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LOCAL REALIZATION OF SPECTRAL CLUSTERS
ANASS NIFA

ABSTRACT. Let A be an isolated eigenvalue of multiplicity m of a real Schrodinger operator on a
compact connected manifold of dimension at least two, with a fixed closed, Dirichlet, or Neumann
realization. Every symmetric matrix sufficiently close to AI is the corresponding spectral-cluster matrix
of a small scalar-potential perturbation supported in any prescribed nonempty interior open set. The
perturbation depends 1/2-Hélder continuously on the matrix, vanishes at AI, and is real analytic
away from that value. Sections with these properties exist for positive Laplace eigenvalues in the full
conformal class of a closed manifold and, in dimension at least three, for supported metric perturbations
preserving the volume density pointwise.

For potentials and conformal factors, every nonzero scalar contraction of the intrinsic cokernel
Hessian has infinite positive and negative index. The first nonzero transverse diagonal term of the
contracted eigenfunction kernel is homogeneous and harmonic. On a closed manifold, the multiplicity
locus in the full metric space or a full conformal class is a C' embedded submanifold exactly where
the cluster derivative is onto. Unrestricted metric stability holds through multiplicity seven and can
fail at multiplicity eight. For potentials and conformal metrics, the projection connection has arbitrary
prescribed curvature at the reference along a compatible matrix germ. In particular, its local holonomy
on the exact fixed-eigenvalue level is SO(m).

For a finite effective symmetry group, the matrix target is the self-adjoint commutant. In corank
one, the same index condition gives continuous relative lifts over compact spaces of finite covering
dimension. On each fixed harmonic space @i\iz H,(S%), the maximum width of the first N + 1 positive
clusters is bounded below by a positive multiple of the squared L?* norm of every sufficiently small
conformal perturbation.
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1. INTRODUCTION

Let Py = Ag + V be a real Schrédinger operator on a compact connected smooth manifold, and
let A be an isolated eigenvalue of multiplicity m. Perturbation of the operator induces a map to
Sym,,(R) whose eigenvalues are the nearby eigenvalues of Py, counted with multiplicity. Surjectivity
of its derivative gives a smooth local right inverse. A regular zero of the cokernel Hessian gives a
1/2-Holder local right inverse through a singular reference.

Choose a contour separating A from the remaining spectrum. For nearby operators P(v), let I1(v)
be the resulting rank-m orthogonal projection. An orthonormal basis of Ej = ker(Py — 1) extends by
the Riesz—Gram construction to a frame U(v), with

L(v) = UWw)*P)U(v), &, = imII(v), V=Id. (1.1)

Then L(0) = AL, and L™'(A1,) consists exactly of the perturbations for which the selected eigenvalue
remains equal to A with multiplicity m. The bundle £ and its projection connection are defined on
this level and on the full parameter neighborhood.

1.1. Local right inverses. Throughout, A, = —div, V,, the manifold dimension is at least two, and
the coefficients are smooth and real. A boundary, when present, is smooth. The Dirichlet or Neumann
realization is fixed. Metric perturbations in boundary problems have compact interior support.

Let O C M’ be a nonempty open set. Consider the following three parameter spaces, where
Symy(TM, g) denotes the g-self-adjoint trace-free endomorphisms of TM.

Operator and eigenvalue Perturbations near zero
P Ag+V, A €R; fixed closed, Dirichlet or V +v,v € C7(O;R)
Neumann realization
C Ag, A > 0; M closed (1+v)gifn=2; (1+v)4/(”_z)g ifn>3;v¢€
C=(M;R)
\ Ag, A > 0; n > 3; fixed realization g(eH -+), H € CZ(0;Symy(TM, g))

All matrix norms below are Frobenius norms, with (A, B)y = tr(ATB). Spatial norms for tensor
parameters are computed relative to the reference metric. Put D = m(m + 1) /2.

Theorem A (Local sections). In each of the classes P, C, and V, there are a finite-dimensional space W
of allowed smooth parameters, § > 0, and

S : Bs(0) C Sym,,(R) — W
such that
S(0) = 0, L(S(Y)) = AL, + Y, IS(Y) = S(Y) o < CillY = Y/|/2. (1.2)

Here k is any fixed nonnegative integer. The target ball is independent of k, whereas Ci may depend on
k. The section is real analytic on the punctured ball. In P and V, every parameter in W is supported in
one compact K € O.

If the allowed derivative is onto, dim W = D suffices and S may be analytic at zero with a linear
estimate. Otherwise dim W = D + 1 suffices, and there is an analytic curve v(s) € W, with v(0) = 0,
such that

L(v(s)) = AL, DL(w(s))lw : W — Sym,,(R) isonto (0 < |s| < 1). (1.3)

At a reference where the derivative is not onto, no exponent greater than 1/2 can hold uniformly in all
target directions in a norm controlling the second derivative of L.

In class P, the cluster map is analytic in an L neighborhood; in classes C and V it is analytic
in a sufficiently small C* neighborhood, k > 4. The maps in the theorem take values in a fixed
finite-dimensional space of smooth perturbations. Consequently, the same target neighborhood

serves every spatial norm. For V, the identity det e = " = 1 gives dv,, = dv, pointwise.
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1.2. The cokernel Hessian. For a fixed parameter space, write
F=L-AL,, A=DF(0), R=imA, C=R'Y K=kerA, a=dimR, d=dimC. (1.4)
The intrinsic cokernel quadratic map is
QW) = %PchF(O)[U, v], vEK.
For the potential and conformal parameter spaces,
ind,{c, Q) =ind (¢, Q) = o (c e C\{0}).

In the potential case its kernel is determined by

be(x,y) = ) cijui()ui(y),  Ry=(Po—A)7gs.
Lj

The annihilator equation gives b.(x,x) = 0 on the allowed support region. Unique continuation
implies that the first nonzero transverse diagonal term has finite degree. This degree is even, and
the eigenfunction equation makes the homogeneous term harmonic. Its restriction to the cotangent
unit sphere has both signs. The principal symbol of the contracted Hessian therefore has both signs.
Disjoint localized oscillations give arbitrarily large definite subspaces; imposing finitely many linear
equations preserves both infinite indices. The corresponding conformal identity and the estimates
are in Section 3.

A regular zero of Q on a finite-dimensional subspace then gives the section by the weighted
implicit equation of Arutyunov—Zhukovskiy [11, Theorem 3.3 and its proof]. The weights are two
on a complement of K and one on the quadratic correction directions. A Euclidean radial parameter
gives the punctured analyticity and the pairwise 1/2-Holder estimate; the reduction is written in
Theorem 4.5. For pointwise fixed volume density, the tensor symbol and the compactly supported
divergence equation are in Section 5.

1.3. Strong stability and multiplicity loci. The strong and weak Arnold hypotheses are those of
Colin de Verdiére [18]. For the fixed cluster matrix and a specified parameter space, the strong
hypothesis is surjectivity of DL(0). The weak hypothesis states that, in each sufficiently small
parameter neighborhood, A1, remains in the image of every sufficiently small continuous perturbation
of L. A right inverse in Theorem A implies the weak hypothesis by Brouwer degree. Appendix B gives
a direct Fourier proof for flat two-tori, answering affirmatively the weak-stability question in [18, §3,
p. 188].

On a closed manifold, a nonzero annihilator ¢ for unrestricted metric variations at a positive
Laplace eigenvalue satisfies

Zc,-juiuj:O, Zcijdui®duj:0.

Theorem 6.1 gives ny(c), n_(c) > 4. Thus every positive eigenvalue of multiplicity at most seven
satisfies the Strong Arnold Hypothesis; the flat-torus example of multiplicity eight is sharp. This
answers Question 4.7 of Greilhuber-Kepplinger [28].

For a closed manifold, in the full metric space or full conformal class, put

trL
o Z=T7Y0)
m

'=L-
Theorem 6.6 states that Z is a C! embedded submanifold near the reference if and only if DL(0) is
onto. In that case its codimension is m(m + 1)/2 — 1. At a singular reference, the intrinsic quadratic
equation has exact-level velocities whose difference is not a quadratic zero; hence the velocities
cannot form a linear tangent space.
For the exact value level, the contingent tangent cone is

T,F'(0)={veK : Q(v) = 0}. (1.5)
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Every vector on the right is the velocity of a two-sided C'/? curve in that level. More generally, a
smooth target germ f admits an exact C! lift with prescribed derivative L precisely when

AL = Df(0), PeD? £(0)[u,v] = PeD*F(0)[Lu, Lv]. (1.6)

These statements hold for the potential and conformal parameter spaces, and for the Banach-space
maps of Section 6 satisfying its infinite-index hypothesis.

1.4. Curvature on spectral levels. Let Q denote the curvature of the connection in (1.1). For a
varying metric, the Hilbert spaces are identified with L*(M, dvg) by multiplication by (dvy, / dvg)l/ 2,
This identification is part of the definition of the connection.

If Foh = f and h(0) = 0, the chain rule requires D f(0)(R") C R. In classes P and C, this is the
only condition on a smooth matrix germ when the derivative of h is free.

Theorem B (Matrix germs and curvature). Suppose m > 2 and the variation class isP orC. Letr > 1,
let f : (R",0) = (Sym,,(R),0) be smooth with D f(0)(R") C R, and prescribe matrices

Hij =Ry €so(m)  (1<i,j<r).

There are a finite-dimensional space V of admissible perturbations and an embedded smooth germ
h: (R",0) — (V,0) such that

F(h() = f(), (" Qo(ei, e)) = Zij. (1.7)

where Q is the curvature of the projection connection. If d > 0, one may take dimV = a + r(d + 1), and
the cluster derivative on V is onto at every sufficiently smallt # 0. If d = 0, dim V = D + r suffices.
Analytic f gives analytic h.

Forr =m, f =0, and %;j = E;j — Ej;, where E;; is the elementary matrix, every element of SO(m) is
the holonomy of a smooth based loop in the exact level L = AL, in every sufficiently small parameter
neighborhood. These loops may be chosen in one embedded m-parameter family and are contractible
within that family.

The space V may depend on f and Z. The curvature equation is the equality of alternating bilinear
maps (h*Q)y = Z on TyR’. The conformal factors range over C*(M). For the equation Foh = f alone,
Theorem 4.9 supplies one finite-dimensional space for all germs with a fixed parameter dimension.

For a fixed T € SO(m) \ {I,,}, the infimum of the total variation of such loops with amplitude
at most ¢ is bounded above and below by positive multiples of £~!. The parameter norm and the
constants are specified in Section 7.

For example, take the eigenvalue 2 of the round two-sphere, with m = 3. Scalar potentials
supported in any given nonempty open set admit a nine-dimensional perturbation space with the
following property: every sufficiently small parameter neighborhood contains a loop on which the
eigenvalue remains 2 with multiplicity three and whose holonomy is any prescribed element of SO(3).
The loop is contractible in the same exact spectral level; see Section 7.

1.5. Relative families and simultaneous spectral conditions. In corank one, continuous lifts pre-
scribed on a closed subset of a compact parameter space of finite covering dimension extend into
a larger prescribed neighborhood. The smaller source and target neighborhoods depend on the
covering dimension of the parameter space; the precise statement is Theorem 8.5. For a separated
part of a cluster, the map to a real Grassmannian determines the spectral subbundle. In these nested
neighborhoods, extension of a spherical family through the gap space is equivalent to nullhomotopy
of its Grassmannian map.
For a finite effective symmetry group G, invariant perturbations give local sections with target

Symg(E) ={Y =Y": Yp(y) = p(y)Y (y€ G}

Theorem 9.1 gives the corresponding residual irreducibility statement. For positive-dimensional
groups, larger common symmetries may restrict the image: on the quaternionic shells of Section 9,
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left Sp(1)-invariant Euclidean domains and scalar potentials are O(4)-invariant. Their degree-two
angular eigenspace gives the stated obstruction to generic irreducibility.

On the unit-round $2, let ; denote the real degree- j spherical harmonics, put dy = dv, /(47), and
set Vy = G}f; H;. If we(v) is the width of the cluster issuing from #(¢+ 1) for (1 +v)y, Theorem 11.1
gives

2
max wi) 2 exlblliy  ©€ Vi, bl < ew) (19)

Both constants depend on the fixed integer N. The normalization gives area 47 and removes the
degree-one tangent directions of conformal automorphisms. Each common cluster value is free to
vary. The incompatibility of the joint second-order equations is established in Sections 10-11.

1.6. Related results.

1.6.1. Multiplicity and transversality. Arnol’d’s comparison of eigenvalue multiplicities with the strata
of symmetric matrices [6] led to the strong and weak hypotheses formulated by Colin de Verdiére [18].
Uhlenbeck proved generic simplicity and eigenfunction transversality for variable metrics [58];
Bleecker-Wilson and Bando-Urakawa obtained splitting and generic simplicity by perturbation
theory [16, 13]. For Neumann realizations, Gomes—Marrocos proved generic simplicity and studied
analytic metric variation [27]. Theorems of Teytel and Micheletti-Pistoia describe noncrossing and
multiplicity loci under transversality hypotheses [57, 43].

Colin de Verdiére and Besson [18, 15] identified the annihilator of the metric derivative at a positive
Laplace eigenvalue with the symmetric matrices C satisfying

FCIZCijuiujIO, TCZZCijdui®duJ'=0.

For a full conformal class, the annihilator is defined by Fc = 0. Proposition 2.1 gives the characteriza-
tion for metric variations. Theorem 6.1 proves that Fr = T¢ = 0 and C # 0 imply that C has at least
four eigenvalues of each sign.

Greilhuber-Kepplinger prove that conformally unstable metrics form a set of infinite transversality
codimension, and deduce maximal noncrossing rules [28, Theorems 1.3-1.4]. Their low-multiplicity
theorem gives unrestricted stability through multiplicity six. Their Lemma 4.5 proves weak conformal
stability on a surface when the conformal cokernel is one-dimensional and a reversing isometric
involution is present. Theorem A concerns every given reference, without these two additional
assumptions. The contracted resolvent kernel in [28, Proposition 3.1 and Lemma 4.5] also occurs
in Section 3. Its first nonzero transverse diagonal term is harmonic; the associated scalar cokernel
Hessian has infinite positive and negative indices. Theorems 6.1 and 6.6 address Questions 4.7 and 4.8
of [28], respectively. The numbering of [28] is that of version 4.

1.6.2. Quadratic maps and singular inverse problems. Regular zeros and finite-dimensional restrictions
of quadratic maps were studied by Agrachev and Agrachev—-Sarychev [3, 4]; rescaled inverse equations
appear in [4, Lemmas 9.2-9.3 and Proposition 9.4]. If the intrinsic quadratic map has a regular zero,
Arutyunov-Karamzin [8, Theorem 1] obtain a continuous local inverse with the estimate

1S(y) = S < C(Iy| + [Peyl/?).

Their later work treats square-root metric regularity and tangent cones in Hilbert spaces [9]. For
regular weighted polynomial truncations, Arutyunov—Zhukovskiy [11, Theorems 3.2-3.3] give coordi-
natewise inverse estimates and an implicit equation after weighted rescaling. The finite-dimensional
section in Theorem 4.5 follows from that equation with weight two on a complement of the derivative
kernel and weight one on a regular quadratic slice. Integration of the derivative estimate gives the
1/2-Hoélder bound between two target points; a Euclidean radial parameter gives smoothness off zero.

The corollary in Arutyunov-Zhukovskiy [12, §3] also applies to the finite-dimensional equation
F(x + z) = Y, with the singleton constraint and weights two on the derivative complement and one
on the quadratic slice. It gives |x| = O(|Y|) and |z| = O(|Y|"/?) for a solution at each target Y.
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Tangent-cone formulas under 2-regularity are due to Izmailov—-Solodov [36]. Ramos [52, Theo-
rem 1] obtains inclusions for higher-order tangent sets under directional metric pseudo-subregularity.
Arutyunov [10, Theorems 2.2, 2.4, and 2.6] constructs smooth exact curves with prescribed regular
quadratic-null direction and compatible higher jets. Under the infinite-index hypothesis below, regular
zeros are dense in the quadratic null cone, so its equality with the contingent tangent cone also follows
from the 2-regular tangent-cone theorem. In Theorem 6.7, finitely many mixed Taylor coefficients
vanish after restriction to a finite-codimensional subspace. The augmented equation, with weights 2
on the parameter coordinates and 2k + 1 on the correction coordinates, then has a regular weighted
truncation. The implicit equation in [11, proof of Theorem 3.3, equations (4.19)-(4.22)], together with
polar derivative estimates, gives the prescribed C*/2 lift. For k = 1, every quadratic-null direction,
including a singular one, is realized by a two-sided C'/? curve.

The quadratic maps in Section 4 remain surjective after restriction to every finite-codimensional
subspace and admit prescribed finite symmetric and alternating Gram arrays. In corank one, a finite-
dimensional nondegenerate scalar restriction gives the relative lifting theorem of Section 8; its smaller
neighborhoods depend on the covering dimension of the parameter space. Related relative extension
results for endpoint maps are due to Agrachev-Boarotto-Lerario [1]. High-connectivity results for
intersections of real quadrics are due to Larsen—Lindenstrauss [39].

The smooth graph completion in Appendix D follows from symmetric Taylor factorization and
the parameter-dependent implicit function theorem. Smooth cutoffs preserve a given graph near a
closed subset of the external parameter space; a flat correction preserves an entire formal jet.

1.6.3. Prescription and geometric constraints. Taking Y = +sl,, s > 0, gives metrics with the same
volume density for which every eigenvalue in the selected cluster equals A + s. Thus, in dimension at
least three, every positive ordered eigenvalue can be increased and decreased by arbitrarily small
smooth metric perturbations supported in O and preserving the volume density. For the first positive
eigenvalue, the absence of local minima under a fixed-total-volume constraint is due to El Soufi-
Ilias [25, Corollary 1.1(ii)]. On the round S?, Hersch’s inequality [33] excludes an increase of the first
positive eigenvalue at fixed area. Section 5 constructs, in every dimension at least three, a metric
and an open set on which all sufficiently small nonzero conformal perturbations decrease a specified
simple eigenvalue.

Colin de Verdiére constructed metrics with prescribed finite spectra, including multiplicities [19].
Lohkamp imposed additional geometric constraints [40]; He-Wang prescribed volume and finite
Dirichlet spectra [32]. Theorem A gives a local section through every reference in the stated parameter
spaces. In the potential and fixed-density cases, the perturbations have support in one compact subset
of the prescribed open set.

Pseudodifferential representations of metric Hessians also occur in Okikiolu’s work on spectral
zeta functions [48]. The fixed-density calculation here concerns one isolated cluster. Its trace-free
tensor Hessian has the transverse quadratic symbol

te(tr D* — (tr D)?).

Both signs occur for n > 3. When the stress tensor vanishes, Section 5 instead solves a compactly
supported divergence equation. First variations of ordered eigenvalues and extremal metrics are
studied in [26, 37].

1.6.4. Bundles, connections, and holonomy. A section of the matrix map pulls back the tautological
bundle from a Grassmannian. Grassmannians also occur in Agrachev’s multiplicity filtrations and
in the Morse theory of ordered eigenvalues developed by Berkolaiko-Zelenko [2, 14]. For Dirac
families, nontrivial spectral bundles obstruct extension across a ball [47]. The families below have
the prescribed bundles as spectral subbundles of scalar operators. On the round S?, the multiplication
isomorphism of Colin de Verdiére [18, §2] gives a local potential section smooth at zero.

The universal-connection theorem of Narasimhan-Ramanan [46] realizes connections as pullbacks
of a Grassmannian connection. Ramadas determines the homotopy type of the corresponding space
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of classifying maps [51]. The spectral interpretation of the projection connection and its holonomy is
developed by Simon, Wilczek-Zee, and Wu [54, 59, 60]. The generation of holonomy by curvature is
the content of the Ambrose-Singer theorem [5]; curvature-spanning constructions for families of
Hamiltonians appear in [61]. Isoholonomic length and optimization problems are treated in [56, 55].

In Theorem B, the projections are spectral projections of scalar Schrédinger or Laplace operators.
The equations F o h = f and (h*Q)y = # prescribe the matrix germ and the curvature at zero. For
f =0, the eigenvalue and its multiplicity remain constant along every curve in the parameter family.

1.6.5. Symmetry and multiplicity rigidity. For a finite normal cover, Zelditch proved generic irreducibil-
ity when the manifold dimension is at least the dimension of every irreducible real representation
of the deck group [64]. Theorem 9.1 gives commutant-valued local sections, and its genericity con-
sequence has no representation-degree restriction. Shelukhin has announced generic irreducibility
under finite symmetry in joint work with Morozov [53]. For positive-dimensional symmetry, Cianci-
Judge-Lin-Sutton prove generic real irreducibility for free torus actions, with dimension larger than
the orbit dimension [17]. These statements concern invariant Riemannian metrics.

For invariant Euclidean domains, Pereira [49] and Marrocos—Pereira [41, 42] study the corre-
sponding irreducibility problem. The quaternionic example in Section 9 disproves the compact-group
conjecture in [41, Conjecture 1, p. 2]. Its Euclidean domains and scalar potentials share a larger
orthogonal symmetry. Larger commutants also occur in the homogeneous-space analysis of [20].

Zelditch formulated the multiplicity-rigidity problem for the round two-sphere in [63, 62]. Odd
infinitesimal conformal deformations also occur in Guillemin’s theory of Zoll surfaces [31]. Theo-
rem 11.1 gives local uniqueness in each finite harmonic space Vy, together with a quadratic lower
bound for cluster splitting. The scalar value of each cluster may vary; the constants depend on N.

2. SPECTRAL PROJECTIONS AND PERTURBATIONS

All adjoints are taken in a specified real Hilbert space, after complexification only for contour
integration. Matrix pairings are (A, B)r = tr(A” B). In particular, on symmetric matrices this is tr(AB),
and on skew matrices it is — tr(AB). If the parameter changes a density, the identification with the
reference Hilbert space is multiplication by the positive square root of the density ratio. The sign and
indexing conventions are

Ag = —dng Vg, 0= Ao(g) < /11(8’) < Az(g) < e (2.1)

for a closed connected manifold. Let D denote the operator domain with its graph norm. Contour
projections are chosen before any finite-dimensional family is constructed.

2.1. Fixed Hilbert spaces and spectral projections. Fix a reference density dvg. For g’ near g, put
py = dvy /dvg and

]g/u = p;{z u, Tg/ = ]g/AgI]g_’l on LZ(M, dl)g). (22)

The map Ji- is unitary from L*(M, dvy) to L?(M, dvg), since / |]g/u|2dvg =/ |u|2dvg/. For closed M,
the operator domain is H*(M). For a smooth boundary, write

Dp = H*(M) n H{ (M), Dy ={ue€ H* (M) : 9,u =0}

In the fixed-manifold metric perturbations considered here, g’ = g on a collar of 9M. Thus J, = I on
that collar and the conormal derivative is independent of g’. The domains of Ty are consequently
the fixed spaces Dp or Dy. The Euclidean domain families in Section 9 are treated by their separate
radial and meridional realizations.

The form gg(u) = /,, |dul? dvg, with domain Hy(M) for Dirichlet data and H'(M) otherwise, is
closed and nonnegative. Indeed, gg(u) + |ul is an equivalent squared norm on the indicated form
domain. Its inclusion into L? is compact. The associated self-adjoint operator therefore has compact
resolvent. For closed M, the domain and regularity follow from [24, Theorems 15.1 and 16.1]. For
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the boundary domains, see [30, (2.4) and Theorem 2.2, p. 833]; the elliptic regularity implication on
compact manifolds is [29, Theorem 6.8, 3°, and Corollary 6.10, pp. 40-41].

The boundary principal symbols satisfy the following complementing condition. In inward
boundary normal coordinates, the principal part of Ag at a boundary point is

—9% = h(3,0)9y,dy,.

