HOMOLOGICAL OBSTRUCTIONS TO LOCAL CONTRACTIBILITY IN NONCOLLAPSED
RICCI LIMITS

ANASS NIFA

ABSTRACT. For every integer N > 4, we construct a compact noncollapsed Ricci limit X of closed
N-manifolds with nonnegative Ricci curvature such that 0 < HN"2(S;,(X)) < o0, where Siop(X) is the
nonmanifold locus. There is a compact subset Z C S;,,(X) of positive (N — 2)-dimensional Hausdorff
measure such that, for every subset E C X with dimy; E < N — 2, every relative open neighborhood U
in X \ E of a point of Z \ E satisfies rank im[H,(U; Z)) - H,(X;Z)] = o. Thus no such E has manifold
complement, without any closedness or measurability assumption on E. These examples attain the
codimension-two upper bound for the nonmanifold locus and contradict the Hausdorff-codimension-
three manifold conjecture. The realizing sequences have uniformly bounded total scalar curvature and
total Ricci norm; in dimensions four and five, their Ricci curvature has a uniform strictly positive lower
bound. A separate compact four-dimensional example has exactly one nonmanifold point, with unique
tangent cone R? x C(S,,,) for some g € (0, 1), and an empty Cheeger—Colding zero-stratum.
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2 ANASS NIFA

1. MAIN RESULTS AND CONVENTIONS

1.1. Noncollapsed limits and manifold complements. Let N > 2 be an integer. A noncollapsed Ricci
limit of dimension N is a pointed Gromov-Hausdorff limit

of complete connected smooth Riemannian N-manifolds without boundary such that
Ricy, > K gj, Volg, Bi(pj) > v >0, (1.1)

where K € R and v are independent of j. Here dg, is the Riemannian length distance; no factor N — 1
is included in K. Hausdorff measure is normalized to agree with Lebesgue measure on Euclidean
space. The volume-convergence theorem identifies the limiting volume measure with H”~ and gives
dimy; X = N [4, Theorem 5.9, p. 434].

A topological manifold is Hausdorff, second countable, and without boundary. Define

Riop(X) = {x € X : x has an open neighborhood homeomorphic to RN},

Put
Stop(X) =X\ Rtop(X)-

The set Riop(X) is open: every point of a chart domain has a smaller Euclidean-ball chart. Thus
Stop(X) is closed. Cheeger-Jiang-Naber’s Theorem 1.14 and its proof supply ambient manifold
charts outside an (N — 2)-rectifiable exceptional set of locally finite #~ 2 measure [5]. In particular,
dimy; Siop(X) < N — 2. The finite-measure consequence needed for the compact spaces constructed
here is proved in Lemma 11.2.

Naber’s codimension-three manifold conjecture [13, Conjecture 2.4], with codimension understood
in the HausdorfT sense, asks for a subset E C X such that

dimy E < N -3, X \ E is a topological manifold. (1.2)

The complement has its subspace topology. We do not impose closedness on E in (1.2). A stronger
closed-exceptional-set formulation, recorded in [2, Introduction, p. 3], asks, for N > 4, for a closed
E c X such that

dimy E < N —4, X \ E is a topological N-manifold. (1.3)

We call (1.3) the generalized topological codimension-four conjecture.

For a closed E, the subspace X \ E is open in X, so its manifold charts are ambient charts and
Stop(X) C E. Conversely, X \ Siop(X) is an open locally Euclidean subspace of a separable metric
space and is therefore a topological N-manifold. Consequently (1.3) is equivalent to

dimyy Siop(X) < N — 4. (1.4)

This argument does not apply to an arbitrary nonclosed E. The deletion statements below concern
relative neighborhoods and do not use that implication. Cheeger-Colding’s Conjecture 0.7 specifies
a tangent-cone stratum instead of allowing the exceptional set to vary; its formulation is given in
Section 1.3.

1.2. Neighborhood homology and exceptional sets. For an abelian group A, put rank A = dimg(A®z
Q). The homology maps displayed in Theorems 1.1 and 1.3 and Corollary 1.2 are induced by inclusions.
Subsets of Euclidean space carry the restricted Euclidean distance. We write Scal, = trg Ric, and use
the Hilbert-Schmidt norm of the Ricci tensor. If Ricg > 0 and Ay, ..., Ay are its eigenvalues, then

N 12 N
|Ricg g = (Z /12) < Z Aq = Scalg . (1.5)
a=1 a=1

Thus a bound on the total Ricci norm follows from the scalar-curvature bound in this setting.
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Theorem 1.1. Let n € {4,5}, and let F C {z € R""2 : |z| < 1/40} be nonempty, compact, and have empty
interior. There are closed connected smooth n-manifolds (M;, g;, p;), constants k,v, A > 0, a compact
noncollapsed Ricci limit (X, d, p), and a bi-Lipschitz embedding 1 : F — X such that

Rngj > Kgjs VOlgj BI(P]) >, (Mj, dgj,pj) — (X, d, p), (16)

/ (Scalgj +|Ricg, |gj) dvg, < A (1.7)
M;

For every subset E C X with dimy E < n — 2, every x € 1(F) \ E, and every relative open neighborhood
UofxinX\E,

rank im [HZ(U; Z) — Hy(X; Z)] = oo, (1.8)
In particular, I(F) C Siop(X), and X \ E is not locally contractible at any point of 1(F) \ E.

The bounds in (1.6)-(1.7) hold for every j. The constants and the realizing sequence may depend
on F. No closedness or measurability assumption is made on E; Hausdorff dimension is defined by
Hausdorff outer measures. The image in (1.8) is taken in the homology of X, not merely in that of
X\E.

Corollary 1.2. For every integer N > 4 there are a compact noncollapsed Ricci limit Xy and a compact
subset Zy C Siop(Xn) such that

0 < HN2(Zy) < HY 2 (Stop(Xn)) < 00, dimyy Siop(Xn) = N — 2. (1.9)

For every subset E C Xy with dimy E < N — 2, every z € Zy \ E, and every relative open neighborhood
Uofzin Xy \E,

rank im [HZ(U; Z) — Hy(Xn; Z)] = oo, (1.10)

Consequently Xy \ E is not a topological manifold. The realizing sequence consists of closed connected
smooth N -manifolds with nonnegative Ricci curvature, a uniform positive lower bound for based unit-ball
volumes, and a uniform bound for the integral in (1.7). For N = 4,5, the Ricci curvature has a uniform
strictly positive lower bound.

Indeed, dimy; E < N — 2 implies HV"2(E) = 0, whereas HV"2(Zy) > 0. Thus Zy \E # @. A
manifold chart at one of these points would contain a relative open Euclidean ball U, for which
Hy(U;Z) = 0, contrary to (1.10). Since N —3 < N —2, Corollary 1.2 contradicts (1.2); it also contradicts
(1.3). The upper bound in (1.9) is a consequence of [5, Theorem 1.14]. The construction gives the
positive-measure lower bound and the deletion property.

1.3. Anisolated nonmanifold point in dimension four. For a pointed proper metric space (Z, d, z), let
Tan(Z, z) be the set of pointed-isometry classes of pointed limits of (Z, r; 'd, z) as r; | 0. The circle of
circumference 27 q is denoted by Séﬁq. Its metric cone C(S%nq) has length tensor dt* + q*t*d6?, where
0 € R/(2nZ) and the circle at ¢ = 0 is collapsed to the vertex. For an N-dimensional noncollapsed
Ricci limit, define

Si(Z) = {z € Z : no tangent cone at z splits R, 0<k<N-1

A splitting is a pointed isometry with a metric product. Cheeger—Colding’s definitions give Dy = Sk
and S¢€ = Dy \ R, where R is their regular set [4, Definitions 0.1, 0.3-0.4, pp. 408-410]. In particular,
Sk = @ implies S,SC = @, without any further comparison of regular-set conventions. For N > 4,
their Conjecture 0.7 asserts that

Int, (Z \ S5C4(2)) is a topological manifold (1.11)
[4, p. 413].
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Theorem 1.3. There are q € (0,1), constants k,v, A > 0, closed connected smooth four-manifolds
(M;, gj, pj), and a compact noncollapsed limit (Y, d, p) such that

Ricg, > K gj, Voly, Bi(pj) > v, (M, dgj,pj) — (Y,d, p),

Sop(Y) ={p},  Tan(Y,p) ={R*xC(S;,, )},  Si(Y) =0 (1.12)

The realizing sequence satisfies (1.7). The space Y \ {p} is locally isometric to a smooth Riemannian
four-manifold. For every open neighborhood U of p,

rank im [HZ(U; 7) — Hy(Y; Z)] = oo,

The space Y is not locally contractible at p, and no open neighborhood of p is homeomorphic to an
open topological cone over a compact space. Consequently S§C(Y) = @, although Y is not a topological
manifold.

The inclusions Sy(Y) € S;(Y) imply that the interior in (1.11) is all of Y when N = 4. Thus
Theorem 1.3 contradicts the prescribed-stratum conjecture in that dimension. It does not contradict
(1.3): removing the closed zero-dimensional set {p} leaves a manifold. The four-dimensional instance
of Corollary 1.2 gives the obstruction to an arbitrary exceptional set of the stated dimension.

1.4. Comparison with earlier results. Menguy’s Theorem 0.6 constructs a noncollapsed limit
(Xm, pm) of complete four-manifolds with positive Ricci curvature and locally infinite topology [11,
p. 601]. The discussion following that theorem states that Xy \ {pm} is a topological manifold and
that no neighborhood of py; has trivial homology. Remark 0.14 of the same paper attributes the
infinite second Betti number to infinitely many inserted copies of CP? [11, p. 603]. Thus neither a
single nonmanifold accumulation point nor accumulation of second homology is new. The tangent
cones are topologically Euclidean; see [2, Section 1.2].

Menguy also states that his example satisfies the prescribed-stratum conjecture [11, p. 601]. In
contrast, Theorem 1.3 gives the specified metric tangent R? x C(S}, ¢) and an empty prescribed zero-
stratum, together with a compact realization and the bounds (1.7). Tangent uniqueness alone is not
used to distinguish the two constructions.

The direct products of Menguy’s example do not have the deletion property of Corollary 1.2. For
a flat torus T, with T° a point,

(X x TN (pmd x TF) = (X \ {pmd) x TF (1.13)

is a manifold. The deleted set is isometric to T¥, so its Hausdorff dimensionis k = N —4 < N — 2,
where N = 4 + k. This argument uses the exhibited removable set; it does not require any assertion
about the exact nonmanifold locus of a product.

Hupp-Naber-Wang constructed four-rectifiable limits of six-dimensional manifolds with uniform
lower Ricci bounds for which every nonempty open subset has infinitely generated second homology
[9, Theorem 1.1]. Their proof also detects independent second-homology classes in the whole limit [9,
Section 2.0.1, pp. 6—8]. Thus accumulation of homology, including its detection in the ambient limit,
already occurs in their construction. The assertions of Theorem 1.1 and Corollary 1.2 combine same-
dimensional noncollapse, a positive-measure codimension-two nonmanifold locus, and persistence
under every deletion of Hausdorff dimension less than N — 2.

Positive-measure Cantor sets also occur as metric singular strata. Li-Naber construct noncollapsed
limits of three-manifolds with nonnegative sectional curvature whose quantitative one-stratum
is a prescribed compact subset of a bi-Lipschitz embedded circle [10, Theorem 1.7]; see also [13,
Example 2.14]. This concerns the induced topology of a metric stratum, not the existence of ambient
manifold charts. In Corollary 1.2, the positive-measure set consists of points where the homology of
ambient neighborhoods, and of the indicated relative neighborhoods, obstructs local contractibility.

Under a two-sided Ricci bound and noncollapse, Cheeger—Naber prove the codimension-four
estimate for the metric singular set [6, Theorem 1.4]. Under a global metric-measure splitting
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X = RN73 x Z3, Brué-Pigati-Semola prove that Z? is a topological three-manifold [2, Theorem 1.7].
In dimension four, their Theorem 1.1 shows that the cross-sections of all tangent cones at a fixed
point are homeomorphic to one spherical space form. For the cone in Theorem 1.3, the cross-section
is §' * S5, ., homeomorphic to §°; the obstruction concerns neighborhoods in Y.

The author’s preprint [14, Theorem 3.2, Corollary 3.4 and Remark 3.5] constructs, for N > 5, a
single nonmanifold point with empty prescribed codimension-four stratum and a unique product-cone
tangent. Its sufficiently small neighborhoods are open topological cones over the compact manifold
Mo = Q#(—Q). They are contractible. More precisely, put

Ctop,a(MQ) = ([0, (1) X MQ)/({O} X MQ), a>0.

The map
H([r,z],s) =[(1 = s)r, z], 0<s<1, (1.14)

contracts this cone to its vertex. To check continuity at the vertex, let V be a neighborhood of it.
The inverse image of V contains {0} x M. Compactness of Mg gives b > 0 such that [0, b) x My
is contained in that inverse image. Since (1 — s)r < r, the contraction preserves the corresponding
smaller cone for every s. Away from the vertex it is the quotient of the displayed continuous formula;
as s — 1, its radial coordinate tends to zero locally uniformly. The same compactness argument
shows that the smaller cones form a neighborhood basis. The distinguished point in [14] is therefore
locally contractible, and these neighborhoods have zero absolute second homology. Its nonmanifold
obstruction is instead expressed by relative local homology.

For the point in Theorem 1.3, the inclusion-induced image of second homology has infinite rank
in every neighborhood. If p € V C U are open and V < U is null-homotopic, then

Hy(V;Z) — Hy(U;Z) — Hy(Y; Z)

is zero, contrary to that assertion for V. Thus this point is not locally contractible, and no open
neighborhood of it is homeomorphic to an open topological cone over a compact space. No relative
local-homology formula from [14] is used. The examples of Corollary 1.2 concern the distinct question
of the least possible Hausdorff dimension of an arbitrary exceptional set.

1.5. Construction and dependencies. The two compact manifolds with boundary used in the con-
struction are

P, = CP? \ Int D*, Ps = (§*x S\ IntD’.

The positive-Ricci metric on P4 with round strictly convex boundary goes back to Perelman; we use
the formulation in [3, Theorem C and Section 3.3]. For Ps, we use [15, Theorem 5.1 and Lemma 2.18].
The normalization and the homology isomorphism induced by boundary collapse are proved in
Lemma 2.1.

On S" = §"2 % S!, with n = 4,5, the circle regularization has a parameter depending on $"~2 and
vanishing on F. Proposition 5.2 uses the inequality

ds|?
A2M<|Hess5|+| 5' )

to control the spatial and mixed Ricci terms. Its constants do not depend on the positive minimum of
d. This is the uniform estimate used for degeneration along F; parameter-dependent smoothing and
control of mixed Ricci terms already occur in [11, Sections 1.3 and 1.5]. The geometric construction
preceding the dimension calculation requires only that F be compact with empty interior. Choosing a
positive-measure Cantor subset of R"~? gives the lower measure bound in Corollary 1.2. The passage
to all N > 4 uses products with flat tori.

The annuli, their boundary identifications, and the collar smoothing are developed in Sections 3, 6
and 8. The logarithmic interpolation uses Colding—Naber’s Lemma 2.1 and the functions in equa-
tions (9)—(10) of [7, Section 2]. With ry = e~ T, their quantity — log(r,r) equals T, —log r; the functions
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in Lemma 6.2 use this substitution and a slow reparametrization of the metric path. The common-
volume-form normalization is Moser’s construction [12]. The smoothing follows the Ricci gluing
argument of Reiser-Wraith [16, Theorem A and Corollary B]. The collar interpolation, spherical
deformation, and regularized-link calculation are adapted from [14, Sections 5.2, 6 and 7.1]. All
statements needed from those sections are proved below. The main proofs do not invoke any theorem
of that preprint.

For each domain Wj, the induced metric is independent of j for j > i. The limiting inclusions and
boundary-collapse maps satisfy

fi W, — X, mr X — W;/oW,, Tifi = q, 7; fi constant for k # i.
If ¢; generates Hy(W;; Z) and a; = (fi)«c;, then
(mi)+a;i = (q)«ci # 0, (m)sar =0 (k= 1).

The nonzero class is a generator of an infinite cyclic group. Applying each (7;). to a finite relation
proves independence of the a;. The local isometry assertion of Lemma 2.5 and the perturbation lemma
2.8 then give the deletion statement in Proposition 2.9. No continuity of singular homology under
Gromov-Hausdorff convergence is used.

Section 10 bounds the scalar integrals by boundary-flux identities, integration by parts, and
summation of bounds of the form CR!? for the inserted regions. These estimates concern the
constructed sequences. They are not a universal scalar-curvature bound under a lower Ricci bound;
compare [13, Conjecture 2.18]. For Theorem 1.3, Section 12 proves convergence under every rescaling
at the marked point, Section 13 bounds the replacement error by O(r*) on balls of radius r, and
Section 14 identifies the smooth complement. Dividing that error by r gives the same tangent cone as

the background.

1.6. Geometric and topological conventions. A space Y is locally contractible at y if, for every
open neighborhood U of y, there is an open neighborhood V with y € V C U such that V < U is
null-homotopic. We use the curvature convention

R(X, Y)Z =VxVyZ —VyVxZ — V[X,Y]Z, sec(X AN Y) = <R(X, Y)Y, X>

for orthonormal X, Y. For functions, Ay, = divy, Vj, = trj, Hessy. For a symmetric covariant two-tensor
S, (divj, S); = V/Sj;. A smooth function is flat on a closed set if all of its derivatives, including the
function itself, vanish there.

All homology groups are singular homology groups with the indicated coefficients; reduced groups
are denoted by H,. For compact boundary pairs, the relative-to-quotient identification is induced by
the quotient map [8, Proposition 2.22, p. 124]. The symbols Int and 9 denote the manifold interior
and manifold boundary when applied to a smooth domain. All metric balls are open unless a closure
is displayed. An intrinsic distance on a domain is the infimum of lengths of curves contained in that
domain; an ambient distance is the restriction of the distance of the containing space.

The notation gs» denotes the unit round metric, o,, = Vol(S™, gs»), and wy = Vol(B;(0) c RN);
thus ony_1 = Nown. A closed manifold is compact and has empty boundary. Gromov-Hausdorff
convergence of compact spaces is understood in the unpointed sense unless marked points are
included.

For a boundary component with outward unit normal v, set

(v, w) = g(Vyv, W).

For g = ds? + f(s)’gs» and a boundary slice with induced metric h, the outer and inner second
fundamental forms are respectively (f’/f)h and —(f’/f)h. Under § = c¢*g, with ¢ > 0 constant,

dy=cdy,  Voly=c"™"Vol,,  Ricg=Ric,, I = clIl,.

The Ricci identity is an identity of covariant two-tensors.



HOMOLOGY AND LOCAL CONTRACTIBILITY 7

Inequalities between symmetric two-tensors mean pointwise quadratic-form inequalities. Norms
of covariant tensors are the Hilbert-Schmidt norms induced by the specified metric. For a differential
between tangent spaces, |dF]op is the operator norm; it is this norm that bounds the Lipschitz constant
of a smooth map. For functions on a fixed compact Riemannian manifold,

| flc: = max sup [V" fl.

0<r<

A constant in a uniform estimate may depend on the data fixed before that estimate, but not on a
positive lower bound for a regularization parameter. The order of the geometric parameter choices is
fixed in Section 7. For [2], theorem and section numbers refer to the accepted manuscript identified
in the bibliography; for [9, 10], they refer to the stated arXiv versions. References to [15, 16] use the
versions specified there.

2. QUOTIENT MAPS AND SECOND HOMOLOGY UNDER METRIC CONVERGENCE

In Sections 211, fix n € {4, 5} and a nonempty compact set F C {|z| < 1/40} C R"*? with empty
interior. The parameters may depend on this F, but not on the index j of the realizing sequence.

Lemma 2.1. For n = 4,5, the manifold P = P, has a smooth metric k, a boundary parametrization
Bo : S — 9P, and constants U, & > 0 such that

Bo(klap) = gon1, Ricy > pk, Bollop > axgen-1.

