trace norm.

Proof. Let Z;y(B) < oo and choose the least core current £. Lemma 6.7 gives (6.10); its force has
squared norm Z,(B;). Consequently,

T
&E(B)=5/O 1& — s, dt > 0. (6.13)

Equality implies & = {3 almost everywhere, hence B = K,B and By = x. The solution is e‘*x.

Conversely, stationarity and positivity of the core semigroup imply e’**x > ac, whenever x > aoy.
The entropy identity (2.29) keeps this faithful trajectory in K2 and gives zero functional.

The recovery of this zero in Corollary 6.6 gives lim sup inf 5 < 0. Each functional is bounded
below by —E. For any sequence §; | 0 attaining the lower limit of the infima, choose curves p/ with

75 5(p’) < inf D5 p+1/].

Their values are bounded above by the preceding recovery bound. Corollary 6.6 gives a uniformly
convergent subsequence, with limit B, and

Iimjinf inf 75 ¢ > Z55(B) 2 0.

Thus the infima converge to zero, and every cluster point of almost minimizers is the unique zero
just identified. The entire family converges uniformly in trace norm. g
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Remark 6.9. Equation (6.9) concerns the current action and the channel Fisher information (2.21).
It does not identify current action with metric energy at positive coupling. The initial states are
the fixed canonical embeddings of a faithful core state. No tilt of the entropy is included, and no
simultaneous coupling and time-step limit is asserted.

6.4. The Fisher cost of kinetic recovery. For a fixed profile, Theorems A and C give

XE

T T
I'-lim (A&E + / Is dt) = AO,E + / 1ydt.
810 0 0

The second limit is independent of y.

I-lim Asp = A%
éﬁ} 8.E

Proposition 6.10. Let B : [0, T] — K} be a C? faithful core curve with sup, Fo(B;) < E, and suppose

G = Ao e(B) — ASE(B) > 0.

Choose C(t) = ]thlBt modulo the scalar making Cpp(t) = 0, and put Mc = max, |C(t)ey|*. Then
Mc > 0. Every family converging uniformly in trace norm to B ® 0 and satisfying As(p®) — Ai{%(B)

obeys
T
/ Lpddt
lim inf £°

>
510 log?(1/96) 4Mc

> 0. (6.14)

Proof. The field C is C!, and
Kp,C(t)=B;,  2Tr(C(£)By) — g3,(C(1)) = Tr(B,K5, By).

If Mc = 0, the additional term of gp, £, (C(t)) vanishes for every t. Testing the effective dual action
with C(t) gives ay g(By, By) > aog(By, B;). The reverse inequality follows from g > g°. Integration
would give G = 0. Thus M¢ > 0.

Lemma 2.8 and fixed-channel continuity give

T
Assp") > Aa(B) = o) = [ ghy (C)

For L = log(1/9), (6.3) yields

4Mc

As£(p°) 2 Aos(B) - o(1) ~

T
/ L5(p?) dt — TMcC, 6.
0

Along couplings for which the Fisher integral is finite, rearrangement and convergence of the actions
give (6.14). At infinite Fisher values the inequality holds in the extended sense. g
7. UNIFORM CONVERGENCE IN DIAMOND NORM

In this section let b, > 1 and let a, > 0 satisfy ), a, = ¢. No relation between the two sequences
is required. The generator is constructed from (2.7) and the bounded core and outward terms. The
comparison generator L. retains the same core and all the same returns.

Theorem 7.1. Fix the primitive GNS-symmetric core and ey,. There are constants €y, C > 0 such that, for
every choice of return rates b, > 1 and outward rates a, > 0 with ), a, = ¢,

ICes = Loslo =26, sup[S; =Sl < Ce (0< &< ). (7.1)
>0

The constants are independent of both rate sequences subject to these conditions.
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For n > 0 and ¢ > 0, write

Kl’;g} = K* - g{Pa '}a N’?J = e_t(GO+’7P)/2’

eickil
Uyt = €715, Cpt = Uyt —Ade .

Lemma 7.2 (Finite Dyson subchannels). Fix R > 1 and put Hg = Hy & spanfe,,, ..., e, } and eg =
Don<r an. Let S&R be the finite-dimensional semigroup obtained by retaining the core and precisely the
first R outward/return pairs. Fix T, > 1 and define on S,(Hp)

UR(X) = CSR,T*(POXPO),
1
Ve = ¥ KXo, / bue Uy 1, u(P) du
n<R 0

Then Ug and Vg are completely positive and
SER —Ur — Vg 2cp 0. (7.2)
Proof. Put
Hg = Gy + egP + Z bnEann, J\/t = AdefrHR/z .

n<R

Let J, run over the jump maps 2¢i/2 Ady,, an Adg
Dyson expansion is

R _
Sf - Z Z / Nt*tqjan‘tqftq,l jathl dl’l dtq,
, J 0<ti<<ty<t

q=0 ay,...a

and b, Adg,, , with j € Jp and n < R. The

vnh?

where the term q = 0 is N} and the integrand for q = 1 is N;_y, J,, N3, Since [Ny < 1, the sum
of the norms of the terms of order g is at most t7(}., [ J«[)?/q!. Thus the series is absolutely norm
convergent, and every integrand is completely positive.

The sum over nonempty sequences consisting only of core jumps is

(Uepr, — Adn,, 1. ) (PoXPy) = Ur(X).

For a first jump v, — h at u € [0, 1], followed only by core jumps, the sum is
1
Xv,,vn bneibnuUeR,T*—u(P) du.
0

Summing over n < R gives Vg. The two index sets are disjoint. Their complement in the Dyson
expansion is a norm-convergent sum of completely positive terms. This proves (7.2), as well as
complete positivity of Uk and Vg. g

Lemma 7.3 (Completely positive order under truncation). Let Pg 1 I be finite-coordinate projections on
a separable Hilbert space. Suppose that ®g, ¥Yg are uniformly bounded maps on S1(PrH ), with &g — ¥g
completely positive, and identify their outputs with operators on H by the natural inclusion. Assume
that there are bounded maps ®,¥ on G,(H) such that, for every finite ancilla dimension m and every
trace-class X supported in one finite coordinate compression,

(@r ®idp)X — (@ ®idy)X,  (Pgr®idn)X — (¥ ® idy)X
in trace norm once R contains that compression. Then ® — ¥ is completely positive.
Proof. Fix m. For positive finite-coordinate X,

(@-¥Y)Qidy)X = hllzn(((DR -¥Yr)®id,)X >0,
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since the positive cone is trace-norm closed. For arbitrary X > 0, its compressions (Pr ® I,,) X(Pr ® I,)
converge in trace norm to X. Writing X = (X4)7,_, and A = ® — ¥, one has

I(A ® idm) X[ < D A < mIA] X1
a,b
Thus this fixed amplification is bounded and its value at X is the trace-norm limit of positive operators.
This holds for every m. O