For a nonzero tangential covector £, set k = (h“ﬂgg{g[g)l/z > 0. The solutions of —w” + k?*w = 0
decaying as t — +oo are w(t) = ce”*". Their Dirichlet data are ¢, and their outward normal derivatives
are xc. Either homogeneous boundary condition therefore forces ¢ = 0. Both boundary operators
are normal. Applying the cited regularity theorem to 1 + Ay meets its invertible Dirichlet-realization
hypothesis: the form g, + | - 3 is coercive. Adding the constant 1 does not change the principal or
boundary symbols.
For the closed, Dirichlet, and Neumann realizations, and every integer s > 0, the resulting estimate
is
lulgsre < Cs(lAgules +lulz) — (we HF2(M)n D). (2:3)

Here D denotes the fixed H? domain. Put Ry = (1+ A,)™". Regularity gives R,(H*) C H*"* n D. This
map has closed graph: convergence in H**? implies convergence in L?, where R, is bounded. Thus
R, : H® — H**? is bounded. For s > 0, the Sobolev interpolation inequality

lulers < elulpgse + Coelulye

absorbs the additional |u]ys term in the bound for R.(1 + Ag)u; for s = 0 the L? resolvent bound
gives the estimate directly. Repeated application to Agu = Au makes every eigenfunction smooth up
to the boundary. Write m’ = \/det g’ in a coordinate chart. The differential expression on the fixed
Hilbert space is

Tg/f = _p;{2(m/)718i(m/g/ijaj(p(;/l/Zf)) ) (24)
For each k > 4, the maps g’ — g’~!, m’, and pg,l/ ? are real analytic between the corresponding

Ck spaces on a uniformly positive neighborhood. Indeed, matrix inversion follows from a locally
convergent Neumann series; the determinant is polynomial; and the positive scalar powers have
locally convergent binomial series in the Banach algebra C*. After expanding the two derivatives
in (2.4), each coefficient is a product of these functions and at most two metric derivatives. Thus
g’ + Ty is real analytic into £L(D, L?), where D is the fixed H? domain stated above. Multiplication
by a bounded coefficient has L? norm at most its supremum norm, and each coordinate derivative of
order at most two maps H? continuously to L?. A finite partition of unity sums these estimates. In
particular, on a smaller neighborhood,

”Tg/ - Tg||D_>LZ < C “g/ - g”Cz . (25)

The same expansion gives all parameter derivatives on finite-dimensional smooth families. For a fixed
high Sobolev exponent, replace H> — L? by H**?> — H* and require the corresponding finite number
of bounded coeflicient derivatives. Choose a positively oriented rectangular contour y, invariant as a
set under complex conjugation, whose real intersections are the endpoints of I and whose interior
contains no reference eigenvalue other than A. Let

_ . . _ —1
d, = Iglel)l/’l dist(z, spec Tg) > 0, Ro(z) =(z—Ty) .

For every v € spec Ty and z € y,

1+v 1+ |z|
lz—v| ~ d,
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Expansion in the reference eigenbasis and (2.3) therefore give

sup [Ro(2)lp2p < oo. (2.6)

z€y

The perturbation bound (2.5) now applies uniformly on y. If sup, |(Ty — Ty)Ro(2)|;._,;. < 1/2, then

(2= Ty) ™ = Ro(2) ). ((Ty = TR(2). (2.7)

j=0
The identity
2= Ty = [I - (Ty - TORy(2)](z — Ty)

proves that (2.7) is a two-sided inverse with domain D. The geometric-series bound and (2.6) imply
uniform convergence in £(L?, D). The resolvent identity at two parameters is

Rg//(Z) - Rg/(z) = Rg//(z)(Tg// - Tg/)Rg/(Z).

Division by the parameter increment, followed by the operator-norm limit, gives DR[h] = RDT[h] R.
In particular,

D?R[hy, hy] = RD?T[hy, h2]R + RDT[h{]R DT[h,]R
+RDT[hy]JRDT[h{]R.

Induction by the product rule gives each higher derivative as a finite sum of products of these
bounded operators and derivatives of T. The estimates are uniform on the compact contour and
justify differentiation under its integral. The locally normally convergent series (2.7) also proves real
analyticity in the metric parameter. In particular, no eigenvalue crosses either endpoint of I in this
neighborhood. Define
1

Py = Py /Y(z - Tg/) Ldz. (2.8)
The Riesz projection theorem [38, Chapter III, Section 6.4], applied to the self-adjoint realization
above, identifies Py with the orthogonal projection onto the indicated cluster. It commutes with
complex conjugation and therefore preserves real functions. Its rank is m. Indeed, if P’ and P are
orthogonal projections with [P’ — P| < 1 and v € im P satisfies P’v = 0, then

ol = (P — P"Yo] < |P — P’} Iol,

so v = 0. Interchanging the projections proves injectivity in the other direction. Since im P has
dimension m, both inequalities on the dimensions follow. Let U : R™ — L%(M, dvg) have columns an
orthonormal real eigenbasis uy, ..., up. Put

Uy = Py UU Py U) Y% L(g)) = U Ty Uy (2.9)

The Gram matrix equals I, at g and remains positive. Its positive inverse square root is real analytic
by the convergent power series for (I + X)~'/? when |X| < 1. Direct multiplication gives Up Uy = In.
Its image has dimension m and equals im Py/. The matrix L(g") is therefore real analytic on the same
metric neighborhood. Consequently

TyUy = Upl(g), L) =L@ (2.10)
The corresponding frame for the original metric is

1 / *
Vg =Jy Uy, Ag Vg = VgL(g), VeV,

o Vg = Ly, (2.11)

where the last adjoint is taken in L2(M, dvg/). In particular,

Vyr ker(L(g") — 0I,,) = ker(Ay — 6) Nim V.
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The spectral frame also depends smoothly on the spatial variables. Let t range over a finite-
dimensional ball and let g; have coefficients smooth in (t, x), with the same boundary realization as
above. For each nonnegative integer s, put

D, = {u € H***(M) : u satisfies the fixed boundary condition};

in the closed case there is no boundary condition. On a smaller parameter ball, the elliptic estimate
and the resolvent bound give
sup |(z— T) lmsop, < oo (2.12)
teB(0)
z€y
Choose a compact parameter ball P contained in the neighborhood where the contour avoids the
spectrum. Fix s and (%, z9) € P x y. Regularity and the closed graph theorem give

(20— Ty) "+ H* — D

as a bounded map. The coefficients of T; depend continuously on ¢ in the norms required for £(Dy, H*).
Therefore, near (1, zy),

<1

||((Tt = Ty) + (20 — Z)I)(Zo — )" oo < 3

The Neumann series gives a uniform H* — D, bound on this neighborhood. A finite cover of P x y
proves (2.12). The compact ball P depends only on the L? contour condition and is independent of s;
the bounds and finite covers may depend on s.

For fixed smooth f, let u,(z) = (z — T;)"' f. Differentiating its equation gives, for a nonzero
parameter multi-index «,

(z-TDofur = Y (Z)(a?Tt)af_”ut. (2.13)

0<nLa

The resolvent identity first proves this equality in Dy by difference quotients. Estimate (2.12) and
induction on |a| prove it in every D;. Thus t — u,;(z) is smooth with values in each Sobolev space,
uniformly on the contour. Sobolev embedding, with s chosen arbitrarily large, makes u,(z, x) jointly
smooth in (¢, x). Integration over y, followed by the finite-dimensional Gram normalization, proves
joint smoothness of the frames Vy, = J 'Ug, in Sections 8-7.5. Let g; be a smooth one-parameter
family through g. Differentiating (z — T;)(z — T;)™' = I gives

=Ty = G- T - T (2.14)

The series (2.7) converges uniformly on the contour, and the differentiated series does so on any
smaller parameter neighborhood. Hence

1 » _
P= ol /Y(z —Ty) " T(z— Ty) Ldz. (2.15)

For example,

length(y)
27

. 112 .
[Pl < sup [(z = Ty) 1 p | Tl
z€y

The norm on D includes the L? norm. The constant depends on the fixed contour and its distance
from the excluded spectrum. Differentiating P? = P, and multiplying on both sides by P gives
PPP =0.

Since PU = U, it follows that %(U*Pt U)o = 0. The derivative of its inverse square root at the identity
is therefore zero, and

U = PU, PU =0, U*U = 0. (2.16)
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For a different orthonormal frame ﬁt = U,;0; with Oy = I,, one has
Hif() = UO()

Thus orthogonality of the frame derivative to the reference eigenspace is the normalization in (2.16).
The same construction applies when the reference cluster has eigenvalues 6y, ..., 8),, not necessarily
equal. Choose U so that T,U = U®, © = diag(6, ..., 0,,). Equations (2.10) and (2.16) give

L=U"TU, (Tg = 02)itg = —(I = P)Tu,. (2.17)

Indeed, differentiation of L = U; T; U; gives two frame terms. They are (U* U)*® and OU* U, both
zero. Differentiation of T;U; = UiL; and projection to ker P gives the second equality. Define

R, = (Tg - ga)_likerp, Ralimp = 0.
The excluded spectrum is disjoint from every 6,, so R, exists and
g = —R,Tu,. (2.18)

Both formulas remain valid when some of the 0, coincide. At a smooth reference metric, take a
complete orthonormal eigenbasis e; with eigenvalues v; > 0, and define the Hilbert scale

£ 1 = 2+ v fre
j

Let d, = inf{|v; — 0,| : e; € ker P} > 0. For every excluded eigenvalue,

1+Vj < +1+9a
|Vj_9a| da

Squaring this inequality, multiplying by (1 + v;)7'|fj|%, and summing proves

1+ 0,
ot < (1252 ) e 219

The H' norm is the norm of the Dirichlet energy plus L? mass, on H! in the closed and Neumann cases
and on H{ in the Dirichlet case. This follows first on finite eigenfunction sums and then by completion.
The extension in (2.19) is self-adjoint in the associated dual pairing, since its real spectral multipliers
are symmetric. Another smooth real orthonormal frame is Uy O(g’), with O(g") € O(m). After

constant conjugation, assume O(g) = I,. Along a curve through g, set A = 0(0) and L(t) = L(g;).
Since OTO = I, and L(0) = AL,

d, . . 2 . e .
—(07L0) = L(0), —2(0710) = £(0) + 2ATL(0) + 2L(0)A.

Thus the second derivative is unchanged when g, € ker DL(g). For a parameter chart 6 with 6(0) = g,
the chain rule gives

D*(L - 0)(0)[a, a] = D*L(g)[DO(0)a, DO(0)a] + DL(g)D?*6(0)|a, a).

Pairing with a cokernel matrix removes the last term. The contracted Hessian on the derivative kernel
is therefore independent of the frame and source chart.

2.1.1. The metric derivative. For g; = g + th + O(t%),

d _ d
agtl _h##, 7dvgt

r = 1 trg(h) dvg. (2.20)

0 0

The first identity follows by differentiating g;g;' = I. The second follows from % detg, =
(det g)tr(g;1g,). Let v(t) = ]g_llu,-(t) be the columns of the frame in L*(M, dvg,). They are
orthonormal there. At t = 0, differentiation gives

/(l)iuj + uil)j) dl)g = —é/ trg h Uil dl)g. (2.21)
M M
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The matrix entry is [ g d,v,(t)dpv j(t) dvg,. Its derivative has the inverse-metric term, the density
term, and the two terms

A(<dvi,duj>+<dui,dl)j>) dUg:AA(Uin+uin)dUg.

Green’s formula proves this equality. For Dirichlet data, 0|9y = 0; for Neumann data, 9, u; = 0. These
identities remove the boundary terms. There is no boundary term when M is closed. Substituting
(2.21) therefore gives

DL = [ [~ h7u )
+ %trg h (<du,~, duj>g — Auiuj)] dvg.

(2.22)

The formulas hold for all closed-manifold variations and for the interior-supported boundary varia-
tions considered here. For a family with dvg, = dvg and initial derivative h, the coordinate divergence
expression gives

Af = divg(h™df), {Af,z) =- /M h(Vf,Vz) du,. (2.23)

The second identity follows by integration by parts. It is valid for z € H! when h has interior support,
by density of smooth functions in H' and continuity of both sides. Here h**d f has components
g8 hayo if. For such a family the density conjugation is the identity. Thus (2.17) and (2.18) become

Loy = —/ h(Vug, Vuy) dvg, g = —R,Au,. (2.24)
M

If n € H ! annihilates the cluster and w, = R, 7, equations (2.19) and (2.23) also give the weak pairing
identity

(n,ug) = — <Ra77, Aua> = A h(Vug, Vw,) dug. (2.25)

The integral is finite because u, and h are smooth and w, € H'. Finite spectral sums prove the dual
self-adjointness equality first; (2.19) extends it to the stated data. Assume A > 0. For C € Sym,, (R) set

FC: ZCijuiuj, TC: ZCijdu,-@)duj, TC:tI'g TC- (226)

The tensor T is symmetric. For unrestricted variations, the annihilator equation obtained from (2.22)
is
TC = %(Tc - /1Fc)g (2.27)

Localization is valid because all smooth symmetric tensors supported in any coordinate ball are
allowed as test variations. Taking the trace in (2.27), and then applying the product rule, gives

(n—2)rc = nAFc, AgFC = 2AFc — 271¢. (2.28)

For n > 2, these imply AgFc = —4AFc/(n — 2). Multiplication by Fc and integration gives

42
/M |dFc|? dvg = -— A FZ dv,. (2.29)

4)
/|dFC|2dvg+/Fédvg=O
M n—2Ju

gives Fc = 0, followed by 7¢ = 0 and T¢ = 0. For n = 2, the first equation in (2.28) gives 2AF¢ = 0; its
second gives 7¢ = 0, and (2.27) gives T¢ = 0.

Since A > 0, the identity
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Proposition 2.1 (Colin de Verdiére-Besson characterization). Let A > 0 be an isolated Laplace eigen-
value on a closed connected manifold. The cokernel of DL(g) for unrestricted metric variations consists
precisely of the matrices C for which Fc = T¢ = 0. Every such matrix is trace-free.

Proof. If C annihilates DL(g), localization gives (2.27), hence Fc = T¢ = 0 by (2.28)-(2.29). Conversely,
these two identities make the contraction of the integrand in (2.22) zero for every h. Moreover,

trCzZCijAuiujdvgz/Mchvgzo.
i,j

O

See [15, Sections 4A and 7A] and [28, Proposition 2.3]. For g; = (1+ t)g, Ag, = (1+ 1) A,
Therefore

DL(g)[g] = —Al. (230)

For the full metric space and the full conformal class, DL(g) is onto if and only if DI'(g) is onto Sym?,.
Indeed, if DT'(g)h = B € Sym?, write DL(g)h = B + cl,. Equation (2.30) gives

DL(g) [h + (c/)[)g] =B.

Adding a further multiple of g gives every scalar component. Conversely, surjectivity of DL(g) implies
surjectivity after projection onto Sym?,.

The derivative ranges on smooth variations and on C k variations coincide. In fact, smooth functions
and symmetric tensors are dense in the corresponding C¥ spaces. The derivative is continuous, and
its image on the smooth subspace is a finite-dimensional, hence closed, subspace of Sym,,. Taking
limits therefore gives equality of the two ranges. This observation applies both to the unrestricted
space and to the full conformal class. Aronszajn’s theorem [7, pp. 235-239] implies that a smooth
solution of (Ag + V — Du = 0, with V' € C*(M;R), which vanishes to infinite order at an interior
point vanishes on its connected interior component. In an interior chart the principal matrix is
smooth and uniformly positive definite on compact subsets, and the lower-order coefficients are
locally bounded. The theorem applies to every constant linear combination of eigenfunctions with
eigenvalue A. Vanishing on an open set implies infinite-order vanishing at each of its points.

The interior of a connected smooth manifold with boundary is connected. Indeed, each boundary
point has a half-ball neighborhood whose interior part is connected, and hence belongs to one
component of M°. Assign the boundary point to that component; nested half-ball neighborhoods
show that the assignment is independent of the chart. Each interior component, together with its
assigned boundary points, is open in M. These sets form a disjoint open partition of M. Connectedness
leaves a single set. Unique continuation on M° and continuity on M therefore imply global vanishing.

2.2. Supported scalar potentials. Let (M", g) be compact, connected, and smooth, with n > 2. If
oM = @, fix either the Dirichlet or the Neumann realization throughout this section. Let V € C*(M;R)
and

P=Ag+V.

Fix an eigenvalue A € R of multiplicity m, an isolating interval I, and a nonempty open set O C M".
The metric, measure, and boundary realization are fixed.

Multiplication by the real smooth V is bounded and self-adjoint on L*(M, dvg). On the fixed
domain of the Laplacian, P is self-adjoint by bounded perturbation; its resolvent is compact. Indeed,
for areal z < —| V] — 1, the inverse (z — Ag) ™! is compact and [My(z — Ag)"!| < 1. The identity

(z=P) ' =(z=A) ' [I - My(z— A ']

expresses one resolvent as a compact operator times a bounded operator. The resolvent identity gives
compactness at every point of the resolvent set. It is bounded below by —|V|«. For an eigenfunction,
Agu = (A — V)u. Multiplication by the smooth function A — V preserves every H®. Starting with
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u € H?, equation (2.3) gives u € H*"? whenever u € H®; hence u € C*(M), up to the boundary.
In particular, an arbitrary real eigenvalue A has finite multiplicity and positive distance from the
excluded spectrum. For a sufficiently small real potential g, let L(q) be the symmetric matrix of the
I-cluster of P + g in its Riesz—Gram frame, based at a fixed real orthonormal basis of ker(P — 1). Thus
L(0) = ALy.

2.2.1. The localized annihilator. Let E = ker(P — A), let uy, ..., uy, be its real orthonormal basis, and
let U : R™ — E be the associated isometry. Denote the orthogonal projection by II. For z on a fixed
contour enclosing the cluster, the identity

(z=P-q) ' =GP 'I-Mz~P)']"

and the norm-convergent Neumann series apply whenever | gl sup, |[(z — P)7!| < 1. Both the Riesz
projection I1(g) and the bounded spectral operator

A(g) = i /Y 2z~ P~ M) dz = (P + M)II(q)

are analytic in the L™ norm of g. If U, is the Gram-normalized frame, then L(q) = U;A(q)Uy is
analytic as well. The family has the fixed domain D and reference measure dvg [38].
Differentiating at g = 0 gives

DL(O)[f]U = / fu,-uj dl)g. (231)
M
Hence the annihilator and kernel are, respectively,
Coz{CESymm : Fe ZZZCU‘L{Z’U}':OOHO], (232)
ij
Ko={feC (0): IMI=0}. (2.33)

Indeed, the vanishing of [/ fFc for every f € CX(O) is equivalent to Fclo = 0 by the defining
property of distributions, and Fc is smooth. Writing R = DL(0)(C(O)), one has

Symm =Ro & Co, trC = / Fe dl)g.
M

Every basis of Rp has preimages in C;°(O). The cokernel is taken in Sym,,, including its scalar
subspace.
Set

R=(P-N)"p, Re=0,  Bc=)Y CjM,RM,.
Lj
The operator Bc is self-adjoint because R* = Rand CT = C.
Moreover,

IBelzorz < IRlzorz ) 1Cu uideolujllon < oo.
LJ

The norm is global; the relation Fr = 0 holds on O.
Lemma 2.2. For C € Cp and f € Ko,

(C,D*LO[f, £y = =2(f, Bc f1zmy- (2.34)

Proof. Write (P + tM;)U(t) = U(t)L(t), where U(t)*U(t) = . Equation (2.31) gives L’(0) = 0. The
first differentiated equation, projected onto E*, gives

(I -TU’(0) = —RM;U.
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Apply U* to the second differentiated equation. The terms containing PU”” and AU” cancel, and the
term 2U’L’ is zero. Thus

L”(0) = 2U"M;U’(0) = —2U*MyRM;U.

The E-component of U’(0) contributes zero because U*M;U = 0. Contracting with C proves
(2.34). O

2.3. Conformal metrics. The reference operator in this subsection is the Laplacian. The eigenvalue
satisfies A > 0. In boundary realizations, every conformal factor equals one on a fixed boundary
collar.

2.3.1. The generalized eigenvalue equation. For n > 3, put f = 4/(n — 2) and
H=1+v>0, g =H’g (2.35)

For n = 2, put g, = (1 +v)g with 1 + v > 0. All parameters are real and smooth. On a manifold
with boundary, v is compactly supported in the interior. For n > 3, dvg, = H 2n/ (”_Z)dvg and g, =
H™¥/(2g~1 Hence

Agu=H P (H?Agu— 2H (dH, du)). (2.36)

The product rule for the positive Laplacian gives Ag(Hu) = HAgu + uAgH — 2(dH, du). Substituting
® = Hu into (2.36) yields

A® = 0B,®, A, =A,—H'A;H, B, =H. (2.37)

Here H™'AgH acts by multiplication, not composition. The mass identity is

/ u’dv,, = / HP ®* d,. (2.38)
M M

Thus B, "/ A,By 12 is the fixed-L2 self-adjoint realization of the pencil. It agrees with (2.2), since
Bl}/ 29 = HY(2y, Near a boundary H = 1, so the Dirichlet and Neumann domains are unchanged.
In dimension two, A, = Ay and B, = 1 +v. Along v = ta, define

o e
Att =0, Ag = Ay and By = I. Differentiation of (2.37) gives
A} — AB} = =M 4,. (2.40)
For n > 3 its direct second derivative is
AY = ABY = Myan,a-ap(p-1)a2- (2.41)

In dimension two this direct second derivative is zero. Let ®(v) be the frame corresponding to (2.9),
normalized by ®(v)*B,®(v) = I,. Differentiating A,®(v) = B,P(v)L(v) at zero and taking inner
products with E; gives

DL(0)[al;; = —/A;(.Aa)uiuj dvg. (2.42)

The terms A,®" and A9’ cancel on projection. This derivation includes the mass derivative By.
More explicitly, left multiplication of the differentiated pencil equation by U* gives

U*(Ay — AB)U + U*(Ag — 1)@ = L.