The manifold P is connected. The quotient map induces
Hy(P;Z) =7,  Hy(P;Z) — Hy(P/oP;Z). (2.1)
Boundary tensors below are written in this parametrization.

Proof. For n = 4, set Q = CP% By [3, Theorem C], Q \ Int D* has a positive-Ricci metric with round
strictly convex boundary, with second fundamental form defined using the outward normal. For n = 5,
set O = S° x S2, the trivial linear S?-bundle over S°. The round S* contains an isometrically embedded
unit hemisphere and hence has a core metric in the sense of [15, Definition 1.2]. Theorem 5.1 and
Lemma 2.18 of that paper give an embedded disc D> C Q and a positive-Ricci metric on Q \ Int D
with round strictly convex boundary.

In either case let k be the resulting metric, and choose R > 0 and B, with f;(k|sp) = R*gsn-1. Set
k = R~2k. Constant scaling gives

Ric = Ricg, I, = R, Ba(klap) = geni.

The least eigenvalues of k™! Ricy on P and of (gg«-1)"! 51 on S™ ! have positive minima, denoted
by p and a. The connected boundary lies in one component of P; any other component would be
open and closed in the connected manifold Q. Thus P is connected.

A collar of 9P in Q gives a neighborhood of P that deformation retracts onto P: in the added collar
the normal coordinate is multiplied by 1 — ¢, with 0 < t < 1, and P is fixed. Thus (Q, P) is a good pair.
Collapsing P identifies Q/P with D"/S""1. The relative-to-quotient theorem [8, Proposition 2.22]
gives

H(Q,P;Z) = H(D"/S" 4, Z) = H.(S:;Z) =0 (r=2,3).
The exact sequence of (Q, P) therefore identifies Hy(P; Z) with Hy(Q;Z). For Q = CP?, its CW
decomposition has one cell in each of dimensions 0, 2, 4; the cellular boundary maps entering and

leaving degree two vanish. For Q = $*xS?, the integral Kiinneth formula gives H,(Q; Z) = Hy(S*; Z)®
H,(S%;Z) = Z. In the exact sequence

Hy(S""',Z) — Hy(P; Z) — Hy(P,9P; Z) — Hy(S""}; Z),

both end groups vanish. The collar makes (P, dP) a good pair. The quotient identification [8, Proposi-
tion 2.22] is induced by P — P /9P and proves (2.1). O
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Lemma 2.2. Let (W, h) be a compact connected Riemannian manifold with nonempty boundary, and let
dw be its intrinsic length distance. The quotient Qw = W /dW is a compact metric space for

dg,, ([x], [y]) = min{dw (x, y), dw(x,0W) + dw(y,0W)}. (2.2)

Suppose W is a smooth domain in a connected Riemannian manifold M and the metric on W is h. The
map

w : M — Qw, awlw = qw,  Twlmaew = [0W]
is 1-Lipschitz for the ambient distance of M.
Proof. Put A = 0W and r(x) = dw(x, A). The function r is 1-Lipschitz. Define

D(x, y) = min{dw(x, y), r(x) + r(y)}.

If both minima in D(x, y) + D(y, z) use intrinsic distances, the triangle inequality for dy gives
D(x, z) < D(x, y) + D(y, z). If both use boundary distances, then

D(x,z) < r(x)+ r(z) < r(x) + 2r(y) + r(2).
If the first uses dy (x, y) and the second uses r(y) + r(z), then
D(x,z) < r(x)+ r(z) < dw(x, y) + r(y) + r(2).

The remaining case follows by interchanging x, z. Hence D is a pseudometric. Its zero classes are the
single boundary class and the individual interior points. If x € A, then D(x, y) = r(y), independent
of the representative x. Thus D induces (2.2) on Q.

In an interior coordinate ball, or a boundary half-ball, choose nested convex coordinate neighbor-
hoods with compact closures. On the larger one there are m, M > 0 such that m[v|* < h(v,v) < M|v]>.
A coordinate segment in the smaller neighborhood has length at most +/M times its Euclidean length.
Every curve that leaves the larger neighborhood from a fixed point of the smaller one has length at
least \/m times the positive coordinate distance to its relative frontier. These two inequalities show
that dy induces the manifold topology. Connectedness gives finite intrinsic distances, by joining a
finite chain of such neighborhoods. Since D < dyy, the quotient map gy : W — Qyy is continuous.
It factors as a continuous bijection from the compact topological quotient onto the metric quotient.
That bijection is a homeomorphism; in particular Qv is compact.

Let y be a piecewise smooth curve in M with endpoints x, y. If x, y € W and y stays in W, then
L(y) > dw(x,y) > D(x,y). If x,y € W and y leaves W, its initial segment up to the first exit and its
final segment after the last entrance give

L(y) > r(x) + r(y) > D(x, y).

For x € W and y ¢ Int W, the first boundary encounter gives L(y) > r(x). If both endpoints are
outside Int W, their images under 7y agree. Taking the infimum over curves proves

doy, (Tw(x), 1w (y)) < du(x, y).
O

Proposition 2.3. Let compact connected Riemannian manifolds (M;, g;) converge in Gromov—Hausdorff
distance to a compact metric space X. Suppose that for each i a fixed compact connected Riemannian
manifold (W;, h;) with 0W; # @ occurs as a smooth domain in M; for every j > i, with unchanged

Riemannian metric. Suppose also that these domains are pairwise disjoint at every index j. Then, after a
subsequence, there are continuous maps

fi W, — X, i X — Qw,
satisfying
Tio fi = qw., 7 o fx is constant if i # k. (2.3)

The maps f; and m; are 1-Lipschitz when W; has its intrinsic distance.
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Proof. For each j, choose an admissible metric on M; 1 X for which dy(M;, X) < €;, where €; | 0;
see [1, Section 7.3]. Amalgamate these metric spaces along their common copy of X. Write d; for the
chosen metric on M; L X. For u € M; and v € Mj, i # j, define

D(u,v) = inf (di(u, x) + dj(x,0)),
and retain dj on M; U X. For x,y € X and v € M;,

di(x,v) +d;(v,y) > dx(x, y).
Consequently, for u € M; and w € My, a sum through v is bounded below by

di(u, x) + dx(x, y) + dp(y, w) > di(u, y) + dr(y, w).

Taking infima proves the triangle inequality when i # k; when i = k the last expression is at least
di(u, w). If two adjacent points lie in the same M; L1 X, use d;i(u, v)+d;(v, x) > d;(u, x) before taking the
infimum. This gives the remaining triangle inequalities, including points in X. Distinct components
have positive distance because each M; and X are disjoint compact subsets of (M; Ll X, d;). Thus D is
a metric extending every d;. The completion of the amalgam is a compact metric space Z: for every
r > 0, all sufficiently late M; lie within r/3 of X, and a finite r/3-net in X, together with finite r-nets
in the remaining finitely many M;, is an r-net in the amalgam. Completeness then gives compactness.
Write e;; : W; — M; C Z for the inclusions. Since

dz(e;j(u), €,j(v)) < dw,(u,v),

Arzela—Ascoli and a countable diagonal subsequence give uniform limits f; : W; — Z. Hausdorff
convergence implies f;(W;) C X.

Let m;; : M; — Qw, be the maps of Lemma 2.2, and let I'; j C Z x Qw, be their graphs. For any
compact metric space T, its nonempty compact subsets form a compact metric space for Hausdorff
distance. To prove this, let A, C T be nonempty and compact. The functions x — dr(x, Ay) are
1-Lipschitz and bounded by diam T. Arzela—Ascoli gives a subsequence converging uniformly to a
function f. Choosing a; € Aj, and passing to a convergent subsequence proves that A := f71(0)
is nonempty. It is compact. For fixed x € T, choose ay(x) € Ay with dr(x, ap(x)) = dr(x, Ap). A
convergent subsequence has limit a(x) € A and dr(x, a(x)) = f(x), so dr(x, A) < f(x). Conversely,
f(x) < dr(x,a) for a € A, by the Lipschitz inequality for f. Thus f = d7(-, A). The identity

dH(C! D) = ”dT(’ C) - dT('a D)”CO(T)

for nonempty compact C,D C T follows by evaluating on C U D and using the triangle inequality.
Hence Ay — A in Hausdorff distance. Apply this result with T = Z x Qy, for each i, and take a
diagonal subsequence:

I'; — I in Hausdorff distance, for every fixed i.

For x € X, choose x; € M; with x; — x. Compactness of Qw, gives a convergent subsequence of
7;,j(x;). Hence the first projection of T; is X.

For (x,u),(y,v) € T;, Hausdorff convergence gives, along the same indices, graph points
(xj, u;), (¥,v;) tending to these two points. Therefore

de,-(”’ v) = li§n dQWi(uj,vj) < li§n dz(xj,y;) = dx(x,y).

Taking y = x proves single-valuedness. Thus I'; is the graph of a 1-Lipschitz map m; : X — Qw,.
For j > max{i, k} and w € W, the graph T ; contains

(eij(w), qw,(w)), k=1,
(exj(w), %), k +#i.

(ek,j(W)’ ﬂi,j(ek,j(W))) = {

Pass to the limit, using uniform convergence of e ; and closedness of T;. This gives (2.3). Passing to
the limit in dz(e; j(u), €, j(v)) < dw,(u,v) proves that f; is 1-Lipschitz. O
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Proposition 2.4. In the situation of Proposition 2.3, suppose
Wi=P,  ow=Ss"l

Suppose there are embeddings 1; : F — M; with common bi-Lipschitz constants, points z; € F, and
numbers n; | 0 such that for every z € F there is a strictly increasing sequence (i¢) with z;, = z, and

Suvr; dy(w, 15(z)) < (G =0). (2.4)
wew;

Then a subsequence has a bi-Lipschitz limit embedding 1 : F — X, and (1.8) holds with E = @ at every
x € 1(F).

Proof. In the compact realization used for Proposition 2.3, Arzela—Ascoli gives a uniform subsequential
limit ¢ : F — X. The two bi-Lipschitz inequalities pass to the limit, so : is an embedding.
Let ¢; : W; = Qw;, be the quotient map. By Lemma 2.1 and invariance under a diffeomorphism of
boundary pairs,
(@) + Hu(Wi Z) > Ho(Quis 2) = Z.
Choose a generator ¢; € Hy(W;; Z), and put a; = (f;).¢;. Functoriality and (2.3) give
(7i)«ai = (gi)«Cis (ri)sar =0  (k #1i).

If )y mia; = 0 for a finite index set I, application of (7x). gives ni(qi)«cx = 0 in an infinite cyclic
group. Thus n; = 0 for every k € I. The same homomorphisms also prove independence after
tensoring with Q. Indeed, if ; € Q and ) ;; r;(a; ® 1) = 0, then application of (;). ® Idg gives

rk((qk)*ck ® 1) =0 in ﬁz(QWk;Z) ®0=0. (2.5)

The displayed generator is nonzero, so every ry is zero. This calculation applies also to any subgroup
of H»(X; Z) containing the classes under consideration.
Fix z € F, put x = i(z), and let U C X be an open neighborhood of x. Choose r > 0 with B,(x) C U.
There is a strictly increasing sequence i, with z;, — z. Passing (2.4) to the limit yields
sup dx(fi(w), x) < i, + dx(«(z;,), (z)) — 0.
weW,,
For all large ¢, f;, factors through U. Hence the image of Hy(U; Z) — H,(X;Z) contains the indepen-

dent classes g;, and has infinite rank.
If V C U C X are open neighborhoods of x and V < U is null-homotopic, then the induced map

Hy(V;Z) — Hy(U; Z) — Hy(X;Z)

is zero, contrary to the infinite-rank assertion for V. Thus local contractibility fails at x. A manifold
chart would contain a neighborhood homeomorphic to a Euclidean ball, whose second homology is
zero. Therefore x € Syop(X). O

Lemma 2.5. In Proposition 2.3, each f; is injective on Int W; and is an isometry on a neighborhood of
each point of Int W;, with the restricted ambient distances. If A C X is arbitrary, then

dimy (f;'(A) nInt W;) < dimy A. (2.6)
Proof. By (2.3) and the Lipschitz bounds,
min{dw,(u,v), dw,(u, OW;) + dw.(v, 0Wi)} < dx(fi(u), £i(v)) < dw.(u,v).

For distinct interior points the minimum is positive. Fix uy € Int W; and put ry = dw;(ug, dW;) > 0.
Ifu,ve B::}‘L(uo), then dw,(u,v) < ry/2, whereas the sum of the boundary distances is greater than
3r9/2. The two bounds therefore agree. A countable family of these balls covers Int W;. On each ball
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the inverse of f; on its image is an isometry; no openness of this image in X is asserted or needed
here. For the countable cover (B,) just chosen,

FHA It Wi = J(fls) " (AN £(BW)).

Each inverse is 1-Lipschitz. Applying the covering definition of Hausdorff dimension on each set and
then countable-union stability proves (2.6). 0

Lemma 2.6. For n = 4,5, every generator of Hy(P,; Z) is represented by a smooth map o : S*> — Int P,.

Proof. Write Q = CP? or $® x §? and P = Q \ Int D". The CW decomposition of CP? has one zero-
cell and no one-cells; its two-cell is attached to the zero-cell, and attaching the four-cell does not
change the fundamental group. Thus 7;(CP?) = 0. Both factors of S* x S? are simply connected, so
71(S® x §%) = 0. Use a bicollar of dD" to cover Q by an open neighborhood of P and an open ball.
The first retracts onto P, the second is contractible, and their intersection retracts onto S* 1. Since
n — 1 > 3, the intersection is simply connected. The van Kampen theorem gives 7;(P) = 7;(Q) = 0.

Choose a collar 9P x [0, @) and 0 < 3€ < a. The formula s — s+ te{(s) on this collar, extended by
the identity, defines a homotopy, where { = 1 near zero, { = 0 for s > 2¢, and 0 < { < 1. Its terminal
map takes P into Int P, and its restriction to Int P stays in Int P. Hence Int P < P is a homotopy
equivalence. The degree-two Hurewicz theorem [8, Theorem 4.32] gives 7,(Int P) = Hy(Int P; Z) = Z.
A chosen generator is therefore the image of [S?] under a continuous map o : S — Int P.

Cover S? by finitely many compact sets K, whose interiors cover S?, with K, C O, open and
a0(Oy) contained in a coordinate ball of Int P. Shrink the O, so that their target coordinate images lie
in smaller convex balls. Choose smooth y;, supported in Oy, equal to one near Kj. There is a positive
uniform tolerance for perturbing o, while retaining all these coordinate containments, because the
cover is finite and the relevant images are compact. At step b, write the current map in the target
coordinates on Op. On supp y; approximate its coordinate functions uniformly by smooth functions.
Such approximations are obtained by multiplying by a second cutoff supported in Oy, extending the
resulting continuous functions by zero on S?, extending radially to an annulus in R®, and convolving
with a smooth kernel of sufficiently small support. Replace the coordinate map v by (1 — x3)v + xbVsm.
Convex interpolation gives a homotopy in the target ball. The new map is smooth near K; and
remains smooth wherever the preceding map was smooth. Choose the finitely many errors with sum
smaller than the uniform tolerance. After the final step the map is smooth on S2, remains in Int P,
and is homotopic to gy. Its homology class is unchanged. 0

Lemma 2.7. If A C R® is arbitrary and b > 0 is an integer, then dimy; (A x R?) < dimy; A + b.

Proof. If A = @, the assertion holds because the product is empty. Suppose A # @. Restrict both
factors to bounded boxes, and take s > dimy; A. For every € > 0, cover the first factor by balls of radii
0 < r; < e with 3,7 < €. For each ¢, the bounded second box is covered by at most C;7;? cubes of
diameter at most Cj,r,. The resulting product cover has diameters at most Cj r, and the sum of their
(s + b)-th powers is at most Cy €. Thus its (s + b)-dimensional Hausdorff outer measure is zero. Let
s | dimy; A and exhaust both factors by countably many bounded boxes. If dimy; A = a, the ambient
dimension bound gives the same result. 0

Lemma 2.8. Let V be a smooth Riemannian d-manifold without boundary, A C V an arbitrary subset
withdimy A< d — 2, and ¢ : S* > V a smooth map. For every open neighborhood Q of o(S?) there
is a smooth isotopy ®; : V — V,0 < s < 1, equal to the identity outside a compact subset of Q, with
) = 1d and ®,(c(S%)) n A = @. The isotopy can be chosen arbitrarily close to the identity on compact
sets.

Proof. If A = @, take ®; = Id for every s. Suppose A # @. Then dimy A > 0, and the hypothesis
implies d > 3. Take finitely many relatively compact coordinate balls in Q and smooth cutoffs
whose value is one on smaller balls covering ¢(S?). Multiply every coordinate vector field by the
corresponding cutoff and extend by zero. The resulting fields Y;, ..., Y1 have compact support in Q,



12 ANASS NIFA

and their values span TV on a neighborhood of ¢(5%). Their flows ¢! exist for all real times: outside
a fixed compact set each field vanishes, and on that compact set its smooth coefficients are bounded
in finitely many charts. For ¢ = (#1,..., t1) in a small open cube B about zero, define

d, = gbfL oo gb}l, E:SxB-V, &zt =(c(2)).

At t = 0, the parameter differential is

L
D,E(z,0)) = Y, v:Ye(0(2)).
=1

It is surjective. Equip the domain with its Euclidean metric and the target with the fixed Riemannian
metric. The least eigenvalue of D,£(z,0)D,&(z,0)* is a positive continuous function of z € S?; let
¢ > 0 be its minimum. Smooth dependence and compactness give a cube B = (—a, a)' on which that
eigenvalue is at least ¢/2. Thus € is a submersion on S? x B.

Submersion coordinates identify & locally with the projection R?xR!*2~¢ — R?. On relatively com-
pact coordinate boxes, all coordinate changes are bi-Lipschitz, after further subdivision if necessary.
A countable collection of such boxes covers S? x B. By Lemma 2.7,

dimy £7'(A) < dimy A+ L+2-d<L. (2.7)

Projection to B C R¥ is Lipschitz. The set of parameters ¢ for which ®;(c(5%)) meets A consequently
has Hausdorff dimension less than L. It cannot contain the open cube B, whose Hausdorff dimension is
L. Choose t € B outside this set and define &; = @, for 0 < s < 1. Then &, = Id and ®;(c(S?))nA = @.
IfK = Ulgzl supp Y, € Q, every factor, and hence &, fixes V \ K. Both ®; and its inverse fix V \ Q;
injectivity in both directions gives ®,(Q) = Q. For each compact K’ C V, each finite derivative order,
and each prescribed positive error, smooth dependence on ¢t makes the corresponding difference
from Id smaller than that error on K’, after decreasing a. The set pry(£7!(A)) still has dimension
less than L in every such cube. All dimension estimates use Hausdorff outer covers and require no
measurability of A. O

Proposition 2.9. Assume the hypotheses of Proposition 2.4, with n = 4 orn = 5. Let T* be a flat
torus, with T° a point, and put Z = «(F) x T*. IfE ¢ X x T* has dimy E < n+ k — 2, then for every
(x,y) € Z \ E and every relative open neighborhood U of (x, y) in (X x TF) \ E,

rankim[HZ(U; Z) — Hy(X x Tk;Z)] = o0,

Proof. Write U = O n((X x TF)\ E) with O open in X x T*. Choose open neighborhoods O, ¢ X and
B C T* of x, y with Ox x B C O. For k > 0 take B smaller than the injectivity radius of the flat torus;
for k = 0 take B = T°. By (2.4) and its limit, there are infinitely many indices i with f;,(W;) C O,. Fix
these indices. The map

F = fixId : Int W;xB— X x T*

restricts to an isometry on sufficiently small neighborhoods: apply Lemma 2.5 and the product-distance
formula. A countable cover by such neighborhoods gives

dimy A <n+k—2, A; 1= FY(E).

By Lemma 2.6, the generator ¢; used in Proposition 2.4 is represented by a smooth map o; : S? —
Int W;. Apply Lemma 2.8 in the smooth (n + k)-manifold Int W; x B to z = (0(2), y). The resulting
homotopic map o/ avoids A;. Hence Fo maps S? into U. Let b; = (F0/).[S?] € Hy(X x TX; Z).
Homotopy invariance and projection onto X give

(pry)s«bi = (ﬁaz’)*[sz] = aj.