Proof of Theorem 7.1. On the core, the jump map is

J(X)=2) e“/*L;XL}.
Jj€do
The Dyson expansion of U, about Ady,, has completely positive terms. Consequently C,; >cp 0.
Moreover U, ; is trace nonincreasing, since Tr(]C];fllX )= —eTr(PX) for X > 0.
Primitivity gives Uy; — Ry, in norm, where R, (X) = oo Tr X. Since Gy > 0, No; — 0. The
Choi matrix of Ry, is I; ® oo > 0. Thus [4] gives t, > 0 such that Cy; >cp %RUO for t > ty. Uniform
continuity in € on [y, t) + 1] gives & > 0 with

Cet >cp aRs,, a=y, lh<t<th+1, 0<e<eg. (7.3)

Put T. =, + 1 and

1
Ap = / bneibnuUs,Tk—u(P) du.
0
Then A,, > 0 and Tr A, < 1. Define
U(X) = Cer.(PXPy),  V(X) =Y Xy,u,An.
n

The second series converges absolutely in trace norm. After amplification, diagonal compression
gives Y., [ Xy, 1 < [X]1; hence the amplified series also converges absolutely. Its summands are
completely positive, so V is a completely positive contraction.

For inputs supported in a fixed finite coordinate compression, the truncation argument of Proposi-
tion 2.2 gives S%*RX — §7 X. That argument uses only ), a, < o. Since eg = ¢, Uz X — U'X. Only
finitely many diagonal entries contribute to VX, and U, 1.—y = Uy 1,— uniformly for u € [0, 1].
Thus VrX — VX. These convergences hold at every finite amplification. Lemmas 7.2 and 7.3 imply

S5 —U =V >cp0. (7.4)

By (7.3), U" >cp acoTr(Py-). For 0 < u < 1, U, 1._(P) > aoy, and fol bpe bt du > 1—e7!

because b, > 1. Hence A, > a(1 — e 1)o, for every n. It follows that

S%: ZCP d*RUO’ d* = a(l - e_l) € (09 1)’ (75)
with R, now defined on the full trace class and taking values in the core. The map (S7. —d.R,)/(1—d.)
is a channel. For every finite ancilla and every X with zero system partial trace,

168§ ® )X < (1= d) X,
Indeed,
(Rao ®1id)X = 09 @ Try X = 0, TI‘H((Sf ®id,)X) = Try X.

The channel decomposition in (7.5) gives the contraction factor 1 — d, at time T. Iteration and
contractivity on the remaining interval give the estimate for every ¢ > 0.

The outward perturbation has diamond norm 2¢, with equality on P. Its amplified image has zero
system partial trace. Duhamel’s formula therefore gives

! T 2T,
I5; =St < 26 [ (=) as < 2
0 *

The constants T, d., €y depend only on the core and ey,. O
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7.1. A common semigroup limit.

Proof of Theorem B. The returns in (1.20) satisfy b, = n? > 1, and the outward rates sum to &.

Theorem 7.1 gives (1.21) with constants independent of k. For each fixed k, set 6 = ¢/Ag. If k > 0,
then b, /(p))? = k; if k = 0, this ratio is 1/n%. The hypotheses of Theorem A hold for each profile,
with y = k. Its conclusion gives (1.22). Corollary 3.3 gives the common limiting energy and the
state-and-entropy recovery.

Since b, > 1, the equilibrium mass outside the core is bounded by 73, Y, a® /b, < mye. For every
core state B, its canonical embedding therefore satisfies

ltexB—(B®0)|; < 2mpe,

and

sup sup ||S§’kl€,kB —(e®B®0)|; < (C+ 2mp)e.
k>0 120
The return-only generator in this comparison is the same for all k.

Fix B > 0 with Fy(B) < E. For k; > kj, the two effective Onsager operators differ by the nonzero
positive operator (ky — k1)(E — Fo(B))Ry,. The inverses of two distinct positive definite operators
are distinct. Their difference is self-adjoint and nonzero, so its quadratic form is nonzero on some
trace-zero Hermitian velocity. Lemma 5.3 identifies this quadratic form with the difference of the two
local squared-distance coefficients. Thus the limiting metrics are distinct. Such states exist in every
positive cap, since Fy(op) = 0. O

The variational limit holds for each fixed k. The estimate (1.21) is uniform for k > 0. The common
stationary limit o @ 0 is faithful on the core and has kernel H; on the enlarged space.

7.2. A two-level formula. For
K* = DEI() + DEOI: 0o = 12/25 X = EOI + E10>
put B, = 09 + zX for z € (—1/2,1/2), and

1/2+z z

1/2 7 IJO(Z) = T(Z’) (Z * 0), ,UO(O) = %

Proposition 7.4. Foreveryk >0, E > 0, and z € (—1/2,1/2) with Fy(B,) < E,

b(z) = 1 log

licg HeEBersr B _ 1 (7.6)
o 52 ~ o(2) + k(E— Fo(B.)/4° '
In particular,
. dk E(BZ: 0.0)2 4
1 : = . :
zli% 22 1 + kE (7 7)

Proof. For z # 0, log B, — log gy equals b(z)X modulo a scalar, and K.B, = —zX. Equation (2.29)
therefore gives Kz, X = zX/b(z). Also R, X = X /2 and Tr X? = 2. Substitution in Lemma 5.3 gives
(7.6). Continuity of Kg and z/b(z) — 1/2 give K,, X = X /2. Applying Lemma 5.3 directly at B = oy,
with velocity X, proves (7.7). g

The distances in (7.6)—(7.7) are the full effective distances, not distances restricted to the coherent
line. The metric differentiation is taken after the weak-coupling limit.

7.3. The limiting finite-dimensional entropy equation.

Proposition 7.5. Letk > 0, E > 0, and let By be a faithful core state with Fy(By) < E. The relative-entropy
gradient equation for di g is

k(E — Fo(B))

B=K.B- [P, [P,log B]], B(0) = B,. (7.8)
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It has a unique solution for all t > 0, with B; > 0 and Fy(B;) < E. It satisfies

d

2 F0(Be) = —Lo(By) — k(E — Fo(B,))| Qo log Beenl,  1o(B) = g5(log B — log o). (7.9)
Proof. The entropy differential on trace-zero velocities is represented by log B — log gy. Since P
commutes with oy,

Rp(log B —log 6¢) = [P, [P,log B]].
Equation (2.29) and the inverse tensor in (1.18) give (7.8). Pairing its velocity with the entropy
differential gives (7.9). The vector field is smooth on faithful states below the cap, hence has a unique

local solution.
Let v be a unit eigenvector for the least eigenvalue A of B. Then