The second summand is zero because the columns of U solve Ayu; = Au; and @’ satisfies the fixed
boundary realization. Thus II®’ contributes zero to the first variation.
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2.3.2. The relative cokernel. Let Z C M be closed, with Z n M° having empty interior. Set O = M°\ Z
and V = C°(0). For closed M this notation also permits Z = @ and ¥V = C*(M). The allowed region
O is dense in M°. If C annihilates (2.42) on V, then [/ a AFc dvg = 0 for all a € V. Therefore AFc = 0
on O. This function is smooth; density extends the equality to M°. For Dirichlet eigenfunctions,
Fclam = 0. For Neumann eigenfunctions, 9, Fc = ), Cij(uidyuj + ujo, u;) = 0. For n > 3, integration
by parts therefore yields

0= / FcAFc dvg = / |dFcl* dvg +ﬁ/1/ F¢ dv,. (2.43)
M M M
The boundary term vanishes in each realization. Thus Fe = 0. For n = 2, the equation AFc = AFc =0
gives the same conclusion. Consequently
C = coker DL(0) = {C € Sym,,(R) : Fc = 0}. (2.44)
The converse follows by substituting Fr = 0 into the integral in (2.42). Orthonormality gives
tr C = /,, Fc dvg = 0 for every C € C. Put
K={aeV : PMy,P =0}, P = Py, (2.45)
and let
R= (A, - A)‘I}EAL, Rlg, = 0. (2.46)
The inverse is bounded on L? because the excluded spectrum has positive distance from J; it maps L
to the elliptic domain. It is real and self-adjoint.
2.3.3. The second variation. For C € C, define

Bc = Y. CijMyRM,,. (2.47)
Lj
This contracted operator occurs in [28, Proposition 3.1 and Lemma 4.5]. It is real and self-adjoint: tak-
ing its adjoint exchanges i, j, while C;; = Cj;. Its Schwartz kernel relative to dvy(y) is be(x, y)R(x, y),
where

be(x,y) = Z Cijui(x)u;(y). (2.48)
L,j

For a € K, L’(0) = 0. Differentiating A;®; = B;®;L; once at ¢ = 0 gives
(Ag — D)@' = —(Ay— AB)U + UL".
Since L’ = 0 and A} — ABj = —M 4,, projection to Ej and the definition of R give
(I — P)®'(0) = RM 4, U. (2.49)
Thus ® = RM4,U + UZ for some matrix Z. The second differentiated pencil equation, before any
projection, is
ALU + 2440 + Ay ®” = AB/U + 2AB{® + A"
+2(ByU + @' )L" + UL”.
Since L’ = 0 and U*(Ay — 1)®” = 0, multiplication by U* gives
L”(0) = U*(Ay — ABy)U + 2U*(Aj — AB;)®’(0). (2.50)
The identity U*(Aj — AB))U = 0 gives U*(Aj — AB;)UZ = 0. By (2.41), the direct term in (2.50) is
multiplication by a smooth scalar function, or zero if n = 2. Its contraction with C is the integral of
that scalar function times Fc, hence is zero. Substituting (2.40) and (2.49) gives
<C, D2L(0)[a, a]> = —2(Aa,BcAa);> (a € K). (2.51)

The matrix pairing is (C, D) = tr(CD). Polarization determines the contracted mixed Hessian on
K x K. On a closed manifold, every annihilator for the full metric derivative lies in (2.44). Every
a € K determines a conformal tangent vector in the kernel of the full derivative. The contracted
Hessian (2.51) is therefore available for full-metric annihilators as well. Its value is independent of
the acceleration of the conformal chart by the cokernel observation following (2.10).
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2.4. The projection connection. On the rank-m bundle &, = imII(v), set
Vs =1Ids, w = U() dU(v), Q=do+who. (2.52)

The connection preserves the real inner product. Its connection form is skew, since differentiation of
U(v)*U(v) = I gives w* = —w. Parallel transport along v(s) is the solution of

H'(s) =~y (sDH(s).  H(0) =1,

Differentiation of H*H gives zero, so H(s) € SO(m). The sign of the determinant follows from
continuity at the identity.

Lemma 2.3 (First and second response formulas). Let P(v) be a self-adjoint family on a real Hilbert
space H, with common domain D endowed with the graph norm of P(0). Suppose thatv — P(v) is
smooth with values in L(D, H), and let A be an isolated eigenvalue of Py of finite multiplicity m. Let
U : R™ - E; be an isometry. Write P, = DP(0)[al, P,, = D*P(0)[a,b], and letR) = (Py — A)"! on
E;, extended by zero. Then

DL(0)[a] = U"P,U, (2.53)
(I -MDU(0)[a] = —RyP,U, (2.54)
Qy(a, b) = U*P,R5P, U — U*P,R5P,U. (2.55)

Ifa, b € ker DL(0) and C annihilates the derivative range, then
(C,D*L(0)[a, b]) = {C, U*Pay U — U*PuRyP,y U — U*P,RiPU Y. (2.56)
Proof. Write U, = DU(0)[a] and U, = D?*U(0)[a, b]. The normalization of the Riesz—Gram frame
gives U*U, = 0 and 11U, = 0. Differentiating P(v)U(v) = U(v)L(v) yields
(Py — MU, = —P,U + UL,.

Since U*(Py—A) = 0 and U*U = I, left multiplication by U* gives L, = U*P,U. Applying R, instead
gives U, = —R,P,U. At zero the connection form vanishes. For constant parameter vectors a, b,

(dw)O(a’ b) = U; Up — UIjUa + U*(Uab - Uba) = U;Ub - Ulj Us.

The equality U,, = Up, follows from smoothness of the frame. Substitution of the formula for U,
proves the curvature identity.
Differentiation in both parameters gives

(Po - A)Uab =—P,U—-P,U, — P,U, + UsLp + UpL, + ULyp.

For a, b € ker DL(0) the two terms containing first derivatives of L vanish. Left multiplication by U*
proves

Lap = U P U — U*P,RyP, U — U*P,R, P, U.

Pairing with C gives (2.56). For a source change v = 6(w), the additional second-order term is
DL(0)D?6(0)[a, b] and is annihilated by C. For a frame change U(v)O(v) with O(0) = I,,, differen-
tiation of O(v)TL(v)O(v) contributes only terms containing L, or L, or the second derivative of
A0TO = AL,. All these terms vanish on the indicated kernel. O

Write IT = I1(0) and
Ry=(P - )t)_1|5;, Rilg, = 0.
Write R for this real self-adjoint reduced resolvent. The Riesz—Gram construction gives
U*DU0) =0, TIDUWO)=0,  «(0)=0. (2.57)
Differentiating (P +M;)U(f) = U(f)L(f) at zero and projecting to the orthogonal complement yields
K; := (I -MDU(O)[f] = —RM;U. (2.58)
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This holds for every direction f, whether or not DL(0)f = 0. The term UDL(0)f vanishes after
complement projection.

Differentiation of w = U™ dU, together with (2.57), gives at zero
Q(f, h) = KjKy — Kj Ky 259)
= U*MfR*M,U — U*M,R*M;U. '

Equivalently, Q(f, h) = U*[IV(f),I’(h)]U. These are formulas for the intrinsic projection connection.
A change of orthonormal frame conjugates the curvature and conjugates based holonomy by its value
at the base point.

For a skew matrix Z € so(m), define

bz(x.y) = Y, Zyu()ui(y), TP =Y. ZyMyR°M,; (s =1,2). (2.60)
i,j i,j

Then bz(y,x) = —bz(x, y) and (TSV)* = =TS, With (Z,Q) = ¥, Z;;Q;, exchanging indices in the
second term of (2.59) gives

(2,90, ) = 2, TP By

The curvature contraction contains R?, whereas the Hessian contraction in (2.56) contains R.

(2.61)

3. DIAGONAL VANISHING AND REDUCED RESOLVENTS

Fix P = Ag + V with one of the realizations of Section 2. Let uy, ..., u;, be an orthonormal basis of

ker(P — 1) and set
R= (P - A)_1|E)LL: 12|E)L =0.
For a real matrix M, define
bu(x,y) = Y Myu(ui(y), T = Y, MMy R°M,, (s =1,2). (3.1)
ij Lj

Then (T]&s))* = TIE/IS; and the kernel of ij,f) is by (x, y)R*(x, y), with respect to dvy(y). Here (Myu)(x) =
Fu(x).
3.1. The first nonzero diagonal term.

Lemma 3.1 (Parity and harmonicity). Let O C M° be nonempty and open, and let M # 0 satisfy
MT = eM, where € € {1,-1} Ife = 1, assume by(x,x) = 0 on O. There is a least finite transverse
diagonal order £ whose coefficient is not identically zero on O. On an interior coordinate neighborhood,

bu(x,x +2) = Pu(2) + E(x,2),  Px(2)= ), Z—T > Myjui(x)a® uj(x). (3.2)
laj=¢ ~ " ij

The polynomial P, is homogeneous of degree f, is nonzero for some x, and satisfies g**(x)d,,9,,Px = 0.
Moreover (—1)! = €. Thus £ > 2 is even in the symmetric case, and £ > 1 is odd in the skew case.

Proof. Suppose all transverse jets vanish at every (x,x) with x € O. For fixed x, the function
y = buy(x, y) solves (P, — )by (x, y) = 0 and vanishes to infinite order at y = x. The scalar unique-
continuation theorem specified in Section 2 makes it zero throughout M°, and continuity gives zero
on M. Its inner product with u;(y) gives

> Myui(x)=0  (x€O0).

Each left side solves the same scalar eigenfunction equation. A second application of unique con-
tinuation and then orthonormality gives every M;; = 0. This contradiction proves the existence of
t.
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All coefficient functions of lower order vanish on O. On a smaller product chart Taylor’s formula
gives

E(x,z2)=(t+1) Z = /1(1 — D) (0% b)) (x, x + tz) dt.
, lo|=t+1 al Jo : ,

For every fixed finite list of derivatives in x, differentiating this identity at most twice in z gives
0298 E(x, 2)| < Coplel™ VW, gl <2, (3.3)
on a compact subchart. Since by(y, x) = eby(x, y),
Pi(2) = €Priz(=2) + O(I2|*) = €Py(=2) + O(I2|Y).

Comparison of homogeneous terms at a point where P, # 0 proves (—1)’ = €. The diagonal term is
zero in both cases, so £ > 0.
In coordinates write

Py = A= —g"(y)ay,0y, + b/(y)ay, + V(y) - A
For ¢ > 2, the term of degree ¢ — 2 in its application to (3.2) is
_gah(x)azaaszx~

The variation of g?®(x + z) contributes order £ — 1; so do the first-order part and the differentiated
remainder in (3.3). The zeroth-order part contributes order £. Hence the displayed homogeneous
polynomial vanishes. For £ = 1, every second derivative of Py is zero. 0

Under a change z = LZ+0O(|Z]?), the vanishing of all smaller jets makes the first nonzero polynomial
transform as P, (LZ). Its degree and its leading symmetric tensor are therefore independent of the
coordinate chart.

Lemma 3.2 (A finite order bound at a fixed reference). Let .# be a finite-dimensional space of matrices
to which Lemma 3.1 applies. There are finitely many transverse jet evaluations {i,..., £ on O and
constants ¢, C > 0 such that

1/2
M| < <Z It’v(M)|2> <ClMm| (M e. ).

14
In particular, the orders of these evaluations have a finite maximum.

Proof. If .# = {0}, the inequalities hold with any single transverse jet evaluation and any ¢, C > 0.
Suppose .# + {0}. All jet evaluations are linear functionals on .. Their common kernel is zero
by the first paragraph of the preceding proof. They span .#*: otherwise a nonzero vector would
annihilate their span. Select a basis from them. The resulting map to RY is injective. Its norm on the
unit sphere has a positive minimum and a finite maximum. Homogeneity proves the inequalities. [

The integer and constants depend on the fixed reference metric and eigenvalue.

3.2. Reduced inverses in an interior chart. Put A = P — A. Its coeflicients are smooth, and its
principal symbol |& |§ is positive for & # 0. The elliptic parametrix theorem [34, Section 18.1] gives a
two-sided parametrix Q of order —2 with principal symbol |& |§2.

For the interior kernel comparison, choose Uy € U; € M*° and nested cutoffs. Conjugate by the
square root of the smooth density so that kernels are measured with respect to Lebesgue measure.
The spectral equations give

AR=RA=1-1IL
On Uy x Uy, if Kg is the reduced kernel and Ko the local parametrix kernel, then

(Ax + A;)(KR - KQ) €C”.
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The principal symbol of A, + Al is |£[5 + |77|2y, positive whenever (&, 1) # 0. Interior elliptic regularity
[24, Theorem 15.1] gives Kr — Ko € C*. The same equations away from the diagonal give smoothness
of Ky there. Derivatives of the cutoffs have support outside Uy x U.

The equations

AR’ =R’A=R

and AQ? = Q, Q?A = Q modulo smoothing terms give the same conclusion for R? — Q?. Indeed the
right sides differ by smooth kernels after localization, and the same product operator is elliptic. Thus
R*, s = 1,2, has local order —2s and principal symbol |¢ |§23, modulo a smooth kernel.

3.3. The first nonzero symbol. For left Kohn-Nirenberg symbols, with D, = i"1d,, the composition
expansion is

il

|
o(PiPy) ~ Y (98 (P))(S o (Py).

a!
74

After N terms its remainder has order lower by N the cutoffs make the operators properly supported.
Applied to (3.1), it gives

i—lal
O'(ij/;)) ~ Z % (Z M,-J-ul-a“uj> a?G(Rs).
a : i,j

Every coefficient of order below ¢ vanishes. The degree —2s — ¢ therefore involves only P, and the
principal symbol of R*.

Let P(¢) = A, 4,&, -+ &, be homogeneous and harmonic, so that A is symmetric and each contrac-
tion Ajji, i, is zero. If f is a smooth function of one variable, repeated differentiation gives

3, 0 fUEP) = D 27 1Dy TT &, T S

T {a}er {a,b}er

where 7 runs over the partitions of {1, ..., £} into blocks of size one or two. Contraction with A
annihilates every summand containing a block of size two. Taking f(¢) = t~* gives

P(9p)IE]™ = (—2)"(s)f|§§j)2[, (s)e=s(s+1)~(s+£—1). (3.4)

Since fO(t) = (=1)!(s),t~*7, the composition formula gives

Py(£%)

aﬁkAIQme)zr«—m%oqg%ﬂr
8

(3.5)

It is nonzero at some point and covector. In the symmetric case it is real and even; in the skew case it
is purely imaginary and odd. Density conjugation multiplies the leading symbol by mutually inverse
scalar factors and does not change it.

Choose coordinates orthonormal at a point where Py # 0. Harmonicity, the divergence theorem,
and Euler’s identity give

o:/nZaﬁqudz:/Sn_lavpxdszf/sn_lpxds.
a

Here ¢ > 0. The continuous function Py|g:-1 is nonzero and has integral zero, hence takes both positive
and negative values. The symmetric symbol therefore has both signs.
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3.4. Oscillations and the derivative kernel.

Lemma 3.3. Let T be a real, self-adjoint classical pseudodifferential operator of order d < 0 on a
coordinate neighborhood, with even principal symbol ty(x, £). If a € CZ° is real and & # 0 is constant in
these coordinates, then

N [, -1
(T(acos(Nx - &)),acos(Nx - &)) = > / a“ty(x, &) dvg + O(N“77). (3.6)

For two amplitudes with disjoint compact supports, the cross pairing is O(NL) for every L.

Proof. Conjugate first by the positive density factor, as in the density conjugation in the preceding

subsection, and absorb its smooth square root into the amplitude. It suffices to work with Lebesgue

measure. Insert fixed cutoffs equal to one near the amplitude supports. A smoothing remainder

contributes O(N 1) in every fixed C/ norm, for every L, by integration by parts in its smooth kernel.
For the left symbol ¢ of the remaining properly supported operator,

e N¥hT(eN¥g) = (27) ™" / e*t(x, N&y + n)aly) dn. (37)

On || < N|&|/2, homogeneity of t; and the order-d — 1 remainder imply, for each fixed multi-index
a,

|02 [t(x, N& + 1) — N?t4(x, &)]| < CoN' (1 + [n)).

The segment between N&, and N&, + 1 has length at most N|&|/2 and remains in || > N|&|/2; the
bound follows from |95 t| < C(1+ |& )%~1. When derivatives also act on e*7, they add a fixed power
of |n].

On the complementary region, every fixed x derivative of ¢t is bounded because d < 0. For all
integers j, L > 0, rapid Fourier decay gives

/ (1+ 7l [aCn) dn = O(NL).
[nI>N1&/2

The same estimate applies to the subtracted principal term. Integrating the two regions proves, on
the fixed compact set in the range variable,

06_”\]""&’ T(eN*%q) — N9t (x, gfo)aocj < Cde_l. (3.8)

Apply (3.8) with —&, in place of & to obtain the corresponding estimate for ae ™N*%_ Put u, = ge*N*%
and extend the L? pairing sesquilinearly. Equation (3.8), with j = 0, gives

(Tus, us)y = N / ty(x, +8) dx + O(NT™).
The other two pairings have principal terms
N¢ / e 2INTG0 021 (x, +£)) dx.

More precisely, put by y = " N*% T(u,). Equation (3.8) gives [bsn|ci < C;N? for every fixed j.
Consequently the full mixed pairing, including its remainder, satisfies

‘/ eiZiNx'goa(x)bi,N(x) dx| < Cde_j.

This follows by j integrations with (& -9)/(£2iN|&|*); a has compact support. Choosing j arbitrarily
large proves rapid decay. Since acos(Nx - &) = (us + u-)/2 and t4(x,—&) = t4(x, &), the two
diagonal pairings prove (3.6). Undoing density conjugation replaces a®dx by a®dv,. Let K1(x, y) be
the distribution kernel, and let the two compact amplitude supports be disjoint. Pseudolocality of the
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properly supported operator, included in the parametrix and composition results cited above, makes
K1 smooth on a neighborhood of their product. Each cross pairing is a sum of four integrals

[/ eiN(ey_e’x)'g"ag(y)al(x)KT(x, y)dxdy, e, € €{-1,1}.

Integrate L times in x with (& -9,)/(—i€’N|&|?). There are no boundary terms because the amplitudes
have compact support. The integral is bounded by C;N~%, where C; is a finite sum of L' norms of
derivatives of the smooth amplitude-kernel product. Hence the integral is O(N 1) for every L. The
same calculation applies to smoothing remainders. O

Theorem 3.4 (Infinite inertia). For the allowed potential or conformal cluster map, every nonzero
contracted cokernel Hessian has infinite positive and negative index on the allowed derivative kernel. The
parameter spaces are localized potentials on every nonempty interior open set; global conformal factors
on a closed manifold; and interior-supported conformal factors on a dense allowed region described in
Section 2.3. More locally, whenever C # 0 satisfies Fc = 0 on an open ball, the same conclusion holds
for conformal perturbations supported in that ball and in their derivative kernel, provided A > 0. The
conclusion is preserved by every finite collection of linear constraints on the kernel.

Proof. For potentials the contracted Hessian is —2( f, B¢ f), with B¢ = Tg) and Fc = 0 on the support
region. For conformal factors it is —2(.A f, Bc.A f), by (2.51). If supp f lies in a ball on which F¢ = 0,
the direct second-variation contraction is also zero, since it is an integral of Fc times a function
supported in that ball. Thus the representing operator is T = —2B¢c or T = —2ABcA.

Lemma 3.1 and (3.5) give a nonzero real even principal symbol with both signs. Let ¢ be the order
of T on the allowed open set. Then ¢ = —2 — ¢ for potentials and surface conformal factors, and
o = 2 — ¢ < 0 for conformal factors in dimension at least three. Fix a constant coordinate covector &
and a relatively compact open set on which one sign is strict. Given Ny, choose nonzero real amplitudes
ai, ..., an, with disjoint compact supports in that set, and put f, y = a; cos(Nx - &). Lemma 3.3 gives
diagonal pairings of the chosen sign with absolute value at least ¢cN?, and off-diagonal pairings
O(N7L) for every L. Set

Gy = (Tfin, finDhe,.

For the negative sign, choose a common frequency large enough that

o

cN o
(GNn)ii £ —¢N°, I(GN)ijl < ——— (= )).
2N
For a € R™, the inequality 2|a;a;| < a? + a? gives
T - 2, oN° 2 C o) 12
Gya < —cN T+ ——(Np—1 < ——N .
a Gya<—c Zal 2N0(0 );al_ 5 |lal

For the positive sign, the same estimate applies to —Gy.

Let Ey be the allowed function space; for the local conformal assertion, take Ey = C°(B) in the
ball B on which F¢ = 0. Choose coordinates on DL(0)(Ey), denote their compositions with DL(0) by
{1, ..., 4y, and choose e; € Ey with #;(e;) = ;;. The first-variation formulas and integration by parts
express each £ as integration against a fixed smooth function. For an oscillatory test fy, put

b
n=fn— Z ti(fn)ej. (3.9)

j=1

Then DL(O)[ﬁV] = 0 and the correction is O(N~F) in every fixed smooth norm, for every L. In the
local conformal case, choose a compactly supported cutoff in B equal to one on all the supports of the
a; and e;. In the other conformal cases Fc = 0 globally. The corresponding localized operator T has
order at most zero and is bounded on L? by [34, Section 18.1]. For potentials, the global L? bound for
B¢ suffices.
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Writing ey = ﬁv — fn, the change in a pairing is bounded by

1Tz (le; Nl fiv 2 + 1 finllzlejnlz + leinllzlegnlz)-

Choose L > 1 — ¢. This change is 0(N7), so the corrected Gram matrix is still definite. Definiteness
also proves linear independence. The opposite sign gives the other index. Since Ny was arbitrary,
both are infinite.

If H has codimension b in the derivative kernel, its intersection with an (N + b)-dimensional
definite subspace has dimension at least N. The restriction retains definiteness. The index is therefore
infinite on H. g

3.5. Alternating rank.

Proposition 3.5. For localized scalar potentials and every nonzero Z € so(m), the alternating form

(fs ) —(Z, Qo(f, )
has infinite algebraic rank on C°(O). It retains infinite rank after every finite-codimensional restriction.

Proof. For Z + 0, choose an interior cutoff y equal to one near a point and covector where (3.5), with
M = Z and s = 2, is nonzero. Put T = )(Téz) x- Then T* = —T, and T maps smooth test functions
to smooth compactly supported functions. Suppose rank T = N < oo. Choose a basis fi, ..., fy of its
image consisting of images of test functions. Continuity and finite-dimensionality give distributions
n;j such that its kernel is

N
Kr(x,y) = Y., fi(0n;(y).
j=1

There are tests ¢; with [ ¢;f; = &;: the linear functionals defined by the independent smooth
functions f; are independent, so their map onto RY is surjective. Pairing K7 in x against ¢; gives
ni = T'¢;. The transpose maps tests to smooth functions; hence all 7; are smooth. Thus K7 is smooth.
This contradicts its nonzero principal symbol of order —4 — £ in (3.5). Equation (2.61) now gives
infinite rank of the contracted curvature form.

Let H C E have codimension b < oo, and write E = H ® Zj, dim Z; = b. An alternating form o
defines a map E — E* whose matrix in this splitting is

WHH WHZ,
WzZH W77, )
The difference from diag(wgp, 0) is a sum of a map with domain Z, and a map with range in Z;.

Its rank is at most 2b. Finite rank of w|gxg would therefore imply finite rank of w, contrary to the
infinite-rank conclusion above. O

3.6. Conformal curvature. The operators in this subsection are identified by the half-density map of
Section 2. Put R = (A; — )" on the eigenspace complement and retain (3.1).

3.6.1. Surfaces. For g, = (1 + a)g, the generalized eigenvalue equation is
Ag®(a) = (1 + a)®(a)L(a),  U(a) = (1 + a)"/*®(a).
After differentiating and projecting away from the reference cluster,
Ky = (AR + IIT') MyU. (3.10)
Set § = AR + {IT*. Its square is
§* = N’R* + AR + 11T
The contracted curvature is twice the alternating operator pairing with

Ty = RTP + AT + 1 ZM, T M, (3.11)
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Since ), Z;ju;u; = 0, the identity part of the last sum is zero; its projection part is smoothing. The
order-—2 — £ principal symbol of (3.11) is

Py(£")

0 o\t
i (=2)0A |§|§[+2 )

(3.12)

It is nonzero because A > 0.
3.6.2. Dimensions at least three. Let f = 4/(n—2) and & = Ay + fA. The pencil in (2.37) is
A=Ay —(1+a)'"A;(1+a), B,=Q1+al

Here the subtracted term is multiplication by the displayed scalar function. The fixed-Hilbert frame
isU(a) = BY 2@(a). The differentiated pencil, followed by complement projection, gives

K; = RMgysU + S11-M, U (3.13)

1/2

The second summand is the orthogonal projection of 9:B,} ‘t:O U= (B/2)M;U.

Expanding K]’EKh — K Ky, contracting with Z, and integrating & by parts on the closed manifold
gives
HZ.Q(f. h) =, Tzh),

(3.14)
Ty = PTP P + & (@Tgn + TS).@) + B3 Z,M,IT°M,,.