The a; are independent by Proposition 2.4; applying this projection to any finite relation proves that
the b; are independent. Each b; comes from Hy(U; Z). O
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3. GLUING ALONG ISOMETRIC BOUNDARIES WITH A LOWER RICCI BOUND

Lemma 3.1. Let n > 2, and let two compact Riemannian n-manifolds have isometric boundary compo-
nents (X, h) and Ricci tensors strictly greater than A times their metrics near those components. Suppose

I +1I; > 0.

For every A’ < A and every sufficiently small prescribed neighborhood of the identified boundary, there is
a smooth glued metric with Ric > A’ g on the modified region, equal to the given metrics outside that
neighborhood. The modified collar may be required to be 2-bi-Lipschitz to ds® + h. Identical parametrized
collar metrics admit identical choices of the smoothing.

Proof. In signed unit-normal collars write the two metrics as ds? + H_(s), s < 0, and ds? + H.(s),
s > 0. Then

H_(0) = H,(0) = h, J :=H’(0) — H/(0) = 2(Tl_ +11;) > 0.
Fix ' <A” <A Ford>0put A- = H (—d), Ay = Hi(d) and Ky = H,(£d). On [—d, d] set

d—s d+s
+

— )2 _
B = A A PO (K_A+sz>
+(s+622d(zs_d) <K+_A+z_dA_>' (3.1)

Thus Hy(+d) = A, and Hj(+d) = K.. Taylor expansion of the four endpoint tensors, in fixed
tangential charts, gives

H) == 7 200+ HO) - 57+ R
|S|qu)1 [0iRa(lc2isy < Cd*" (0 <r<2).
sl<
Consequently
Hi=h+0a(d),  Hj=0a(),  HY =-]/(d)+O0c(D).
For g = ds® + H(s), contraction of the Christoffel identities

s _ 11/
Tij = =3

I, =1*[, TS =T
gives
Ricy, = 2 try H” + J tr(H'"H'H'H’),
Ricg = 5(VH], - Vitry H'),
Ric;; = (Ricy);j — 3Hjj — (try H)H]; + J(H'H™'H'),;. (3.2)
All inverses of Hy are uniformly bounded for small d. Therefore

. trp J . . Jij
Ricg = ad + 0(1), Ricg =0(1), Ric;= j + O(1).

Let jo > 0 be the minimum on ¥ of the least eigenvalue of h™!J. Since n > 2,
J 2 joh, trp J > (n—1)jo > jo.

The three remainder tensors have uniformly bounded operator norm with respect to ds? + h. Thus,
for some C > 0 independent of sufficiently small d,

RiCdSZ+Hd 2 (zfc)i — C) (dsz + I’l)
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Put ¢ = j/4. Choose d so small that (¢/d — C)(ds? + h) > A”/(ds? + H;) and that the normal collar
lies in the prescribed neighborhood. The unchanged portions also satisfy the strict 1 inequality.
Compactness gives a positive margin on each one-sided closure at +d.

Extend Hy by H_ for s < —d and by H, for s > d. The first derivative of the extended tensor Hy is
continuous. Fix

o€ Co((-1,1)), 02=>0, o(—s) = o(s), Ag(s) ds =1,

and put p,(s) = 0 'o(s/c) for o > 0. Distributional differentiation gives
ai(@vz * Hd) =0y2 * (ain)-

Keep d fixed and take 0 < v < min{d/8,1/4}. Use p,2 * Hy on |s ¥ d| < v /2, and multiply
(0,2 * Hy) — Hy by a cutoff supported in |s ¥ d| < v. On each interval |s ¥ d| < v /2, write
B, = 0,2 * Hy and Py = ds? + h. For fixed d, the one-sided second normal derivatives are bounded.
Equation (3.2) has the form

Ricye,y = C(H)[H”]+ R(H,H,V,H,V, H,V:H),

where £ and R are smooth on the bounded set of positive metric jets under consideration. All entries
of R are continuous across each join and converge uniformly under convolution. The identity for B;/
therefore gives

— 0.

Ricge. s, (s) - / 0:(1) Ricggey 1, (s — u) du
Py

For the L term, this follows by bounding
sup |L(B,(s)) — L(Ha(s — w)] - sup |HF[;

Jul<v?

the first factor tends to zero and the second is finite for fixed d. Choose my > 0 such that, on the two
one-sided collars,

Ricyezy, —A”(ds? + Hy) > myP,.

Nonnegativity of the kernel and its unit integral give
/sz(u) [Ricgges s, —A”(ds® + Hy)| (s — u) du > myP,.

The convolution of ds? + Hy is ds* + B,. Taking the commutator error smaller than my/2 yields
Ricye,p, —A”(ds* + B,) > (mq/2)Py

for |s ¥ d| < v/2. On the cutoff transition intervals v/2 < |s ¥ d| < v, the integration interval
[s— v2 s+ v?%] lies on one smooth side of the interface, since v < 1/4. Evenness of the kernel and
Taylor’s formula give

lgay — (ds®* + Hple: < Cav* (1 + v+ v7E) — 0.
Thus Ricg, , > A’gq,, on the entire modified collar. The same choices give
Hds* +h) < gay < 4(ds® + h).

Outside the collar the metric is unchanged. For repeated parametrized collar data, retain d, v, the
kernels, and the cutoffs; the resulting tensor and signed-collar smooth structure then agree identically.
This proves the required relative assertion. The same local smoothing is used in [16, Theorem A and
Corollary B]. O
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Lemma 3.2. In Lemma 3.1, put ] = 2(IL_ + IL;) in the common boundary parametrization. For every
€ > 0, the smoothing can also be chosen so that, on its modified collar C,

/Scalg dvg < /trh] dop, + €. (3.3)
c s

This choice is compatible with every support, comparison, and Ricci inequality in Lemma 3.1.
Proof. Tracing (3.2) gives, for g = ds* + H(s),
Scalg = Scaly —try H” + % tr((H'H)?) - i(trH H')?. (3.4)
For the interpolation tensor in (3.1), uniformly on |s| < d,
Hy=h+Oc(d), Hj=O0c(1), HJ =-J/2d)+ Oc(1), dvg, =1+ O(d))dvp.

The constants are allowed to depend on this fixed pair of collars. All terms in (3.4) except — try, H/
are bounded independently of d. Thus

/ Scalgep, dvgeyip, = /trh] dvp, + O(d). (3.5)
[~d,d]x> b

Choose d small enough to make the error less than €/2 and to satisfy the requirements in Lemma 3.1.

Keep d fixed. The extended Hy is C 1 is smooth on each side of the two interfaces, and has bounded
one-sided second normal derivatives. The mollification used in that lemma is supported on intervals
of total length at most 4v about the interfaces. On their inner halves the second normal derivative is a
nonnegative-kernel average of these bounded derivatives; all lower and tangential derivatives remain
bounded. On the cutoff transition intervals, the C? difference is O4(v?), as proved there. The inverses
and volume densities stay bounded on both kinds of interval. Equation (3.4) therefore bounds the
absolute scalar integral over the affected intervals by C,v, for both the interpolated and mollified
tensors. The extra unchanged intervals outside [—d, d] have scalar integral tending to zero as v — 0.
Take v small enough that the total integral error is less than € /2, while retaining the strict Ricci and
product-comparison inequalities. Equation (3.3) follows from (3.5). 0

4. REGULARIZATION OF THE CIRCLE WARPING FUNCTION

Fix g € (0,1) and put ¢ = —log g. For § > 0 define

5 (4.1)

sin® t > —8/2
)

es = e /9, bs(t) = sint (1 +

Fix preliminary bounds 0 < < 1/10 and 0 < § < min{1/4, ¢/4} with sin® f + e(z§ < e 2. All estimates
in this section hold on

Dy={(t,8): 0<t<F0<5<6
Every constant in this section is fixed on D, before a smaller radial interval is selected. Put

102
sin® t 1 . 9 2 bs
Z = m, ] =1- Z, L=1- élog(sm t+ 65), P = log — (42)

ThenL >2,0<Z<1l,and0< J < 1.
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Lemma 4.1. The identities
b;

5 = (1—-6Z)cott, (4.3)

b
—% =1-6Z+68Z[3—(2+ 8)Z]cot* t, (4.4)
Ps = —3log(1 + sin® t/e3) + gZ, (4.5)

2c?
Pss = —FZ], (4.6)
2c
Ps; =7 <—1 + 5]) cott (4.7)
hold. Moreover,

0<Ps<ZL, |Ps;| < 3ZLcott, Pss < 0. (4.8)

Proof. Since 8,Z = 2Z] cott and d5Z = —2c¢& 2Z], direct differentiation of (4.1) gives (4.3) and
(4.5)-(4.7). Differentiating (4.3) and adding its square gives (4.4).
The relations log ] = —2¢/d + 2(L — 1) and (4.5) give

Ps J

— =L-1+—log].

Z 2z %8/
The function xlog x — x + 1 has derivative logx < 0 on (0, 1] and value zero at x = 1. Thus
Jlog] > J—1 = —Z, whereas JlogJ < 0. It follows that Jlog J/(2Z) € [-1/2,0], and therefore
0 < Ps < ZL. The derivative of —x log x vanishes only at x = e!; its sign changes there from positive
to negative. Hence —J log ] < e~!. Consequently

S qr_1_1 . b
5]_](L 1)-1JlogJ <L Lt o

Substitution in (4.7), together with L > 2, proves the second bound in (4.8). The inequality Pss < 0

follows from (4.6). O
Lemma 4.2. Define
Ys(t) = /Ot(t — w)Ls(u)? du. (4.9)
There is a constant Cy such that
tLs(t)* < P5(t) < CytLs(t)?, 0 < Ws(t) < Cqt*Ls(t)>. (4.10)

The functions ¥ s, Vs and their first two §-derivatives are uniformly bounded on Dy. Both suprema below
are taken over (t, ) € Dy:

sup Ls(t)|0s¥s(t)| < oo, sup t*Ls(t) < oo (r =2,3,4). (4.11)
8.t o,t

Proof. The function Ls decreasesin t. For0 < u <t <t,

sin? t + 2
7‘; <log2 + log(t/u),

0<Ls(u)—Ls(t) =110
> 5() 5() 2 gsin2u+e5

where u/2 < sinu and sint < t were used. Set £ = Ls(t) > 2. Substitution u = tv and integration
give

1
P(t) < tl (£+1og 2 + log(1/v))* dv

= t((¢+1og2)* + 2(¢+log2) + 2) < 4t
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Here ! log(1/v)dv = 1and [ ! log?(1/v) dv = 2; the last inequality follows from log 2 < 3/4 and
¢ > 2. Monotonicity gives ¥(t) > t£%, and 0 < ¥s(¢) < t¥}(t). This proves (4.10) with any Cq>4
Write W = L2. One has

dsL = —c67?J, 5L =2c67°] —2c2574Z]).
Since L<1+c¢/dand § <1,

(Wsl < Cu67°],  |[Wesl < Cu67°J.

_ <
/]du / 2/4+e du < mes.

Thus, forr =1,2and N; =3,N, =5

Furthermore,

|955(8)] < Cye=/ 267N, |05¥s(8)| < Cyte /257N,

Every function 59 ¢/% with fixed a > 0, is bounded on (0, 5]: substitution v = ¢/§ reduces this
assertion to boundedness of v%e™" on [¢/J, ). Moreover, L < 1+ ¢/§ gives

Ls()|as¥s(t)] < Cqte /(67> + 57 < €. (4.12)

Finally Ls(t) < 1 +log2 + |log t|. For every fixed integer r > 0, t?(1 + log 2 + |log t|)" is bounded on
(0, £]; the substitution v = —log t gives an exponentially decreasing factor times a polynomial. These
estimates and (4.10) prove all the asserted bounds. O

5. RICCI BOUNDS WITH VARIABLE REGULARIZATION PARAMETERS
Let y = ggn2, and give S' = R/(27Z) the coordinate 6. The map
(t,x,0) —> (cos t x,sint cos 0, sintsin §) € " c R" ! ® R?
identifies (0, 7/2) x S"2 x S with S" \ (Z, U =;), where
S =S"n(R" '@ {0}) = 5" > =S"n({o}®R?) =S

For (v, w) € S" withv # 0 and w # 0, the inverse is t = arcsin |w|, x = v/[v|, and (cos 6, sin ) = w/|w|.
For Y € T, S" 2, differentiation and (x, Y) = 0 give the round norm

|To, + Y + Sag|gsn = T? + cos® t|Y|?y + sin® t 9°.
At t = 0 the circle is collapsed; at t = /2 the S"~2 factor is collapsed. We identify % with S"~2.
Norms and covariant derivatives of functions on $"°2 in this section are taken with respect to y.

Choose K > 1, depending only on the preliminary domain Dy, so that

tL* < ¥, < KtL? 0<V¥<K#HIL? (5.1)
[P|+ [¥,| + |05F] + |05F,| + |05¥| + L|os¥| < K, (5.2)
PLT<K (r=234). (5.3)

The finiteness of K follows from Lemma 4.2. It is independent of the subsequently chosen functions
6, A and of every positive lower bound for .

Lemma 5.1. Putm = n—2 € {2,3}. Let a, b > 0 be smooth on I x S™, independent of 0, and set

G = dt? + h(t) + b(t, x)*d0?, h = a’y, k=a;/a
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The Ricci components, with the circle direction normalized, are

D :=Ricg(0y,9;) = —may/a— by /b, (5.4)
B; :=Ricg(9y,9;) = —(m — 1)d;k — (by; — kb;)/b, (5.5)
T :=Ricg |rsmxrsm = Ricp, —(as/a + (m — 1)k* + kb;/b)h — b~ Hess, b, (5.6)
V :=Ricg(b 199, b '9g) = —bs;/b — mkb;/b — b~ Ayb. (5.7)
The other components involving the circle direction vanish. Forv = log a,
Ricy, = (m— 1)y — (m — 2)(Hess, v — dv ® dv) — (Ayv + (m — 2)|dv|§)y. (5.8)

In particular, form = 2 andv = logcost — U, Ric, = (1 + A, U)y.
Proof. Write G = dt? + h. The identities h, = 2kh and h;; = 2(k; + 2k*)h give
Th™'hy = k1d, try hy = 2mk.

Substitution in (3.2) yields

Ricg,; = —m(k; + k*), Ricg,; = —(m—1k;, Ricg |rsm = Ricy, —(k; + mk?)h.
The same Christoffel symbols give

(Hessg b)it = by, (Hessg b)y = by — kb;, Hessg blrsm = Hess, b + kb;h,

Agb = by + mkb; + Apb.

For base indices a, A, the additional symbols are FZQ =b"1b, and I'gy = —bG*b,. Their contraction
gives

Ricg |7¢ = Ricg —b ' Hessg b, Ricg(dg, dg) = —bAsD, Ricg(9g, TG) = 0.
These formulas prove (5.4)—(5.7). For h = e?y, the difference of the two connections is Cl-kj =
5l~kv]- + 5J’~‘vl- - y,-jvk. Contraction gives

chllj - VJCSC = —(m - Z)Uij - (Ayv)y,-j,

Ct,Cly = Ch,Cli = (m — 2)(ww; — vl i)
Adding Ric, = (m — 1)y proves (5.8). O

Proposition 5.2. For fixed q € (0,1) there are M > 1, n,ty, 8 > 0 such that the following holds for
m = n—2 €{2,3}. Suppose 5, A € C*(S™) satisfy

désf?
0 < d < b, A>M <|Hess S+ 49| ) , lAlcz + |6]c2 < 1. (5.9)
For0 < t < ty, define
U = A(x)¥ 500)(1), a=coste Y, G=dt* + d*y + b5(x)(t)2d€2. (5.10)

Then Ricg > G. The constants do not depend on min 8.

Proof. Use K from (5.1)—(5.3). Set

M =9216, Cp=6(K*+K), Cg=40K +8K? &, =23.
Choose 0 < ty < £/4 so that, for 0 < t < 1,

6Kttant < %, (1—68p)cott > 6tant, 2(1 = 8y)tcott > 1. (5.11)
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Such a choice exists because ttan ¢t — 0, t cot t — 1, and §y < 1/4. Choose 1 > 0 such that
n<1, Kp<&, 3Kn<i 2K*p<i,
Crn+ Cpn* < 3, 3Cen* < 1, 64K’n* < 1. (5.12)

There are finitely many inequalities and each left side tends to zero with .
Abbreviate L = Lg(1), Z = Z(t, 6(x)), Q = AL*, X = 5Z cot? t, H = |Hess 8|, and po = |d5|. Put
plrl = 95¥s]s=s(x) for r = 0,1,2. Since 0 < U < Knp < 1/10 and ¢t < 1/10,

Usec® t < 2. (5.13)

sec’t<a’=e
The spatial chain rules are
dU = ¥ dA + AYIgs,
Hess U = ¥ Hess A + Y'/(dA ® d6 + d6 ® dA) + AVY Hess § + AV?1d6 ® d6,
dU, =¥, dA + AP ds.

Thus
|dU| < 2Kn, |Hess U| < 5K, |dU;| < 2Kn. (5.14)
Also, since 0 < Ps < ZL,

|dU|Pspo < Kn?t*L% + p° L] < (K2 + K)n?. (5.15)
The spatial Hessian of b = b(,(t) satisfies
b~'Hess, b = PsHess § + (Pss + P§)dS ® d6 < (ZLH + Z*L*p})y.
The connection change dloga = —dU gives
b 'Hessp b =b"" Hess, b + dU ® (b71db) + (b7 'db) ® dU — (dU, bildb>yy.
The last three terms have y-operator norm at most 3|dU|Pspo. Set
E =2ZLH + 2Z*L*p} + Cgn*.

Equations (5.13) and (5.15) give

2
b~ 'Hess, b < Eh, b 'ALb < mE, E< MQ + Cpr. (5.16)
For the last inequality, the hypotheses give
2 28
wiH< 22 <98 g 209 Q)
ML~ M M 2M
The radial derivatives are
k=—tant— U, —ay/a=1+Q—2tant U, — U, tQ < U, < KtQ. (5.17)
The choices above imply
2mtant U, < 10, mU} < 3K*A(#L*)Q < 10, Ustant < 2K*p < 1.

In particular U; < cot t. Equation (4.4) gives —b;; /b > 1 — § 4+ 3X /4. Therefore
D2m+1—5+mQ+%X—2mtantUt—mUt22%+Q+%X. (5.18)
From (5.8), with v = log cos t — U and m < 3, we have

Ricy, > ((m —1)a 2 —8|Hess U| — 2|dU|2)h > ((m —1)sec®t — CRn)h.
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For the least h-eigenvalue A7 of T, substitution gives

Ar>m+1-68Z+Q+[(1—8Z)cott —2mtant]U; — mU? — Cry—E

>3~ 38— Cr— Cerf* + (§ = 5)Q.
Hence
Ar >3+ ;0. (5.19)
For the normalized circle component,
V=(m+11-6862)+06Z[3—(2+ 6)Z]cot’ t + mU,(1 — 5Z)cott — b *Apb
>3(1—80) +3X +(1— £)Q—3Cen* > 2.

The Q term in this inequality follows from mU;(1 — §Z) cott > 2(1 — §p)tcott Q > Q.
The mixed covector is

B=(m-1)dU; — [Ps; + (1 — 6Z)cott + tant + U;)Ps|d$.
The bracket has absolute value at most 6ZL cot t. Sincem —1<2and a2 < 2,
IB2 < 16|dU;|* + 144p2 Z*L? cot? t
< 64K*n* + %Qx <1+ 50X (5.20)
Here p3 < §A/M and Z? < Z were used. Equations (5.18), (5.19), and (5.20) give
(D-1)Ar =1 = [Bli 2 (G +Q+3;X)C +;0) — § — 40X
=2+20+10%+3X+ 20X >o0.