Plog B log BP
<v, 08 PO + Qo Lo v>=1ogA||Pu||2—<Pu,logBPv>so,

2

because log B > log A I;. The additional term in (7.8) cannot decrease the least eigenvalue. In (2.3),
the positive jump term has nonnegative expectation at v, while the loss has expectation —A(v, Gyv).
The variational formula for the least eigenvalue gives its lower right Dini derivative as the minimum
of (v, B;v) over unit vectors in the least eigenspace. The preceding bounds hold for every such vector.
Hence this derivative is at least —||Go|Amin(B:), and

Amin(B) > e_t”Gou/lmin(BO)'

Trace is preserved, and (7.9) keeps the entropy strictly below E. On every bounded time interval the
solution remains in a compact subset of the domain of the vector field. The local solution consequently
extends to all ¢ > 0. ]

For the coherent two-level family, (7.8) reduces to
k
t= 2= (E- R,

whereas the limiting physical semigroup satisfies z = —z. Equation (7.8) is the entropy flow of the
limiting finite-dimensional metric. Corollary 5.2 gives convergence at a fixed proximal step, rather
than a joint coupling—time-step limit.

8. ENTROPY DISSIPATION AND METRIC SPEED

Assume in this section that

a, = en’e™", b, = n?, A= Z n’e™", Z. =1+ em, Z e " (8.1)
n n

Use the notation of Section 2 with § = ¢, and write .7 = .7;. Here ¢ is the profile prefactor; the total
outward rate is €A, not the parameter denoted by ¢ in Theorem 7.1. Superscripts on the gradient and
mobility are omitted when ¢ is fixed. The auxiliary channels are L, = ¢,E, 5 and L, = L, |, where
£, = (en*e™™)/*/ 2.

The Fisher information 7, and its least-norm entropy-current representative {, are those of (2.21),
with § = e.

Theorem 8.1. For every finite primitive GNS-symmetric core, every E > 0, and every € > 0, there are a
faithful state x, with F.(x,) < E and constants Ty, A > 0 such that the trajectory p; = S;x, satisfies

d
|pt|iv9b_g < If(pt) -A< Ie(pt) = _EFS(Pt) (8.2)

for almost every t € (0, Ty) and every test space (1.11). This trajectory is not a 2-curve of maximal slope
for F, with respect to this metric and any strong upper gradient.

For each ¢y > 0, the states x, may be obtained from one fixed core perturbation, with Ty and A
independent of 0 < ¢ < ¢ and of 7.
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8.1. Entropy identities and metric speed. Let d be an extended metric, and work in a finite-distance
component. A 2-curve of maximal slope for F with respect to a strong upper gradient G is locally
absolutely continuous and satisfies, on every compact subinterval [1],

1 /! 1 [t
Fip) + / pulidu+ / G(pu)du < F(py). (8.3)

N

The strong upper-gradient inequality is

IF(pe) — F(ps)| < / Glpu)lpuld du. (8.4)

N

Lemma 8.2. Let p be a locally absolutely continuous metric curve. Suppose that F o p is continuously
differentiable and nonincreasing, and that (8.3) and (8.4) hold on every compact subinterval. Then

d
pel = _EF(pt) for almost every t.

Proof. For every compact subinterval,

1

3 | (s Gu?) du< Fp = Fo < [ Gloulpdadu<y [ (s + Geou)) du

The first inequality makes both squared integrals finite. Subtracting the middle integral therefore

gives |, "(G(pw) = |pula)? du = 0 and F(ps) — F(p;) = /, ‘ |pul4 du. Lebesgue differentiation proves the
assertion. O

8.2. A semigroup trajectory. Choose i # h and a nonzero real z such that
By = o9 + z(Ep; + Eih) >0, D(B()”O'o) < E. (8.5)
Put

Xe = Zg_l (BO + ey Z e_"Evnvn) s pr = Sfxg. (86)
n
Then
F.(x;) = Z.'D(By|oo) < E. (8.7)

Lemma 8.3. The trajectory (8.6) is continuously differentiable in trace norm on bounded time intervals.

It has the block form

p: = B(t) @ diag(p,(1)), (8.8)
where
B=K.B- &{P, B}+P Y bupn, (8.9)
2 n
pn = athh - bnpn- (8.10)

There are constants 0 < ¢ < 1 < ¢, independent of ¢, such that
co. < py < Co (t>0). (8.11)
On every bounded time interval,
d
_EFS(Pt) = 141* = I(py). {t =Dy, H;, H;=logp,;—logo,. (8.12)

The state-current pair (p, ) is admissible for every test space (1.11). Moreover, for 0 < s < t < co and
every allowed test space, its reduced current action is

t
Acr(olior) = / L.(p) du. (8.13)
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Proof. The core block of x, is finite-dimensional and Y, b,(x;),,,, < . Differentiation of (2.7) in
trace norm therefore gives x, € Dom G, = Dom L, ... The block space in (8.8) is invariant under the
return semigroup and both bounded perturbations. Multiplication gives (8.9)-(8.10). Choose ¢, ¢ so
that coy < By < ¢oy. The initial state satisfies (8.11). Positivity of S; and stationarity of o, preserve
these inequalities.

Write 75, = epe™"/Z,. Then

empA
Z,

Eﬂ'; < Pn(t) < Eﬂ'rgp Z bnpn(t) <c

Equations (8.9)—(8.10) imply [p,(#)| < Ca, on bounded intervals. The derivative series converges
uniformly in ¢'. The core is positive, and

H; = (log B(t) —log(Z; ' 0¢)) & diag(log(pa(t)/75))

defines a bounded Hermitian operator, uniformly on compact time intervals. It is the bounded
extension of the logarithmic difference on the algebraic sum of the core and the auxiliary eigenspaces.
Its core block and each auxiliary coefficient are continuous.

The direct-sum formula for relative entropy is the finite-core term plus )., p, log(p,/75). The latter
summands are bounded by Cr/, and their derivatives by Ca, because |p,| < Ca, and |log(p,/x5)| < C.
Both series converge uniformly. The finite-core term is continuously differentiable on the positive
compact core family. Since Tr B + Y., pn = 0,

d .
EFg(pt) = Tr(H;py). (8.14)

For every channel, differentiation of e(“~1/2%i p¥,;p1~* in u gives
M,j[Lj,log p —log a.] = J7™(p). (8.15)
At the block states in (8.8), this is a finite-dimensional identity on the core and the individual active
leaf.
Let HY = PyH,P,, dn(t) = (Hy)v,v, and ¢, = mp/Z,. At equilibrium the paired contribution of edge
hv, is
an {(H} = du(DDen, Acy, Z; 00)(H — dn()))en ) < Cay.