Again the last term is smoothing. By (3.5), the first two terms have order —¢ with joint principal
symbol

P
ER

The coefficient is £1((£+ 1) + ) > 0 before multiplication by i~(—2)".

o (Ty) =i l(=2)'a(t+1+p) (3.15)

Proposition 3.6. For the full conformal class on a closed manifold, every nonzero skew contraction of
the projection curvature has infinite alternating rank on smooth conformal directions and after any
finite-codimensional restriction.

Proof. Let Tz be the skew-adjoint operator in (3.11) or (3.14), and choose an interior cutoff y equal to
one near a point where (3.12) or (3.15) is nonzero. If y Tz y had finite rank, its range and its transpose
range on smooth functions would be finite-dimensional spaces of smooth functions. The kernel
argument in the proof of Proposition 3.5 would make its distribution kernel smooth. Its nonzero
homogeneous symbol excludes this possibility. Thus its alternating form has infinite rank. If its
restriction to a subspace of codimension b had rank r < oo, adjoining a b-dimensional complement
would give full rank at most r + 2b, a contradiction. |

For the full conformal parameter space on a closed manifold, Theorem 3.4 and Proposition 3.6
give, on the same derivative kernel, infinite symmetric indices and infinite alternating rank. These
are the hypotheses of Theorem 4.10.

4. QUADRATIC MAPS AND LOCAL RIGHT INVERSES

Let E be a real Banach space, let Ey C E be a linear subspace, and let F be smooth near zero with
values in a finite-dimensional Euclidean space W, with F(0) = 0. All sections and germs in this
section take values in finite-dimensional subspaces of Ey. It is therefore sufficient that E be locally
convex and that the restrictions of F to finite-dimensional subspaces be smooth. Put

A=DF(0),  R=A(E), C=R" K=kerA, a=dimR, d=dimC. (4.1)
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The intrinsic quadratic map and its polarization are
QW) = %PcDZF(O)[U, v], B(v, w) = %PcDZF(O)[l), w] (v, w € K). (4.2)
The infinite-index hypothesis is
for every c € C*\ {0}, ind_(cQ) = 0. (4.3)
Replacing ¢ with —c gives ind, (cQ) = co.

4.1. Regular zeros of quadratic maps. For regular-zero criteria for quadratic maps, see [3, 8] and [4,
Proposition 9.4]. Let E be a real vector space and let Q : E — R? have quadratic-form coordinates.
Its polarization is the symmetric bilinear map

B(x,y) = 3(Q(x+ ) - 0(x) - 0(»)),  DQ(x)y = 2B(x, y). (4.4)

Assume d > 1 and that every scalar form ¢ - Q, 0 # ¢ € R?, has infinite negative index. Replacing c by
—c also gives infinite positive index.

Theorem 4.1. Under this hypothesis, Q maps every finite-codimensional subspace of E onto R¢. There
exist x,y € E and wy, ..., wy € E such that

Qx+y)=Q(x—y)=0, Q(y) = -0Q(x) # 0, (4.5)

and both derivatives DQ(x + y) and DQ(x — y) map the span of the w; isomorphically onto R¢. In
particular, Q has a nonzero regular zero in a finite-dimensional subspace.

4.1.1. Uniform index on a finite-dimensional restriction. If H C E has finite codimension ¢, an (N + g)-
dimensional negative-definite subspace for a scalar form meets H in dimension at least N. Thus the
hypothesis remains true on H. It suffices first to prove surjectivity on E. For each unit vector ¢ € R?,
choose a (d + 2)-dimensional subspace V. on which c - Q is negative definite. With any norm on V.,
there is 5. > 0 such that

¢ Q) < _2’70|U|2 (v e Vo).

Since ¢’ = ¢’ - Qly, is continuous, the bound ¢’ - Q(v) < —n,[v|* holds for ¢’ in a neighborhood of c.
A finite subcover of the dual unit sphere gives subspaces V¢,,..., V. Put V = Zﬁ.:l Ve, and choose
an inner product on V, as in [4, Lemma 9.2]. Let A(c) be the symmetric matrix of ¢ - Q on V, with
eigenvalues 1;(A(c)) < -+ < Agim v(A(c)). The min—max principle gives

2;(A(e)) = A, (AN < JA(e) = A(lop-

The right side tends to zero as ¢’ — ¢, because A(c) is linear in ¢. Every unit ¢ has at least d + 2
negative eigenvalues on V. Therefore

7= ~max Adr2(A(c)) > 0.

For ¢ # 0, the span of eigenvectors corresponding to the first d + 2 eigenvalues of A(c) satisfies

¢ Q) < —nll . (4.6)

4.1.2. Surjectivity. Fix a € R¢ \ {0} and choose RZ > |a|/n. The function F(z) = %|Q(z) — af? attains
a minimum on {|z| < Ry} C V. Put p = Q(z) — a at a minimizing point. Suppose p # 0. At an
interior minimum, set v = 0; then DF(z) = 0. At a boundary minimum, restriction to the sphere
gives VF(z) = az. The inward derivative satisfies

DF(z)[~z] = —aR2 > 0,

soa < 0. Putv = —a/2 > 0. Thus VF(z) + 2vz = 0. The inner product with z, together with
DQ(z)z = 2Q(z), gives
VR =—p-Q(2)=—p-(a+p)<lplld (4.7)
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at a boundary minimum. Let W, C V be a subspace of dimension at least d + 2 on which (4.6) holds
with ¢ = p. The linear map

W, > R'@R, v+ (DQ(2)v,(v,2))

has a nonzero kernel, since its target has dimension d + 1. Fix a nonzero vector in that kernel. Then
DQ(z)v =0,v L z,and p - Q(v) < —n|pllv|*. At a boundary minimum it is tangent to the sphere. The
Hessian of the Lagrangian on such a tangent vector is nonnegative. For a boundary minimizer z,

consider the curve
zZ+

%z + to|
Since |z| = Ry and v L z, it has 2’(0) = v and z”7(0) = —|v|*z/R%. Thus

z(t) =R

0 < (Fo2)’(0) = D*F(2)[v,v] + 2vv|%,

by DF(z)[w] = —2v(z, w). At an interior minimum the unconstrained Hessian is nonnegative. Since

D?*Qlv,v] = 20(v),
D*F(2)[v,v] + 2v[v|* = [IDQ(2)v]* + 2p- Q@) + 2v|vf*

al\ | ., (4.8)
<2lpl{ —n+ gz ) I <0.

0

At an interior minimum, v = 0 gives the same strict contradiction. Thus p = 0 and Q(z) = a. The
target zero is attained at zero. This proves Q(V) = R%. Replacing E by H gives Q(H) = R for every
finite-codimensional H.

4.1.3. A regular point. Suppose the maximum rank of DQ|y were r < d, and choose a point attaining
it. If r > 0, a nonzero maximal minor stays nonzero in a neighborhood, and maximality prevents
higher rank. If r = 0, the derivative is zero throughout V. In both cases the rank is locally constant.
Choose 0 # ¢ annihilating the image of DQ at that point. For every v € ker DQ, Lemma A.4 supplies
a smooth curve in its local level set with initial velocity v. If the curve is {(t), with {(0) = z and
{’(0) = v, then

dZ

0= ﬁQ(éV(t)) =2Q(v) + DQ(2){"(0).
t=0

Pairing with ¢, which annihilates im DQ(z), gives ¢ - Q(v) = 0. Every negative-definite subspace
meets ker DQ only at zero. Its dimension is therefore at most r. This contradicts the negative index
at least d + 2 in (4.6). There is a regular point x. It can be chosen with Q(x) # 0: a restriction to a
d-dimensional derivative-invertible subspace and Lemma A.2 put an open neighborhood of Q(x) in
the image. A nonzero d x d minor stays nonzero nearby. Choose a nonzero value in that open image
and its preimage on the slice.

4.1.4. Two regular zeros. Choose wy, ..., wy € V such that DQ(x)w; are a basis of R?. Define
H={y€eE:B(x,y)=0, B(w,y) =01 <i<d)} (4.9)

The defining map y ~ (B(x, y), B(w1, y), ..., B(wg, y)) is linear into (R%)**, so codim H < d(d + 1).
Each nonzero scalar form still has infinite negative index on H. Since Q(H) = RY, there is y € H
with Q(y) = —Q(x). The vectors x, y, wy, ..., wg span a finite-dimensional subspace of E. Equation
(4.4) gives Q(x % y) = Q(x) + Q(y) + 2B(x, ) = 0, and DQ(x + y)ws = DQ(x)w;  2B(y, w;) =
DQ(x)w;. Also Q(y) = —Q(x) # 0. Neither x + y nor x — y is zero: either equality would give
B(x,y) = £Q(x) # 0, contradicting (4.9). Both zeros and the common derivative complement belong
to span{x, y, wy, ..., wg}.

The vectors wy, ..., Wy are independent: applying DQ(x) to a relation between them gives the
same relation between a basis of R%. Therefore each restriction in (4.5) is an isomorphism. This proves
Theorem 4.1.
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Corollary 4.2 (A finite regular zero). Under (4.3), if d > 0, there are zy # 0 and a d-dimensional space
W C K such that

Q(z9) = 0, DQ(zo)lw, : W1 — C is an isomorphism.

The sum Rzy @ W, is direct. These choices can be made after imposing any finite collection of linear
constraints on K.

Proof. Apply Theorem 4.1 to the constrained kernel and take zy = x + y. Euler’s identity gives
DQ(z9)zo = 2Q(z) = 0. Since DQ(zy) is injective on Wi, one has zy ¢ Wj. O

4.2. Symmetric and alternating Gram data.

Lemma 4.3 (Mixed Gram prescription). Let B : Ey x Ey — C be symmetric bilinear, Q(v) = B(v,v),
and let o : Ey x Ey — g be alternating bilinear, with finite-dimensional targets. Suppose every nonzero
scalar contraction of Q has infinite negative index and every nonzero scalar contraction of w has infinite
rank. A zero target imposes no hypothesis.

For every N and every two arrays

Sij = Sji € C, Hjj=—-Hj € g,
there are vectors vy, ..., vN € Eq such that

B(v;,vj) = Sij, w(v;,v;) = Hjj. (4.10)
The Gram arrays are also realizable in every finite-codimensional subspace.

Proof. 1f the space of prescribed Gram arrays is zero, take v; = 0. A scalar alternating form 7 of infinite
rank has the following property. Choose xi, y; with n(x, y;) = 1 and put

Hy ={v : n(,x1) = n, y;) = 0}

Then E, = span{x;, y;} ® H; is an -orthogonal sum, and 7|y, has infinite rank. Induction gives x;, y;
with n(x;, y;) = &;j for 1 < i, j < N. On the subspaces

(X, y) = (Z a;xi, + Z aiyi>

of Ey @ Ey, the quadratic form 5(x, y) is + Y; a?. Thus it has both indices infinite.

Consider the quadratic map on EJY comprising all entries B(v;, v;) and w(v;, v;). A scalar contraction
is specified by a symmetric array ¢;; € C* and an alternating array z;; € g*. If the first array is nonzero,
there is ¢ € RN with

et = ), Gy # 0.
i

Otherwise polarization would give ¢;; = 0 for all i, j. Restrict to v; = {v. Every alternating term
vanishes, and the contraction is c; Q(v), with infinite negative index.

If the symmetric array is zero, choose a nonzero z;; and set every entry except v; = x,v; = y
equal to zero. The contraction is a nonzero scalar multiple of z;;w(x, y). The first paragraph supplies
infinite negative index. Theorem 4.1 therefore makes the amplified map surjective, proving (4.10).
Scalar indices survive finite-codimensional restriction by intersection; alternating ranks survive it by
the rank bound in Proposition 3.5. g

Corollary 4.4 (Symmetric Gram prescription). Under the scalar index hypothesis, every finite symmetric
C-valued Gram array is realized. In particular, if d = dim C > 0 and r > 1, there is an injective linear
map

J:iR®@C —E,  QU(twW)=) tiw. (4.11)
i=1

Under the additional alternating hypothesis, the values w(J(e;, 0), J(ej, 0)) may be prescribed indepen-
dently, and every pairing involving a w coordinate may be set to zero.
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Proof. Apply Lemma 4.3, first with g = 0 if only symmetric data are required. Prescribe the Gram
array of (¢, w) = Y., tyw;. Its common bilinear radical is zero: pairing against arbitrary w’ forces
t = 0, and pairing against arbitrary ¢’ then forces w = 0. A vector in ker J would lie in this radical.
Hence ] is injective. The alternating entries in the same finite array can be prescribed independently
by the lemma. (]

4.3. A local section from a regular quadratic zero.

Theorem 4.5 (Finite-dimensional section principle). In (4.1)—(4.2), suppose either d = 0, or Q has a
nonzero regular zero zy with a d-dimensional derivative complement. Then F has a local right inverse
through zero, taking values in a fixed finite-dimensional subspace of E. It is pairwise 1/2-Holder and
smooth off zero. If d > 0, there is a smooth curve y(s) = szo + O(s?) in F~1(0) whose points with s # 0
are regular on that subspace.

If d = 0, dim W perturbations suffice and the section is smooth at zero with a linear estimate. If
d > 0, dim W + 1 perturbations suffice. Analytic finite-dimensional restrictions give analytic solutions
off zero and analytic exact-level curves. The conclusion applies in particular under (4.3).

Proof. Choose X C E of dimension a with Alx : X — R invertible. If d = 0, apply the finite inverse
theorem, proved in Appendix A, to F|x.
Suppose d > 0. Let W be the derivative complement at zy and put Z = Rz, @ Wj. Set

Qr(2) = 3PrD*F(0)[z,2],  P(x,2) = (Ax + Qr(2), Q(2)).
Taylor’s formula gives
IF(x + 2) = P(x, 2 < C(Ix* + Ixlz] + [2P).

With weight two on X and weight one on Z, each target coordinate has weight two. The three
remainder terms have weights four, three, and three, respectively, and are bounded by finite sums of
absolute monomials of those weights. At

h. = (—(Alx) "' Qr(z0), z0)

the polynomial P vanishes, and its derivative on X & W; is the invertible block matrix

Alx  DQr(zo)lw,
0  DQ(z)lw, )

Thus P is a regular weighted truncation in the sense of [11, Definitions 2.1-2.2]. The corresponding
rescaled implicit equation is [11, proof of Theorem 3.3, equations (4.19)—(4.22)]. For the range
component, solve

PrF(x +z) = y, x =x(z,y) € X,

by the parameter-dependent inverse theorem. At zero, x = 0, D,x = 0, and x(z, y) = O(|z|> + |y]).
The reduced map is

G(z,y) = PcF(x(z,y) + 2) = Q(2) + O(lzf* + Izllyl + [y). (4.12)

The second derivative of x does not contribute to Q, because it is multiplied by PcA = 0.
Write a target as Y = Y + Y¢ and substitute z = s(zg + w), Y = s%D. The equation is

s2G(s(zg + w), s’Dg) = De, wE Wi. (4.13)

It extends smoothly at s = 0. Indeed G(0) = DG(0) = 0, and Taylor’s integral formula gives

s2G(su, s*y) = /1(1 — D*G(tsu, ts*y)[(u, sy), (u, sy)] dt.
0

At s = 0 this equals Q(u). The derivative of (4.13) in w at (s, w, D) = (0,0,0) is the isomorphism
DQ(zo)|w,. The inverse theorem gives w = w(s, D). Define

¥(s,D) = x(s(zg + w(s, D)), s°Dg) + s(zo + w(s, D)). (4.14)
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Then
¥(0,D) = 0, F(¥(s,D)) = s’D. (4.15)

On the closure of a smaller parameter product, for every continuous seminorm p on the allowed
perturbations,

p(0;¥) < Cp, p(Dp¥[H]) < Cplsl|H].

The second estimate follows by differentiating ¥(0, D) = 0 and integrating the mixed derivative.
These are finite-dimensional estimates on a single compact parameter product.
Fix L so large that L™ lies in the permitted D-ball. For Y = 0, put

S(Y) =¥ (LJM, L2|1|VY”> . s =o. (4.16)

It is continuous at zero, has F(S(Y)) = Y, and is smooth off zero. Differentiation of the Euclidean
norm and the preceding estimates give

p(DS(Y)[H]) < C,p|Y|"?|H].

Let H=Y'-Y # 0and t, = —(Y, H)/|H|?. Orthogonal projection gives
g proj g
1
Y + tH| > |HIlt - 1] / = V2 di < 4.
0

Integration proves p(S(Y”) = S(Y)) < 4C,|Y’ - Y|'/2. If the segment meets zero, integrate on the two
truncated segments and pass to the limit by continuity.
At D =0, ¥(s,0) = szp + O(s?) and F(¥(s,0)) = 0. The reduced derivative on W; is

sDQ(z0)lw, + O(s%),

which is invertible for small s = 0. The range derivative remains invertible. If the full derivative has
blocks (‘ég g((’] ), the reduced derivative is Dy — CoAy*By. Solving

(DO - CQAalBO)Z =b- C()Aala, X = Aal(a - BOZ)

produces every target (a, b). Thus the full derivative is onto on X @ Z, of dimension a + d + 1.

If F is analytic on the selected finite-dimensional subspace, the range solution and the rescaled
inverse are analytic by the analytic implicit function theorem. Finally, Corollary 4.2 supplies the
required zero under (4.3). O

Corollary 4.6 (Essential value and optimal exponent). Under Theorem 4.5, zero is an essential value of
F in every sufficiently small source neighborhood. If d > 0 and F is twice continuously differentiable in a
Banach norm, every continuous local right inverse S through zero with values in E satisfies

IS(te)] > oVt (0 < t<ty)
for each unit vector ¢ € C and suitable constants cy, ty > 0.

Proof. Given a source neighborhood U, choose a closed target ball Bs whose section image is in U. If
F is continuous with supy; |[F — F| < §/2, then

Hy(Y) = Y + t(F(S(Y)) = F(S(Y)))

has no zero on dBs. Homotopy invariance of Brouwer degree gives deg(Hj, Bs,0) = 1, so F attains
zero. For the exponent, choose a unit ¢ € C. Taylor’s formula gives

(¢, F(0))=0,  D(c,F)(0)lg, =0, e, F)| < Colol? (v € Eo, ol < p).

For v = S(tc) the last inequality is t < Cy|S(tc)|?. An estimate [S(Y)| < C|Y|* with a > 1/2 would
give 1 < CyC?t?*~! for all sufficiently small t > 0, which is impossible. O
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4.4. An exact correction of a bilinear equation.
Lemma 4.7 (Taylor factorization and an implicit equation). Let C be finite dimensional and let
r
H(t,w) = Ztiwi+€(t,w), teR’, wec(l,
i=1

be smooth near (0, 0). Suppose all derivatives of € of total order at most two vanish there. Then there is a
smooth w(t) = O(|t|*) with H(t, w(t)) = 0. Real-analytic € gives real-analytic w.

Proof. Let S = (S;;) € Sym,(C) be an auxiliary symmetric array, and write

(Sti= Y Sty E(t.S) =&, S1).
j

For every S near zero, jtzzoé\ (t,S) = 0. Taylor’s integral formula gives

E(t,9) = Y tit; Kij(t,9), (4.17)
ij

1
Kij(t,S) = / (1-5) (D?a(st, S)lei, el ds. (4.18)
0
The array K is symmetric and smooth, and K(0, S) = 0 for all small S.
Consider the finite-dimensional equation
S+K(t,S) =o. (4.19)

Its derivative in S at (0, 0) is the identity because K(0, S) vanishes identically. The ordinary implicit
function theorem gives S = S(t), with S(0) = 0 and S(t) = O(|t]). Put w(t) = S(¢)t. Then w(t) =
O(|t|*), and (4.17)—(4.19) give

H(t, w(t)) = . it (S;;(8) + Ki(t, S(1))) = 0.
L,j

If € is real analytic, the integral in (4.18) is real analytic on a smaller neighborhood, as follows
either from its convergent power series or a uniform complexification. The analytic implicit function
theorem then gives an analytic solution. ]

Remark 4.8. For H(t,w) = Y,; tiw; + O(/(t, w)]*), Lemma 4.7 gives a smooth solution of the form
w(t) = S(t)t, with S(¢) € Sym,(C) and S(0) = 0.

4.5. A single perturbation space for compatible germs.

Theorem 4.9 (Finite-parameter germ realization). Suppose d > 0 and (4.3) holds. For every integer
r > 1, there is a linear subspace V, C E; of dimension

dmV,=a+r(d+1) (4.20)
with the following property. Every smooth germ f : (R",0) — (W, 0) satisfying
Df(0)(R")C R (4.21)
admits a smooth germ h : (R”,0) — (V,,0) such that
F(h() = f(0). (4.22)
The germ h may be chosen to be an embedding. For every sufficiently small t + 0,
DF(h(t)ly, : V., — W s surjective. (4.23)

For fixed norms on V,, W, the smallest possible norm of a right inverse is bounded above and below by
positive constants times |t| .

If the restriction of F to V, and the target f are real analytic, the lift is real analytic. The space V, is
selected from F, its allowed perturbations, and r, before f is specified. Its domain of realization and all
estimates may depend on f.
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Condition (4.21) is necessary for any differentiable lift by the chain rule. If d = 0, the finite-
dimensional implicit function theorem gives realization without the singular analysis. An embedding
can also be arranged in that case when sufficiently many independent kernel perturbations are
available.

The derivative satisfies A - Dh(0) = Df(0). Conditions for a prescribed Dh(0) are given in
Section 6.6, and relative extension theorems in Section 8.

Proof. Choose X C E, of dimension a such that Alx : X — Risanisomorphism, and write L : R - X
for its inverse. Restrict K to

Ki ={v € K : PcD*F(0)[v,Ly] = 0 for every y € R} (4.24)
This is a finite-codimensional subspace of K; hence (4.3) survives there. Corollary 4.4 supplies an
injection

J:R®&C — K,  QUtLw)=) tiw.

Define
V,i=X®JR & C").
The sum is direct since the second summand lies in ker A and Ay is injective. This proves (4.20). The

space V, is independent of the target germ f.

4.5.1. The range equation and the exact two-jet. The equation

PrF(x + J(t,w)) =y

has a unique small solution x = {(t, w, y) € X by the implicit function theorem. At the origin,

{0)=0,  D;w{(0)=0,  D,{(0)=L.
Set
G(t,w,y) = PcF({(t,w, y) + J(t, w)).

Because Pc DF(0) vanishes on all selected perturbations, derivatives of order two of { do not contribute
to the two-jet of G. The mixed kernel-range terms vanish by (4.24). Consequently

G(t,w,y) = Z tiwi + b(y) + &t w,y),  b(y)= %PCDZF(O)[LJ” Ly], (4.25)

where & has zero two-jet.

4.5.2. The target equation. Write f = y + z according to W = R @ C. Compatibility means Dz(0) = 0.
Let y; be the degree-one Taylor term of y and z, the degree-two Taylor term of z. Choose a linear
map ¢ : R" — C7 satistying

Z 11:(1) = z3(1) — b(y1(1). (4.26)

If the right—hand side is Zi,j t,-tjc,-j with cij = cji (S C, set fi(t) = Z]- cijtj-
Substitute w = £(¢) + v and y = y(t) in (4.25), and subtract z(t). Equations (4.25)-(4.26) show that
the resulting equation is

Z tvi + €1(t,0) = 0,
i

where & has zero two-jet. Lemma 4.7 gives v(t) = O(|t|?) solving it exactly. Therefore

h(t) = {(t, &) +v(t), y(1)) + J (8, &) + (1)) (4.27)

satisfies both components of F(h(t)) = f(2).