For s€e Rand Y € TS™, completing the square gives

B(Y)\* B(Y)?
D-1 + +(T-h)(Y,Y)— .
0= (s+ 5% ) +T=mn -5
The last two terms are at least (A7 — 1 — [B|% /(D — 1))|Y[2. This coefficient is positive. The circle
component of Ricg —G is at least one and has no mixed terms. Thus Ricg > G. (]

Lemma 5.3. After decreasing n and &, in Proposition 5.2, while keeping M and t, fixed, every pair (5, A)
satisfying (5.9) with these decreased constants defines a smooth metric G[ 3, A] on S" with

RiCG[&A] > G[(S, A], Cqu < G[5, A] < 8sn, co > 9/10, (521)
where
Gg = dt* + cos’ t y + ¢° sin® t d6?

is interpreted on the regular join cylinder. Every metric G[8, A] equals G4 for t > 3ty and induces y on
3o. Two such metrics agree wherever their respective parameter pairs (5, A) agree.

Proof. Choose fixed smooth cutoffs 0 < y,, yp < 1 with

XYa=1({t<t), xa=0(t22t), xp=1<2t), xp=0(t23t).

On the regular join cylinder define

U = XaA\FS(x)’ a=-cost er’

b = sin t exp{y, P(t, 6(x)) + (1 — y»)log g},
G[S, A] = dt* + a*y + b*d 6>

The interval [0, 3t,] lies inside the preliminary kernel interval. On ¢ < t,, Proposition 5.2 applies.
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On the fixed strip S = [ty, 3t] x "2 x S%,
__9 -2 2
P+c= 5 log(sin” t + €j).

The function P + ¢ and its first two radial derivatives are bounded in absolute value by C§. The quan-
tities Ps, Ps; and Pss are uniformly bounded on S; this follows from (4.5)-(4.7) and the boundedness
of e¢/957" for every fixed r. The chain rules

d P = Psdé, Hess, P = PsHess 8 + Pssdd ® d&, dP; = Ps;dd
and Lemma 4.2 therefore give, in fixed finite coordinate atlases,
IGLS, Al = Gglezs) £ Cotopanss USlcz + 1Alc2).

The constant Cy 4, y,., does not depend on min J. The tensor G, is positive definite on S. Substitution
of a=costand b = gsintin (5.4)~(5.7) gives Ricg, = (n—1)G,. In the fixed finite charts, the inverse
matrices of metrics sufficiently close to G, are uniformly bounded. The coordinate Ricci formula is a
smooth function of these inverses and of the first and second metric derivatives. On a fixed bounded
neighborhood of the metric jets of Gy, its derivative is bounded. The mean-value inequality therefore
bounds the change of Ricci by a constant times the preceding C? error. Choose 7 so that, pointwise on
the strip, |G[6, A] — Gglg, < 1/4 and [Ricgps,.4) —(n — 1)Gylg, < 1. Since n— 1 > 3, these choices give

2G4 < G[6, Al < 3G, Ricgs.4) > 2G4 > G[S,A] on S.

For t > 3t equality with G, is exact.
For each positive smooth §(x), the function W(s, x) = (1 — % log(sin? /s + e(ZS(x)))Z is smooth for
s near zero, since sin? /s is given there by a convergent power series. The identity

1
P () = £ / (1 — )W(t%?, x) dv
0

expresses the kernel as a smooth function of 2 and x, with zero value and first t-derivative at zero.
Near t = 0, a® is smooth and even, while b is smooth and odd with b;(0, x) = 1. In normal Cartesian
coordinates y; = tcos 0, y, = tsin 0, write

b(t,x) =t + >B(t%, x), a(t, x)? = Ag(t?, x).
Then
dt* + b*d6* = dy? + dy; + [2B(t*, x) + t*B(t%, x)*1(y1dyz — yady1)?.
This tensor and Ay(t?, x)y are smooth at y = 0. Also Ay(0, x) = 1, so the induced metric on % is y.
At t = /2, put r = 1 /2 — t; the metric is
dr® +sin® r y + ¢* cos® r d6?.

Set y = rx € R"™!, with |x| = 1, and put s(r) = sin r/r, extended by s(0) = 1. Then

dr? + sin® ( )zn;d 2+71_S(r)2 nil d 2
r“+sin“ry = s(r 2 dva | .
Y Ya y2 Z Ya @y

a=1

Both s(r)? and (1 — s(r)?)/r? are smooth functions of r? at zero; the same holds for cos? r. The
displayed tensor therefore extends smoothly across the collapsed S" 2. The tensor Ricgps 4] =Gl 6, Al
is continuous on S" and nonnegative on the dense open set (0, 7/2) x S"% x S!. It is therefore
nonnegative on Xy and ¥;.

The preliminary parameter bounds give sin*(3%) + €5 < 1. Thus on the cutoff support

—CSP=—c—glog(sin2t+e§)£0, gsint < b <sint.
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Decrease 1 so that U < —1og(19/20), and take ¢y = 19/20. Then
cpcost < a<cost, c(Z)Gq < G[4, A] < gsn

on the regular cylinder. The endpoint strata have the induced metrics y and g?d6?. The length
distances induced by G4, G[6, A], and gs» are uniformly comparable to the round distance: the
displayed coefficients give comparison constants bounded below by min{q, ¢co} > 0 on the regular
cylinder, with the same bound on the endpoint strata. Let ¢ be an absolutely continuous round curve.
In a chart adapted to either endpoint stratum, write its normal coordinate functions as yz, ..., y,-
For a real absolutely continuous function y, its derivative is zero at every differentiability point of
y~1(0) that is an accumulation point of this zero set: use a sequence of distinct zeros in the difference
quotient. Isolated zeros form a countable set, and nondifferentiability points form a null set. Applying
this assertion to each yj, in a countable family of adapted chart intervals, proves that ¢’ is tangent to
the stratum at almost every parameter for which c lies in it. Integrating the coefficient inequalities on
the regular pieces and the induced inequalities on the endpoint strata therefore compares its lengths.
Taking infima gives the comparison on the join completion. The defining formulas also show equality
of the metrics wherever both parameter functions agree. O

6. RICCI-POSITIVE ANNULI WITH PRESCRIBED BOUNDARY TENSORS

Throughout this section n € {4, 5}. A metric path on $""! is understood to be stationary near its
endpoints and extended constantly outside its parameter interval.

Lemma 6.1. Let (71\,4)_29,32 be a smooth path on the oriented S"~! with constant total volume. There is a
smooth isotopy ¢, with ¢_, = 1d, such that h, = gbf,iz\u has volume form independent of u. If the metric
path is constant on a parameter interval adjacent to either endpoint, then the isotopy is constant on that
interval. Pullback preserves every Ricci lower bound of the path.

Proof. Put w, = dvA and a, = d,w,. Differentiation under the integral gives [5,, o, = 0. Fixa
smooth background ‘metric hief and let H, G, d* be its harmonic projection, Hodge Green operator
and codifferential. A top-degree form harmonic for Ay is a constant multiple of dvy,_,, since S" ! i
connected and oriented. Thus Ha, = 0, while dGa,, = 0 by degree. The identity

(dd*+d*d)Gg=1d-H

ref *

gives dn, = a, for n, = d*Gay,.

Contraction with the positive form w,, is an isomorphism from vector fields to (n—2)-forms. There
is therefore a unique smooth vector field Y, with 1y w, = —n,. On the compact manifold S*1ts
time-dependent flow exists for the full parameter interval; smooth dependence for the flow equation
gives a smooth isotopy ¢, with ¢_, = Id. Since dw, = 0, Cartan’s identity yields

du(Pp0u) = ¢ylay + diy,w,) = 0.
Thus dv i = ®—_3. On every parameter interval where Eu is constant, «, vanishes identically on
S" 1 hence , = Y, = 0 on S""!, and ¢, is constant on that parameter interval. Finally,
Ricﬁﬁu = ¢ Ricy ;
pullback preserves each of the asserted tensor inequalities. (]
Lemma 6.2. Let h, be a smooth path on sn1 constant for u < —2 and u > 2, with
dvp, = dup_,, Ricy, > (n — 2)hy,.
For each 0 < 0 < 1/4 there are smooth functions y : (0,1] = (0,1) and ¢ : (0,1] — [—2, 2] such that

Go = dr® + (rx(r)*hy
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has positive Ricci curvature. They satisfy
Y = —2 near0, Y = 2 near1, (6.1)
x—=1 ry =0 (rio), (6.2)
L= xl+rlx /xl+rigllg +7%1g"g < 6, g(r) = hycn, (6.3)
r’|Ric, (3, (ry)'e) < 0 (lelg = 1), (6.4)
1=yl + Yl 0. (6.5)
Proof. Set by(t) = 0 for t < 0 and by(t) = e"'/* for t > 0, and put

bo(t)

Ho(t) = bo(t) + bo(1 — 1)’

po(l)) =-2+ 4H()((l) + 1)/2).
Each derivative of by on t > 0 is e~!/* times a polynomial in ™! and tends to zero at zero. The
denominator defining H is positive on R. For 0 < ¢ < 1,

H{(t) = Hy()(1 — H()(t 2+ (1—1)7%) > 0.

Outside [0, 1], the function H, is constant. Hence p, is smooth and nondecreasing, equals —2 on
(=00, ~1], and equals 2 on [1, o). Choose Apan > 1 such that

sup maX{|auhu|hu’ |aihu|hu: |vhuauhu|hu} < Apath-
(u,x)€[—2,2]xS"1

These tensors are smooth on the compact parameter—space product and vanish where the path is
stationary. Put a; = | p{|w, a2 = |p{ |, and choose
L. = 2 + max{4a; Apath, \|2(az + a%)Apath }-

For k, = h,y/1,), the chain rule gives

2alApath (az + a%)Apath <1

. . ki
|kv|ku + |kv|k,, + |v kv|k,, < L. LE >

Set
E=0/8, Fy=0/320, Ly=3200"% T,=el,

T(r) =Ty —logr, L(r)=logT(r), x(r)=1—-E/L(r),

f(r) = —Fylog L(r) + L. + 1 + Fy log Lo, Y(r) = po(f(r)/L).

Then f’ = Fy/(rTL) > 0, f(1) = L. + 1, and f(r) > —o as r | 0. Thus (6.1) holds. Put w = ry and
8(r) = kg,

The common volume form gives try g’ = 0. Differentiating g% g, = 0 and using (g

ac ./

—gicg’ g yields tr, g = g’l5- Put p = w'/wand H = w”g. Then

ab)/ —

H =w(2pg+g), H'= wz(z(p2 +w’/w)g +4pg + g”),

g H =2(n—p, |H'l§ =4(n—1Dp* +1g'l;, tuaH” =2(n—1)(p* + w"/w) + g}
In the tangential formula of (3.2), the coefficients of pg” are =2 +2 — (n—1)/2 = —(n — 1) /2. Since
Ric,,2, = Ricg on each slice, substitution gives, for |e[g = 1,
Ricg, ,r = —(n— D)W’ /w — %|g/|2, (6.6)
Ricg,(9,, w'e) = (ZW)_l(dng g)(e), (6.7)
Ricg,(w'e, we) = w2 Ricg(e, e) — (n — 2)(w /w)? —w’ /w

W /w)g (e, €) — 38" (e.0) + 3l (e (68)
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Differentiation yields

E E 12 Fy 11 Fy
/:_7’ " T+ =+ —), " _ _ 1————), " < .
=T Y rTL2< T TL) / rZTL< T TL) s Grg
Also
Fy Fy F? Fy
< —, " < b Vgl < —=.
gl Fp W<t app VElS

The inequalities E/L < 1/2, T/L > 4, E > 4Fy, and E > FZ hold. If d = E/(y TL?), then 0 < d < 1 and
w'/w=(1-d)/r.Since y"2 —1 > 2E/L, (6.6)(6.8) imply

Ric > —— Ricg,(wle, wle) > £
Go,rr = 27‘2TL2’ Gy s = rzL’
2F,
. —1 0
|R1CG0(araW e)| S rzTL'

For the tangential inequality, after multiplication by r°L the lower bound is

F,  F2 5 E
o(n—2)E — 20 0 > 4f

= >4E- - - —_>E
2T  2T%L 8T 2T%L

Since the slices have dimension n — 1 < 4, |div, g’|, < 2|V8g’[,. The product of the radial and
tangential lower bounds minus the square of the mixed-covector norm bound is

E? . 8FZL 799 E?

2riTL3 E2T 800 2r4TL3

Indeed, Fy/E = 1/40 and L/T < 1/4 give 8FZL/(E*T) < 1/800. The Schur complement proves
RiCGO > 0.
Finally, the left side of (6.3) is bounded by

E 2E 2F, F?

—+ + + < 0.
Ly Tl ToLy T}L2

The bound for Ricg,(d,, w™'e) gives (6.4). The formulas y =1 — E/L and y’ = —E/(rTL?) give (6.2)
and (6.5). O

Proposition 6.3. There are constants €, > 0 and C < oo, independent of h,,, with the following property.
Let h,, satisfy the hypotheses of Lemma 6.2, with

h_y = ngsnfl, hy, = h, 0<r<1.
For every 0 < ¢ < ¢, there is a Ricci-positive metric G, on (0,1] x S"™! satisfying

Ricg, > (n—1— Ce?)G,, (6.9)

2¢*
Gelpyusrt = sin ¢ h, Moyt > (cot £+ ) sin? ¢ h. (6.10)
sin ¢

Near r = 0, the metric G, is a round warped product ds* + F(s)?ggn1 with F(s) — 0 and F'(s) — 1.
Every sufficiently small inner truncation has intrinsic diameter at most Ce and volume at most Ce".

Proof. Apply Lemma 6.2 with 6 = ¢* and write g(r) = hy(, b = ry. For 0 < k < 1/2, put

se(r) = , a= sgy, Gy =dr’ + a(r)zg(r).

Let a = y’/x and di = k cot(kr) — r™!. For 0 < x < 1/2, define

(x/sinx)? —1-x%/3
4

xcotx —1+x?/3

x/sinx —1
x* '

Fi(x) =

, Fy(x) =

, F3(x) = 2
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The sine and cosine Taylor series give the continuous extensions
F(0)=—-1/45,  F(0)=1/15  F5(0)=1/6.
Fix Co > 1+ max;j=123 |Fjlcoo,1/2))- Substitution of x = kr gives
ldi + K*r/3] < Cok*r?,  |sp2 —r 2 — K*/3| < Cok*r?,
0<b/a—1< Cok*r?, a’Ja—1b" /b =—k*+ 2d,a.

Subtract (6.6) and (6.8) for Gy and Gy, using their respective orthonormal frames. The radial difference
is (n — 1)k? — 2(n — 1)dra. The tangential difference is

Dr=(a?-0b7?% Ricg(e, ) + k* —2(n—2)dc/r
—2(n—1)dra — (n —2)d? — "T_ldkg’(e, e).
Here a® — b2 = y (52 —r?) > 0. Since y < 1 and Ricy > (n—2)g,

(a?-b7?) Ricg(e, e) > %Zkz —(n—2)Cok*r?,

~2(n - 2)dy/r > X2k — 2(n — 2)Cok*r2.
Set C; = 40(1 + Cy)? and C; = C; + Cy. Also |di| < (1/3 + Co)k?r, while (6.3) gives
|deal + |dig’ (e, e)] < COK?, d? < CK*.
The sum of the leading coefficients is (n — 2)/3 + 1 + 2(n — 2)/3 = n — 1. Thus
Dr>(n—1-C0 - CikH)k?,

and the same lower bound holds for the radial difference. Formula (6.7), applied with w = a and
w = b, gives the mixed-component difference

Ricg, (,,a 'e) — Ricg, (9, b~ 'e) = (b/a — 1) Ricg,(,, b~ "e).

The absolute value of this mixed-component difference is at most Co0k? by (6.4). Evaluation on an
arbitrary unit vector xd, + ya~'e, with x> + y* = 1, and 2|xy| < 1 therefore gives

Ricg, > (n—1— G0 — C2k*)K*Gy.. (6.11)
Initially require 0 < & < 1/100. The identity
&
sine = E—/ (e —t)sintdt
0
and 0 < sint < tfor 0 <t < ¢ give
&3
O<£—Zésin£§£.

Both sides of the middle inequality are positive. Squaring gives

3\ 2
sin ¢ — 8¢t > <£—6> — 8¢t

25 1199 e
>ef(1- 62 ) > ——ef > . (6.12)
3 1200 4
Thus the positive square root

Ae = (sin® ¢ — 8¢H)/?  satisfies £/2< A, <sine <L e,
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The equation y(1) sin k = A, has a unique solution k = k. € (0,1/2) and
£/2 < k. < 4e, e/2< A L e
Indeed 1 — ¢* < y(1) < 1and A,/ (1) < 2¢; use sin k < k < 25sin k on this interval. Put

sin € k, 9
ce = P G, = ¢;Gy,.
&

Then ¢/4 < ¢, < 8¢ and c.a(1) = sine.
Since

x(1)? = A2 — cos® e = y(1)* — 1+ 8¢* > 6¢*,
and the nonnegative quantities y(1) cos k. and cos ¢ are at most one,
x(1) cos k, — cos e > 3¢*.
Equation (6.5) gives
a' (1) = y(1)cos ke + s¢. (1))’ (1) > cos e + 2¢*.

The slice path is stationary near r = 1, so the outward second fundamental form after scaling is
(a’(1)/ sin ) times the boundary metric. This proves (6.10).
Constant scaling leaves the covariant Ricci tensor unchanged, and

k2/c2 = 22/sin*e = 1—8¢*/sin® ¢ > 1 — 32¢%,

Since k? < 16€% and 0 = ¢* < 2, the two lower factors are n — 1 — 17C,¢? and 1 — 32¢2. Where they
are positive, their product is at least n — 1 — (17C; + 128)¢%. Choose

C =1+ max{17C, + 128,16 + , 840, 850'4}, &, = min{1/100, (2C + 2)*1/2}.

These choices prove (6.9), positivity of the required factors, and the size bounds below, for both n = 4
and n = 5.

Near zero g(r) = t2ggn1. In the coordinate s = c,r, the warping is F(s) = c.ra(r). Hence F — 0
and F/ — 1 by (6.2). For each r, Bonnet-Myers gives diam(S"™!, g(r)) < x. Radial segments have
length at most ¢, < 8¢, and the outer slice has diameter at most 7 sin e. Thus the intrinsic diameter of
every truncated annulus is at most (16 + 7)¢. The volume of the truncated annulus is

" o,y / a(r)" ldr < 8"c,_1€",
since a(r) <r<land 7 <1. O
7. SMOOTH PARAMETERS WITH PRESCRIBED CONSTANT VALUES AND VANISHING JETS
Fix (P, k) as in Lemma 2.1. Choose
0 < f < min{a/4,1/8}, 0< g < p"'/1000. (7.1)

Use this g in Sections 4 and 5. Complete the choices in Lemma 5.3, and let C,pp, and e, be the constants
in Proposition 6.3. Fix, before choosing any centers or radii,

ty €« 1
0< R, <min{ 1077, —0, —_— . (7.2)
100 4 41+ Cymn

Then 20R.. < ty, 2R, < €, and (n — 1) — Cann(2R.)? > 2. Every enlarged round ball below has radius
less than 1072, No later choice changes R..
Identify a small neighborhood in S"~2 with {z € R"2 : |z| < 1/10} by
z+— (J1—|z)2,2) e S"2 cR™ L.

Use the compact set F in |z| < 1/40. Choose all centers below in |z| < 1/20. Their enlarged balls then
lie in the displayed chart.
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Lemma 7.1. There are x; € S" 2\ F in the same fixed coordinate chart, z; € F, and radii R; > 0 such that

dy(x;,z;)) = 0, every point of F is approached by a subsequence of (z;), (7.3)
E/oﬁRi(xi) NnF =0, BIYO(,Ri(x,-) are pairwise disjoint, (7.4)
R; < 27 min{R,, d,(x;, F)’}, (7.5)

where R, > 0 is any prescribed sufficiently small constant.

Proof. For each integer h > 1, fix a finite 1/h-net E, C F. Enumerate the finite lists E1, E, ..., allowing
repetitions, as (z;); write h(i) for the level of z;. Then h(i) — co.