This follows from (3.6) and homogeneity of the mean. Order comparison gives the same bound at p;.
Hence
8o, (Hy) < oo, > IMY2 L HIE < C Y an — 0
n>R,s=+ n>R
uniformly in time. Formula (8.15) identifies its squared norm with (2.21).
The negative divergence of the entropy current on one auxiliary pair is

anp (thEv,,v,, - %{P: B}) + bnpn(P - Ev,,v,,)-

Its trace norm is at most C(a,+b,p,) < C’a,. The sum of the negative divergences therefore converges
in trace norm to p;, as given by (8.9)—(8.10). Each finite channel component of {; is continuous. The
uniform channel-tail bound above gives { € C([0, T]; 74;) on every bounded interval. In particular,
{ € L? there. Equations (2.25) and (8.14) prove (8.12). Lemma 2.7 gives the remaining test conditions
for every allowed 7.

Let HR retain H? and the first R tail diagonal entries. The difference H, — HX is diagonal on the
remaining tail and bounded by a constant independent of R, ¢. Its gradient norm is at most C )., an
in square, by the same equilibrium calculation and order comparison. D, H} — {; in %;. Thus
{t € Dy, Ftin. Fix a real matrix-unit basis on each finite coordinate compression. The union of these
bases is countable and independent of ¢. For any admissible current ¢, differentiating its continuity
identities for these tests and using linearity gives a single null set outside which

(Dp,C.E = LR =10 (C € Ftin).
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Every finite Hermitian test is a finite real linear combination of these basis elements. Closure of the
gradient range then gives ({}, & — {;)r = 0 almost everywhere. Hence

&7 = 10 + 16 = &l

This proves the least-norm assertion. Integrating the identity for any admissible current, and using
the admissible entropy current for the opposite inequality, proves (8.13). g

For the same initial states, Theorem 7.1 gives constants C, ¢, > 0 such that

sup | S¢x, — e By|l; < CeA+ 2(1 — zZh (0 < e <ey). (8.16)
10

Indeed, the total outward rate is €A, |x, — (By ® 0)]; = 2(1 — Z.1), and SY(B, ® 0) = "X B, & 0.
8.3. A finite-core correction current. Let Qy = Py — P, and set
o(t) = Qo log B(t)ep. (8.17)

It is nonzero at t = 0: its i-th entry is z times the strictly positive divided difference of the logarithm
on the two eigenvalues of the hi block of By. Multiplication by Z. ! adds only a scalar to the core
logarithm and does not change this entry.

Let Kp be the finite-core Onsager operator in (2.28).

Lemma 8.4. Let B> 0 on Hy and w € QyH,. Set
Vi = [en)(w] + [w)(enl, & = —Dy(K3' Vi),

and extend &,, by zero to the auxiliary channels. This current has velocity V,,. On every compact set of
positive core matrices, there is K < oo such that

l&wl® < Klwl”. (8.18)
At B = B(t) on the trajectory (8.6),
(Zo Eulr = — Tr(H,V,,) = ~2Re(£(1), ). (8.19)

Proof. The positivity and compact-set inverse bound follow from (2.28). Since |V,,|3 = 2| w|?, [£,]? =
Tr(V,,K5'V,,) gives

lwl? < 21K | [wl®.

Taking K = 2 supy |[K5'| on the stated compact set proves (8.18).
By (2.28), for each Hermitian core test C,

_<D?3C’ §w>lR = Tr(CV,).

The raw divergence has finite channel and matrix support. Equation (2.25) therefore gives the same
identity for every bounded Hermitian test of finite cotangent norm. Substituting the core restriction
of H; yields (8.19), since Q, log oge, = 0. O

Fix To, m > 0 such that
. . 2
- >r, > 0. .
m< S1§1SfTO(E Fe(po)), . Slpngollf’(t‘)ll >r>0 (8.20)

Choose K as in Lemma 8.4, and put
2 4

— [ N — .21
o K+4/m " oan. v K +4/m (8.21)
Then (8.19) gives
2 4||Wt||2 2 2
I8 = &l + == < Te(p) + [—40 + (K + 4/m)6?] |(0)]

=I.(p) — yle()I*. (8.22)
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8.4. Realization by original currents.

Lemma 8.5. Assume (8.20), and let [s, t] C [0, Ty], s < t. There is a sequence of admissible state-current
pairs joining ps to p; on [s, t], with states of relative entropy at most E, converging uniformly in trace
norm to pl(; ), whose actions have upper limit at most

t
[ 1160 = ylawl] du (5.29)
N
Every state on these curves is faithful. Each curve has positive finite two-sided order bounds with respect
to o, and the same pairs are admissible for all test spaces (1.11).
Proof. Let n tend to infinity and set, on the interior part of the connector,
m m
py=pu——P+—E,,,. (8.24)
n n
The core eigenvalues have a common positive lower bound. Hence
P> (1= C/mpy >0,  suplpl = puly = 2m/n. (8.25)
u
The changed state is bounded above by a finite multiple of o, for each fixed n, uniformly in u.
Write r = m/n. Direct-sum relative entropy gives the exact increment
F.(p?) — F.(pu) = Tr[(B— rP)log(B — rP) — Blog B]
(0 hn

£
ﬂn

+ (pn + r)log(pn + r) — pnlog p, + rlog (8.26)

The first term is O(r) on the positive core compact set. The second tends uniformly to zero, since p,
is uniformly comparable to 5. The last is (m/n)(n — log ¢). Therefore

Fe(py) = Fe(py) + m+ o(1) (8.27)

uniformly. By (8.20), the loaded curve lies in the cap for sufficiently large n.

Let J be the raw current corresponding to ¢ — &,,. It has velocity p — V,,. Transfer J unchanged to
p". Equations (8.25) and (2.20) bound its least square-root cost by (1 — C/n)}|{ — &, 2.

Add the pair (2.31) on edge hv,. By Lemma 2.9, it has velocity V,,, and cost 4(w,, To(u) twy),
where

T(u) = A(nz(pn(u) +m/n), en*e "(B(u) — (m/n)P)) . (8.28)
The spectra of B(u) — (m/n)P remain in a fixed compact interval K € (0, c0). Apply Lemma 2.3 with
Sp =1, cn = 12, L, =log(1/e), un(u) = pu(u) + m/n.

The order bounds (8.11) imply p,(u) = ee™" uniformly, so sup,, |log u,(u)|/n — 0 and np,(u) — 0.
Consequently
Cnun(u)

n

=np,(u)+m-—>m

uniformly. The operator conclusion of Lemma 2.3 therefore proves
Tu(u) — ml (8.29)

uniformly in operator norm. The added action tends to 4|w,[?/m.

The core correction has no auxiliary-edge component. By Lemma 8.3, the original entropy-current
energy on edge hv, is at most Ca,. Its transferred energy has the same bound up to 1 + o(1). If A%
and A‘,’ldcl denote the two integrated costs on this pair, then A‘,’lld = O(ap) and A‘}ldd = O(1). Their
mixed term has absolute value at most 2./ A4 A2dd = O(/a,) — 0. Since m is constant, the total raw
current satisfies

= 2L T = p = Vi Vi = 5
J
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Equation (8.22) gives (8.23) for the interior curve.
At either fixed endpoint, the affine loading curve is

B-rP, pn+T, 0<r<m/n.