Its derivative at zero has kernel component J(¢, £t)). This map is injective because J is injective
and its first coordinate is t. The independent range component lies in X, so Dh(0) is injective. The
finite-dimensional constant-rank theorem, followed by restriction to a smaller neighborhood, makes
h an embedding.
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4.5.3. Regularity away from the central parameter. Differentiate (4.25) in w, holding t, y fixed. Along
the selected family all three variables are O([t|), so

DuG(t, () +0(8), (D)€ = 3 tidi + O(H) IE]. (4.28)

For t # 0, the first map has right inverse

o\’ .
Sie=(—c) IS:l = 1¢
LI

The error in (4.28) composed with S; is O(|t[). A Neumann series gives a right inverse for D,,G of norm
at most 2|t|™! for small nonzero t. The range derivative remains invertible. The Schur-complement
formula for the full derivative of F|y, thus proves (4.23) and the bound Cl¢|™".

For the lower bound, PcDF(0)|y, = 0 and h(t) = O(|t|) imply

|[PeDF(R(t)Iv,| < Coltl-

If T; is any right inverse and ¢ € C has norm one, then
1 = [PcDF(h(D)) Ticl < Coltl I T2l -

Consequently the infimum of the right-inverse norms is bounded above and below by positive
multiples of |¢[!. The lift is real analytic when F|y, and f are real analytic, by the analytic implicit
function theorem.

O

4.6. Simultaneous germs and curvature.

Theorem 4.10. Retain the notation (4.1)—(4.2). Let a rank-m real metric bundle, m > 2, carry a smooth
metric connection near zero. Fix an orthonormal identification of its fiber at zero with R™, so that its
curvature there is an so(m)-valued alternating form Qy. Assume (4.3) when d > 0, and assume that
(Z,Q0)|kxk has infinite alternating rank for every nonzero Z € so(m).

For every smooth f : (R",0) = (W,0) with Df(0)(R") C R, and every array %;j = —%; € so(m),
there is an embedded smooth germ h in a finite-dimensional allowed space V satisfying

F(h(t) = f(t),  (h*Q(es €)) = %ij.

Ifd > 0,dimV = a+ r(d + 1) suffices, with surjective restricted derivative away from zero. If d = 0,
dim V = dim W + r suffices. Analytic finite-dimensional data give analytic h. The space V may depend
on the prescribed data.

Proof. Choose a range complement X and its inverse L : R — X. Restrict the kernel to
Ki ={v e K : PcD*F(0)[v,Ly] = 0, Qo(v,Ly) = 0 for all y € R}.

There are finitely many linear constraints. Both index and alternating-rank hypotheses survive. Write

f =y+zand y(t) = Dy(0)t.
Suppose d > 0. By Lemma 4.3, choose ] : R"@® C” — Kj with the bilinear identity (4.11). Prescribe
every alternating pairing involving a w coordinate to be zero, and prescribe

Qy(J(e;,0),J(e;j, 0)) = Zij — Qo(Ly1(er), Lyi(e)).

The map J is injective by Corollary 4.4. Solve the range equation on X @ im J, as in Theorem 4.9. The
reduced equation is

G(t,w,y) = Y tiwi + b(y) +E(t,w,y),  JE=0, b(y)=1PcD*F(0)[Ly,Ly].
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The mixed terms vanish by the definition of K;. Choose linear ¢ with Y ; t;£;(t) = z2(¢) — b(y1()).
Lemma 4.7 solves the residual equation with w(t) = £(t) + O(|t[*). The resulting lift has

Dh(0)t = Ly1(¢) + J (¢, £1)).

Put a; = Ly;(e;), bi = J(e;,0), and ¢; = J(0, £(e;)). Then Dh(0)e; = a; + b; + ¢;. The definition of Kj
gives Qo(a;, bj) = Qo(a;, ¢j) = 0; the prescribed alternating array gives Qo(b;, ¢;) = Qo(ci, ¢j) = 0.
Hence

Qo(Dh(O)ei, Dh(O)e]) = Qo(ai, a]-) + Qo(bi, bj) = %ij-

Together with F(h) = f, this gives both identities. Injectivity, surjectivity off zero, and the dimension
count are the same as in the preceding theorem: the explicit ¢ coordinate is injective, and D,,G =
(&= X 1&) + O(ItP).

If d = 0, restrict K only by Qy(Kj, X) = 0. Choose independent v; € K; with pairings equal to
Fij — Q(LDf(0)e;, LDf(0)e;). Independence can be imposed in the Gram prescription by adjoining
auxiliary vectors z; with Qo(v;, z;) = §;;Z, for one fixed Z, # 0. The auxiliary vectors need not
belong to V. Solve F(x + Y ; tv;) = f(t) for x € X. The derivative is LD f(0)t + Y ; t;v;, and the same
pairing calculation proves the curvature identity. The derivative of F remains onto near zero. If the
finite-dimensional data are analytic, all inverse maps and the resulting germ h are analytic. g

Corollary 4.11. In classes P and C, a compatible matrix germ and arbitrary reference curvature are
simultaneously realized as in Theorem B. For the constant germ, the family lies in the exact level L = AlL,.

Proof. Theorem 3.4 proves (4.3). Proposition 3.5 and the conformal calculation in Section 3.6 prove
the alternating hypothesis, also on the finite-codimensional derivative kernel. Apply Theorem 4.10.
The fixed finite family remains in the allowed support or conformal class. The Riesz contour retains
rank m. H

5. LOCALIZED PERTURBATIONS AND FIXED VOLUME DENSITY

Let W be a finite-dimensional subspace of C;°(O; E), where E is a smooth vector bundle and
O C M” is open. If wy, ..., wy is a basis of W, then

N
K=Usuppwj@0, suppw C K (we W).
j=1

5.1. Scalar potentials and conformal metrics.

Theorem 5.1. Theorem A holds in classes P and C. In class P, the compact set containing the supports of
all perturbations lies inside the prescribed open set O. Every real reference eigenvalue is allowed. In class
C, the reference eigenvalue is positive and M is closed.

Proof. The first-variation cokernels are given by Fc = 0 on O for potentials, and by Fc = 0 on M
for global conformal variations; see Section 2. Theorem 3.4 proves (4.3) on their derivative kernels.
Corollary 4.2 and Theorem 4.5 give a section and exact-level regular curve on D + 1 perturbations
when the derivative is singular, and on D perturbations otherwise.

In the potential case each chosen direction lies in C¢°(O). Its finite support union is compact in
O; enlarge it slightly to K € O. In the conformal case every parameter produces a metric in the
original conformal class. The fixed finite perturbation space is smooth, so one parameter ball gives
the estimates in every fixed C¥ norm. The isolating contour excludes all other spectral values and
retains rank m, proving exact multiplicity. The exponent statement follows from Corollary 4.6. The
metric chart and its inverse have locally comparable C¥ norms. g
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5.2. Conformal perturbations in a dense interior region.

Theorem 5.2. Let A > 0 be an eigenvalue of the closed, Dirichlet, or Neumann Laplacian on M, and let
Z C M be closed with Z n M"° of empty interior. There is a compact K € M° \ Z for which the conformal
cluster map has a local section and exact-level regular approximation as in Theorem A, with conformal
factor equal to one on M \ K.

Proof. Put O = M°\ Z and let C annihilate the derivative on C°(O). Equation (2.40) gives AFc = 0
on O, where A is defined by (2.39). Since O is dense in M° and AF¢ is smooth, AFc = 0 on M°. For
Dirichlet data, F¢|yp = 0; for Neumann data, 9, Fc = 0. If n = 2, the equation is AFc = 0. If n > 3,
integration by parts gives

41
0 = (AFc, Fc) = |dFcl; + m"FC”%-

Thus Fc = 0. Theorem 3.4 gives infinite positive and negative index for every nonzero cokernel
contraction on the supported derivative kernel. Theorem 4.5 supplies a section and a curve of regular
points in the level L = AL, in one finite-dimensional subspace of C;°(O). Its basis has support in some
K & O. The resulting metrics equal g near dM, so their Dirichlet and Neumann domains are the
fixed domains. (]

Here K depends on g, E;, and O. For n > 3, Theorem 5.14 gives a smooth reference and a nonempty
open set O for which the scalar cluster map has a strict maximum at the reference.

5.3. Pointwise preservation of the volume density. Let M be a compact connected smooth manifold,
possibly with smooth boundary, and let Ag be the positive Laplace-Beltrami operator. Fix the closed
realization, or the Dirichlet or Neumann realization. All perturbations in the boundary cases are
supported in the interior, so the boundary operator and domain remain fixed. The notation dv,
denotes the Riemannian volume density, and the volume form when M is oriented; orientability is not
assumed. Let A > 0 be an isolated eigenvalue of multiplicity m, choose an orthonormal basis uj, ..., Uy,
and define the corresponding Riesz—Gram trivialization of its cluster. Denote the symmetric cluster
matrix by L; thus L(g) = AL,.

Theorem 5.3 (Prescribed support and pointwise fixed volume). Assume dim M = n > 3. For every
nonempty open O C M, there exist a compact K € O, a finite-dimensional space

W c C(0;Symy(TM, g)),
a number § >0, and a map S : Bs(0) C Sym,,(R) - W such that, with
gr(X.2) = g(¥VX, Z),

one has
5(0) =0, L(gy) = AL, + Y, dvg, = dvy, gy =gonM\K.

Here the endomorphisms in W are g-self-adjoint and trace-free. The map is smooth away from Y = 0,
and for every fixed nonnegative integer k,

lgy — gv/ler < CelY — Y2
There are H; € W, tending to zero in C™, such that
L(gef) = AL, and D[H - L(geH)]H'|W is onto Sym,, (R).
J

If the derivative at the reference is already onto on the allowed trace-free perturbations, the section can
be smooth at zero with a linear estimate. If it is not onto, an estimate at zero with exponent greater than
1/2, in a fixed C* norm in which the cluster map is twice differentiable (for example k > 4), cannot
realize every target direction.

The space W, the compact set K, and § depend on (g, E,, O).
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Corollary 5.4 (Absence of local eigenvalue extrema). If n > 3, g is smooth, and A;(g) > 0, then for
every nonempty interior open set O and every C* neighborhood of g, there are metrics g and g_ in that
neighborhood with

dvg, = dvg, g+ = g off a compact subset of O, Ai(g-) < Aj(g) < Aj(gs).
The statement includes multiple eigenvalues and the fixed Dirichlet and Neumann cases.

Proof. Let A be the reference eigenvalue containing the ordered index j, and let its full multiplicity be
m. Choose a < A < b so that (a, b) contains no other reference eigenvalue and a, b do not belong to
the spectrum. If p is the first index of this cluster, then p < j < p + m — 1. Norm-resolvent continuity
and nonnegativity preserve the number of eigenvalues below a and the rank m of the intervening
projection, by Riesz contours around the corresponding finite spectral intervals. For s > 0 with /m s
in the target ball of Theorem 5.3, put Y, = +sl,,. The resulting metrics satisfy

L(gs) = (A £ s)Iy, Ailge) =A+s (p<i<p+m-—1).

Take also s < min(A — a, b — ). Thus 1;(g-) < 4;(g) < 4;(g+). The section tends to the reference
in every spatial C¥ norm. Its metric family has the same volume density and is equal to g outside a
compact subset of the prescribed O. g

For the first positive eigenvalue on a closed manifold, the absence of local minima under fixed
total volume is already proved by El Soufi-Ilias [25, Corollary 1.1(ii)]. Corollary 5.4 concerns every
positive index, excludes local maxima as well, and retains the pointwise density and prescribed
support. First-order criticality is distinct from a local extremum; see [26, 37].

Corollary 5.5 (Localized spectral bundles). Under Theorem 5.3, every smooth rank-r subbundle of
a trivial real m-plane bundle over a compact smooth base, 1 < r < m, is realized as a lower spectral
subbundle of nearby metrics with the same volume density and perturbations supported in K. The family
can be arbitrarily small in C*. Any strict open C* geometric condition satisfied by the reference persists
after taking the family sufficiently small.

Proof. Let Py, be the orthogonal projection onto the given subbundle and set
Gh=s(il-p). s>
m

The two eigenvalues of Y, are —s(m — r)/m and sr/m, with eigenspaces im P, and ker P,. Their

difference is s, and
r(m—r)
1Yy s = S\,i > 0.
m

For sufficiently small s, all Y}, belong to the punctured domain of the section in Theorem 5.3. The map
b +— gy, is therefore smooth. Its lower spectral subbundle is identified with im P; by the Riesz—Gram
frame. For every fixed k, sup,, [gy, — glct < Cis'/?, which also gives the asserted preservation of
open conditions. O

If & denotes the lower spectral projection in the Riesz—Gram frame, then
P (gt m-p)) =P, P €Gr,(R™).
Thus this family is a right inverse of &, as in Section 8.

5.4. The fixed-volume Hessian and its transverse symbol. Write a symmetric covariant variation as
gH, with H self-adjoint, and work in the exact volume-density chart

gu = g(efl-)), trH = 0.
The Hilbert space L2(M, dvy) is fixed. In divergence form,

Py = —divg(e_HVg).
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For a direction h, the first and second derivatives at zero are
Py = divy(hV,), Py = —divg(h®Vy).

The formulas hold with fixed boundary realization because h vanishes near the boundary.
For C € Sym,,(R) put

Fc: ZCiju,-uj, TC:ZCijdui®de.
i,j ij

The first variation is
DL(O)[h],] = - / <h dui, duj> dl)g.
M
Consequently, on trace-free perturbations supported in O,
1
CecokerDL(0) < Tc=tcgonO, tc = —trg Tc. (5.1)
n

Let IT be the orthogonal projection onto the reference eigenspace and let

R=(Ag— )7 RII=0.

im(I-T1)°
For h € ker DL(0), differentiation of the cluster equation gives
(C,D*L(O)[h, hly = Y. Cij (Cus, Pflyus) — 2(Pfus, RPuy)) . (5.2)
Lj

The terms containing the component of the differentiated frame in imIT are multiples of ITP;II =
DL(0)[h] = 0.

Lemma 5.6 (Transverse symbol). The right side of (5.2), extended as a quadratic form on arbitrary
compactly supported trace-free tensor directions, is represented locally by an order-zero matrix pseudo-
differential operator. If C satisfies (5.1), its principal quadratic symbol at (x, £), € # 0, is

te(x) (tr(Hz) - 2|He|2) , e= &)\
Writing, in the splitting Re & e*,

T
H:<Z bD>, a+trD =0,

this is exactly

te(x) (tr(Dz) —(tr D)Z). (5.3)

Proof. The direct term in (5.2) is [ Tc : h® = [ tctr(h?). As a map from tensors h to functions,
h +— Pju; has order one and principal symbol i £(h du;). The reduced resolvent has the same interior
principal symbol as an elliptic inverse, namely |£|7%; the finite-rank spectral subtraction is smoothing.
Hence the resolvent term has order zero and principal quadratic symbol

Tc(HE', HE)

—ZT = —2tc|Hel?.
Finally
tr(H?) — 2|Hel* = a® + 2|b|* + tr(D?) — 2(a? + |b|?) = tr(D?) — (tr D)*.
Local cutoffs reduce the boundary cases to the same interior computation. ]

Lemma 5.7 (Nonzero stress gives infinite inertia). Suppose n > 3, C # 0 satisfies (5.1), and tc is
nonzero somewhere in O. Then the contracted Hessian in (5.2) has infinite positive and negative index on
ker DL(0).
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Proof. Shrink to a coordinate ball on which #¢ has one strict sign. The transverse space has dimension
n—1 > 2. A nonzero trace-free D gives tr(D?) > 0, whereas D = I,,_; gives

tr(D*) — (rD)?* =(n—1)—(n—1)*<0.

These choices lift to smooth trace-free H’s on a smaller ball. If T denotes the self-adjoint tensor
operator representing (5.2), the scalar compression

Tya = (H, T(aH)),

is real and self-adjoint of order zero, with even principal symbol oo(T)(x, £)[H, H]. Thus Lemma 3.3
applies to tensors of the form aH.

Fix N > 1. Choose tensor amplitudes hy, ..., hy with disjoint compact supports in the sign region
and the coordinate-linear phase ¢(x) = x - &, for a fixed & # 0. Put h;, = hjcos(r¢), and let G, be
their contracted Hessian matrix. Lemma 3.3, applied to these scalar compressions, gives

(Gr)jj=d;j+0(z ™), dj = ;/UO(X, do)[hj, hj] dvg, (Goij=0h) (=)

for every L. The nonzero d; have the prescribed common sign. If ¢ = min; |d}|, choose 7 so large that
|G, — diag(dy, ..., dn)lop < c/2. For the negative sign this gives a’ G;a < —clal*/2; for the positive
sign it gives a’ G,a > clal?/2.

Choose finitely many fixed test tensors realizing the range of DL(0), and subtract from each
oscillatory tensor its first-variation coordinates in these tests. Those coordinates are O(z™™) for
every N, since they integrate oscillations against smooth weights. The extended quadratic form in
(5.2) is bounded on local L? tensor fields, being order zero. If e; ; is the correction and T is a localized
order-zero operator representing the Hessian, each altered matrix entry differs by at most

1T 22 ("ei,r||2”hj,r||2 + iz l2llej o]z + ”ei,r||2”ej,r”2) = o(1).

Thus the corrected matrix differs from G, in operator norm by less than ¢/4 for sufficiently large 7.
Its quadratic form has the same sign and a bound c|al? /4 in absolute value. The corrected tensors
belong to ker DL(0) and are linearly independent. Both signs and every integer N are admissible. [

5.5. Conformal directions and infinitesimal diffeomorphisms. Suppose tc = 0 on O. Then T¢ =
tcg =00nO.

Lemma 5.8 (Vanishing stress forces the quadratic relation). If Tc = 0 on a nonempty open set and
A >0, then F- = 0 on that set.

Proof. The common eigenfunction equation gives
1 A
div Te = Ed(trg Tc) — EdFC, Ach =2AFc -2 trg Tec.

Thus dF¢ = 0, and the second identity implies 2AFc = 0. U

The local conformal Hessian. If C # 0 and Fc = 0 on a nonempty open ball B, the conformal cluster
Hessian has infinite positive and negative index on its first-derivative kernel for perturbations in
C2(B), and this remains true after any finite collection of linear constraints. For n > 3, in the chart
g =1+ a)¥"Dg put

41

A = Ag + m, BC = Z CijMu,-RMuj‘
Lj

On the kernel its contraction is
—2(Aa,BcAa). (5.4)

The direct second derivative of the pencil is paired with Fc on supp a C B and is therefore zero. By
Lemma 3.1, there are xy € B, a ball By € B containing x;, and an even integer £ > 2 such that the
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transverse diagonal jets of degree less than ¢ vanish on By, whereas the degree-¢ polynomial Py is
harmonic and Py, # 0. Equation (3.5) gives

P.(£")

€

At x, its restriction to the unit cotangent sphere is a nonzero harmonic polynomial of positive degree,
so it has mean zero and both signs. The oscillatory construction of Theorem 3.4, with amplitudes
supported in By, gives infinite positive and negative index. Intersection with finitely many linear
kernels preserves both indices.

oy o(—2ABcA)(x, &) = —2i(=2)"n!

Lemma 5.9 (Compact divergence correction). In a coordinate ball B, every f € C;°(B) with fB fdvg=0
has a smooth compactly supported vector field X in B satisfying divg X = f. The solution can be chosen
linearly on a fixed coordinate box containing the support.

Proof. Choose coordinates identifying B with R"; an ordinary ball chart followed by a diffeomorphism
from the open ball to R" has this property. The image of supp f is compact. Choose a product box
I x -+ x I containing it, with compact closure in this chart. Write dv, = pdx and a = pf. Then a
has compact support in that box and [ adx = 0.

The equation a = Y; 9; Y’ admits the following inductive solution with compact support in the
box. For n = 1, set Y!(x) = f_fo a(s) ds. It vanishes to the left and to the right of the support, the
latter because / a = 0. For n > 1, put

b(x') = A a(s, x) ds, x € C(L), /)( =1,
and define
Yi(x, x') = [ (a(s, x') - )((s)b(x’)) ds.

The integrand has integral zero in s for every x’. Hence Y' has compact support in the box and
91Y! = a— yb. Fubini’s theorem gives [ b dx’ = 0. By induction, choose Z?, ..., Z" with compact
supportin I x -+ x I, and Y./, 8;Z" = b. Set Y(x1,x") = y(x1)Z'(x”) for i > 2. Then

n
ZaiYi:a—)(b+)(b=a.

i=1
Finally, put X’ = Y'/p in the chart and extend X by zero. Its support is compact in B and divy X =
p 1Y, 8i(pX") = f. With the boxes and functions y fixed, every operation is linear in f. O

Lemma 5.10 (Gauge invariance on the kernel). Suppose C annihilates the full metric derivative for
perturbations supported in B. For h € CX(B; S>T*M) nker DL(g) and X € CX(B; TM), put qc(v) =
(C, D*L(g)[v,v]) on its derivative kernel. Then

gc(h— Lxg) = qc(h).
Moreover DL(g)[Lxg] = 0.

Proof. Consider the affine family of metrics g; = g + sh and let ¢, be the flow of X. Both h and X
vanish outside a compact subset of B. Pullback gives a unitary equivalence of the Laplacians, so their
Riesz—Gram matrices satisfy

L(¢;gs) = O(s, ) L(gs)O(s, 1), O(s, )T 0(s, t) = I, 0(0,0) = I,.

At s = 0 the right side is AL, for every t; consequently DL(g)[Lxg] = 0. Since DL(g)[h] = 0, the s
derivative of the right side at s = 0 is zero for every t: the terms differentiating O O sum to zero and
the middle term is O(0, )T DL(g)[h]O(0, t) = 0. Its mixed derivative is therefore zero. The chain rule
on the left gives

D*L(g)[h, Lxg] + DL(R)[Lxh] = 0.
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Since Lxh is supported in B and C annihilates the corresponding derivative range,
(C,D’L()lh, Lxgl) = 0.
Twice differentiating L(¢; g) = AL, gives
(C.D*L(g)Lxg, Lxgl) = ~(C. DL(g)Lkg]) = o,

because L3 g is supported in B. Polarization gives

gc(h — Lxg) = qc(h) — 2(C, D*L(g)[h, Lxgl) + gc(Lxg) = gc(h).

For a different chart on the supported metric space, the second-derivative difference is DL(g) applied
to a supported acceleration tensor. Its contraction with C is zero. Hence qc is intrinsic on the
supported derivative kernel. g

Proposition 5.11 (Infinite inertia for every fixed-volume obstruction). For n > 3, every nonzero

cokernel matrix of the supported fixed-volume-density cluster map has infinite positive and negative
index on its derivative kernel.

Proof. If tc # 0, apply Lemma 5.7. Otherwise Tc = 0 on O, and Lemma 5.8 gives Fc = 0 there. These
two relations imply that C annihilates the full supported metric derivative: its stress pairing is

1
—Tc + E(trg Tc — AFc)g = 0.

Choose a ball B € O. Equation (5.4) produces arbitrarily large definite spaces of conformal directions
f g in the full derivative kernel. Impose also fB f dvg = 0; this adds one linear equation, so infinite
inertia persists. For each such f, solve divg X = nf/2 in B by Lemma 5.9. Then

h=fg—Lxg, trgh=nf —2div, X = 0.

It lies in the derivative kernel and has the same contracted Hessian by Lemma 5.10. On a definite
subspace this correction is injective, since a vector mapped to zero has zero quadratic value. Thus it
preserves arbitrarily large positive and negative definite subspaces. All fields have compact support
in B. For each N, the construction gives an N-dimensional definite subspace of smooth tensors
supported in B. O

Proof of Theorem 5.3. Proposition 5.11 gives the index hypothesis of Theorem 4.5 in the trace-free
exponential chart. Every selected endomorphism is smooth and compactly supported in O. Their
finite support union is contained in some K € O. Since tr H = 0, one has det(e’) = 1 pointwise;
hence dvg,, = dvy. Matrix exponential and its local logarithm are smooth in every fixed C k¥ norm. The
estimates and the optimal exponent therefore pass between H and gi — g. Exact-level regularity is
obtained on the same finite-dimensional space. This proves class V of Theorem A. g

5.6. Dimension and the choice of allowed metric changes.

Theorem 5.12 (Arbitrary support on smooth surfaces). On every smooth compact connected surface,
with the closed, Dirichlet, or Neumann realization, for each isolated A > 0 and every nonempty O C M",
the full cluster matrix admits a local pairwise 1/2-Hoélder section with conformal perturbations supported
in one compact K € O. Exact-level regular approximation also holds.