Suppose the first i — 1 closed enlarged balls have been chosen, and let K;_; be their union. It is a
compact set disjoint from F. Since F has empty interior, there exists

xefld <120\ (FUKiy),  dy(xizi) < 1/h(0).

When i > 1, require in addition d,(x;, z;) < d,(z;, Ki—1)/4. This is possible because the latter distance
is positive. Choose R; > 0 satisfying

R; < 27" min{R., d,(x;, F)’}, 10°R; < 1dy(x;, F),

106Ri < %dy(xi,Ki_l) (i > 1).

These inequalities make the new closed enlarged ball disjoint from F and from K;_;. They also give
(7.5).

For z € F, choose z;, € Ej, with d,(z, z;,) < 1/h. The indices i, are strictly increasing and z;, — z.
Also d,(x;, z;) < 1/h(i) — 0. These are the assertions in (7.3). O

Lemma 7.2. The radii in Lemma 7.1 admit a function r € C*(S" 2 \ F) such that

0 < r(x) < Cdy(x,F), r=R; on BgORi(x,-),

V| < Cpurt™ (m > 1).
The function f = e /7 on S"2 \ F, extended by zero on F, is smooth and flat on F.

Proof. The value of R, has already been fixed by (7.2). Define
ro(x) = min {R*, 10_3d),(x, F), inf(Ri + 10_2dy(x,BmoRi(x,-))) } .

Each entry is 102-Lipschitz; the infimum is finite and has the same Lipschitz bound. Thus r, is
10~%-Lipschitz. It vanishes on F. Let K C $" "2\ F be nonempty and compact, and put d = d,(K,F) > 0.
Choose iy such that d,(x;, F) + 100R; < d/2 for i > ip. For x € K and z € Bigor (%), the triangle
inequality gives

dy(x,z) > dy(x,F) - d,(x;, F) — 100R; > d/2.

Thus the entries indexed by i > iy are at least 1072d /2 on K. The finitely many earlier entries are at
least min;<;, R; > 0 when present; the other two entries are R, and at least 1073d. Their minimum is
positive. Hence ry > 0 on S" 2\ F.

If x € Bygor,(xi), the i-th entry is R;. The entry R, and the distance-to-F entry exceed R;. An entry
with Ry > R; is at least R;. For Ri < R;, disjointness of the enlarged balls implies

d),(xi, Xk) > 106(Ri + Rk)

Indeed, otherwise a minimizing geodesic between the centers would contain a point in both closed
balls. Consequently

dy (x, Bioor, (x)) > (10° — 100)(R; + Ri) > 100R;.
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The k-th entry is then larger than R;. Thus
ro = Ri  on Bigor,(x1). (7.6)
Set s(x) = rp(x)/100 and b = R, /100. For h > 0, put
Bp, = {By(x)(x) : 271 < s(x) < 27MbY.

Choose inductively a disjoint subfamily A, C B} of maximum cardinality among those disjoint
from all balls in ( J;j, Ak. Such a maximum exists: the round polar volume formula gives Vol, B, >
2~ (=2, p"~2 for the radii in question, so the cardinalities of disjoint subfamilies of /3, are bounded
integers. Enumerate | ;5o A as {By(x,)(Xa)}a- A ball in B, either meets a previously chosen ball or
meets a member of A, by maximality. In either case it meets a selected ball whose radius is greater
than half its own radius. If By(,)(x) and By(,)(y) meet, then

1-107%  s(x) 14107
1+107% s(y) 1-10"%

|s(x) — s(y)| < 107*d, (x, y) < 107*(s(x) + s(y)),

Thus d,(x, y) < 3s(y), and the balls Bs(,,)(xa) cover S" % \ F. For x € Bjgs(x)(xa), |s(x) — s(x0)| <
1073s(x,); hence

%s(x) < s(xy) < 2s(x).
Every selected ball contributing at x is contained in By,(,)(x) and has radius at least s(x)/2. Write

m = n— 2. For 0 < p < 1072, integration of the round polar volume form, using p/2 < sinp < p,
gives
27" wmp™ < Vol (B,) < wmp™.

The disjointness of the selected balls therefore bounds the number contributing at x by 88™. These
radii lie in the stated range because s < R, /100. On a compact subset disjoint from F, s has a positive
minimum. Every ball whose tenfold enlargement meets that compact set has radius bounded below
by half that minimum; the same packing estimate makes their number finite. Thus the enlarged cover
is locally finite off F. At each dyadic size only finitely many disjoint balls can be selected, by the same

volume bound. The descending maximal selection is consequently countable.
Choose smooth functions 0, supported in Bygs(x,)(x,), equal to one on Bs(, )(x,), with

0<6,<1, V"8, < Crus(xa)™ (m2>1).

Such functions are radial cutoffs in the fixed round normal charts. Since 1 < )", 6, < C, the functions
¢a=0q / Z b
b

form a smooth partition of unity. To bound their derivatives, put S = )", 0. The overlap bound gives
1< S5<88"%and |[V"S| < Cpry". Apply the iterated covariant Leibniz rule to SS™! = 1. Since § > 1,

h
Vs <sTY (Z) 9281 [0 (s 7).
b=1

This estimate uses only the product rule and the invariance of the tensor norm under permutations
of factors; it does not commute covariant derivatives. Induction gives [V*(S71)| < C}r;". The Leibniz
rule applied to ¢, = 0,57 then gives [V"¢,| < C//ry" on each support. Define

rs = Z rO(xa)(Pa‘

a

Bounded overlap and comparability give

cro < rs < Cry, V™| < Crrg ™.
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For disjoint cutoffs {;, equal to one on Bggg, (x;) and zero off Bgog,(x;), set

r:rs'*’Zé/i(Ri_rs)'

On supp ¢ C Bsor,(x1), (7.6) and the derivative bounds for {; prove
cro < r < Cry, V™| < Cpur'™, r = R; on Bgor,(x;).

In particular r < Cd, (-, F).
Let f = e \/" “ off F. Repeated chain rules give

V™ f| < Cppr N e/ for some N, > 0.

For every m, ¢, the right side is at most Cp r’, and hence at most C;, ,d,(-,F)’. On a relatively
compact coordinate chart, every ordinary partial derivative 9% f is a finite sum of components of V* f,
0 < b < |al, with smooth bounded coefficients. Therefore

0% f()] < Caedy(x, F)'  (x &F)

on each smaller chart. Let F,, be its extension by zero on F. These functions are continuous. If x € F
and e; is a coordinate basis vector, local comparison with Euclidean distance and the bound with
t =2 give
Fo(x + hej) — Fo(x)
h

Off F one has 9;F; = Fy.+.;; at F both sides are zero by the preceding limit. Thus this equality holds
everywhere and its right side is continuous. Induction proves that Fy is smooth and that all its
derivatives vanish on F. g

< Cylhl — 0.

Lemma 7.3. There are a number A > 0 and smooth nonnegative functions §, A on S”_z,ﬂat on F, with
8 >0 on S"2\F, such that

§=6:=2YR  A=0 on Bjyg, (%), (7.7)

8; < R?/100, 8;|log sin Ry| < log 2. (7.8)

There are g4qm > 0 and positive smooth functions 6, 0 < € < €,dm, such that 6, — & pointwise, §, = 6
wherever § > 2¢, and every pair (8., A) satisfies (5.9).

Proof. Choose & € C®(S" 2\ F,[0,1]) equal to zero on Byg (x;), equal to one outside | J; Byog, (x;),
and with transitions in Byog (%) \ Baog,(x;), where f = e VR by Lemma 7.2. The derivatives of a
transition cutoff satisfy [V"¢| < C,,R;™. On such a transition, the Leibniz rule gives

VM(E D] < CuRT™e /R < CoRE < Clyydy (- F)E (22 1),

The last inequality uses dy(x;, F) > 10°R; and d,(x, x;) < 40R; on the transition. Outside the transi-
tions, £ f2 is either zero or f2. The difference-quotient argument of Lemma 7.2 therefore extends & f*
smoothly and flatly by zero on F.

For a constant M; chosen below put

§=Af2 A= MA(Ef* + | Hess fI* + 6|d fI?).
Off F, differentiation gives

|dsI?
)
The inequality 2 f|Hess f] < f + |Hess f|> and |df ® df| = |d f|? imply

Hess § = 2Af Hess f + 2 A df ® df, = 4|ldf|*. (7.9)

ds|?
| Hess 6| + % < A(f* + | Hess fI* + 6ld ).
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Where d f or Hess f is nonzero, ¢ = 1. Where ¢ # 1, the derivatives of f vanish and the left side is zero.
The quotient extends smoothly across F as 4A|d f|*. On Boor, (%), f = e VR and ¢ = df =Hess f = 0;
hence (7.7) holds.

Let Hy be the smooth nondecreasing function used in the proof of Lemma 6.2; it equals zero on
(—c0,0] and one on [1, o). Define, for u > 0,

H(u) =1+ (u—1)Hy(u—1), b. = e9(8/ ). (7.10)

Then 9 = 1 on [0,1], 3 (u) = uon [2,00), and 1 < J(u) < u on [1,2]. In particular, %max{l,u} <
J(u) < max{1, u}. All derivatives of 9 of positive order are bounded; those of order at least two are
supported in [1, 2]. On the transition set ¢ < § < 2,

dd, = 9 (5/e)d5, HessS, = 9'(5/e)Hessd + ¢ 19”7 (5/¢)dd ® d§.

Put b; = ||, b2 = [9”|0, and Cg = 1+ by + 2b, + 2b%. On the transition, e~ < 2/5 and 6, > §/2.
The displayed derivative identities give

2 2 2
145 < by|Hess 8| + (2b, + 21712)|d(SI < Cy <|Hess o+ Ll > :
e ) )
On {§ < ¢} the left side vanishes; on {§ > 2¢} the regularization equals §. Thus the last bound holds
on the entire sphere. The quotient on the right is extended as 4A|d f|* across F. Take M; > MCj.
The functions f, £ f? and their derivatives are fixed and bounded. The displayed estimates give
constants Cy, C, > 0, independent of A and ¢, such that

| Hess 6, +

[Alc: < Cid, 18ellce < Co(A + €).
Choose A > 0 so small that (C; + C2)A < /2 and CyA < &y/2. Then choose 4 > 0 with
C2€2dm < min{n/2, §y/2}.
This gives the C? and value bounds in (5.9) for 0 < ¢ < e4qm. The functions

2/rt —4

— L 2 .
r—e r o, r!—>ez/r|logsmr|

extend continuously by zero at r = 0 and are bounded on [0, R, ]. A further decrease of A gives (7.8)
simultaneously for all i and preserves the preceding bounds with the same &ygm. |

8. ANNULAR REPLACEMENT WITH A ROUND INNER BOUNDARY

0 < 1% < IIII.II £ 5 2 J, IIliIl 5 5 Vio 5 (8.1)
] adm 2 <<j 1 2 ] 1

omitting the last entry when j = 1. Each minimum is positive. Hence v; | 0, each regularization is
admissible, and §,, = 6 on UL, B%/ORi(xi) by (7.7). Let G; = G[6,,, A] on S". Then Ricg, > G;. On the
region x € Byg,(x;), t < ty, and j > i, the metric is exactly

dt* + cos® t y + by (t)2d0°. (8.2)

The previously imposed bounds on R, give 20R; < t; and place the annulus parameters below in the
range of Proposition 6.3.

Lemma 8.1. The radius-R; sphere about x; € X in (8.2) has induced metric
SiIl2 Ri Ei, (83)

where, on the join S"! = §"73 x S1,

L\ =5

~ sin es,

hi = du® + cos* u ggns +sinu | 1+ 5 do?, € = & (8.4)
e; sin R;
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The metric h; is smooth and satisfies
sec(ﬁi) >1-6;, Vol(S"_l,E) < 10gop-1. (8.5)

The complement of the open radius-R; ball has outward second fundamental form at least — cot R; times
the boundary metric (8.3).

Proof. The base metric dt? + cos? ty is a round hemisphere. In its polar coordinates about x;,
sint = sin rsin u, dt? + cos? ty = dr* + sin® r(du® + cos® uggn-s).
Substitution of (4.1) gives (8.4) at r = R;. The same substitution gives g,, = 1 and g,4 = 0 for every
angular index A. Hence I'Y, = 0 in these coordinates, and the radial curves are unit-speed geodesics.
The projection
o([t,x,0]) = (cos t x,sint) € ST
is defined on the join quotient. Its differential satisfies

[da(To, + Y + 99p)]* = T? + cos® t|Y[}, < % (T? + &*| Y[} + b*9?).

Integration along curves, with the induced metrics on the collapsed strata, makes @ globally c;!-
Lipschitz. In polar coordinates about x;, t < r and d,(x, x;) < r. Thus the base ball r < 10R; lies
where 5Vj = §; and A = 0. Any curve from x; exiting this ball has length at least 10coR; > R;. Inside
it, |dr| = 1, while each radial segment has length r. It follows that the full ambient distance from x;
equals r for r < R;. The sphere used below therefore has precisely the stated induced metric and
normal.

For the metric in (8.4), set a = cos u and let b be its circle warping. Then

sin® u

b'/b=(1+2z)cotu, z= i —0;<z<0, 7 <0.
e +sin“u
Choose a geodesic orthonormal frame ey, ..., e,_3 on the unit S~ at the point under consideration,
and put Ey = 9y, E, = a 'e,, and Eg = b™'9y. Koszul’s formula gives, at that point,
a/ b/
VEg,Eq = Vg, Eg = 0, Vg Eo = ;Ea; VEg,Eo = 350,

/ 4

a b
Ve, Ep = —6ap ;Eo, Ve, Eq = —?Eo, VE,Eg = Vg,Eq = 0.

When n = 5, also use Rsz(el, ez)e; = ey. The resulting curvature operator is diagonal on
EoATS"™ 3, A’TS" 3, TS" 3 AREs, R(E,AEp),
with respective eigenvalues

a// 1_(a/)2 a/b/ b// , 5
—— =1, — =1, ——— =1+z, —— =1+z—2"cotu—z(1+ z) cot’ u.
a a® ab b

For n = 4, ATS! = 0, so the second block is absent. Every off-diagonal entry vanishes. Since z’ < 0,
—8; < z<0,and 14z > 0, the last two correction terms —z’ cot u and —z(1+ z) cot? u are nonnegative.
All the displayed eigenvalues that occur are at least 1 — §;. If w is the unit simple two-vector of a
plane and @ = ), ¢;w; in an orthonormal eigenbasis, then

sec(w) = Z/uc? >(1- 502 2=1-6;
¢ ¢

Near u = 0, b(u) = u + O(u®) is odd, and a is even. Near u = 7 /2, put v = 7/2 — u. Then a = sinv
and b(rr/2 —v) is a positive smooth function of v?. In Cartesian coordinates y = v§ e R"™2 ¢ =1,

5 .o sinv ) 1—(smv/v)2 =
dv” + sin“ v ggns = Zd Zyadya .



32 ANASS NIFA

The two scalar coefficients are smooth functions of v?. At u = 0, the expression b(u) = u + u*B(u?)
gives the smooth normal two-plane tensor as in Lemma 5.3. Hence the metric is smooth at both
collapsed strata.

The outward principal curvatures of the removed ball are cot R; in the base directions and (1 —
0;Z) cot R; in the circle direction. Reversing the normal proves the complement estimate.

Finally, for 0 < u < 7/2,

1 di

(1 + sin® u/e?)™%/% < €% sin™% u = q(sin R;) ™% sin™% u.

The round join volume is o,—; = 2w0,-3/(n — 2). Thus

Vol(h)

n—1

/2
< (n—2)g(sinR;)™% / cos" 3 u sin' ™% udu
0
< 3mq < 10qg.

Here (sin Ri)_‘si < 2,1-4; > 0, and both trigonometric factors in the integrand are at most one. For
n = 4 one may instead integrate explicitly to obtain

Vol(h;) _ 2q(sin R~
03 - 2— 5,’
This proves (8.5). O

IN

16q
.

Lemma 8.2. Puth; = (1 — 5,-)’51-. There is a smooth Ricci-positive path from t2 g1 to h; with constant
total volume and Ric > (n — 2)g along the path, where
Tn_l _ VOl(hl)

i 5
On—1

0<Ti<ﬁ/2.

Proof. In (8.4), keep ¢; fixed and replace the exponent &; by p € [0, §;]. Denote the resulting metric
by h(p). The curvature calculation in Lemma 8.1 gives Ricp,y > (n — 2)(1 — §;)h(p). The volume

Vol(S"~1, h(p)) is nonincreasing in p. Let V; = (1 — §;)""D/2Vol(h(5;)) and set

R v, 2/(n—-1)
R(p) = (Vol(h(p))) hp).

The metric scaling factor is at most 1 — §;, so Ricﬁ(p) > (n - Z)E(p) For every p € [0, ],

Vol(S" 1, iz\(p)) = V;; the endpoint metrics are iz\(éi) = h; and E(O) = r2ggn1. Equations (7.1) and (8.5)
give

7 <109 < B /100 < (B/2)" L
A smooth monotone reparametrization constant near the endpoints gives the required path. (]

Proposition 8.3. For every i the metric (8.2) on the radius-R; ball can be replaced by a smooth annulus
with one inner round boundary of radius p;, such that

Hin > _ﬁpizgs"’h 0< pi < min{z_iRi: pi—l/za 1}7 (86)
Pi

Ric > 7 g on the annulus and its outer smoothing, (8.7)

diamy(annulus) < CR;, Vol(annulus) < CR;'. (8.8)

Fori = 1, omit the condition involving py. The replacement and its outer smoothing are contained inside
the radius-2R; sphere and can be fixed once for all j > i.

Proof. Apply Lemma 6.1 to the metric path supplied by Lemma 8.2. The resulting path has final metric
Prhy, where ¢; : S""! — "1 is the final diffeomorphism of the isotopy supplied by Lemma 6.1. The
attaching map from the annular boundary to the boundary of the removed ball is ¢;.
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R
& = arcsin SN ) ¢ (0, 7/2).
1-6;

Since R; < 1/10 and &; < R}/100 < 1/100, one has

Choose

4(1 — ;) cos® R; > 4(99/100)(1 — R?) > 1.
Consequently the inverse-sine argument is in (0, 1) and
sin Ri Si].’l2 Ri

< sin(2R;), sin® ¢ = .
«[1 — (Si 1- 5i

For the chosen R, R; < ¢ < 2R; < &,. Since h; = (1 — 5,~)E,

sin® & ¢7h; = ¢} (sim2 R; EI> )

Thus the induced metrics agree under the attaching map ¢;. Write hy = sin® ¢ ¢} h; for the com-
mon boundary metric expressed on the annular boundary. By Proposition 6.3, the annular second

fundamental form is at least
2€l4
cot & + — hy.
sin &

On the other hand,
cos R; — \Jcos® R; — 6;
cotR; —cot e = -
sin R;
3 5 < 46; < R}
sinRi(cosR; + Jcos?R;— &) ~ Ri ~ 25

Since 2¢!/sing > 2R?, the two outward second fundamental forms in the common boundary
parametrization satisfy

. 1 49
Mann.out + @ eyt > (2 — 25) R’hy = gR?h,, > 0. (8.9)

The inequality (n — 1) — Cann(2R.)? > 2 from (7.2) gives the annular Ricci bound Ric > 2g. The metric
on the original sphere satisfies Ric > g. Apply Lemma 3.1, with A = 3/4 and A’ = 1/2, to compact
collars of the two outer boundary components, and extend by the unchanged metrics outside those
collars. Choose the annulus-side collar disjoint from a fixed inner round subcylinder; on the original
sphere, require the smoothing support to lie in r < 3R;/2. The resulting metric satisfies (8.7); its
inner round subcylinder is unchanged. Use Lemma 3.2 at this outer seam with error R"~?/2; this only
decreases the admissible smoothing widths.

In the inner round region, F/(s) = 7; < /2 and F(s) — 0. Choose s; > 0 sufficiently small that
0 < F’(s;) < f and all radius inequalities in (8.6) hold for p; = F(s;). The outward second fundamental
form of the retained annulus at s = s; is —F’(s;) p; ! (p? gs=-1), which gives the boundary-form inequality
in (8.6).