Choose b, > 0 so small that the core is at least b.I and p, > 2ee™"b.. This is possible by (8.11).
Equation (2.33) bounds its length by

m/n
1 dr < 2(m/n)L, _ o,

— < 8.30
nJo \/A(pn +r,ce"b,) n (830
where
pn+m/n
L, =log ————— = O(n).
o8 ee b, (n)

Indeed, for r > 0,

ny 1 _ log((pn +1)/(ee7"by)) Ly
"p) L = <.
Alpn+r1,e¢7b.) pn+r—ce b, T or

1

Set 7, = n~/? and parametrize a loading leg by

2
m(t

rm:() . o<t
n

Tn

Its action is at most 4(m/n)L,/(n*t,) = O(n~>/2). The reversed parameter gives the unloading leg.
For large n, 27, <t —s.On [s+ 7,,t — 7], set

Sn(u) = s+ L(u —Ss—1Tp).
t—s—21,
Compose the middle state with &, and multiply every composed raw current by /. Its action is
multiplied by (¢t — s)/(t — s — 27,,) — 1. The first loading leg joins p; to the loaded state at s, and the
last leg joins the loaded state at ¢ to p;. All endpoints agree exactly. If w,(a) = sup{|p, — poli : u,v €
[s, t], [u —v| < a}, the full connector, denoted by p", satisfies

sup "//)\Z — puli £2m/n + 6()p(Tn) — 0.
u€[s,t]

Indeed |9,(u) — u| < 7, on the middle interval, and each loading leg is within 2m/n of the corre-
sponding fixed endpoint. Entropy convexity keeps each affine loading image in the cap.

For each fixed n, all parts of the connector satisfy fixed two-sided bounds by ¢,. Lemma 2.7
proves (2.22) for every C € 7“1, The transferred raw divergence is the trace-norm convergent
entropy divergence minus a finite-core divergence. The added divergences have finite matrix support.
Their sums are the prescribed derivatives, so (2.25) proves all the continuity equations. Lemma 2.5
gives measurable least representatives. U

8.5. Metric speed and uniformity.

Proof of Theorem 8.1. For the state (8.6), Lemma 8.3 gives continuous bounded Fisher information on
compact intervals and original admissible entropy currents. Time rescaling therefore gives

t
W(ps. pr)? < (t — 5) / L.(py) du.

Thus the orbit is locally Lipschitz in this metric. Choose a short interval on which (8.20) holds.
Lemma 8.5 gives

W (pos o) < (¢~ 5) / [Z:(p) - Vi) du. (8:31)
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Its metric derivative exists almost everywhere by the metric differentiation theorem [1, Theorem 1.1.2].
Divide (8.31) by (¢ — s)? and apply Lebesgue differentiation to its continuous integrand. This gives

|/jt|$/\;£% < Te(po) — vl

Take A = yr, > 0. If this orbit were a 2-curve of maximal slope for a strong upper gradient, Lemma 8.2
would give |p;]> = T.(p;) almost everywhere, contrary to the positive deficit.

Fix £y > 0. The same By in (8.5) works for every 0 < ¢ < ¢. By (8.7), the initial slack is at least
E — D(Bo|og) > 0. Choose one smaller m > 0. The core matrices satisfy

C
— < B(t) < ¢oy.
ZUO_ (t) < coy

€0

Equations (8.9)-(8.10) give a bound for |B(t)| independent of this range of ¢. The logarithm is Lipschitz
on the displayed positive compact set. Since #(0) is independent of ¢ and nonzero, one common Ty > 0
gives a common lower bound r. > 0. The least eigenvalue of Kz has a common positive lower bound,
so K in (8.18), and then y and A, can be chosen uniformly. Every constructed connector is admissible
for the maximal test class, so none of these constants depends on .7. O

8.6. The initial entropy as constraint.
Corollary 8.6. For the initial states (8.6), set
E; = Fe(x,).

The strict speed inequality of Theorem 8.1 holds for Wfég on a positive-time interval. For every ¢y > 0,
the interval and a positive deficit can be chosen uniformly for 0 < e < ¢y and all test spaces (1.11).

Proof. By Lemma 6.7, Iy(By) > 0 because By # 0y. Homogeneity of the finite-core mobility gives
Icore(BO/ZE) = Zg_llcore(BO)‘

Continuity on the common positive core compact set yields a short interval and ¢; > 0, independent
of 0 < ¢ < &, such that Z,(p;) > c;. Shrink the interval so that |#(t)|* > r. > 0 there.
Choose t, > 0 with [#, 2t,] contained in that interval. By (8.12),

t
E. —F(py) = / I.(py)du > ct, (t. <t <2t,).
0

Choose one 0 < m < c;t,. Lemma 8.5 and (8.31) apply on this interval, with all constants uniform as
above. (]

8.7. Nonseparation of the uncapped pseudometric.

Proposition 8.7. Let ¢ > 0, leti # h be a core coordinate, and let z € C satisfy 0 < |z| < \[(c)nn(0e)ii-
For every test space (1.11), the uncapped extended pseudometric from Definition 2.6 satisfies

W7 (o, + 2Ep + ZEp, o) = 0. (8.32)

The two states are distinct, faithful, and of finite relative entropy. They admit connecting curves of action
tending to zero, each faithful and bounded above and below by positive multiples of o, with only one
active auxiliary channel pair.

Proof. Put r, = n~4/2_0n [0, 1] define

ra(31)?, 0<t<1/3, z, 0<t<1/3,
r(t) = {1, 1/3<t<2/3, z(t)=3(2-3t)z, 1/3<t<2/3,
rm(3-3t?% 2/3<t<1, 0, 2/3<t<1.

Set
pt =0, —r(t)P + r(t)E,,,, + z(t)Ep + 2(H)Eip.
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For large n, its core matrix B,(t) has eigenvalues in a fixed compact subset of (0,0). Thus p" is
faithful and has the prescribed endpoints. On the middle interval, Lemma 2.9 with w = 2(t)e; gives
the exact velocity and action 4(w, T,(t)"w), where

Ta(t) = A(nz(ﬂ; + 1), Enze_”B,,(t)).
Apply Lemma 2.3 with s, = n, ¢, = n?, L, = log(1/¢), and u, = x{ + n~'/2. The spectra of B,(t) lie

in one compact subset of (0, o), |log u,|/n — 0, and
Cnly

. = nx; + n'/2 = n'2(1 + o(1)).
Hence n~ /2T, (t) — I, uniformly in operator norm. In particular | T,,(t)"!| < Cn~'/? on the middle
interval, and its integrated action is o(n~1/2).