Proof. For g, = (1 + a)g, the generalized eigenproblem is Ay® = 6(1 + a)®. Hence

DL(0)[a];; = —A/auiuj dvg.

A local cokernel matrix satisfies Fc = 0 on O. There is no direct second-order pencil term, and on the
derivative kernel the contracted Hessian is

—21%(a, Bca).

For C # 0, Theorem 3.4 gives infinite positive and negative index for this form on the supported
derivative kernel. Theorem 4.5 then gives the section and the regular curve in one finite-dimensional
subspace of C;°(O). The union of the supports of its basis is contained in some K € O. O
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Combining this with Theorem 5.3 gives local matrix realization by unrestricted metric perturbations
supported in a prescribed open set in all dimensions n > 2. Universal fixed-density realization fails
in dimension two: on the round S?, a positive scalar shift of its first cluster at fixed area contradicts
Hersch’s inequality A; Area < 87 [33].

Proposition 5.13 (Analytic references and conformal localization). If n > 3 and the reference metric is
real analytic in the connected interior, arbitrary-open-supported conformal sections also exist for A > 0,
with the same conclusions as Theorem 5.12.

Proof. The local annihilator equation is

4
Ag + 5 Fc=0 onO.

n—

In analytic coordinates, A, — A is elliptic with real-analytic coefficients. Analytic elliptic regularity [45]
makes every u;, and hence F¢ and the displayed expression, real analytic in the interior. The analytic
identity theorem extends the equation throughout the connected interior. Integration by parts, with
the inherited Dirichlet or Neumann condition on Fe, gives

42
FeP+—— [ F&=o.
/'dC|+n—2/c 0

Thus Fe = 0. Theorems 3.4 and 4.5, on C°(0), give the section and the regular curve with common
compact support in O. (]

Theorem 5.14 gives, for each n > 3, a smooth metric g and an open set O for which every
sufficiently small conformal perturbation supported in O satisfies A;(gr) < A1(g), with equality only
at H = 1.

5.7. A closed smooth conformal obstruction.

Theorem 5.14 (A strict local conformal maximum on a closed torus). For every n > 3, there are a
smooth metric g on T", a nonempty open set O € T", and n > 0, such that A,(g) > 0 is simple and

MHYD ) < Li(g)
for every smooth H > 0, H # 1, with supp(H — 1) C O and |H — 1] < 7.

Proof. Put Ty = /2 and ws(t) = 1+ 8 cos 2t onR/(27Z), with 0 < § < 1/2. Let Asu = —w3' (wsu')
on periodic functions, in L?(ws dt). The first-variation matrix of the energy and mass forms on
span{cos t, sin t} is diagonal, with entries

/0271 cos 2t (|u/|> — u?) dt
2w o =
fo u? dt

The mixed entry is zero because its integrand is odd under t — —t. Analyticity of these forms and the
two-dimensional cluster reduction give two distinct eigenvalues 1 — § + O(§?) and 1 + § + O(5?). Fix
é > 0 sufficiently small that the first is the simple first positive eigenvalue A; the next unperturbed
positive level is 4, so the isolating contours preserve this ordering. Reflection about 0 and about T
commutes with As. The branch issuing from cos t is even for the first reflection and odd for the
second, since these eigenvalues of the reflections are discrete and continuous on the simple branch.
Its restriction to [0, Tp] is the first Neumann-Dirichlet eigenfunction: at § = 0 that mixed problem
has first two eigenvalues 1,9, and form continuity preserves the separating gap. A minimizer of its
Rayleigh quotient can be replaced by its absolute value. The resulting nonnegative solution cannot
vanish in (0, Ty), since at an interior zero its derivative is zero and uniqueness of the second-order
equation would give the zero solution. Normalize this eigenfunction by u(0) = 1. Then u > 0 on
[O, T()) and

-1 (u=cost), +1 (u=sint).

w(D (1) = —) /0 Cws()u(s)ds <0 (0<t<Ty).
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In particular u/(Tp) < 0.

Set p =2n/(n—2), c = \pA/2,and v = —u’/u on (0, Ty). The preceding endpoint conditions give
v(t) > 0ast ] 0andv(t) > +o0 as t 1 Ty. Choose ty with v(ty) = c. For small ¢ > 0, take 0 < y, <1
supported in (#) — ¢, ty + ¢) and equal to one on J = (t) — €/2, ty + £/2). Put

U=v+ y.(c—v), u(t) = exp (— /tﬁ(s) ds) .
0

On the modification interval v, 7"are bounded above and below by positive constants independent of
¢, and |[0'— v|e < Ce. Define W = wg before that interval and, within and after it, define it by

w(t ot . 11
Iogw():—logv()+/ v—v+Al=——))ds

ws(t) u(t) 0 v v
The integrand is set to zero off the modification interval. This formula is smooth, matches the zero
logarithm before that interval, and has supremum O(¢); its integral term is O(¢?). Differentiating it

gives

w v’
R
v

~

w

A
+ T~
v
Since @' = -0, it follows that —&”” — (W' /W)@ = A#. Near 0 the functions agree with u, ws; near T,
each is a positive constant multiple of its original value. Even reflection of @ at 0, odd reflection at T,
and even reflection of W at both endpoints therefore produce smooth functions, with W periodic of
period 7 and # antiperiodic of period .

Let 0. = |[W/ws — 1| — 0. For every nonzero periodic a € H!, comparison of both integrals in
the quotient gives

1-0. [ wsla'? < | wla')? < 1+ 0. [ wsla'?
14+0: [ wsla®? = [ Wal? = 1-6, [ wslal*

Min-max gives the same inequalities for every ordered eigenvalue. If 1,(As) > A is the next positive
eigenvalue, choose ¢ with 0, < (12(As) —4)/(A2(As) + A). Then A,(Ag) > A. The exact eigenfunction
at the positive eigenvalue A and the simple zero eigenvalue of constants imply that A is still the simple
first positive eigenvalue. On J one has

@ = i = ng. (5.5)

Take a flat metric h on T" ' and g = dt* + r2W(t)?/*"Dh. The volume density is a constant
multiple of W(t) dt dvy. On functions independent of the torus variable, its Laplacian is Ag. For a
fiber eigenfunction with eigenvalue k > 0, the separated radial quotient has the additional term
2w %/ 1t is bounded below by 7724;(h)(max w)~%("~1_ Choose 7 so small that this bound
exceeds A. Fourier decomposition in the torus variable is orthogonal for both energy and mass; hence
the function u(t) = u(t) is the simple first positive eigenfunction of g. Its weighted mean is zero,
either by antiperiodicity or by integrating its positive-eigenvalue equation.

For H>0with H =10ff O € J x T" !, write

NH:/Hzldulz, DH:/HPuz, IHz/HPu, VHz/HP,

where the measure is dvg. The function u — Iy / Vi has zero H? dvy mean. Its energy for H 4(n=2) g
is Ny and its mass is Dy — I4/Vy > 0, the strict inequality following because u is not constant.
Equation (5.5) on O and the identity [ u = 0 give

IZ

NH—)L(DH—II?I/VH):)L[—/Oung(H)+‘Z , ¢(s):sP—1—§(s2—1).
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Since p > 2, strict convexity of z”/? gives ¢(s) > 0 for s # 1. Choose 0 < 1 < 1/2 so that
¢ (s) > p(p —2)/2 for |s — 1| < n. Then

$()2 (s =% =plp-2)/4 ISP =1<Cls—1, Co=pA+n".

Cauchy-Schwarz gives I3 < C3 Vol,(0) fo uw*(H —1)%, and Vg > (1 — n)P Volg(M). Choose the
nonempty O with

¢o(1 = )P Vol (M)

Vol,(0) <
0l¢(0) 2C2

The preceding difference is then at most —Aco /, u*(H — 1)*/2 < 0 for every admissible H # 1,
because u > 0 on O. The Rayleigh characterization of the first positive eigenvalue proves the strict
inequality. (]

For the metric and open set in Theorem 5.14, put
U={H>0:supp(H-1)CO, |H-1w<n}  FH)=LHEH""?g)-1(g)

Then F(U") C (—o0,0], and F(H) = 0 exactly at H = 1. For every € > 0, the map F — € has empty zero
set and is uniformly e-close to F. Thus 0 is not an essential value of F.

Proposition 5.15 (Strict decrease of the Dirichlet ground eigenvalue). For every n > 3, there are a
compact smooth warped cylinder (M, g) with AP(g) = 1 and a nonempty open O € M° such that

AEHDg) <1
for every smooth H > 0 with supp(H — 1) C O and H # 1.

Proof. Put p =2n/(n—2), T = 4, and a = \/n/(n — 2). Choose disjoint endpoint neighborhoods in
(0, T) on which tan x and cot(T — x) are positive. Smooth cutoffs supported there and equal to one
near the endpoints give a positive convex interpolation v equal to these respective functions and
equal to a on a nonempty interior interval J. Set

X / / 1
u(ﬂ:exp(—/() v(s)ds), w;:v_%_F;,

with a fixed positive initial weight. Near zero, u = cos x and w is constant; near T, u = Csin(T — x)
and w is constant. Thus even reflection at zero gives smooth u, w on [-T, T], with u > 0 in the
interior and u(+T) = 0. Direct differentiation gives —(wu’)" = wu.

The first Dirichlet minimizer of [ w|f’[*/ [/ w|f|* can be chosen nonnegative by replacing it with
its absolute value. Its equation and uniqueness for the initial-value problem make it positive in the
interior. Its inner product with u is positive, so self-adjointness forces its eigenvalue to be 1. The radial
eigenvalue is simple: solutions with the left Dirichlet condition form a one-dimensional space for
fixed eigenvalue. On [T, T] x T"' with g = dx? + w?/(""Dh, where h is flat, each nonconstant fiber
Fourier mode adds a strictly positive potential kw~2/("~1 to the radial operator. Its first eigenvalue is
at least 1 + x(max w)"2/("=1) > 1. Hence u is the simple Dirichlet ground state of the product metric.
On J, one has |du|* = a®u? = (p/2)u?. For every positive smooth H equal to one off a nonempty
O€JxT"1,

p
EH4/(n72>g(u) - ”u"IZJZ(H“/(”‘Z)g) = - /O u? (Hp -1- E(Hz - 1)) dug-
The integrand in parentheses is positive wherever H # 1. If H # 1, its nonzero set is open, u > 0

there, and the displayed integral is strictly negative. The Dirichlet Rayleigh quotient of u is therefore
less than 1. ]
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5.8. Open geometric inequalities.

Corollary 5.16. Suppose the reference satisfies a strict C*-open geometric inequality on a compact
neighborhood of the support of the realizing perturbations. The realizations in Theorem A satisfy the
same inequality after restriction to a sufficiently small target ball. In particular, Ricg > cg is preserved
by sufficiently small C? realizations.

Proof. An open inequality holds in some C* neighborhood of the reference. The finite-family estimates
place the constructed metrics in that neighborhood. For Ricci curvature the explicit estimate and
lower margin are proved in Lemma A.5. Outside the support the metrics agree exactly. g

6. STRONG STABILITY AND SINGULAR SPECTRAL LEVELS
For a positive eigenvalue on a closed connected manifold, Proposition 2.1 gives
coker DL(g) = {C € Sym,,(R) : Fc =0, Tc = 0}.

6.1. Signature of a metric obstruction.

Theorem 6.1 (Signature bound). Let uy, ..., uy, be linearly independent real A-eigenfunctions on a
connected manifold, with A > 0. If a nonzero C € Sym,,(RR) satisfies
ZC,-juiuj=O, ZC,']’ du,-®duj:O, (61)

then C has at least four positive and four negative eigenvalues. Consequently every positive eigenvalue
of multiplicity at most seven on a closed connected manifold satisfies the Strong Arnold Hypothesis for
unrestricted metric variations. Multiplicity eight admits failure.

6.1.1. Spherical immersions.

Lemma 6.2. LetF : O C S* — S9 be a smooth isometric immersion between unit spheres. Let 11 be its
second fundamental form inside S9. Suppose that, at each point of O, a positive-definite contravariant
quadratic form Q on TO satisfies tro Il = 0. Then Il = 0. Near each point, F(y) = Ay for a constant
linear isometric inclusion A : R®> — R9*1,

Proof. Choose an orthonormal tangent basis and an orthonormal normal basis at a point. Write A,
for the symmetric 2 x 2 matrix of the normal component of II. The hypothesis is tr(QA,) = 0. The
symmetric matrix Ql/ zAan/ 2 has eigenvalues b, —b,. Hence

2

b
Ay =—-"2-<
det det0

with equality only if A, = 0. Write D for the Euclidean connection of R4*!. For tangent fields X, Y
on O,

0, (6.2)

Dx(dF(Y)) = dF(VxY) + II(X, Y) — (X, Y)F.

The radial term follows by differentiating (dF(Y),F) = 0. Put B(X,Y) = II(X, Y) — (X, Y)F. Com-
muting the Euclidean covariant derivatives and taking tangent components gives, on an orthonormal
pair ey, ez,

Ko(er, e2) = (B(ey, 1), B(ez, €2)) — Bler, e2)]* = 1+ Z det A,.

Here II is perpendicular to F and |[F| = 1. Since O has the unit-sphere metric, Ko = 1, and the
determinant sum is zero. Equation (6.2) makes every summand nonpositive; thus each A, = 0. If the
normal space is zero-dimensional, Il = 0 by its definition. Fix y, € O and define A on Ry, & T, S
by Ayo = F(y,) and A 1,52 = dFy,. These orthogonal prescriptions make A an isometric inclusion.
A sufficiently short unit-speed great circle y from yj satisfies y”/ = —y. Since Il = 0, F o y satisfies
the same equation in R?™!, with the initial data of Ay. Uniqueness of this linear differential equation
gives F o y = Ay. Such segments cover a neighborhood of y. g
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6.1.2. Quadratic relations.

Proof of Theorem 6.1. Diagonalize C by a constant orthogonal matrix. Multiply each resulting eigen-
function by the square root of the absolute value of its nonzero coefficient, and omit zero coefficients.
The resulting functions remain linearly independent. They form two vector-valued eigenfunctions
U:M->RPand V : M — RY satisfying

|UP? = |V]%, duTdu = dvTav, AU =AU, AV =2V. (6.3)

Both p, q are positive, since a sum of nonzero squares cannot vanish identically. A constant linear
combination of the components in (6.3) is a A-eigenfunction. If it vanishes on a nonempty open set,
Aronszajn’s theorem [7], with the scalar ellipticity and coefficient hypotheses stated in Section 2,
makes it zero on M. Linear independence therefore excludes every such local relation with nonzero
coefficients. Suppose that p < 3. On a nonempty open set where r = |U| = |V| > 0, put ¢ = U/r and
i = V/r. Their values lie in $?~! and S¢7!. Since ¢ - d¢ = ¢ - dyy = 0,

dUTdU = dr @ dr + r’d¢Td¢, ¢ gsr1 = U goar. (6.4)

Consequently ker d¢ = ker di/ and their ranks agree. Choose a point where this rank is maximal
on the chosen open set. If the maximal rank is positive, one minor of that order is nonzero on a
neighborhood; maximality excludes larger rank there. If the maximal rank is zero, both differentials
vanish on the chosen open set. The common rank is constant and belongs to {0, 1, 2}. At rank zero,
¢ and ¢ are constant on a connected smaller neighborhood. All components of U, V are constant
multiples of r. Since p + g > 2, this contradicts the absence of a local constant relation. At rank
one, the coordinates of Lemma A.4 for ¢ have the form (¢, z), and the fibres with fixed ¢t may be
taken connected. Equality of kernels makes i/ constant on these fibres. Thus ¢ = y(t) and ¢ = §(¢).
Reparametrizing by the arc length of y gives |y’| = 1. Equation (6.4) then gives |§’| = 1, and dt # 0.
The equation for U = ry(t) is

(Ar — Ar)y + (rAt — 2(dr, dt))y’ — rldt]y” = 0. (6.5)

The identities |[y| = |y/|=1imply y -y’ =0, y - y” = —1,and y’ - y” = 0. Taking inner products of
(6.5) with y and y’ gives

Ar —Ar+ rldt)* =0, rAt —2{dr,dt) = 0. (6.6)

Since r|dt|* > 0, substitution yields y” + y = 0. The equation for V = r§(t) has the same scalar

coefficients, so it gives §”” + § = 0. There are constant vectors a, b, ¢, d with y = acost + b sin t and

d = ccost+ dsint. All components of U, V lie in the span of r cos t and r sin t. Rank one requires

p.q > 2,50 p + q > 4. A nonzero constant relation follows, a contradiction. At rank two, p = 3. The

map ¢ is a submersion onto an open subset O C S%. Apply Lemma A.4 to obtain product coordinates
with connected fibres. Equality of kernels implies

Yy =Fod, F:0— 8% (6.7)

The definition of F is independent of the chosen lift: in a product neighborhood the fibre is connected,
and the derivative of i vanishes on each tangent vector to it. Integration along paths inside the fibre
makes i/ constant there. If £, € Ty)S® and dp(X) = &, d¢(Y) = 1, then

(dF(£), dF(n) = (dy(X), dy(Y)) = (d¢(X), dp(Y)) = (&, ).

Thus F is an isometric immersion. Fix a point x. Choose a local g-orthonormal frame satisfying
Ve ej(x) = 0. All identities in the following calculation are evaluated at x. Write & = d¢(e;) and let
V¥ be the connection on ¢*TS%. The Euclidean derivative of F gives

D¢, D, (rF(¢)) = eiei(r)F(¢) + 2e,(r)dF(&)
+r dF(VZ’ifi) + rli(&, &) — rl&[PF(¢).
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Let prys denote projection onto the normal space of F(O) inside S97*. The first and last terms belong
to RF(4(x)); the second and third belong to dF(Tg(,)O). Therefore

prys Ag(rFo ¢) = —r Z (&, &)-

The normal projection of ArF(¢) is zero. Since r > 0, the common eigenfunction equation implies

> 1(dg(e). dp(e)) = 0. (6.8)
i=1

Choose a smooth local section s : O — M of the submersion ¢, after decreasing O. Define

Qy = Z d¢$(y)(ei) ® d¢s(y)(ei), y€eO,
i=1

where ¢; is any g-orthonormal basis at s(y). This tensor is independent of that basis and is smooth in
y. If0 # & € T, S?, surjectivity of d¢,) gives

Q,(8.8) = ) (édg )" > 0.
1
Equation (6.8), evaluated at s(y), gives trg II,, = 0. Lemma 6.2 applies. The lemma gives F(y) = Ay
on an open set. Therefore V = rF(¢) = AU there. Each component of V — AU is a constant linear
combination of the independent components of U, V, with a nonzero coefficient on a component of
V. Unique continuation contradicts their independence. All ranks have been excluded when p < 3.
Interchanging U, V gives the exclusion when g < 3. Hence p, ¢ > 4. By Proposition 2.1, every positive
eigenvalue of multiplicity at most seven has surjective unrestricted metric derivative. g

Example 6.3. On R?/(27Z)?, the shell k> = 5 is {+(1, 2), £(2, —1), (1, —2), (2, 1)}. These are all
solutions, since each coordinate square is at most five and the only sum of two integer squares equal
to five is 1 + 4. The real eigenspace has dimension eight. Put

U = (cos(x + 2y), sin(x + 2y), cos(2x — y), sin(2x — y)),
V = (cos(x — 2y), sin(x — 2y), cos(2x + y), sin(2x + y)).
Distinct Fourier frequencies give independence, while
U = |V]* =2, dUTdU = avTadv = 5(dx* + dy?). (6.9)

Thus diag(ly, —I;) is a nonzero cokernel element. This is the known sharp torus example; see [28,
Section 4.2].

6.2. A rank-sensitive refinement.

Lemma 6.4. Let F : U C S" — S9 be an isometric immersion of unit spheres. If a positive-definite
contravariant form A satisfies tr4 Il = 0, then Il = 0. Near each point F is the restriction of a linear
isometric inclusion.

Proof. At a point choose orthonormal tangent and normal frames. Let (S,);; be the components
of the spherical second fundamental form. Equality of the intrinsic curvature with the ambient
sectional-curvature-one tensor gives

0= Z ((S)ij(Sadre = (Sa)ie(Sa)kj)-

a

Contract this identity with A A, Since S, and A are symmetric,

0= ((tr(AS,))* — tr(AS, AS,)).

[24
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The assumption gives tr(AS,) = 0. Also
tr(AS,AS,) = tr((AV2S, AV?)?) = |AV2S, AV |

Each summand is nonnegative, so every S, = 0. Hence II = 0. At xy € U define a linear map
L : R™! — RI*! by Lxy = F(xy) and L|t, s = dFy,. These orthogonal prescriptions make L an
isometry onto its image. For every short unit-speed great circle y from xy, the Euclidean derivatives
satisfy

(Fo y)" =—Foy, (Ly)” =—Ly.

Their values and first derivatives at zero agree. Uniqueness of the linear differential equation gives
F oy = Ly. Such segments fill a neighborhood of x;. ]

Proposition 6.5. Let C be a nonzero unrestricted metric obstruction, with signature (p, q) and nullity £.
Normalize its active positive and negative eigenmapsto ¢ : U — SP~1 and ¢ : U — S9! on the open
set where their common norm is positive. Then

rank d¢ = rank d < min(p, q) — 2. (6.10)

The common rank is at least two on an open dense subset of that open set. For the full projective
eigenfunction map ® = [uy : -+ : ], wherever defined,

rank d® < min(p,q) —2+ < m—6.
Consequently an immersive full projective eigenmap can be unstable only if m > n + 6.

Proof. The equal-pullback identity (6.4) gives equal kernels and equal ranks. Suppose the common
rank is p — 1 at one point. It remains p — 1 on a neighborhood; there ¢ is a submersion onto an
open subset of SP~!. Connected local fibers and the common kernel give {/ = F o ¢, where F is an
isometric immersion. The normal projection of the common eigenfunction equation is exactly (6.8),
now with p — 1 tangent directions. A local section of ¢ supplies the positive-definite contraction
tensor. Lemma 6.4 makes F linear, producing a nonzero constant linear relation among the active
eigenfunctions. Unique continuation contradicts their independence. Thus the rank is at most p — 2.
Interchange the two eigenmaps to obtain (6.10).

If the set of rank at most one contained an open subset, select on it a neighborhood of maximal
constant rank. The rank-zero and rank-one arguments in the proof of Theorem 6.1 apply there and
give the same contradiction. The rank-at-least-two locus is open, and its complement has empty
interior; it is therefore dense.

A constant invertible change of homogeneous coordinates preserves rank d®. In coordinates
diagonalizing C, write the active eigenmaps as r¢, ri, and let w comprise the ¢ null-coordinate
eigenfunctions. On {r > 0}, division by r gives the projective coordinates (¢, i, w/r). The first two
have common differential kernel, so their combined rank is the rank of d¢. Adjoining ¢ coordinates
increases it by at most £. This gives the first projective bound. The active set is dense, by unique
continuation. Vanishing of all minors above this bound passes by continuity to the whole domain of
®. Finally,

min(p, q) —2+ ¢ =m —max(p,q) —2 < m—6,
since p, g > 4. If ® immerses an n-manifold, its rank is n. O
6.3. The multiplicity locus.