The intrinsic estimates before smoothing follow from Proposition 6.3 and ¢; < 2R;. Take both
smoothing widths smaller than R;/100, and impose the 2-bi-Lipschitz collar bound. The common
boundary tensor is hy = sin® ¢ ¢} h;. Consequently

Vol,_1(hy) = sin" ' R; VOI(E‘) < 10qo, 1R (8.10)

Since Ricp, > (n — 2)h;, Bonnet-Myers gives diam(h,) < 7 sin¢; < 27R;. If a collar has total normal
width ¢ < 2R;/100, its product metric has volume £ Vol,_1(h;). The quadratic-form upper bound
g < 4(ds® + hy) therefore gives

Vol,(collar) < 2"¢ Vol,_1(hy) < CR!.
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Normal segments and curves in one boundary slice give intrinsic diameter at most 2¢; + 2 diam(hy) <
CR; for the smoothed collar. Joining the two sides through this collar proves (8.8). All data used
depend on i, not on j > i. O

9. CLOSED REALIZATIONS AND UNIFORM METRIC ESTIMATES

For each j > 1, remove the first j balls from (5", G;) and apply Proposition 8.3. Attach (P, p?k) to
the i-th round inner boundary using the fixed round boundary parametrization of P from Lemma 2.1.
The boundary tensors of (P, p?k) are

a ) u
(PiR)ap = pigsm, op pok 2 El—’i?gs"-ls Ric 2 > E(Pigk)-

The boundary-form sum is at least

a—p

Pi

Choose the smoothing along the inner gluing hypersurface once for each i, with both normal support
widths less than min{R;, p;}/100, disjoint from the outer smoothing collar, and with the product
comparison of Lemma 3.1. Such widths exist because the two gluing hypersurfaces are disjoint and
compact with positive normal collar radii. At this inner seam also impose (3.3) with error R"?/2.
Since p; < 1, Lemma 3.1 retains a common lower bound

plgen1 > 0. (9.1)

Ricg, > kgj, K= %min{l,,u} >0 (9.2)

on the resulting closed connected smooth manifold M;. Indeed, the annulus and the scaled copy of P
have Ricci lower coefficients at least 1/2 and p, respectively, and both exceed 2k; apply Lemma 3.1
with A = 2k and A’ = k. The operations for distinct i have disjoint supports. For each i, fix the
boundary parametrization, the two Gaussian collar maps, the interpolation and mollification widths,
and the cutoff functions when that piece is first attached. Equation (8.1) makes all these collar tensors
identical for j > i. Their signed-collar charts therefore give the same smooth structure and the same
smoothed tensor on the completed piece. No earlier piece is smoothed again.

Let W; C M;, j > i, consist of the attached copy of P, its annulus, and the unchanged outer annular
region up to the coordinate sphere r; = 2R;. Then W; is a fixed smooth domain, with one fixed metric
h)”,independent of j > i. It is obtained from P by attaching a collar, so

W; =P, oW, = "1 diam;n(W;) < CpR;. (9.3)

The diameter bound follows from (8.8), p; < R;, the fixed intrinsic diameter of P, and the collar product
estimates in Lemma 3.1. More explicitly, a point in the unchanged part of the scaled copy of P can be
joined to the inner gluing collar along an initial segment of an intrinsic path in P of scaled length at
most p; diam(P, k) + ¢. The remaining collar and annular portions have lengths at most CR;. Let ¢ | 0,
and join two such paths through the common outer slice. All these curves lie in W;; their lengths
therefore bound its intrinsic diameter.

The domains W; are pairwise disjoint. A cylinder attached to P by a boundary diffeomorphism is
diffeomorphic to P with an extended collar: use the given diffeomorphism on the cylinder and the
collar coordinate on P. Thus W; = P independently of the boundary parametrization.

Lemma 9.1. There are smooth maps ®; : M; — R""2 such that
Llp(q)j) < 32, q)j|p =z, (94)
and ®; is constant on each W, i < j.

Proof. On the join cylinder set TI(¢, x, 6) = cos t z(x), where x = (xo,z) € S"2 C R""!. This is the
restriction of a linear coordinate projection of the unit sphere S” C R""!, and is therefore smooth
across the join collapses. For a tangent vector Td; + Y + 99y,

dII(To;, + Y + 899) = —Tsint z+ cost dz(Y).
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The coordinate projection on S 2 satisfies |z| < 1 and |dzop,, < 1. Cauchy-Schwarz and a > ¢, cos ¢
therefore give

co

s2t
> \/Tz +a*|YE + 292,
a

”dH”op,Qj < \/1 + C(;z <2

®; = (x;) + ¢ (r) (I - T1(xy)),

where { = 0 near 2R;, { = 1 near 4R;, 0 < { < 1, and |{’| < 2/R;. Extend it by II(x;) on W; and by IT
off these annuli. The round radial coordinate satisfies |drl¢, < ¢y Land |IT — II(x;)| < 4R;. Thus

|[dII(To; + Y + 899)| < \/sinz t|z]2 +

On 2R; < r; < 4R;, put

1d®;lop < 2+ 8¢y < 32.

The transition annuli lie outside all smoothing supports and are pairwise disjoint. Hence the map is
smooth globally and integration along curves proves its Lipschitz bound. Every point of F lies outside
these annuli, and at ¢t = 0 the map II equals z. g

Lemma 9.2. For the coordinate inclusion 1; : F < M;,

1
§|z -7/ < du;(15(2), 1(z) < 2]z - 7| (2,7 € F). (9.5)
Moreover,
sup du,(w, 1j(z)) < CpR; + 2dy (i, z) (=10). (9.6)
wew;

Proof. For z,7z’ € F, Lemma 9.1 gives
12— 2| = |0;(1;(2)) — ©;(1;(2"))| < 32dp,(1j(2), 1(2")).

This is the lower bound in (9.5).
The unchanged part of 3y has induced metric y. In the chart z — (/1 — |z[?, 2),

(z0)" (1-102) P (2] < 1/10).
1— |22

y2(v,0) = [of? +

The coordinate segment from z to z’ lies in this chart. Its round length is at most (1 — 1072)7121z - 2.
The shorter round geodesic has no greater length. For each of the finitely many y-balls in Xy Bag,(x;),
i < j, which it enters, replace the interior segment by a shortest arc in that boundary sphere. A
geodesic ball of radius r < 7/2 is geodesically convex, so there is at most one such segment per ball.

If two boundary points have angular separation ¢ < 7 as seen from the center and ambient
spherical distance ¢, then

sin(£/2) = sin rsin(3/2), sinrd < gt’.

The second inequality follows from sin(9/2) > 9 /7 and sin(£/2) < £/2. Thus the modified curve has
length at most 7 /2 times the original length. Disjointness of the enlarged balls ensures that every
replacement arc avoids the other modified regions. Since (7r/2)(1 — 1072)~/2 < 2, the upper bound
follows.

For (9.6), join z; to x; by its shorter round geodesic, and stop at the first point on dBzg,(x;). Replace
each portion inside another deleted y-ball by the boundary arc just constructed. This gives a path
from z; to a point of 9 W; with length at most 2d, (x;, z;). The diameter estimate in (9.3) completes the
proof. All centers lie in the fixed coordinate chart chosen in Lemma 7.1. g

Lemma 9.3. There are points p; € M; and v > 0 such that Volg (Bi(p;)) > v for every j. The sequence
has a subsequence converging to a compact noncollapsed n-dimensional Ricci limit.



36 ANASS NIFA

Proof. Choose a point p in the fixed region 3ty < t < 7 /2 and a sufficiently small round coordinate
ball B around it, with radial paths of length less than 1. The metric on this region is G, for every j,
and the region is disjoint from every annular replacement. The same coordinate point defines p;, and

BcC lewj (p;)- Its volume v = Volg, (B) > 0 is independent of j.
Bonnet-Myers applied to (9.2) gives

diam(M;, g)) < D := m/(n— 1)/x.

Since Ric > 0 and Bp41(y) = M;, Bishop—Gromov gives, for 0 < r < 1,

n n

r v
VO](Br(y)) > m VOI(M]') > m, VOI(Mj) < wp(D+1)".
If y1, ..., ym is an r-separated set, its open r/2-balls are pairwise disjoint. Therefore
v(r/2)" e 2w, (D + 1)%"
m-————— m< —————.

vr’

(D + 1)n < ;VOI(Br/Z(.Va)) < wn(D + 1)",

A maximal such set is an r-net. The uniform diameter and net bounds imply Gromov-Hausdorff
precompactness [1, Section 7.4]; mark the points p; and pass to a convergent subsequence. Its limit X
is compact. The approximants are closed, smooth, complete, and connected, with the bounds (1.1).
Thus X is a noncollapsed Ricci limit. Theorem 5.9 of [4, p. 434] gives dimy; X = n and identifies the
limiting volume with H". |

10. TOTAL SCALAR AND RICCI CURVATURE

The scalar curvature convention in this section is Scal, = trg Ric,. In particular, the unit round
d-sphere has scalar curvature d(d — 1). All constants in this section are independent of the indices j
and i, the inner truncation radius of an annulus, and the derivatives of the individual boundary path,
unless a fixed collar is explicitly under consideration.

Lemma 10.1. For the backgrounds G; in Section 8,

0< / Scalg, dvg, < Co.
Sn

The assertion holds for every compact empty-interior set F allowed in Theorem 1.1.
Proof. Putm=n—-2.0n0<t < T :=ty/2, write
G =G+ b%de?, G = dt* + a%y, a=coste Y, U=A‘I’5Vj, b = bs, .
Tracing the circle-warping formulas in Lemma 5.1 gives
Scalg = Scals —2b"'Asb, dvg = ba™ dt dv, do. (10.1)
Tracing the Gaussian and conformal formulas gives

2
Scalg = Scalaz}, —ZmE -m(m—1) (ﬂ> ,
a a

Scalyz, = a? (m(m -1 +2(m-1)AU~-(m-1)(m— 2)|de|?,). (10.2)

By (5.14), the spatial derivatives in this expression are bounded uniformly in j. The functions U, U;
are uniformly bounded by (5.2). Also U;; = AL and Ls(t) < 1+ log2 + |log t| by Lemma 4.2. The
vj
identities
ay agt 2
f=—tant—Ut, f=—1—Utt+2tantUt+Ut
a a

therefore imply
|Scals(t, x)| < C(1 + |log t*). (10.3)
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The function b = bgvj satisfies 0 < b < sint, 0 < by < 1, and b;(0,x) = 1. Indeed (4.3) gives

by=(1-5,Z)cost(1+ sin® /€3 )75”/2, whose factors lie in [0, 1]. Moreover
vj

AG‘b = by + m(at/a)bt + Aazyb> / Aaz)’b dl)az), =0.
Sm

The last identity follows by integrating the divergence on the closed sphere. Integrate (10.1) first over
€ <t < T. For fixed j, a(0,x) = 1 and b;(0, x) = 1 uniformly on the compact sphere. Letting € | 0

gives
T
/ Scalg dvg = 27r/ / b Scals a™ dv, dt
{t<T} 0 sm

- 47[/ a(T,x)"b,(T,x) dvy + 470, (10.4)
Sm

The contribution from the upper boundary is nonpositive. Since a < 1 and b < t,

T
/ Scalg dvg < C/ t(1+ |log t*) dt + 4moy, < o0,
{t<T} 0

with a bound independent of j. On T < t < 31y, sint > sin T > 0 and cost > cos(3ty) > 0. The
formulas in Lemmas 4.1 and 4.2 bound all coeflicient derivatives through order two there independently
of j; factors 57 9¢72¢/8 remain bounded as § | 0. The fixed cutoffs preserve these bounds. The lower
tensor comparison in Lemma 5.3 then bounds the inverse matrices in a fixed finite atlas. Thus the
metrics, their inverses, and their derivatives through order two are uniformly bounded on this entire
strip, including [T, ty]. For t > 3t, they equal the fixed smooth outer metric. These regions have
uniformly bounded scalar integrals. Finally Ricg, > G}, so scalar curvature is nonnegative everywhere.
This proves both inequalities. 0

Lemma 10.2. Let d = n — 1. Every common-volume-form path used in Proposition 8.3 satisfies
0< / Scaly, dvp, < Cq :=(d—1)(d —2)oq+ 4n04-2. (10.5)
sd

Proof. Before volume normalization the path is
h(p) = du® + cos® u gga—s + bp(u)zdez, by(u) = sin u(1 + sin? u/el?‘)_p/z, 0< p <4,

where e; is fixed along this path. Its base du? + cos? u gei-2 is the unit round hemisphere of dimension
d — 1 and has scalar curvature (d — 1)(d — 2). Apply (10.1) on € < u < 7/2 — € and integrate the base
Laplacian. At u = 0, bl’,(O) =1 Atu=m/2, bl’, is bounded and cos? % u — 0, since d > 3. The two
boundary limits give the exact formula

/ Scaly(py dvpep) = (d —1)(d —2) Vol(h(p)) + 470 4-3. (10.6)
sd

Since b, < sin u, Vol(h(p)) < 04. The curvature calculation in Lemma 8.1 also gives Scalp(,) > 0. In
Lemma 8.2, the metric is multiplied by a positive number A(p) < 1. Under this change the scalar
integral is multiplied by A(p)(4~?/2 < 1. A diffeomorphism pullback leaves the integral unchanged, by
the change-of-variables formula. Thus volume normalization, reparametrization, and Moser pullback
preserve the bound (10.5). g

Lemma 10.3. For each annulus in Proposition 8.3, before either boundary smoothing,
0< / Scal dv < CRI'" 2.
annulus

The bound is uniform in the inner truncation radius.
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Proof. Use the unscaled tensor Gy = dr? + a(r)?g(r) from Proposition 6.3 and put d = n — 1. Write
dvginy =v,Vi= -[Sd v,and S(r) = fsd Scaly(,y v. By Lemma 10.2, 0 < S(r) < Cg; also V; < 4. Tracing
(6.6)—(6.8) and using try g’ = 0, try g = |g’|§ gives

Scalg, = a? Scalg —d(d — 1)(d’/a)* — 2da” Ja — i|g'|§. (10.7)

For any retained interval [ry, 1], integration by parts yields

1 1
/ Scalg, dvg, = / a®2S(r) dr + d(d — 1)Vl~/ a®=2(a")? dr
[r,1]xS4 1o ro

1
- ZdVi[ad_la’E0 - i/ a® /sd |g'|§ vdr. (10.8)
To

Indeed (a“~'a’) = (d — 1)a“2(a’)? + a®'a”. The final integral in (10.8) is nonpositive. The explicit
functions give
0<a=sy<r, la’| = |cos(kr)y + six’| <1+ 7| < 2.

Consequently the first two integrals and the boundary term together are at most Cy/(d — 1) + 12do .
This bound does not involve r, or derivatives of the path. The actual annulus tensor is cZ Gy, and
¢, < 8¢; < 16R;. In dimension n = d + 1, a scalar integral is multiplied by c;‘lfz. The claimed upper
bound follows. The Ricci lower bound in Proposition 6.3 gives nonnegativity of the scalar curvature
on the retained annulus. U

Proposition 10.4. The smoothing choices in Sections 8 and 9 can be made once for each i so that all their
stated conclusions hold and

CRn—2

J
/ Scaly, dvg, < Co+C Y RIFZ< Co+
M; i=1
Moreover [Ricy; |y, < Scaly; pointwise. In particular, (1.7) holds.

Proof. At the outer seam the common boundary area is at most CR"~! by (8.10). The original boundary
principal curvatures have absolute value at most cot R; < R;’!. On the annular side the slice path is
constant near its endpoint, so every principal curvature equals a’(1)/ sin ¢;. The bound |a’| < 2 and
sin & > R;/2 give absolute value at most 4/R;. Thus, for the positive tensor J; = 2(II_ + II) at that
seam,

0< /tr]i dv < CR'2, (10.10)

At the inner seam the area is 0,—1p/"!. The annular shape operator is —F’(s;)/p; times the identity,
with 0 < F/(s;) < B. The core shape operator has norm at most C¢/p;, where Cy is the maximum
norm of the fixed core boundary shape operator. Consequently

0< /tr]}“ dv < Cpl™2 < CRI'2. (10.11)

Apply Lemma 3.2 at each seam with error R"~2/2. Both errors and all width restrictions are imposed
when the i-th domain is constructed. The two seams have disjoint neighborhoods; the second choice
leaves the first unchanged. For j > i the collar tensors are identical, so the same choices apply.

The scaled core has scalar integral

/ Scal dv = pI'* /Scalk dvy < CRI'2
(P.pik) P

By Lemmas 10.1 and 10.3 and (10.10)—(10.11), the background, the retained annuli, the cores, and
the two smoothing collars have the bounds in (10.9). All these scalar curvatures are nonnegative;
restricting a region decreases its integral of nonnegative scalar curvature. Finally R; < 27'R,, so
Yis1 RI2 < RIT2/(2"2 = 1).If Ay, ..., Ay > 0 are the eigenvalues of g;' Ricg;, then

| Ricg, g, = (X, 422 < ¥, Aa = Scaly, .

This proves the remaining assertion. ]
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11. PROOFS OF THE EXCEPTIONAL-SET RESULTS

Proof of Theorem 1.1. Fix n = 4 or n = 5 and the stated compact set F. The selection of centers in
Lemma 7.1 uses compactness to choose finite nets and empty interior to choose their approximating
centers in the complement. The construction of Lemma 7.2 uses only the separation and proximity
properties of those centers. The remaining parameter estimates require only the derivative bounds
for that scale function. They impose no restriction on the Hausdorff dimension or Lebesgue measure
of F. Thus Sections 7-9 apply to this F. At each seam make the scalar-integral choice of Lemma 3.2,
as specified in Proposition 10.4. No previously fixed domain is changed.

By Lemma 9.3, a subsequence converges to a compact noncollapsed limit X. The fixed domains
satisfy Proposition 2.3, and the markings satisfy Lemma 9.2. Put

e, = CpR; + 2d,(x;, z;), N = Sklip e.
Equations (7.3) and (7.5) give ¢; — 0. Hence 7; < oo, 1; | 0, and (9.6) implies (2.4). Proposition 2.4
gives the bi-Lipschitz embedding and independent classes represented in every neighborhood of
each point of ((F). Proposition 2.9, with k = 0, proves (1.8) for the specified E and relative U. For
E = @, a Euclidean-ball neighborhood would have zero second homology; thus 1(F) C S;op(X). If a
smaller relative neighborhood V of x contracted in a relative neighborhood U, the map Hy(V;Z) —
Hy(U;Z) — Hy(X;Z) would be zero, contrary to (1.8). This proves the asserted failure of local
contractibility. The curvature and volume bounds are (9.2) and Lemma 9.3; Proposition 10.4 proves
(1.7). O

Lemma 11.1. There is a compact perfect nowhere-dense set K C [0, 1] with Lebesgue measure 1/2. For
every positive integer m and every similarity T : R™ — R™ of ratio p > 0, the set F = T(K™) is compact,
has empty interior, and satisfies

H™(F) = p"2™™ > 0. (11.1)

Proof. Set Ky = [0, 1]. For h > 1, define K}, by removing from the center of each of the 2"~ component
intervals of Kj_; an open interval of length 47 All component intervals of Kj have length

b, =271 4 2721,

Indeed £, = 1and ¢, = (,_; —47")/2; substitution gives the displayed formula, and £,_; > 4" verifies
that every removal is possible. The decreasing intersection K = (), K}, is compact. Since

1 _ohp, _ 1 —h—-1
ﬁ(Kh)—Z{’h—E-i-Z ,

continuity of Lebesgue measure on decreasing compact sets gives £L1(K) = 1/2. An interval in K
would lie in a component of every Kj and have length at most £, — 0; hence K has empty interior.
Every endpoint of a component of Kj belongs to K. For any x € K, choose an endpoint of its level-h
interval different from x. Its distance from x is at most £,. Thus K has no isolated points.