On each outer interval use the loading current in Lemma 2.9. As in (8.30), its action density is at
most L,72/(n?r), with L, = O(n). The parametrization gives integrated action at most 12r,L,/n* =
O(n~3/2) on each interval. Consequently A, «(p") — 0, where A, denotes the reduced action
without a cap. Each curve differs from o, on finitely many coordinates and has finite positive upper
and lower equilibrium-order bounds. Equation (8.26) gives finite relative entropy, with maximum
Jn+0(1). The currents and divergences have finite support. Lemma 2.7 and (2.25) prove admissibility
for every space (1.11). Taking the uncapped infimum proves (8.32). g

Remark 8.8. On the loaded middle portion (8.24) of the connectors in Lemma 8.5, one has

(p?)vnvn - m76n

(o s)v,,v,, ne
Thus each curve is bounded above by a multiple of o, but no single multiple bounds the family as
n — oo. A path constraint p; < Co, with fixed C excludes this family. Define the auxiliary jump
activity by

ACtE(U) = Z(a]’]hh + quVjVj)'
J

On the loaded middle curve (8.24),

A
Act.(py,) = Act.(py) + mn — mes _ mn + O(1).
n

For its selected pair, put x, = n?(p,(u) + m/n) and y, = en®e™"(Bp,(u) — m/n). For fixed £ > 0, the
order bounds (8.11) give, uniformly on the middle interval,

X, = mn + o(1), yn = enfe™™ = 0(1), log(xn/yn) = n—logn+ O(1).
Lemma 6.1 gives
L.(p") > (xn, yn) = mn*(1 + o(1)).
For each fixed n, both quantities are finite on the whole connector: the selected block is faithful and

finite-dimensional, while the remaining pair contributions are bounded by a constant depending on n
times the summable sequence (a;).

8.8. Failure of lower semicontinuity at fixed coupling.

Corollary 8.9. For the profile (8.1), every ¢, E > 0 admits a faithful semigroup trajectory p : [0, To] —
Kﬁl and faithful capped curves p" with the same endpoints, admissible for every test space (1.11), such

that

p" — p uniformly in trace norm, lim sup A, g(p") < Aqp(p) < co.
n—oo

In particular, the fixed-coupling reduced current action is not lower semicontinuous for uniform trace
convergence, even with these endpoints fixed. For this trajectory one also has

Ty Ty
[z dt < dsto) = [ 1o ar (639
0 0

Te
&E



44 ANASS NIFA

Proof. Choose the trajectory and interval in Theorem 8.1, and the constants in (8.20)-(8.21). Equa-
tion (8.13) identifies its reduced action with the integrated Fisher information. Lemma 8.5, applied to
[0, Ty], gives exact-endpoint uniformly trace-convergent connectors and

Ty
lim sup A, 5(5") < Ass(p) — v / IO dt < Acs(p) - yraTo.
n 0

All constants on the last line are positive. Integrating (8.2) proves (8.33). O

The distance construction can therefore lower the kinetic cost of a prescribed trajectory through
nearby connecting curves. This corollary does not identify the full lower-semicontinuous relaxation
of the current action with metric energy. The kinetic I'-limit in Theorem A and the joint current
action—Fisher limit in Theorem C do not require such an identification.

9. FAITHFUL STATIONARY LIMITS

Fix the finite core K, and the eigenvector ey as in Section 2. For a reversible level extension with
stationary state o, write Wf for the current distance of Definition 2.6, with entropy D(-|o). The test
space satisfies

Tiin+RIC T C{C=C"€ B(H) : g,(C) < o0}.
Theorem 9.1. Every primitive GNS-symmetric finite core admits a conservative GNS-symmetric extension

L.t « and a sequence of extensions (L, «)n>n,, for some ny € IN, on the same H, with common generator
domain, such that

ILns = Loeslo < 6277, sup S — S|, < Ce™, (9.1)
t>0
"O'n - O'ref”l — 0, D(O-n”O'ref) + D(O—ref”O-n) — 0. (9'2)

The stationary states in (9.2), including oyet, are faithful on H. The energies F, = D(-|o,) T'-converge in
trace norm to Fref = D(-|oret); moreover, Fy(p) — Fie(p) at every fixed state of finite reference entropy.
Both rates of one auxiliary pair change; the core channels are unchanged. For every E > 0, there are fixed
distinct faithful states x, y, with D(x|ovef), D(y|oret) < E, such that, for all sufficiently large n,

C
0 < Wa(x, y)* < =, 0< W2t (x, ) < oo, (9.3)

These conclusions hold for every choice of the stated bounded test spaces. The constants in (9.1) are
independent of n, and those in (9.3) are independent of the test spaces and of sufficiently large n.

9.1. The rates and their invariant states. Let ¢y, Ti, d. > 0 be the constants in the proof of Theo-
rem 7.1. Set

] o .
A, = Zj“e_jé, 0 < a < min{A., &/2}, wj = Ze bj = it aj=bjw;.  (94)
Jj>1

Thus )’ ; a; = a. Define

Z.=1+m Z wj, Oref = Z*_l <60 + T Z WjEVjV}-> > ch = (Orefhh- (9.5)
J J

Choose ny € N such that, for every n > ny,

e—n

w, + — < 1, a+2e "< e

by
Such an ny exists since w, — 0, b, = n*, and « < &y/2. The perturbed family is indexed by n > ny
throughout this section; the auxiliary coordinate index j still ranges over all positive integers. For
n 2 ng, put
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and let
dV=a, bW=b; Gzn), a’ =Gt e b =Aibp=byten  (96)
These rates define L« and L, .. through (2.6) with the fixed core.

Lemma 9.2. The extensions in (9.4)—(9.6) are conservative and GNS symmetric. Their stationary states
are ot and

Oret + TnEy,y Chén
_ Gref T TnBvnvn = then, 9.7
on 1+r, n b, ©:7)
They satisfy (9.2). If Fet(p) = D(p|oret) < o0, then
r
F.(p) = Feet(p) + log(1 + 1) — py,v, log (1 + (Uf;> . (9.8)
ref Jv,vy,

Proof. The return semigroups have the form (2.7). Their core and outward perturbations are bounded.
The construction and GNS-symmetry argument of Proposition 2.2 apply. The selected ratio is
(n)
G _ w, + n

bV by’

Multiplying the reference weights by the common normalization (1 + r,)~* and adding r,/(1 + r,,) at
Vn gives

(O-n)vnvn &n
= wuy+ —.
(Gn)hh " bn

Every other auxiliary ratio and the core ratios are unchanged. This proves (9.7); all its diagonal

entries are positive. Also )} ; bj(-")(an)vj v; < o0, so the density belongs to the generator domain and is
stationary.