Theorem 6.6. Let g be a smooth metric on a closed connected manifold and let A > 0 be an isolated
eigenvalue of multiplicity m. In the full metric space or the full conformal class of g, put

() = L) - T8

In any fixed C* chart, k > 4, the set Z is a C* embedded submanifold near g if and only if DL(g) is onto
Sym,,(R). In that case Z is smooth and has codimension m(m + 1)/2 — 1.

L, Z=T"Y0).
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Proof. Scaling gives DL(g)[g] = —Al, so DI'(g) is onto Sym! if and only if DL(g) is onto Sym,,. In
this case a finite right inverse splits the derivative, and the parameter-dependent inverse theorem
expresses Z as a graph over its kernel. The codimension is dim Sym?,.

Suppose the derivative is not onto. Let C be the cokernel of DI'(g) in Sym?, and let K = ker DI'(g).
Every ¢ € C is a trace-free annihilator of DL(g). Its contracted Hessian has infinite indices on
K: Theorem 3.4 gives this conclusion on the conformal subspace ker DL C K. Every unrestricted
annihilator also annihilates the conformal derivative, so the same definite subspaces are contained in
the full metric kernel. Define Q = %PCDZI‘(g)| K-

Theorem 4.1 gives x, y € K such that z, = x + y and z_ = x — y are regular zeros of Q, whereas
Q(y) # 0. Choose a finite-dimensional subspace V C K containing x, y and subspaces on which
DQ(z;) and DQ(z_) are onto C. Let X be a finite-dimensional complement on which DI'(g) maps
isomorphically to its range. Solving the range equation gives ¢/ : V — X with ¢(0) = Dy(0) = 0.
The remaining equation is

G(2) :=Pcl(g+ 2+ §(2)) = Q) + O(2F),  zeV,
where addition denotes the chosen chart. Taylor’s integral formula gives a smooth extension of
G(s,z) = s 2G(sz),  G(0,2) = Q().
SinceNDz G(0, z.) = DO(z.) is onto, the inverse function theorem gives smooth z.(s) with z,(0) = z,
and G(s, z,(s)) = 0. Thus
c:(s) = g+ sz.(s) + Y(sz(s)) € Z, L(0)=x+y.

In the chart centered at g, put H(v) = PcI'(g + v). Then H(0) = 0 and DH(0) = 0. Any C! curve
in Z with velocity v has expansion tv + o(t) in the chart, so Taylor’s formula gives

0=H(tv+o(t)) = %tzDzH(O)[v, o] + o(t%).

Thus its velocity must satisfy Q(v) = 0. A C! submanifold has a linear tangent space, and each tangent
vector is the velocity of a C! curve in it. The two constructed velocities would therefore imply that
2y is also such a velocity. But Q(2y) = 4Q(y) # 0, a contradiction. O

6.4. Prescribed jets and all tangent directions. Let E be Banach and let F : E — W be smooth
near zero, with F(0) = 0. Take the decomposition (4.1) with E, = E and suppose (4.3) holds. If a
dense linear subspace E. C E is specified, then A(E«) = A(E): the former is a dense linear subspace
of the finite-dimensional space A(E). A range complement may therefore be chosen in E. In the
spectral applications, the finite-dimensional negative subspaces and derivative complements may
also be chosen smooth, by continuity of their finite Gram matrices.

Theorem 6.7 (Exact prescribed-jet correction). Assume d > 0 and (4.3). Letk > 1, let p : (R",0) —
(E,0) be a polynomial, and let f : (R",0) — (W,0) be smooth. Suppose

B Fep-f=o. (6.11)
There is a map h, smooth off 0 and C*'/? near 0, such that
F(h(t) = f(0),  Jsh=Jsp. (6.12)

It takes values in a finite-dimensional linear space V, containing the coefficients of p. If their span has
dimension N,, one may arrange

dimV*SNp+dimW+1.

For0 < |t| small, the restricted derivative DF(h(t))|y, is onto and has a right inverse of norm O(|t|™%=1/2).
For every multi-index  with || < k + 1, off the origin,

HDﬁ(h - p)(t)H < CyltF+1/2 101, (6.13)

The space V,. and the constants may depend on p and f.
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The exponent 1/2 is optimal under these hypotheses; see Proposition 6.9.

Theorem 6.8 (Prescribed derivative and the full tangent cone). Assume (4.3), and letL : R” — E be
linear. A smooth target germ f with £(0) = 0 has a C* exact lift h with h(0) = 0 and Dh(0) = L if and

only if
AL = Df(0), (6.14)
PeD? £(0)[u,v] = PeD*F(0)[Lu,Lv] (u,v € R"). (6.15)

When these hold, the lift may be chosen C“'/2, smooth off 0, and regular on fixed finite perturbations at
every nonzero parameter. If L is injective, it may be restricted to a C' embedded disk.
For the zero fiber Z = F~1(0), its Bouligand contingent tangent cone is

ToZ =fve K : Q) = 0}, (6.16)

Every vector on the right is the velocity of a two-sided C*'/? curve in Z whose nonzero points are regular
on a fixed finite space of perturbations.

For d = 0, the split implicit function theorem gives the lift and the tangent cone ker DF(0).
6.5. Exact correction of a prescribed finite jet.
Proof of Theorem 6.7. Choose a range complement X of dimension a. For z € K solve
PRF(p(t) + z + x(t, z)) = fr(2), x(t,z) € X.

At (0, 0) this is the ordinary parameter-dependent implicit function theorem. x(0,0) = 0, D,x(0,0) = 0,
and x(t,0) = O(|t|***1) by (6.11). Define

g(t,z) = PcF(p(t) + z + x(t, 2)) — fe(b).

Then g(t,0) = O(|t}**1), D, g(0,0) = 0, and 2D?g(0,0) = Q on K.
Impose the finitely many linear conditions

H= () ker(¢D.g(0,0) : K - C). (6.17)

lal<k

Hypothesis (4.3) survives on H. Choose the d + 1-dimensional block from (4.11) with r = 1 inside H,
let Z, be its image, and let zy, W} be its regular zero and derivative complement. On this finite space,

g(t,2) = g(t,0) + L(H)z + Q(2) + E(t, 2), (6.18)
LBz, = O(It]*),  E(t,2) = O((t] + |z])]2*).

More precisely,

E(t,z) = /01(1 - s)(Dgg(t, sz) — Dg(0, O))[z, z| ds.

Taylor’s formula for the smooth coefficients in this integral gives the corresponding differentiated
bounds.
OnR" & Z, set

§(r,2) = (r, g(r,z) — g(r, O)), P(r,z) = (T, Q(z)).

Give the 7-coordinates weight 2 and the z-coordinates weight 2k + 1. The corresponding target
weights are 2 and 4k + 2. By (6.18), the remainder in the second component is bounded by absolute
monomials of weights at least 4k + 3, 4k + 4, and 6k + 3. Hence 13 is a weighted truncation. Moreover,

P0,20) =0,  DP(0, 20)(z,{) = (7, DQ(20){)
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is onto, and restricts to an isomorphism on R"” @ W,. The equation

3(r,2) = (t,-g(t,0))

is equivalent to 7 = t and g(t, z) = 0. It therefore has the weighted inverse form of [11, Theorem 3.3
and equations (4.19)—(4.22)]. The parameter coordinates in this augmentation add no perturbation
directions to X @ Z,.

Write t = €260, 0 € S™!, and z = ¢%**1w. Then

(e, 0, w) = e 2g(20, 2K w) (6.19)

extends smoothly across ¢ = 0, for w in any fixed bounded subset. Taylor factorization gives a factor
e**2 from g(t,0); the mixed linear term has exponent at least

2k+1D)+Qk+1) =4k + 3;

and the nonlinear quadratic remainder has exponent at least 4k + 4. Cubic terms in z have still higher
exponent because k > 1. Hence

¥(0, 0, w) = Poie+1(0) + Q(w), (6.20)

where Py, is the degree-2k + 1 Taylor term of g(t,0).

The restriction of Q to zy + W, has a smooth local inverse o near target zero, with o(0) = z.
Choose a constant M large enough that —Py.1(0)/M? lies in a relatively compact subset of this one
inverse neighborhood for all 8. Then

wo(0) = Mo (=Pp11(6)/M?)

is smooth, lies in Mzy + W, satisfies Q(wy) = —Pyx,1(60), and has invertible derivative on Wy. On the
compact graph of wy, set Ly = D,,¥(0, 0, wo(0))|w,. The continuous function § > Ly' has a finite
norm bound M. For £ € Wy, put T, g(¢) = &€ — L;"¥(e, 0, wo(0) + &). Uniform continuity on the
compact graph gives p, &, > 0 such that

sup ||D§Tg,9|| < %, |T£,9(0)| < p/Z.
le|<eo, 6, 1€|<p

The fixed-point theorem gives a smooth family
w(e, 0) € Mzy + Wy, Y(e, 0, w(e,0)) =0,

for all sufficiently small |¢|. The fixed point lies in B,(0) C W, and is unique there for each (e, 6).
Differentiating the fixed-point equation in local sphere coordinates, with (I — D¢ T)™! bounded by 2,
gives smoothness and agreement on coordinate overlaps.

For t # 0 set

28) = [t 2wt t/1t),  h(E) = p(8) + 2(8) + x(2, 2(1)), (6.21)

and set h(0) = 0. Both components of F(h) = f now hold exactly. All values belong to the coefficient
span of p, plus X + Z,, which proves the dimension bound.
The expression h — p is of the form

e Ut 1/18)
with U smooth on a compact polar cylinder. Indeed, x(t,0) = O(|t|***1) and
x(t, z) — x(t,0) = O((|t| + |2])|z]),

with corresponding smooth Taylor factorizations. Put p = [t|, ¢ = \/p, and 0 = t/p. Let V; be the
tangential vector field e; — 0;6 on S"'. For y € R,

2, (p"U(Jp. 0)) = p' ™' (yO,U + 3€0;0.U + V;U).
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For r =1, 8% = {~1,1} and V; = 0. Induction gives

DP(h— p)(t) = p* V2Pl us(yp, 0),

with Ug smooth on a compact cylinder. This proves (6.13). For || < k, the right side tends to
zero. Applying the definition of a derivative successively at zero shows that h — p is C there and
j§th—p)=o.

For a multi-index a with |a| = k, write R(t) = D%(h — p)(t) and set R(0) = 0. The derivative
bounds give [R(t)| < C|t|'/? and [DR(t)| < C|t|"'/? off zero. Let p = max(|t|,|t’|) and d = |t — t/|.
If d > p/2, then |R(t) — R(t")| < 2Cp'/? < 242Cd"/?. If 0 < d < p/2, every point on the joining
segment has norm at least p/2, and integration gives

IR(t) — R(t")| < N2Cp~V2d < J2cd'?.
Since p is polynomial, on a fixed compact parameter ball
ID*p(t) = D*p(t)| < Cplt — 1'|.

After restricting to a ball of diameter at most one, this is at most C|[t — t'|'/2. Adding the estimate for
R proves that D“h is pairwise 1/2-Holder.
Finally, along (6.21), the reduced derivative on Wj is

D, g(t, 2(t)lw, = [t /*DQw(Itl, t/1t)lw;, + O,

After division by |¢[<*1/2 the error tends to zero. Invertibility on the compact limiting branch gives a
right inverse bounded by C|t["%~1/2. The range block remains invertible, and its Schur complement is
precisely this reduced derivative. Therefore the unreduced derivative on V, has a right inverse of
norm at most C|t|"%~1/2. O

The image of h — p is contained in the fixed space X & Z..
6.6. Tangent cones and sharpness.

Proof of Theorem 6.8. If d = 0, the chain rule makes AL = Df(0) necessary, and the second com-
patibility condition is empty. Assume the first condition. Choose E = X ® K with Alx : X > W
invertible and write L = Lx + L according to this decomposition. Solve

F(x(t) + Lgt) = f(1), x(t) € X,

by the implicit function theorem. Differentiation at zero gives ADx(0) = Df(0) = ALy, hence
Dx(0) = Lx. Thus h(t) = x(t) + Lk t has derivative L; its restricted derivative on X remains onto. If L
is injective, projection onto its finite-dimensional image and the inverse function theorem make h
a local embedded graph. The same coordinates identify the zero fibre with a smooth graph over K,
whose tangent cone is K. Henceforth suppose d > 0.

If h(t) = Lt + o(|t]) and F(h(t)) = f(t), the first chain rule gives (6.14). Since PcDF(0) = 0 on the
entire source,

PcF(h(t)) = 1PcD*F(0)[Lt, Lt] + o(|t?).

Comparison with the smooth Taylor expansion of f and polarization gives (6.15). C! regularity of h
suffices for this expansion.
Conversely, let Lz : R — X be a right inverse of A. Define

p(t) = Lt + LLgPr(D?£(0)[t, t] — D*F(0)[Lt, Lt]).

The two compatibility conditions imply j2(F o p — f) = 0. Apply Theorem 6.7 with k = 1. The
resulting lift has derivative L at zero and is C'/2. If L is injective, a bounded linear projection to its
finite-dimensional tangent image and the ordinary inverse function theorem show that the resulting
family is a local embedded graph.
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For the contingent cone, suppose x, € Z, t, | 0, and x,/t, — v in the Banach norm. Dividing
F(x,) = 0 by t, gives Av = 0. Dividing its cokernel Taylor expansion by 2 gives Q(v) = 0. Conversely,
Av = Q(v) = 0 meets the compatibility conditions of Theorem 6.8 for the constant target and L(t) = tv.
The produced two-sided curve realizes v, and its positive-time restriction gives a contingent sequence.
This proves (6.16). O

Proposition 6.9 (Optimal parameter exponent). For every integer k > 1 there is a real-analytic map
satisfying (4.3), a prescribed polynomial p, and a target satisfying (6.11), for which no exact C*% lift
with the same k-jet exists for any a € (1/2,1].

Proof. OnE =R @ £ @ ¢*, define

Fi(s,x,y) = s+ P =P, p() = (0,0,  f(n=0.

The derivative vanishes at zero and the intrinsic quadratic form is |x|* — |y|?, with both indices
infinite. The residual Fx(p(t)) = t***! has zero 2k-jet.
If an exact lift with the same k-jet were C*, Taylor’s estimate would give

s(t) = t+0(t**),  x(2), y(£) = O(t[*).

For a > 1/2, substitution yields Fe(h(t)) = t**1 + o(|t|***1), a contradiction. The exponent 1/2 is
attained by s =t, y = tk+1/2¢ x = 0 for t > 0, and x = (—1)F*1/2¢,, y=0fort<0. O

Under (4.3), the regular zeros of Q are dense in Q~1(0). For d = 0 every point is regular. For d > 0,
fix v € K with Q(v) = 0 and put

H,={weK : B(v,w) =0}

Its codimension is at most d, so Corollary 4.2 gives z € H, and W, C H, with Q(z) = 0 and DQ(z)|w,
onto C. For € # 0,

Q(U + EZ) =0, DQ(U + EZ)|W0 = EDQ(Z)|W0’

Thus v + €z is regular and tends to v. The tangent-cone identity (6.16) also follows from this density
and the 2-regularity theorem of [36, Theorem 2.1 and Remark 2.1].

6.6.1. The spectral tangent-cone statement. In a fixed spectral chart let F = L — AL, and let C be the
cokernel of its allowed derivative. By Theorem 3.4, at a smooth reference the exact-level tangent cone
is

T{l = AL} = {h : DLgh =0, <c, Dng[h, h]> = 0 for every c € C} . (6.22)

For smooth h, the realizing curve may consist of smooth metrics or potentials and be C'/2 in the
parameter with values in each spatial C* norm.
For the multiplicity locus, put

I'=L- %L, € Sym),.

The identical conclusion holds with I in (6.22) and its own derivative cokernel. Infinite inertia is
still available: an annihilator of DT is a trace-free annihilator of DL, and ker DL C ker DT'. For 1 > 0,
scaling in the full conformal or full metric space gives DL,[g] = —AL,.

7. SPECTRAL BUNDLES AND HOLONOMY

Let IT, be the projection onto an isolated spectral cluster and let U, be its Riesz—Gram frame. The
connection V = II,d has connection form w = U, dU, and curvature Q = dw + @ A w. For a separated
part of the cluster, the corresponding matrix spectral projection defines a subbundle of the trivial
bundle with frame U,.
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7.1. Holonomy on an exact spectral level. Consider either the localized potential family of Theo-
rem 5.1, or the full conformal class of a closed manifold at a positive eigenvalue. Assume that the
eigenspace has dimension m > 2. Let a and d be the dimensions of the derivative range and cokernel.

Theorem 7.1 (Full local holonomy at the reference). There is one finite-dimensional perturbation space
W C E, with the following property. In every sufficiently small parameter neighborhood of zero, every
T € SO(m) is the holonomy of a smooth loop v(s) € W, based at zero, satisfying

L(v(s)) = AL, (0<s<). (7.1)

The loops can be chosen inside an embedded m-parameter family through the reference satisfying (7.1).
They are nullhomotopic within that same exact spectral level. In the potential case their support is in a
single compact Ko @ O. One can take

dmW =a+m(d+1) (d>0), dim W = dimSym,, +m (d = 0).

The restricted holonomy of the connection on every sufficiently small ball in this parameter family is

SO(m).

Since U, is a real orthonormal frame, w(v)[w]? = —w(v)[w]. Parallel transport is therefore
orthogonal; its determinant is 1 along a path beginning at I,,. For m = 1, ® = 0 and the local
holonomy is trivial.

Lemma 7.2 (Small rectangles). Let a smooth metric connection on a trivial rank-m bundle over a ball in
R"™ have curvature values Q;;(0). Let H;j(a, b) be its parallel transport around the coordinate rectangle
based at zero with sides ae; and bej, with one fixed orientation. Then

H;j(a,b) = I —abQ;;(0) + O(lab|(|a| + |b))). (7.2)
In particular, H;j(a,0) = H;j(0,b) = I and
a '9pHjj(a,0) — —Q;;(0).
The sign reverses upon reversing orientation.

Proof. Write w = ), wi(x) dx. For a segment from x to x + cey, let Vi(c; x) be the value at t = 1 of

%V(t) = —cowr(x + tee ) V(1), V(0) = L,.

Iteration of this integral equation gives the convergent series of ordered integrals. On a compact
parameter set its term of order n has norm at most (M|c|)" /n!. Differentiating any fixed finite number
of times gives a locally uniformly convergent series as well. Thus Vj is smooth in (c, x), with

Vi(0; x) = I, 9. Vi(0; x) = —wr(x).
For the oriented boundary 0 — ae; — ae; + be; — be; — 0,
Hij(a,b) = Vi(b;0)"' Vi(a; be;) ' V;(b; ae;) Vi(a; 0).

This formula gives H;j(a,0) = H;;(0,b) = I,. At (a, b) = (0,0) the mixed derivatives of the middle
two factors contribute d;w; — d;w;. The products of their first derivatives and those of the outer
factors sum to w;w; — w;w;. Therefore

929y H;j(0,0) = —9;0; + 9;0; — [wi, ;] = —Q4(0).

The two axis identities imply the exact formula

1,1
Hij(a,b) — I, = ab/ / (0a0pHij)(sa, tb)ds dt.
o Jo

A bound on its third derivatives now gives |H;;(a, b) — I, + abQ;;(0)| < Clabl(|a+|b]). Differentiating
at b = 0 gives a 19, H;;(a, 0) = —Q;;(0) + O(Jal). The reverse loop has inverse transport; its leading
mixed term has the opposite sign. ]
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Proof of Theorem 7.1. In Corollary 4.11, take r = m and prescribe %;; = E;; — E; for i < j. Let h be the
resulting embedded family with F(h(t)) = 0. Fix a parameter ball B, whose image lies in the required
source neighborhood and in the domain of the isolating contour. Put p = m(m — 1)/2 and order the
pairsi < j. For 0 < |a] < p/4, let ®,(b) be the product, in that order, of the rectangle holonomies with
sides ae; and b;je;. For all sufficiently small b these rectangles lie in B, and ®,(0) = I,,. Lemma 7.2
gives
a”'Dy(log @)(O)[E] = = ) &;(E;j — Ejp) + O(laDIé].
i<j

The first map on the right is an isomorphism R? — so(m). Choose a so small that the error com-
posed with its inverse has norm less than 1/2. Then Dj(log ®,)(0) is invertible. The finite inverse
theorem gives a neighborhood N of I, all of whose elements are holonomies of the indicated finite
concatenations.

Every T € SO(m) has a real skew logarithm B: orthogonal decomposition writes it as planar
rotation blocks and identity blocks, pairing the even number of —1 eigenvalues into rotations of angle
7. Choose N with exp(B/N) € N. Concatenating N realizing loops gives holonomy exp(B/N)N = T.
All parameter loops remain in B,. The map (u, s) = h((1 — u)y(s)) contracts each such based loop in
the exact spectral level.

Reparametrize each segment by

/ F G0 g
91 = =

1
/ /609 g
0

where the integrand is extended by zero at the endpoints. This function is increasing on (0, 1) and
all its positive-order derivatives vanish at 0, 1. Consequently all derivatives agree at concatenation
points. The transport equation is invariant under this increasing reparametrization, so the holonomy
is unchanged. Every loop takes values in W, and supp v(s) C Ko in the potential case. The dimension
of W is the one specified in the theorem. Finally, H H = I,, along every transport and H(0) = I,
imply H € SO(m). Consequently the restricted holonomy group is SO(m). O

, 0<t<1,

7.2. Amplitude and total variation of realizing loops. Write |-|; = |-|,~ for potential perturbations
and ||z = || cx, with a fixed sufficiently large k > 4, for conformal parameters. For a smooth loop v,
let

1
Varg(v) = / ()l ds.

For a fixed T € SO(m) \ {I}, define ¢1(¢€) as the infimum of this variation over smooth based loops
satisfying

sup [v(s)lg < e, F(u(s)) =0, Hol(v) = T.
S
Let £} (€) denote the same infimum with the additional condition v(s) € W, where W is the space in

Theorem 7.1. Then ¢1(e) < €)Y (e).

Theorem 7.3 (Amplitude and total variation). For each fixed nonidentity T, there are constants
ct, Cr, €T > 0 such that

C
Tn@<t@©<—L  (0<e<ep). (73)
€ €

The constants depend on the reference operator, the support condition, T, and the norm | - |g.

Proof. On a sufficiently small Banach parameter ball, the connection form is continuously differen-
tiable. The Riesz—Gram frame satisfies Uy DU(0) = 0 by the proof of Lemma 2.3, so w(0) = 0. By
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continuity of Dw at zero, choose a smaller ball with [Dw| < M there. Integration on the segment
from 0 to v yields

lo@)[Wllop < Mlvlelwle.

For a loop of amplitude at most €, orthogonality of its transport gives

1
IT =T < [ 1H(S)lop ds < Me Varg(s). (7.4)
0

Thus one may take cr = |T — I |op/M > 0.

For the upper bound, let h be the family in Theorem 7.1, with the specified curvature basis. For
each pair take rectangle side lengths § and Js;;, and let ®(J, s) be the product of their holonomies.
The double integral formula in the proof of Lemma 7.2 writes each factor as I, + §°F; (0, si), with F;
smooth. A finite product has the form I, + §°Fy(8, s). The convergent series

log(In +X) = Y (—13”“)(,1

n>1

therefore shows that L(8, s) = §2log ®(6, s) extends smoothly to § = 0. Its limiting map is

L(O, S) = — Z sij(Eij — Eji) =: LOS, L((S, 0) =0.
i<j
Choose r > 0 and &, > 0 such that
sup I —Ly'D,L(8, s)| < 3.
[s|<r, 18|1<80

This follows from continuity at the compact set {0} x B,, since the derivative there is exactly Lj.
Lemma A.2 gives a fixed ¢ > 0 such that every Z € so(m) with |Z| < ¢ equals L(J, s) for some |s| < r,
for every 0 < § < 8. Thus exp(6%Z) is attained exactly.