The Cartesian product K™ is compact. If it contained an open ball, its projection onto the first
coordinate would contain an interval in K, which is impossible. The product formula for Lebesgue
measure gives L™(K™) = 27™. With the normalization of Hausdorff measure used here, H™ = L™ on
R™. A similarity multiplies both measures by p™, proving (11.1). g

Lemma 11.2. Let N > 4, and let X be a compact N-dimensional noncollapsed Ricci limit realized
by closed manifolds with nonnegative Ricci curvature and a common finite diameter bound. Then
HN_Z(S’top(X)) < 00

Proof. Let D bound the diameters and let v be the based unit-ball volume bound. For every point y;
in a realizing manifold, Bishop—Gromov gives

Vol Bi(y;) > (D + 1)™N Vol M; > (D + 1) 0.
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Any y € X is the limit of points y; in a common compact realization; the sequence rebased at y;
therefore has this same noncollapse bound. By [5, Theorem 1.14 and its proof], there are a set
Sy C Bi(y) and a finite constant C, such that

HN_Z(Sy)SC, x €Bi(y)\Sy, = 33U, C X open, xE€ U, =RV,

Here the ambient neighborhoods U, are those obtained by the Reifenberg theorem in that proof; a
statement about the relative topology of X \ S, alone would not suffice. By the definition of S,p(X),
Stop(X) N Bi(y) C Sy. Choose yi, ..., ym such that X = | Ji_; Bi(ya), using compactness. Countable
subadditivity of Hausdorff outer measure gives

m m
HN"2(S10p(X)) < ) HN 2 (Siop(X) N Bi(ya)) < ), Cy, < oo.
a=1 a=1
The set Siop(X) is closed, so it is Borel and Hausdorff measurable. O

Proof of Corollary 1.2. For N =4putn=4and k =0. For N > 5 put n =5 and k = N — 5. Choose a
similarity image F of K" 2 inside the chart of Theorem 1.1, and let (M, g;, p;) > X and: : F > X
be given by that theorem. Let T* be a fixed flat torus, with T° a point, and set

Xy = X x Tk, Zn = i(F) x T

The products (M; x T*, g; + gr«) are closed smooth N-manifolds with nonnegative Ricci curvature
and a common diameter bound. A product of radius-1/2 balls is contained in the based unit ball.
Since Vol By /,(p;) > 27 "v, these products are noncollapsed. A correspondence between M; and X,
paired with the identity of T¥, has no larger distortion, by

Va2 + b2 — Ja? + bz‘ <la—dl|.

It follows that the product sequence converges to Xy. The product scalar curvature and Ricci norm
equal those of g; at the first coordinate. Their integrals are multiplied by the fixed factor Vol(T*).
For k = 0 this factor is one. This proves all bounds for the realizing sequence, including the strictly
positive Ricci bound when N = 4, 5.

For k > 0, write T = R¥/A, where A is a full lattice, and put £ = min{jy| : v € A\{0}} > 0.
Choose a closed Euclidean cube @ with nonempty interior and diameter less than £/2, and denote its
image in TX by Q. For x, y € O and v € A\ {0},

x—y+ov[>t—|x—y[>[x—yl

The quotient distance therefore equals |x — y| on Q Thus Q — Q is an isometry for the restricted
ambient distance, and 1 xId : F x Q — «(F) x Q is bi-Lipschitz. By Lemma 11.1 and the Euclidean
product formula,

0< H"™ 2 (F x Q) < o.

Finitely many such cubes cover the torus. The covering definition of Hausdorff measure under the
two Lipschitz inequalities gives 0 < HN"2(Zy) < 0. For k = 0 use F alone.

Proposition 2.9 gives (1.10). Taking E = @ shows Zy C Siop(Xn). Lemma 11.2 proves the finite
upper measure bound in (1.9). Positive finite (N — 2)-measure implies dimy; Siop(Xn) = N — 2. If
dimy E < N — 2, then HN72(E) = 0, so Zy \ E is nonempty. A manifold chart at any of these
points would contain a relative Euclidean-ball neighborhood, whose second homology is zero. This
contradicts (1.10). ([l

11.1. The middle-third choices. Let C be the middle-third Cantor set, take a4 = 1, a5 = 3, and embed
C% by a similarity in R""2, using C x {0} when n = 4. Put s, = a,log2/log3.If a = a, and s = s,
the level-h cover has 2 cubes of diameter Ja 37" For d > s,

zah(\/a3—h)d — ad/2(2a3—d)h —50.



HOMOLOGY AND LOCAL CONTRACTIBILITY 41

Give each level-h cube mass 279", using the Bernoulli measure on its ternary digits. If 37*~! < r < 37",
each coordinate projection of a radius-r ball meets at most four level-h intervals. Hence

v(B,(2)) < 4%27% < 49355, (11.2)

For every sufficiently fine countable cover {U,}, choose z, € U, n C* when this intersection is

nonempty. If diam U, > 0, then Uy N C? C By giam v, (25). Zero-diameter sets have zero mass by the
ball bound. Thus

1<) v*(Up 0 C*) < 4%° Y (diam Up)".
b b

This proves dimy; C* = s. The resulting subsets ((F) have dimensions log 2/ log 3 in dimension four
and log 8/ log 3 in dimension five. Products of the latter subsets with a flat k-torus have dimension
k + log 8/log 3: the product of the measure above with Lebesgue measure has ball bound Cr**k,
while the level covers use at most C29"3% sets of diameter C37". The same upper and lower covering
estimates give the stated dimension. These choices are distinct from the positive-measure choices in
Corollary 1.2.

For the exceptional-set examples, no equality Siop(X) = «(F) and no uniqueness of tangent cones

along i(F) are asserted. The next three sections concern the singleton accumulation set in Theorem 1.3.

12. THE BACKGROUND AT AN ISOLATED ZERO OF THE PARAMETER

Throughout Sections 12-14, take n = 4. Let x, € 3y = S%. Use the construction of Sections 7-9
with F = {x.}. In particular, 57!(0) = {x.}, while A > 0 is flat at x, and vanishes on the prescribed
constant-parameter balls. No assertion that A is positive away from x, is imposed. Write p = (x.,0)
for the corresponding point of S*. Let c/l\j be the distance of the unmodified background G;.

Lemma 12.1. For the parameters of Lemma 7.3, §; — & in C*(S"%). On 0 < t < {, the functions bs(t)
and ¥5(t) extend smoothly to § = 0, with

t
bo(t) = gsint, Yo(t) = / (t — w)(1 — log sin u)* du.
0

Consequently the background metrics converge in C* on compact subsets of S* \ {p} to a smooth metric
8o-

Proof. The derivative bounds for the function r in Lemma 7.2, applied to § = 1e™%/" ’ give for each
integer h > 1 constants Cp, Ny with

V"8 < C6r ™t off F. (12.1)

Indeed each chain-rule term is Ae2/"" times a finite product of powers of r~! and derivatives of r; the
latter satisfy [V¢r| < C,r'™% Where § > 2¢, the difference &, — & vanishes. Where § < ¢, its derivatives
of positive order are —V"§. For sufficiently small ¢, the condition § < 2¢ implies r2 > 1 log(1/(2¢)).
Exponential decay and (12.1) give

sup [V"8| < Che(1 + |log £|)Nﬁ.
{6<e}

On ¢ < § < 2¢, a derivative of order h of ¢3(5/¢) is a sum of terms

719§ /&)W §) - (V4 6), hy+ - +h,=h,

with contractions and fixed integer coefficients. Here h, > 1 and r™2 = %log(/l/ 0). Every term is
bounded by Cpe(1+|log )N, The same estimate holds for the difference and extends across F by its
vanishing derivatives. The zeroth-order difference is bounded by Ce. This proves C* convergence.

For § > 0,
bs(t) = gsint exp{—g log(sin® t + e 2/, (12.2)
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The function e 2/ extended by zero, is smooth and flat at § = 0. On every compact subinterval of
(0, £], (12.2) is therefore smooth through é = 0.

For the integral kernel, put W = L?. The identities d5Z = —2c¢572Z], d5] = 2¢6%Z], and
dsL = —c57?] show by induction that, for each a > 1,

103W (1, 8)| < C.67Nej(t, 8).

To see that the factor J persists, differentiate any product of powers of §71, L, Z, and J arising after the
first derivative; differentiating L, Z, or J introduces another factor containing J, and differqntiating 51

does not remove it. The bound L < 1+ ¢/§ absorbs the remaining powers of L. Since /0 t](t, d)dt <
me ¢/ integration gives
05 Ws(0)] + 1050, ¥s(D)] < Cae™/067MNe.

For two or more ¢-derivatives on a compact subinterval of (0, ], use 9?¥5 = L(ZS. The derivatives of J
on that interval have the same exponential decay, with additional fixed powers of § 7. The bound
Ls(u) < 1 —logsin u gives dominated convergence in the defining integral. It identifies its limit with
¥, and, together with the preceding derivative estimates, proves smooth extension. The integral is
finite since /0 ! |log ul*du < oo.

On 0 < t < 3i, all coefficient functions thus converge smoothly after composition with §,,.
For t > 3t, the cutoffs give the fixed tensor G4. Near t = 0 with x # x., the parameter § has a
positive lower bound on a smaller coordinate neighborhood; for large j, §,; = J there. The Cartesian
expressions in Lemma 5.3 give smooth convergence across that stratum. Near ¢ = 7 /2 the metrics
are all G,. This proves the final assertion. (|

Lemma 12.2. The completion of (S* \ {p}, go) is a compact length space (Yy, dy) whose underlying
topological space is S*. On that fixed sphere, d; — dy uniformly. Moreover,

(Yo, ™" do, p) — (R* x (S, (0,0))  (r L 0). (12.3)

Proof. Let ds be the round distance. The coefficient comparison in Lemma 5.3 gives
coq ds < C/l\] < ds. (12.4)

The same comparisons hold for the completion distance of gy. For the upper comparison, a round
geodesic through p can be replaced, inside a round ball of radius p, by an arc avoiding p of length at
most 7 p; the additional length tends to zero. The coefficient inequality gy < g5« bounds its go-length.
The lower comparison follows by integrating gy > c5 g gs:. These comparisons identify the completion
with $* and prove compactness. Its distance is a length distance, as is seen by approximating the
endpoints by points of the punctured sphere and concatenating curves whose lengths approach the
infimum. It is geodesic: for x,y € Yp, choose curves of lengths tending to dy(x, y), parametrized
on [0, 1] with constant speed. Their speeds are bounded. Compactness and Arzela-Ascoli give a
uniformly convergent subsequence. For each finite partition of [0, 1], the sum of successive distances
converges; taking the supremum over partitions proves that the limit curve has length at most
do(x, y). Its endpoints force the reverse inequality. A constant-speed parametrization of this curve is
a minimizing geodesic.

Fix a small round closed ball K, about p. On its complement, Lemma 12.1 gives, for numbers
nj(p) =0,

(1= n;(p))go < G; < (1 +n;(p))go.

The intrinsic diameter of K, for either metric is at most 2p: round geodesic chords stay in K,. A
chord through p can be changed inside B,(p), where 0 < o < p, by an arc of dB,(p) of length at
most 7 sin . The resulting curve avoids p and has length at most 2p + 70; let ¢ | 0. In a curve
joining two given points, replace the portion between the first and last visits to K, by such a chord.
The remaining portions avoid K,. Comparing their lengths gives

sup |dj(u,v) — do(u,v)] < Cnj(p) + 4p

u,veS*
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for large j; the constant uses the diameter bound 7 in (12.4). Endpoints in K, are included in the
same first- and last-visit construction. First let j — oo, then p — 0. This proves uniform convergence.
Take normal coordinates y on (s?, y) centered at x,. For a fixed B > 0, write

&, = sup 6(y), Ay = sup A(y).
lyl<Br [yI<Br

Flatness gives §, = O,(r") and A, = O,(+") for every h. On the rescaled coordinate region y = rY,
t = rT, with |Y|, T < B, the cutoffs equal one for small r. Since y,,(rY) = 84 + Op(r?) and
0 < U(rT,rY) < KA,, the longitudinal coefficient converges uniformly to the Euclidean one.

For 0 <t < tyand 0 < § <y, the logarithmic formula gives

gsint < bs(t) < g(sin 1),

The lower bound uses sin® t + e 2¢/% < 1; the value at § = 0 is understood by continuity. The
mean-value theorem for u — x™* yields

0 < bs(t) — gsint < gd|log sin t|(sin )9, (12.5)

For 0 < T < B and small r, use sin(rT) > rT/2, |logsin(rT)| < |logr| + |log T| + log 2, and
in(rT)'° < (rT)' . For0< T<1and 0< § < 1/4,

4
70 <1, T' % log T| < T**|log T| < "
e

For 1 < T < B, the two quantities are bounded by B and B log B, respectively, when this interval is
nonempty. Consequently

eg(r) := sup |r_1b5(ry)(rT) - qT| < Cp (rz + 6,(1 + |log r|)e§’“°g") — 0. (12.6)
|Y|,T<B
The formula at T = 0 follows by continuity.

Let g. = |[dY]* + dT? + ¢*T?d6? denote the product-cone tensor. On the regular part of each
rescaled coordinate region, the lower bounds just proved give g, > (1 — wp(r))gs, with wp(r) — 0.
The same length comparison holds for curves in T = 0, where the induced metric is the rescaled
y. For two points in a bounded product-cone ball, choose their product minimizing curve. In the
cone factor, choose lifts whose angular difference is at most 7. After multiplying the angle by ¢,
their difference is less than 7; the straight segment in the corresponding planar sector has monotone
angle and total f-variation at most 7. A radial segment is used when one endpoint is the vertex. The
Euclidean factor is a straight segment. Both factors stay in a bounded coordinate region. The upper
coeflicient bounds and (12.6) give

Ly (y) < (1 + wp(r)Lg(y) + mes(r).

The same inequality is obtained by approximation if the curve meets T = 0.

For the reverse distance estimate, a curve of rescaled length at most 3B + 1 with endpoints in
a fixed bounded coordinate region cannot leave a larger such region: its round length is at most
(coq)"'(3B+1)r by (12.4). Choose the larger region before taking r — 0 and integrate its lower tensor
comparison. Thus coordinate correspondences have distortion tending to zero on each bounded
ball. Distances from the basepoint have the same error, so every ball corresponds to the other ball
with a radius error tending to zero. Moving a point by that error along a minimizing curve from the
basepoint gives correspondences on closed balls of the same radius. This proves (12.3) for the full
limit » | 0. O

13. DISTANCE COMPARISON FOR SMALL REPLACEMENT DOMAINS

Every domain in this section is equipped with its intrinsic length distance unless an ambient
restricted distance is specified.
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Lemma 13.1. Let B and M be compact connected Riemannian manifolds. Suppose K;,...,K; C B
and Wi, ..., W; C M are pairwise disjoint compact connected smooth domains. Suppose that their
complements, including their boundaries, are identified with one compact connected Riemannian manifold
E, and the metrics agree on E. Put

d; = max{diam;y K;, diam;,; W;}.

Suppose L > 0 and there are nonnegative L-Lipschitz functions Ag, Ay, equal on E and constant with
the common value t; > 0 on K;, W;. Let p € E have value zero. There is a relation R C M x B, surjective
onto both factors and containing (p, p), such that for every R > 0, whenever (u,v),(v/,v") € R and
du(p, w), du(p, w’) <R,

|du(u, o) — dpv,0)) <4 ), dr. (13.1)
{i: t;<4LR}

The same assertion holds with B and M interchanged.

Proof. Let gy be the metric of M. Write C; = 9dK; = dW; C E and let dg be the intrinsic length
distance of E. This distance is finite and induces the manifold topology, by the coordinate argument in
Lemma 2.2; hence (E, dg) is compact. The C; are pairwise disjoint compact sets. They are nonempty:
if 0W; were empty, W; would be open and closed in connected M, hence equal to M, contrary to
Am(p) = 0 < t;. Let Q be the set of classes for the equivalence relation

x~y < x=y or x,y € C for somei,

and let q : E — Q be the quotient map. A class is regarded below as its subset of E.
For A, A’ € Q, define

(13.2)

N > /7
dg(A,A’)ﬂnf{ZdE(xf,yf): 2 b xep el med wmed
=1

Ve~ xp1 (1<E<5s)

A chain with one pair shows that this number is finite. Reversal of chains proves symmetry, and
concatenation proves the triangle inequality. A constant pair gives do(A, A) = 0.
For nonempty compact subsets C, D C E, put

A(C,D) = min{dg(x,y) : x € C, y € D}.

For distinct classes A, A’, let P(A, A”) be the finite collection of lists (D, ..., Dy41), with 0 < r < j,
such that Dy = A, D,; = A/, all entries are distinct, and Dy, ..., D, belong to {C;, ..., C;}. The list
(A, A) is allowed. Then

.
do(4.4) = ' A(Dy, Dgs1). 13.3
Q( ) (DO,-..,D{I}ll)relP(A,A/)Z(; ( 4 f+1) ( )

Indeed, if an intermediate equivalence class in a chain is a singleton, y, = x,1 and

de(xe, Yes1) < dp(xe, ye) + dp(Xe1, Yer1)-

The two pairs can therefore be replaced by one. If x,, y;, € C; for a < b, omit the pairs indexed by
a, ..., b; the adjacent representatives remain equivalent. The initial or terminal representative, when
removed, is replaced by another point of its class. For A # A’ this operation cannot remove the entire
chain. Each operation strictly decreases the number of pairs. After finitely many operations, no class
C; is repeated, including an endpoint class. The sum of the successive set distances does not exceed
the original chain length. This proves the lower inequality in (13.3). Conversely, for each successive
pair of classes in a list, choose points attaining A. The choices made for two adjacent pairs need not
agree, but they belong to the same intermediate C; and are equivalent. They form a chain of exactly
the stated sum. This proves the reverse inequality.
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Every two distinct classes are disjoint compact subsets of (E, dg), so each A(Dy, Dyy1) in (13.3)
is positive. There are finitely many lists. Their minimum is therefore positive, and dg is a metric.
Moreover

do(q(x), q(y)) < de(x,y)  (x,y € E).

Thus q is continuous and Q is compact. The induced bijection from the compact topological quotient
to (Q, dp) is continuous, hence a homeomorphism. For every € > 0, each pair in a chain is joined in E
by a curve whose length exceeds its dg-distance by less than €/s. Their images under q concatenate,
because adjacent endpoints are equivalent. Consequently their total dp-length is at most the chain
length plus €. Taking the infima in (13.2) proves that Q is a length space.

Define my : M — Q by 7y = q on E and 7y (W;) = C;; define 75 in the same way with K; in
place of W;. Both definitions agree on the boundaries. We prove

do(ry(w), my (1)) < dy(u, v), do(mp(v), 13(v")) < dp(v,v"). (13.4)

Let y : [0,1] > M be a piecewise smooth curve, and put F; = y~!(W;). These are pairwise disjoint
compact subsets of [0, 1]. Set by = 0. Suppose iy, ..., i,—1 and b,_; have been defined. If

Je={i¢{ir,....ie-1} 2 Fin[bes, 1] # @}
is nonempty, define

ap = min U(F, N [be1,1]), ar € F,, by = max F;,.
i€Je

The index i, is unique. No F;, with h < £ meets (by, 1]. The recursion thus terminates after at most
j intervals. The curve is in E outside their interiors, except possibly at an endpoint of [0, 1] lying
in a W;; such an endpoint already represents the class C;. Each nondegenerate complementary
interval has image in E, and each deleted interval has endpoints with the same image under 7. If
no complementary interval is nondegenerate, the two endpoints have the same quotient class; use
a constant pair in (13.2). Otherwise the complementary portions give a chain in that definition. In
either case,

do(mp(y(0)), mpm(y(1))) < Z Lg,(complementary portions) < Lg, (y).

Infimizing over y proves the first inequality in (13.4); the proof for B is identical. In particular, the
two maps are 1-Lipschitz. This also identifies Q with the metric quotient obtained by collapsing the
domains in either manifold: any pseudometric on that quotient for which the projection is 1-Lipschitz
is bounded by every chain length in (13.2), and hence by dj.

The common restriction of A;; and Ag to E is constant on C;, with value t;, and satisfies

[Ap(x) — An(p)l < Ldg(x, y) (x,y € E).