Write 0, = r,/(1+r,) and H, = —log 0yes. Then o, = (1—0,)0ret + 04E,, v, Convexity of relative
entropy and o, > oy /(1 + rp,) imply

lon — oretl < 265,
D(Uref||0n) < 10g(1 + rn):
D(onfowef) < en(H*)vnvn = O(e_”nz),

since (Hy)y, v, = n° + log(Z.A./(arp)). This proves (9.2). The logarithmic reference difference is the
bounded diagonal operator

log oyt —log o, = log(1 + ry,)I —log <1 + r") E, v,
(O'ref)vn Vn
For each fixed n this operator is bounded. The spectral definition of relative entropy therefore gives
Fu(p) — Fret(p) = Tr(p(log Oref — log Gn))
whenever F(p) < oo. This is (9.8); no difference of two infinite traces is taken. O

9.2. The complete norm estimate.

Lemma 9.3. The generators in (9.6) have the same domain as L.t and satisfy (9.1). Each semigroup
converges in trace norm to its displayed stationary state from every initial state.

Proof. Set

anp + €
un:aﬁl”)—an:gn(u z ">.
by

For every n > ny, the choice of ng gives u, < 2¢,, and

En,* — Eref’* = ”nDEvnh + gnDEhvn' (9.9)
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The jump map has amplified norm |U|?, and each of left and right multiplication by U*U/2 has
amplified norm at most |U[?/2. Hence |Dy|. < 2|U|?, so (9.9) has norm at most 6¢,,. The two return
generators differ on their finite-coordinate cores by ¢, D, . This is bounded; the core property in
Lemma 2.1 and the bounded perturbation theorem identify their closed realizations and give equal
domains. Adding the bounded core and outward terms preserves that domain.

Allreturns are at least one. For every n > ng, the total outward rates are @ and a+u, < a+2e™" < &.
Equation (7.5), whose constants are independent of the outward distribution and the returns above
one, gives

S% >cp diRoys S 2cp diRo,
At every finite amplification, an operator X of zero system partial trace therefore satisfies

I(ST @ id)X]y < (1 — d)W/ X,

The amplified image of (9.9) has zero system partial trace. Duhamel’s formula yields

T.
sup S} — S7°f]. < f||£n,* = Lret |-
t>0 *

This is (9.1). Applying the same contraction to the difference of an arbitrary state and the stationary
state proves convergence and uniqueness of the stationary density. ]

9.3. Fixed endpoints and exact currents.

Lemma 9.4. For each fixed model in (9.4)—(9.6) and each C € iy,

sup g,(C) < oo.
peS(H)

Its capped distance is separating on its state domain for every allowed test space.

Proof. Retain a finite coordinate block containing the core, the support of C, and the selected perturbed
level. Phase averaging as in Lemma 3.2 bounds the remaining cotangent sum by a constant times

Y A, (a/Ade ).
J

For all sufficiently large j, split at p; = ¢~/°/2. On the upper part, the logarithmic denominator is
at least j°/4, so the sum is bounded by 43’ ; j~?p;. On the lower part, the mean is at most a fixed

multiple of ¢7/°/2; the bound is summable after multiplication by j*. The remaining finite channel set
has uniformly bounded mobilities. This proves the supremum bound.
For any admissible unit-time connector, its continuity equation gives

1
2 2
TeClor = pof < (sup () [l .
p 0
Finite tests separate states. Enlarging the test space can only increase the distance. Constant curves,
reversal, and concatenation supply the other extended-metric properties on the state domain. [

Proof of Theorem 9.1. Lemmas 9.2 and 9.3 give the semigroup and stationary-state assertions. The
energy assertions follow from Corollary 9.6, whose proof uses only Lemma 9.2. Fix E > 0, choose
i # h, and take z € C \ {0} sufficiently small that

X = Oref + 2Ep; + ZEip > 0, Y = Ovef, F, = ref(x) <E.
Since xy,v, = Yv,v, = (Oref)v,v,, formula (9.8) yields
Fu(x), Fo(y) <F, +log(1+r,) < E

for all sufficiently large n. Thus the fixed endpoints belong to the moving entropy caps used below.
The core coherence segment from x to y stays in the cap by entropy convexity. Its core block has a
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positive uniform least eigenvalue. The inverse core Onsager operator therefore supplies a finite-action
core current. The complementary diagonal is fixed. The states are individually order-comparable
with equilibrium and their divergences have finite matrix support, so the segment is admissible for all
allowed tests. Lemma 9.4 proves 0 < Wyt g(x, y) < 0.

For the pair without its common factor A, write

a=ay+ &y, b= n4, PO = (Uref)vnvn, m=n"2
On [0, 1] define
3mt, 0<t<1/3, z, 0<t<1/3,
s(t) = {m, 1/3<t<2/3, z(t) = y(2-31)z, 1/3<t<2/3,
3m(1—1), 2/3<t<1, 0, 2/3<t<1.

Set
,0? = Oref — S(t)P + s(t)Ev,,vn + Z(t)Ehi + @Eih-

For large n, its core block is at least b.]; for one fixed b, > 0. The states are faithful and have
endpoints x, y. With £ = (ab)"/*/ /2, use

S

=B JE==0D%  Ji==Cle,)wl JI==0), w=2De

JL

The first pair is active on the outer thirds, the second on the middle third. Lemma 2.9 gives their exact
negative divergences and the action bounds

& A
A(bs, ab,)’ A(bm, ab.)’

Each outer interval has |$| = 3m. Since A(bs, ab.)™' = log(bs/(ab.))/(bs — ab..), the two outer
actions have sum at most
6m (K logu bm

du, R= .

The quotient at u = 1 is defined by continuity, and the integral at zero is improper. By monotone
convergence,

[o9]

1_10gu 0 1 5 =) o
duzz uq(—logu)du:Zq <1+ x “dx =2.
o 1—-u a=0J0 1

— s

On[1,2],logu <u—1.0n[2,R],logu/(u—1) < 2log u/u. Thus, for R > 2, the integral is at most
3 +log® R. On the middle interval || = 3|z| and its duration is 1/3. The total action is at most

12|z)?

A(bm, ab,)’ (.10)

6
Tm(g +1og®R) +

Here a = a, + e " = e "(1+ 0(1)). Set
L,=—-loga+4logn—n.

Then L,/n — 0and a = nte~("tLn) Lemma 2.3, with s, = n, ¢, = n?, u, = n"2, and the fixed scalar

A = b,, yields
1
—A(bm, ab,,) — 1.
n

Also R = bm/(ab.) satisfies log R = n + 2log n + O(1). Therefore the two terms in (9.10) are O(n™*)
and O(n™Y).
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Let B be the core block before the subtraction of sP. The exact entropy increment of that subtraction
and the auxiliary loading is

Tr[(B — sP)log(B — sP) — Blog B]
+ (p0 +5) log(p0 +5)— po log p0 — slog(wy, + €,/by).