Summing this inequality over chains shows that its induced function A : Q — [0, %) is L-Lipschitz.
Set

R ={(u,v) e M x B : mp(u) = 7p(v)}.

Both projections are surjective, and (p, p) € R. Suppose (u,v), (¢/,v") € R and dy(p, u), dy(p, u’) <
R. Put A = mp(u) and A’ = mpy(u'). By (13.4),

do(mm(p), A) <R, do(A,A") < 2R, A(A) < LR.
Choose a minimizing list in (13.3) when A # A’. For any of its classes Dp,

A(Dp) < A(A)+ LY A(D¢, Desr) < 3LR.

t<h

Thus every class C; in the list, including either endpoint class, has t; < 3LR < 4LR. For A = A’, the
only possible nontrivial lift is within their common domain; its value satisfies t; < LR.
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Choose points realizing every set distance in the list and join them in E by curves with total excess
length less than €/2. In M, join the two boundary representatives belonging to each C; through
W;; if an endpoint belongs to W;, join that endpoint to the corresponding boundary representative.
The analogous curves in B use K;. The sum of all additional lengths in either manifold is at most
2 Y1<air @i + €/2: an intermediate class occurs once, and at most two endpoint portions can belong
to the same class. It follows, after € | 0, that both dy(u, ¥’) and dg(v,v”) belong to the interval

do(A A, do(AA)+2 ), dFf.

4<ALR

Their difference is at most 2}, .4  d;', which implies (13.1). Interchanging M and B proves the
symmetric assertion. U

Lemma 13.2. Suppose the centers lie on a short geodesic issuing from p € 3, and write t; = ds(p, x;).
Assume 10°R; < t;/2 and the separation conditions of Lemma 7.1. For each j, let

—d .
B_] = (54, QJ), Ki = Bzfqi(x,-), 1 S s

and let M, W; be the corresponding closed realization and its fixed domains. There are functions A; on

M; and A; on Bj, equal on the common exterior, with

Lip(1,),Lip(A)) <32, A4i(p) =A4;(p) =0, Ajlw, = Ajlx, = ti. (13.5)

For a constant C,. independent of j,
Ai(z) <32du,(p,2),  duy(p,2) < Cudy(2). (13.6)
On the common exterior, A; is between one half and twice o(z) := ds(p, z). The analogous two-sided

bounds hold on Bj. Moreover diamjn K; < 4R; and diamjn; W; < CpR;.

Proof. The function p is independent of 6. It is the distance from the corresponding boundary point in
the round hemisphere with metric dt* + cos? t y. The projection to that hemisphere is ¢y !-Lipschitz
by Lemma 8.1. Thus g is c;!-Lipschitz for every background metric. On the unchanged annulus
2R; < r; < 4R;, choose the cutoff of Lemma 9.1 and set

Aj =t + {(r)(o — t).

Use the constant t; on W;, and use g outside these annuli. Define ;1\1- by the same prescription with K;
in place of W;. On a transition annulus, |0 — #| < 4R;, |{’| < 2/R;, and |dr;| < c;'. The local Lipschitz
constant is at most 9¢; ! < 32. The annuli are disjoint and the definitions agree on their boundaries;
integration along curves proves the global Lipschitz assertion. The value at p is zero because p is in
none of the closed enlarged balls.

For a point in a transition annulus, both ¢ and A; belong to [t; — 4R;, t; + 4R;]. The assumption
4R; < t;/100 gives /2 < A; < 2p. The same comparison is exact outside the annuli. For a common-
exterior point z, take a shorter round geodesic from p to z. Its intersection with any open K; is an
interval, because the round balls have radius less than 7 /2 and are geodesically convex. Replace each
such interval by a shortest arc in dK;. The calculation in Lemma 9.2, now on S% bounds the new length
by /2 times the old one. Separation ensures that each replacement boundary arc avoids every other
K. On the exterior the metric is at most the round metric. Consequently dy;,(p, z) < 20(z) < 44;(2).
For z € W, restrict the round geodesic from p to x; at its first intersection with 9K;, and replace its
portions in the other domains by boundary arcs as above. Join its endpoint to z inside W;. By (9.3),

dy,(p, z) < 2t + CpR; < (2 + Cp)A (2).

This proves (13.6); the first inequality follows directly from the Lipschitz bound. In B;, a round chord
gives (/i\j(p, z) < o(z); within Kj, o(z) < t; + 2R; < 2t;, which proves its bounds. Round geodesic
chords in K; have length at most 4R; and the background metric is at most round. The final diameter
assertion follows from (9.3). ([l
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Proposition 13.3. Under the hypotheses of Lemma 13.2, suppose

Y R<Cu (0<u<u) (13.7)

{i: ti<u}

All closed balls below carry the restrictions of their ambient distances. For every A > 0 there is C4 < o,
independent of j, such that for all sufficiently small r > 0,

dori (Bl (p). By(p)) < Car®. (13.8)

The corresponding closed balls admit surjective relations containing (p, p) whose distortions are at most
20,73, If a subsequence M; — (Y, d, p) is chosen, both assertions hold with M;, B; replaced by Y, Y.

Proof. Fori < j, the spaces M; and B; have the same exterior of W; and K;. This exterior is connected.
Indeed, join two exterior points by a shorter round geodesic and replace each portion in a deleted
ball by a path in its boundary S®. Only finitely many balls occur, their boundaries are connected, and
separation keeps these boundary paths outside every other deleted ball. The resulting path lies in the
exterior. Increase C if necessary so that Cy > 0, and put

5
cp = max{4, Cp}, Ka = 4cpCy(256A)°, Cp = EKA'

Apply Lemma 13.1 with L = 32 and d; < cpR;. On points based within 2Ar in either factor, the

distortion of the common quotient relation is at most

Dy(r) := 4cp Z R < Kur® (256Ar < uyp).
;<256 Ar

Require throughout this proof that

0<r<mini_ |4 (13.9)
r < min s —t. .
256A° \| 2K,

Then D(r) < Ar/2, independently of j. Because (p, p) belongs to the relation, it also gives
|dwr,(p, w) — dg,;(p,v)| < Da(r)

whenever either endpoint of (u,v) lies in the closed Ar-ball. Put D = Ds(r) < Ar/2. For either of the
geodesic spaces T = M, Bj, define

PT(X) = {X() eT: dT(P’ X()) = min{Ar, dT(P> .X')}, dT(x! x()) = (dT(P, .X') - Ar)+}'

This set is nonempty: restrict a minimizing geodesic from p to x to the indicated radial parameter. It
equals {x} for x € Ezr(p). If R is the relation in Lemma 13.1, set

Cl = {(u’ UO) : (u! U) € R’ de(pa u) S Ar, Vo € PBj(U)},
CZ = {(uos U) : (u’ l)) € R3 dBj(p’ U) < Ara Uy € PM}.(U)},
C=CiUC,.

The first projection of C; is Eﬁfi (p) and the second projection of C, is Eﬁ",(p). All pairs belong to the
product of those two balls, and (p, p) € C. For each (x, y) € C there is (u,v) € R with

dy;(x, u) < D, dg,(y,v) < D, dy,(p, w), dp,(p,v) < Ar + D < 2Ar.
For two such pairs, the triangle inequality and the distortion bound on R give
ldar, (x, x7) = dp, (v, ¥ < dag,(x, ) + dpg,(x, w') + D + dp,(y,v) + dp,(y',v") < 5D.

Thus dis C < 5D and dgp < % dis C, with the distinguished pair retained. This proves (13.8) and its
pointed assertion.
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The limit Y is geodesic. To prove this, use the common compact realization of Proposition 2.3,
take x; — x and y; — y, and choose constant-speed minimizing geodesics y; : [0,1] = M; between
them. They have uniformly bounded Lipschitz constants. A uniformly convergent subsequence has
image in Y and satisfies

dy(y(). y(D) = |s - tldy(x, ), 0<st<1.

Thus it is a minimizing geodesic. The corresponding assertion for Y, was proved in Lemma 12.2.
Suppose compact geodesic spaces (Tj, p;) and (T, p) are isometrically embedded in a compact metric
space Z, with €; > d4(T;, T)+dz(p;, p) and €; — 0. For x € Eg(p) choose x; € T; with dz(x, x;) < €;.
Then dr,(p;, x;) < R+2¢;. A minimizing geodesic from p; to x; contains a point x; with dr,(p;, x7) < R
and dr,(x;, x7) < 2¢;. Therefore dz(x, x}) < 3¢;. Interchanging T; and T gives the other inclusion,
and hence
dfi(BR (p)). Ba(p)) < 3¢

Apply this estimate to M; — Y and to B; — Y, from Lemma 12.2, for the fixed radius R = Ar. For a
fixed radius, take compact common realizations of the two sequences of closed balls and replace the
relations for the approximating manifolds by their closures. A Hausdorff-convergent subsequence
of these compact relations has surjective projections onto the two limiting balls: for either limiting
point, choose approximating points and associated points in the other factor, then use compactness of
that factor. The limit contains (p, p). Distances converge in the common realizations, so its distortion
is no greater than 5D 4(r) < 5K4r® = 2C4r°. The same C4 therefore gives both assertions, with the
distinguished points retained. O

14. PROOF OF THE ISOLATED-POINT THEOREM
Choose x. at the center of the chart in Section 7, and let e be a unit vector in Ty, S2. Fix0< t, <
1/100 and define
=127 x; = exp, (te), Zi = Xy
Choose
0 < r, < min{R. /4,1t /4,t./10%}, R =r2% (14.1)

For k > i, d,(x;,xx) > t;/2, while 10°(R; + Rx) < 2-10°r.27% < ;/2. Also 10°R; < t;/2 and
R; < 27" min{R,, £’}. These inequalities verify (7.3)-(7.5) for F = {x.}. Moreover,

> Ri= gr*z““' < (14.2)
k>i
If t; < u < ti_y, (14.2) gives Y, o, R < 7 < *. Thus (13.7) holds.

Use these data in Lemmas 7.2 and 7.3, then perform the replacements of Sections 8 and 9. All
proofs there use only (7.3)—(7.5) and the empty-interior condition on F. The resulting closed manifolds
satisfy (9.2), and every W, is fixed with diamj,; W; < CpR;. Take p; = p = x,, which is outside all
replacements. The unchanged coordinate region in Lemma 9.3 has a positive volume vy. The diameter
bound D = 74/3/k and Bishop—Gromov imply

) > VO]'gj M] Vo S
“(D+1)* T (D+1)

VOlgj Bl(pj 0.

Thus a marked subsequence converges to a compact noncollapsed four-dimensional limit (Y, d, p).
Lemma 14.1. For this sequence, Y \ {p} is locally isometric to a smooth Riemannian four-manifold.

Proof. Let s, = 3t,,/4 for m > 1. The inequalities 4R; < #;/100 and t;4+; = t;/2 imply

KnBE(p)=0 (<m),  KcBE(p) (i>m).
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Indeed, the distance from p of a point of K; lies in [#; — 2R;, t; + 2R;]; its lower endpoint is greater than
3ty /4 for i < m, and its upper endpoint is less than 3t,,/4 for i > m. The same separation holds for
the closed balls of radius 4R;.

The round coordinate ball B‘si:; (p) is disjoint from all replacement regions in M,,. Define the
compact smooth domain

Ny, = My N\ B5(p).

It consists of S* \ Bii(p) with K, ..., Ky, replaced by Wi, ..., W;,. No replacement of index i > m
intersects this domain. Thus, for j > m, the common coordinates and fixed boundary identifications
define a smooth embedding en; : N, — M;. Their differentials on Int N,, are injective maps
between four-dimensional tangent spaces and hence are isomorphisms. The inverse function theorem
shows that e, ;(Int N;;,) is open in M; and that the common coordinates are ambient charts there.
These embeddings agree on every common sphere chart, replacement domain, and collar. Their
identifications give

Np CIntNpey, N = [ JWtN,.

m2>1

Equip N with the atlas induced by these inclusions. Any two points belong to some Int N, and are
separated by disjoint chart neighborhoods there, which remain open in N'. A countable union of
countable chart bases for the Int N}, is a base for N'. Thus N is Hausdorff and second countable and
is a smooth four-manifold without boundary.

The tensors gy and h}” agree on collars of dW;: there the parameters are A = 0 and § = §; for
every j > i. They therefore define a smooth metric g on N'. For the embeddings just defined, on Nj,
one has

€8 — &0 1 CT(Np) (j — ). (14.3)

This follows from Lemma 12.1 on the sphere part and equality of the tensors on the finitely many
replacement domains and collars. The exterior of the m+1 disjoint round balls By (p),Int Ky, ..., Int K,
is connected. A shorter round geodesic has at most one open interval in each ball; replace that interval
by an arc on the boundary three-sphere. The finitely many boundary arcs avoid the other balls
because the closed balls are disjoint. This gives an exterior path between any two exterior points.
Each attached W, is connected and meets that exterior along its boundary; hence N, is connected.
Its intrinsic g.-distance is finite and induces the compact manifold topology. Equation (14.3) gives
uniform Lipschitz bounds for e, ; on each such compact metric space.

Realize M; — Y in a common compact metric space as in Proposition 2.3. Arzela-Ascoli on each
N, and a diagonal subsequence give uniform limits e, : N;, — Y. Compatibility gives eni1|n, = em,
so these maps define a continuous map e : N — Y.

The functions in Lemma 13.2 restrict, under ey, j, to one function Ae : Np, — (0, o) independent
of j > m. These functions agree on overlaps and define a positive function on N'. On the sphere part,
0/2 < A < 2p; on W;, Awo = t;. The separation by s, therefore gives

SUP Ao < 28, sup A <2sp, (j=m). (14.4)
N\Np, MjNem, j(Np)

For the second inequality, points in a replacement domain of index i > m have value t; < t,,/2, and
all other points of the complement have round distance less than s,,; the exterior comparison in
Lemma 13.2 applies. In particular, for a > 0, choose m with 2s,, < a. Then {1« > a} is a closed subset
of Np,, and is compact.

Since A;(p;) = 0, Lip A; < 32, and diam M; < D,

0<A; <32D.

Their graphs in the common compact realization times [0, 32D] have a Hausdorff-convergent subse-
quence. Their limit projects onto Y. For two limit graph points (y, a), (z, b), passage to the Lipschitz
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inequality gives |a—b| < 32dy(y, z); hence the graph defines a 32-Lipschitz function A : Y — [0,32D].
Choose this subsequence inside the one defining e. The identities on each N;, and Lemma 13.2 give

AMy) <32d(p, y), d(p,y) < CA(y), Aoe = Aw. (14.5)
Thus 171(0) = {p} and e(N) C Y \ {p}.
Fix u € N. Choose a coordinate map x : O3 — Bs3,(0) C R* with x(u) = 0 and O3 C Int N,
for some m. Put O, = x71(B,4(0)). By (14.3), there are 0 < ¢ < C such that, on O3, both g, and all
sufficiently late pulled-back metrics satisfy

4 4
cy,dxp<g<Cy dx.
b=1 b=1
Choose 0 < b < a+/c/(4V/C) and put O; = x 1(B,(0)). A curve starting in O; and leaving O,
has length at least /c(2a — b) > .[ca before its first exit. Any two points of O; are joined by
their coordinate segment with length at most 2/Cb < ./ca/2. Consequently their distances,
both in M; and in (N, gw), are infima over curves contained in O,. On O, the tensors satisfy
(1—11)g= < ey,;8 < (1+ 1)g, with 17; > 0. Comparison of the lengths of every such curve and
passage to the infimum yield

dy(e(v), e(w)) = dg (v, w) (v, w € Oy).

Thus e is an isometry on O; onto its image.

If v # u in NV, choose the preceding chart with v ¢ O,. For all sufficiently large j, the images of u
and v under their compatible embeddings into M; are separated by the first-exit length at u. Passing to
the limit gives dy(e(u), e(v)) > 0. Hence e is injective. Choose 0 < p < Jcb/4 andlet y € B};(e(u)).
Take y; € M; with y; — y. For large j, dy;,(em,j(u), y;) < 2p < /c b/2. The first-exit estimate for
x~'(Bp 2(0)) forces y; € e, j(x~'(Bp/2(0))). A subsequence of their coordinates converges to a point
v E xil(gb/Z(O)) C O1. Uniform convergence of e, ; gives e(v) = y. Therefore Bg(e(u)) C e(0y).
The first-exit estimate also gives B5°(u) C O;. The distance identity on O; consequently makes
e : B3> (u) —> Bg(e(u)) an isometry. In particular e(N') is openin Y.

Finally, let y # p and put a = A(y)/2 > 0. Let y; € M; converge to y. Every subsequential limit
b of 1;(y;) gives a limit graph point (y, b) and therefore equals A(y). Boundedness of these values
implies A;(y;) = A(y). Thus A;(y;) > a for large j. Choose m with 2s,, < a. Equation (14.4) implies
Vj € em, j(Np,) for all sufficiently large j. Compactness of N, and uniform convergence of e, ; then
give y = e(v) for some v € Ny,. Thus e(N') = Y \ {p}, proving the assertion. O

Proof of Theorem 1.3. Equation (9.2), the rebasing estimate above, and Lemma 9.3 give the curvature,
noncollapse, and convergence assertions. Proposition 10.4 gives the scalar and Ricci integral bound.
For every fixed A > 0, Proposition 13.3 supplies a correspondence C, , between Bzr(p) and E};Or(p)
such that

(p, p) € Ca, diSr—ld,r—ldO Car= r! disd,do Car < ZCAFZ — 0. (14.6)

Compose it with the pointed correspondences of (12.3). The composition is surjective onto both
factors: choose an intermediate point using the surjectivity of each correspondence. For two composed
pairs, the triangle inequality bounds the distance discrepancy by the sum of the two distortions. The
distinguished pair is retained. Thus the rescaled closed A-balls in Y converge to the closed A-ball in
the stated product cone, for every A > 0 and for the full limit » | 0. This proves the unique-tangent
assertion of (1.12).

Apply Proposition 2.3 to the fixed domains W;. By Lemma 2.1, choose generators ¢; € Hy(W;; Z)
whose images under the quotient maps generate H,(W;/dW;; Z). The classes a; = ( fi)«ciin Hy(Y; Z)
are independent: applying (r;). to a finite integral relation isolates its i-th coefficient in an infi-
nite cyclic group. Tensoring the same homomorphisms with Q gives independence over Q by the
calculation in (2.5). The localization estimate gives
sup d;(pj, w) < 2t + CpRi — 0 (G >).

w;

weWw;



HOMOLOGY AND LOCAL CONTRACTIBILITY 51

After passage to the limit, every neighborhood U of p contains f;(W;) for all sufficiently large i.
Therefore the image of Hy(U;Z) in Hy(Y;Z) contains all the corresponding independent a;. A
Euclidean-ball neighborhood has zero second homology. Hence p € Sio,(Y). If p € V C U are open
and V < U is null-homotopic, its composition with U < Y induces the zero map in degree two,
contrary to the infinite-rank assertion for V. This proves failure of local contractibility. Every open
topological cone over a compact space is contractible by (1.14); it therefore cannot be homeomorphic
to an open neighborhood of p. Lemma 14.1 proves Siop(Y) = {p}.

At any y # p, normal coordinates for the smooth local metric give g,,(rz) — 8,5 uniformly on
every bounded rescaled coordinate set. Curves leaving a fixed larger coordinate neighborhood have
a fixed positive length, so the local distance comparisons imply Tan(Y, y) = {R*}. At p, the unique
tangent splits R?. Thus no point lies in S;(Y). Since Sy(Y) € S1(Y),

S (V) =S7°(N) =@,  Inty(Y\SgE(Y) =Y.
The space Y is not a manifold, so this is a counterexample to [4, Conjecture 0.7] in dimension four. [

The join S! = S%”q has the same topological quotient as S' % S!. The map [u,z, w] —
(cos u z,sin uw) is a continuous bijection from that compact quotient to S* C C?, and hence
a homeomorphism. The infinite-rank image in degree two excludes a topologically conical
neighborhood of p, as proved above. No formula for H.(Y, Y \ {p}; Z) in terms of a fixed link is
asserted or used.
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