The core term is O(s) on the fixed positive compact family. For 0 < s < n™2, the scalar entropy

difference is O(n™2 log n), whereas —slog(wy, + ¢,/b,) = O(n™!). Equation (9.8) bounds the entropy
of the unsubtracted core segment by F, + log(1 + r,,). Hence

sup F,(p!) <F,+O(n"") < E
t

for all sufficiently large n.

Restoring A, leaves the modular weight and the stationary state unchanged and multiplies the
two channel amplitudes by \//Tn Divide the displayed raw currents by \//Tn Their divergence is
unchanged and their action is divided by A,. Each curve is order-comparable with o, with finite
positive constants depending on n; its currents and divergences have finite support. Thus it is
admissible for every allowed bounded test space. Formula (9.10) proves the upper bound in (9.3);
Lemma 9.4 proves positivity. ]

Remark 9.5. In Theorem 9.1,

6_
(O'n)vnvn _ e "

(O'ref)vnvn n* ’

The maximal reference entropy of the displayed connectors is of order n*, whereas their maximal
moving entropy is at most F, + O(n™!). Their stationary limit is faithful, but no uniform relative-
order or reference-entropy bound holds. This family is not the finite-core concentration family of
Theorems A and B.

Nor does the smallness of the additive generator difference (9.9) contradict Proposition 10.1. At a
block state, the row mobility of the full pair is A(b p, aB). In general,

A((b + Ab)p,(a+ Aa)B) — A(bp, aB) = A(Ab p,AaB).
For example, in the scalar case p = B =1/2, (a,b) = (1,4) and (Aa,Ab) = (4,1) give
A(5/2,5/2) = 5/2 > 2A(2,1/2) = 3/ log 4,

by the strict arithmetic-mean bound for unequal arguments. In this construction, adding the two
Lindblad rate pairs changes the modular ratio of the total pair; its logarithmic cotangent form is
not the sum of the two separately constructed cotangent forms. Proposition 10.1 bounds the form
attached to the entire small auxiliary generator, not the change of the form of a fixed unbounded
reference under this perturbation.

9.4. The faithful-reference energy limit.

Corollary 9.6. For the stationary states in Lemma 9.2,

D(-|o) = D(- |ores) (9.11)

in the trace-norm topology on &(H). Every constant sequence p, = p with Fet(p) < oo recovers the
limiting entropy, in fact Fy(p) — Fret(p).

Proof. Let p, — p in trace norm. By Lemma 9.2, 6,, = 0y in the same norm. Joint lower semiconti-
nuity of relative entropy [8, Lemma 4] gives

Fref(p) < liminf Fn(pn)-
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For Fef(p) < oo, formula (9.8) and r,, > 0 give

Fn(p) < Fref(p) + log(l + rn) — Fref(p)-

Together with the preceding lower bound applied to the constant sequence, this proves both recovery
and pointwise convergence at every finite-entropy state. If Ff(p) = +o0, the upper recovery inequality
is automatic. This proves (9.11). O

10. BOUNDS FOR COMPLETE AUXILIARY PERTURBATIONS

Let K, denote the core generator extended by zero, as in Section 2. It has no auxiliary channels,
and its semigroup fixes every E, ,, .

Proposition 10.1. Let a,, b, > 0, with )., a, < oo, and set
Q.= Y aDg,, + Y, baDr,,.
n n

Suppose that Q, extends to a bounded map on trace class with finite diamond norm n. Then

Y an<n/2,  supb, <n/2 (10.1)
n n
For every state p and every Hermitian core test C extended by zero,

gp,aux(c) < Z"Ceh”z- (10-2)
Proof. Evaluation on diagonal matrix units gives

Q*(P) = Z an(Evnv,, - P), Q*(Evnvn) = bn(P - Evnvn)-

n

Their trace norms are 2., a, and 2b,, proving (10.1). Put B = PypPy, pn = pv,v,> S = Xop Pn> and
v = Cey,. Phase averaging and the row-mobility identity give

gp,aux(c) < Z<U: A(bnpna anB)U>

(Z bnpn> Jol? + (Z ) (v, B)

slol? + v, Bv)] < ||v||2-

1
=3
_Q[

The second inequality follows from A(x, aB) < (xIy + aB) /2 by spectral calculus, including at zero
eigenvalues. The last inequality uses B < (Tr B)ly = (1 — s)I. O

Under (1.8), y > 0 implies that (b,) is unbounded. Thus L, — K. has no bounded extension on
trace class. More generally, (10.2) makes the auxiliary cotangent form tend uniformly to zero on core
tests whenever the complete auxiliary generator tends to zero in diamond norm.

Proposition 10.2. Let (S;) and (U;) be completely positive trace-preserving semigroups on trace class.
Suppose that, for one state ,

StEy,v, — 7 (t = ) foreveryn, UiE,,v, = E,,v, (t>0).
Then

sup |S; — Uilo = 2.
>0

Proof. Fix n. Contractivity of the two-outcome measurement {E, ,,,I — E, ,, } gives

sup e = Utlo = lim [(S¢ = U)Ev,v, Iy = |7 = Ev,v, 1 2 21 = 70,,).
>0 —00

Since )., 7y,v, < 1, these diagonal entries tend to zero. Taking the supremum over n gives the lower
bound two. Complete trace-norm contractivity of each channel gives the upper bound two. g
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Proposition 10.3. Fix b, > 0. Let reversible extensions have outward rates a’ with Y., a’ — 0 and
stationary states satisfying

8

n

(05) vy = (%)hhb*-

Every trace-norm limit of these stationary states is core-supported. If b, > b, > 0 for all n, then

Tr((I - Po)os) < b1 ). ab.

For extensions of the fixed primitive core (2.2), every trace-norm limit is oo ® 0. Under the additional
bound b, > b, > 0, the whole family converges to this state.

Proof. For each fixed n, 0 < a® < Y a;? — 0 and 0 < (05)nn < 1. Detailed balance gives (o5)y,v, = 0.
If 05, — 7 intrace norm, then z,,,, = 0 for every n. For a positive operator, |(v, te, )* < (v, o)1y, =
0. Hence 7 and its cross blocks vanish off the core.

If b, > b, > 0, summing detailed balance yields

5
a _
Tr((I — Po)os) = (06)nn E 5 S b, E al — 0.

n

For extensions of the fixed primitive core, the stationary calculation in Proposition 2.2 gives a core
block csoy and no cross blocks. Every trace-norm cluster point therefore equals oy @ 0. Under the
lower bound on the returns, the tail mass ss tends to zero and c¢s = 1 — s5. The block decomposition
gives

los = (00 ® 0)ly = 255 <2b," ) ay — 0.
n
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