Let p = m(m—1)/2 and bound |Dh|gm_g by My, on the chosen parameter ball. Each concatenation
has parameter amplitude at most § V1 + r? and parameter length at most 2pd(1 + r). Its image under
h therefore has amplitude at most Ayd, Ag = My V1 + r?, and variation at most By§, By = 2pMy(1+7r).
Fix a skew logarithm B of T and set
2|B|
8% |’

Then Z = B/(Ns&?) has norm less than c, so a block loop realizes exp(B/Njs). Repeating it Njs times
realizes T, without increasing amplitude, and with variation bounded by

N5=1+[

2|B
BySNs < B, (25 + ”") .
cd
For sufficiently small €, take § = €/(2 max(Ay, 1)). Thus the total variation is at most Ct/e€. The in-
creasing endpoint-flat reparametrization preserves [ [i]r by change of variables, and hence produces
smooth loops with the same bound. ]

7.3. Two reference eigenspaces.

7.3.1. Nine localized potential perturbations on the round two-sphere. Let P = Ay for the unit-round
metric and consider its eigenvalue 2, of multiplicity three. For every preassigned nonempty open
O C S?, the derivative of the cluster map on C°(0) is onto Sym,(R). Take the normalized coordinate
eigenfunctions u; = cx;. A symmetric annihilator would satisfy x” Cx = 0 on O. This polynomial is
real analytic on the sphere, hence vanishes on the whole sphere; evaluation on unit vectors gives
C=0.

Thus D = 6 and d = 0. Proposition 3.5 and Theorem 4.10 give a nine-dimensional space

W c C2(0)
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and an analytic embedded three-parameter family with the eigenvalue 2 of multiplicity exactly three,
with all SO(3) holonomies on arbitrarily small based loops. The nine perturbations have support in a
common compact subset of O.

For every ¢ > 1, Lemma C.1 gives a surjective potential derivative on the degree-f eigenspace.
Theorem 4.10 therefore gives an m-parameter family with prescribed curvature in a space of dimension
m(m + 3)/2, where m = 20+ 1.

7.3.2. An unstable eight-dimensional eigenspace of the square torus. For the square T? = R?/(21Z)?,
the eigenvalue 5 has multiplicity eight. The conformal derivative has corank three, by (B.3). Hence
D =36, a =33, d = 3. Taking r = m = 8 gives

dim W =33+ 8(3 + 1) = 65.

By Theorems 3.4 and 7.1, a fixed 65-dimensional conformal perturbation space contains an analytic
eight-parameter exact-level family through the flat reference, whose local holonomy is all of SO(8).

7.4. Fixed volume density on round spheres. For n > 2, the centered first-cluster map on the round
S" is a submersion under metric perturbations with fixed volume density.

7.4.1. A centered submersion with fixed volume density. Let n > 2, m = n+ 1, and let y be the unit-
round metric on S” C R™. Fix a > 0 and put g, = ay. Its first positive eigenvalue is A. = n/a, with
eigenspace spanned by

1/2
— m .
u = <W> Xi, 1<i<m. (75)

The next eigenvalue is 2(n + 1)/a. For a homogeneous harmonic polynomial ‘Y (w), the separation

formula 27;1 8)2(1, =9%+nr'9, —r?A, gives A,Y = (¢ + n—1)Y. The Euclidean operator on the

left is the sum of second partial derivatives; it is the negative of the positive Euclidean Laplacian.
These eigenfunctions span a dense subspace of L%(S"). If P is homogeneous of degree ¢, let

D= Zj aij, r2 = Zj sz, and set

/2]
. ai_1
H= a:r?D'P, ay=1, a; =- J . 7.6
j;) 7 0 7T 220+ n—1-2)) (7.6)

The identity
D(r*D’P) = 2j(2¢+n—1—2j)r*>D/P + y¥ D/*1p

shows DH = 0 by cancellation of consecutive terms. The difference P — H is divisible by r?;
induction on ¢ decomposes the restriction of P into restrictions of harmonic homogeneous polynomials.
Polynomial restrictions are dense in C(S™) by Stone-Weierstrass, and hence in L?. There are no
other eigenspaces. Indeed, an eigenfunction with eigenvalue v different from every #(¢+n—1) is
orthogonal, by self-adjointness, to every restricted harmonic polynomial. Density would make it
zero. If v = #(£+ n — 1), subtract its orthogonal projection onto that finite-dimensional polynomial
space. The remainder is still a v-eigenfunction, is orthogonal to that space by construction and to
every other polynomial eigenspace by self-adjointness, and is consequently zero. Thus these are the
complete eigenspaces. The values #(£+ n — 1) increase strictly for integers ¢ > 0. Scaling the metric
by a divides them by a, giving the first two positive eigenvalues and their multiplicities. Reflection
in a coordinate hyperplane gives [ x;x; = 0 fori # j. Coordinate permutations and Y x? = 1
give [ x? = Vol(S", g.)/m, which gives the orthonormality in (7.5). For h € C(0; S3T*S™), where
O C S" is nonempty and open, (2.22) becomes

DL(g*)[I’Z]U = - /Sn h(Vui,Vuj) dvg*. (77)

Moreover, Y; du; ® du; = my/Vol(S", g.) is a constant multiple of g.. Therefore tr DL(g.)[h] = 0,
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Lemma 7.4. The map DI(g.) : C°(0; S3T*S™) — Sym?, is onto for every nonempty open O.
Proof. If C € Sym’, annihilates the map, set Tc = Y. C;;du; ® du;. Testing (7.7) gives TXF = 0 on O.
Up to the fixed normalization in (7.5), this says that the restriction of the ambient form C to x* is
scalar for every x € O. Let Py = I — x ® x. The tensor condition is
trC—xTCx
P.CPy——— > ="p =0, (7.8)
n

Its entries are polynomial restrictions to S”. Fix a point of O. Along a great circle through that point
each entry is a trigonometric polynomial, vanishes on an interval, and thus vanishes on the whole
circle. Every point of S” lies on a great circle through the fixed point. Hence (7.8) holds on all of
S". For distinct i, j, choose k # i, j; this is possible because m > 3. At x = e, the vectors ¢;, e; are
tangent. Equation (7.8) gives C;; = 0 and C; = Cj;. Thus C = cl,,. Its trace is zero, so C = 0. A map
to a finite-dimensional space with trivial annihilator is onto. O

Choose y € CZ(0), x > 0, positive on some nonempty open subset. On Sym!, define the operator
G by

(GC.D) = /S KT T . (7.9)

If its value on (C, C) is zero, TF vanishes on a nonempty open set and the preceding proof gives
C =0. Thus G > 0. Put
R(C) = —x T . (7.10)
For every D € Sym),, contraction with (7.7) gives (DI'(g.)R(C), D) = (C, D); hence DI'(g.)R(C) = C.
For a small B € Sym?, define
g(BXX,Y) = g.(e% FPX, Y). (7.11)

The exponent is self-adjoint and trace-free. Its exponential is positive and self-adjoint, and
det 8 RB) = (6. "RB) = 1 Consequently dvgp) = dvg,. Outside supp y the exponent is zero and
g(B) = g.. Proposition A.1 gives smoothness, support in supp y, and the derivative at zero. The map
B — T'(g(B)) has derivative I at zero. Lemma A.2 gives a smooth local inverse and hence a family

A— g(A), I'(g(A) = A, dvg(ay = dvg,, g(A) = g. off supp y. (7.12)
It is defined on a full ball around zero in Sym?,. Its image converges to g in every C* norm as A — 0.

Theorem 7.5. Let B be compact and smooth and E C Bx R™! a smooth rank-r subbundle, 1 < r < n.
For every sufficiently small fixed ¢ > 0, the metrics

g = 8(e(rly — mPy)) (7.13)

have a rank-r spectral bundle isomorphic to E, corresponding to the first r positive eigenvalues counted
with multiplicity, where Py is the orthogonal projection onto Ey,. They have the fixed volume density and
support properties of (7.12).

Proof. The cluster matrix is
L(gp) = c(b)Ly + e(rL, — mPy). (7.14)

Its eigenvalues are c(b)—(m—r)e with multiplicity r and ¢(b)+re with multiplicity m—r. Compactness
of the set of rank-r projections gives a common parameter range. The original cluster is the first m
positive eigenvalues and is separated from zero and from 2(n + 1)/a. For sufficiently small parameters
it retains those properties.

Choose n > 0 smaller than half of both n/a and (n + 2)/a. Choose two rectangular contours with
real intersections (—1,n/a—n) and (—1, n/a+ n). Their reference ranks are 1 and m+ 1. The resolvent
construction in Section 2 retains these ranks for small parameters. The Laplacian is nonnegative, and

Agu=0 = ﬂn |du|z,b dvg, =0 = uis constant.
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Thus precisely one eigenvalue, the simple zero eigenvalue, lies below the chosen cluster. The cluster
still occupies indices 1,...,m. The frame (2.11) identifies its lower eigenspaces with im P, = Ep,
smoothly over B. O

Every smooth real vector bundle of positive finite rank over a compact smooth manifold embeds in a
finite-dimensional trivial bundle. To construct an embedding, choose finitely many local trivializations
and smooth functions ¢; supported in their domains, with ,; #? = 1. Such functions are obtained by
normalizing a finite family of subordinate bump functions with positive sum of squares. Send a vector
to the tuple of its local coordinates multiplied by ¢;, extending each component by zero. At least
one multiplier is nonzero at every point, so this map is fibrewise injective. Adding zero coordinates
if necessary gives ambient dimension at least three and strictly larger than the rank. Theorem 7.5
therefore realizes any such bundle after increasing the sphere dimension.

7.4.2. Equivariance. Let Gy C O(n + 1) be a compact group preserving y. For Q € Gy, the metric

action is g = (Q™!)*g, and the function action is 7o f = f o QL. If Uv = (m/ Vol(S”,g*))l/z(v, x),
then

m

1/2
Vol(Sg)> (0, Q7"%) = (U Q)().

Thus 7o U, = U.Q as operators from R™ to L*(S", dv,, ). For the metric action (Q7')*, the identity
ToU. = U.Q gives (Q )" Tc = Toco-1- It commutes with the trace-free projection because Q is an
isometry of g.. Invariance of y and the measure in (7.9) gives G(QCQ™!) = QG(C)Q™!. Its inverse has
the same property. Hence R(QCQ™!) = (Q"1)*R(C), and the exponential family (7.11) is equivariant.
Volume densities are fixed in this family, so all functions belong to the same L?. The Laplacian and its
projection transform by 7g. Substitution of 7o U, = U, Q into (2.9) gives

Uoye =ToUyQ7',  LIQ7)"8) = QL(9)Q " (7.15)

The Gram square root satisfies (QBQ~1)"/2 = QB~1/2Q! for positive B, which follows by diagonal-
izing B. Choose invariant matrix balls on which B — TI'(g(B)) is injective and its image contains a
smaller invariant ball.

Such balls exist because the derivative at zero is the identity and the Frobenius norm is invariant
under orthogonal conjugation. First choose a Frobenius ball within the inverse domain, then choose
a smaller target ball contained in its open image. Every conjugate of a source point in the first ball
remains in that ball. If B is the preimage of A, equivariance makes QBQ ™! the preimage of QAQ™ .
Uniqueness gives

(TQ U*v)(x) = (

g(QAQ™) = (Q7)"Z(A). (7.16)

For O = S" and y = 1, the family is O(n + 1)-equivariant. Since O(n + 1) acts transitively on the
rank-r orthogonal projections, the metrics associated with any such projection family are pairwise
isometric and have the same spectrum, including multiplicities.

7.4.3. An isometry family with fixed exterior on the four-sphere. Write S* C C? @ R, with coordinates
(z,5), and put g. = 1y. Then

Rng* = 6g*, A](g*) = e = /15(g~k) = 8, /‘lé(g*) = 20 (717)

Fix any polar cap O = {s > a}, —1 < a < 1. Choose a nonnegative nonzero cutoff y(s) with compact
support in O. The action of U(2) on z, fixing s, preserves y and g.. Its real representation is contained
in SO(5). For ¢ € CP!, let p, : C?> — ¢be Hermitian orthogonal projection. Regard it as a real
rank-two projection and put

Py = PLI} @ IR, Acp = €3 — 5Py), Zer = §(Acp). (7.18)

The target has trace zero, eigenvalue —2¢ on im P, and eigenvalue 3¢ on its orthogonal complement.
The family is smooth in ¢, since the projection in homogeneous coordinates is zz*/|z|*. The group
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U(2) acts transitively on CP! and satisfies Po; = QP,Q"". Equation (7.16) gives g.or = (Q7')*g:.r-
For fixed ¢ the metrics are therefore pairwise isometric, and spec Ag, ,, including multiplicities, is
independent of ¢. The scalar part c(¢) = tr L(g:¢)/5 is independent of ¢ by conjugacy. Since its first
derivative vanishes for trace-free metric variations by (7.7),

c(e) = 8+ O(¢?),
/11 = )LZ = /13 = C(E) — 2¢, (719)
Ay = A5 = c(e) + 3e.

Choose contours with real intersections (—1,4) and (-1, 16), avoiding the reference spectrum. Their
ranks at g, are 1 and 6, respectively: the reference eigenvalues below 16 are 0 and 8, with multiplicities
1 and 5. The uniform resolvent construction of Section 2 retains these ranks and excludes spectrum
on the endpoints for all sufficiently small parameters. On a closed connected manifold the Laplacian
is nonnegative and its zero eigenspace consists exactly of the constants, since (Au, u) = |dul%. Thus
there is no additional positive eigenvalue below the first-five cluster, and the next eigenvalue satisfies
A¢ > 16. Compactness of the projection orbit makes one choice of ¢y > 0 valid for every f. Let
K = supp y € O. Equation (7.12) gives

Zer= g« on S*\K, dvg,, = dvg,. (7.20)
By (7.17), Ricg, =3 g+ = 3g.. The finite family satisfies

sup |gee — glcz < Colel.

teCP!
Apply Lemma A.5 with ¢ = 3 and § = 3. If Cy|¢| is smaller than both its admissible radius and
3/(2(C + 3)), then

Ricg, , —38er 2 %g* >0
for every ¢. The frame Uy, , is a smooth isometry from the trivial five-plane bundle onto the sum of the

first five positive eigenspaces. Equation (7.18) identifies the lower eigenspace with im P,. Therefore
the first-three eigenspace bundle is

E,=Lgr®R, (7.21)

where L is the tautological complex line. Its orthogonal complement in the trivial first-five eigenspace
bundle has rank two. Choose unit frames of L on the two coordinate disks of CP'. On their equator
the transition can be chosen e, The bundle in (7.21) has clutching loop diag(Rot_g, 1) € SO(3).
Its lift through the double covering Spin(3) — SO(3) starts at 1 and ends at —1, since a one-plane
rotation of angle 27 lifts to a half-angle path. Thus it does not lift to a closed loop. The obstruction is

{wa(&),[S°]) = 1. (7.22)

Equivalently, wo(Lg) = ¢1(L) mod 2 and ¢;(L) = —1 on the chosen orientation; the sign does not
affect (7.22). These clutching descriptions of w; are also given in [44, Sections 4 and 14].

7.4.4. Topology of the gap space. Let Ggyp consist of smooth metrics on this fixed §* with Ric > 3g,
dvg = dvg,, g = g. off K, and A3(g) < A4(g). For fixed 0 < & < £, (7.18) defines a map f, : S* = Ggap.

Corollary 7.6. The map f, is not nullhomotopic. In particular it represents a nonzero element of the
based r; of its component of Ggap.

Proof. A nullhomotopy extends the family to a continuous family over D®. The boundary bundle has
the nonzero class (7.22); compare [47, Lemma 1.6]. The first-three projections are locally continuous by
resolvent continuity and the gap, and define a rank-three bundle. Compactness of the parameter ball
gives a uniform positive minimum for the third-to-fourth gap; one may also construct the bundle with
local contours. Homotopy invariance of pullback bundles [44, Section 3], applied to the contraction
of D? to a point, makes this bundle trivial. Naturality of Stiefel-Whitney classes [44, Section 4] then
gives zero wy on its restriction to S?, contrary to (7.22). Choosing a basepoint on the original sphere
family gives the based conclusion. ]
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Corollary 7.7. Fix0 < ¢ < . Let g;p, (t, b) € [0,1] x S, be a continuous family of smooth metrics,
with the C* topology, such that gy, = ge.p and

A3(gp) < Aa(gep) for all (¢, D).
Then for some b € S,
M(gp) = Aa(gip) or Ax(gip) = As(gup).

Proof. Local Riesz projections define a bundle on $?x[0, 1]. The two endpoint inclusions are homotopic,
so their pullback bundles are isomorphic by [44, Section 3]. Suppose the final three eigenvalues
are distinct at every parameter. Their increasing order defines three continuous rank-one Riesz
projections, and hence a splitting into real line bundles. Real line bundles are classified by their
first Stiefel-Whitney class [44, Sections 4-5]; each is trivial because H!(S?; Z/2) = 0. The Whitney
product formula [44, Section 4] gives zero second Stiefel-Whitney class for their sum, contradicting
(7.22). O

Equation (7.16) gives a constant map from S? to the set of isometry classes, while

[fe] #0  in m5(Cgap), A4(8e.0) — A3(ge0) = 5e.

7.5. Bundles on the fixed round two-sphere. Let y be the unit-round metric on $2. By Lemma C.1, the
matrix derivative of every round cluster is onto for potentials supported in any prescribed nonempty
open set.

Proposition 7.8. Fix £ > 1,m = 20+ 1, A = {(£+ 1), and a nonempty open set O C S?. Thereare K € O,
a finite-dimensional W C {q € C*(S%R) : supp q C K}, and a smooth local section .%; at zero such
that

LA(Y) =+ Y, S(0) =0,
and, on a sufficiently small target ball,
|-7Y) = Le(Yllex < Cred Y =Y (k> 0). (7.23)

Proof. Choose y € C’(0O) nonnegative and positive on a nonempty open set. In an orthonormal
eigenbasis put Fe = ), Cjju;u; and define the matrix-space Gram operator G by

<GC, D> = /52 )(FcFD dl)y.
Lemma C.1 shows that G is positive definite. Define

R(C) = xFg1c.

Equation (2.31) gives DL(0)R(C) = C. Hence C — L(R(C)) — Al, has derivative the identity. Its
finite-dimensional local inverse defines .} with values in im R and support in supp y. On a smaller
convex ball the derivatives into every C¥ space are bounded, since the image is finite-dimensional
and consists of fixed smooth functions. Integration along segments proves (7.23). g

Theorem 7.9. Let B be a compact smooth manifold and let E — B be a smooth real vector bundle of
rank r > 0. Fix a nonempty open disk O C S?. There are an integer £ > 1, m = 2+ 1 > r, a compact set
K € O, and a smooth family of real potentials

gy € C(S%R), suppq.p C K, beB, |e<e,
with qop = 0, for which the {(f + 1)-cluster of A, + g, has, for 0 < e < ¢, exactly the eigenvalues
U+ 1)—(m—r)e with multiplicity r, U+ 1)+ re with multiplicitym — r. (7.24)

The bundle of eigenspaces for the first value is isomorphic to E. For every fixed k, the family is O(¢) in
Ck(S?), uniformly in b.
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Proof. Choose finitely many trivializing neighborhoods for E and smooth functions ¢; with supports
in them and Y; #? = 1. The map sending a vector to the direct sum of its local coordinates multiplied
by the ¢; is a smooth fibrewise injection into a finite trivial bundle. The terms extend by zero because
the supports lie inside the trivializing neighborhoods. At each point at least one ¢; is nonzero, which
proves injectivity. If the finite trivial bundle has rank N, choose an odd m = 2¢+ 1 > N with
m > r, and compose the injection with the coordinate inclusion into B x R™. Let P}, be the Euclidean
orthogonal projection onto the image of Ej,. Define

Ye,b = 5(rIm - me)> deb = yf’(Ye,b)-

Compactness of B permits one ¢&y. Proposition 7.8 gives a family smooth also at ¢ = 0 and the stated
estimates. The matrix Y. ; acts by —(m — r)e on im P}, and by re on its orthogonal complement. The
exact section identity therefore proves (7.24). Let U, : R™ — L2(S?, dv,) be the Riesz—Gram frame.
The map

(b,v) — Ug, Vs v €1im Py,

is a smooth fibrewise isomorphism onto the required eigenspace bundle. The Hilbert space is the
fixed space L*(S%, dv,). Spectral isolation from the other round clusters persists for small potentials.

For an explicit isolation bound, let d; be the distance from #(£+ 1) to the excluded round spectrum
and choose 0 < n < d;/3. The variational characterization of the ordered eigenvalues gives

IAi(Ay + @) = A(A)) < gl for every j :

the Rayleigh quotients differ by at most | ¢|, and taking the infimum and supremum preserves the
bound. Take the parameter range so that ¢, [ < 17 and m|e| < n uniformly in b. The displayed two
eigenvalues then remain in the isolated cluster, and no other eigenvalue has either value. (]

The levels preceding #(¢ + 1) have total multiplicity 5;3)(2 j+ 1) = £2. Thus, with eigenvalues
numbered from zero, the rank-r bundle occupies indices £, ... ¢ +r—1for sufficiently small & > 0.

Corollary 7.10. There is a smooth family of arbitrarily small potentials on the fixed round S%, supported
in any prescribed nonempty open disk and parametrized by CP', for which the degree-two cluster has
the two constant eigenvalues

6 — 3¢ of multiplicity 2, 6 +2¢  of multiplicity 3.

The lower rank-two eigenbundle has Euler number —1 for the complex orientation. Fix a sufficiently
small ¢ > 0. Let q;p, (t,b) € [0, 1] x CP?, be a continuous map into C*(S*;R) beginning at this family.
Order the complete spectrum as vo(t, b) < vi(t,b) < . If

v3(t, b) < v4(t, b), vs(t,b) < ve(t,b) forall(t,b),

then v4(1,b) = vs(1,b) for some b € CP'. The two inequalities are the gaps immediately below and
above the selected rank-two subcluster.

Proof. Apply Theorem 7.9 to the real plane bundle underlying the tautological complex line over CIP?,
embedded in C% ¢ R?, and take £ = 2 and r = 2. Its clutching function is ¢% so its Euler number
is —1. At the unperturbed sphere, the levels below 6 have total multiplicity 1 + 3 = 4. The isolation
estimate in Theorem 7.9 therefore places the selected rank-two eigenspace at indices 4, 5. Under the
two gap inequalities in the statement, local Riesz projections onto these two eigenvalues agree on
overlaps, and define a rank-two bundle over CPP! x [0, 1]. Its endpoint restrictions are isomorphic. If
the two eigenvalues were simple at every parameter, the endpoint bundle would split into two real
line bundles. Each real line bundle over S? is trivial because H!(S?;Z/2) = 0. Their sum has Euler
class zero, a contradiction. Homotopy invariance and the classification of real line bundles are as
in [44, Sections 3-5]. O
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8. PARAMETER FAMILIES AND RELATIVE LIFTING

A section of the matrix map gives spectral families parametrized by Grassmannians. For a closed
parameter subset Ay, a relative lift & satisfies @|4, = « for the prescribed lift a.

8.1. Grassmannian retractions. For the topology of finite-dimensional matrix families, see [2, 14].
For spectral-bundle obstructions in Dirac families, see [47, Lemma 1.6 and Section 4 of the arXiv
version].

Let M be a metric parameter space on which a spectral-cluster frame is fixed on a neighborhood
U of gy. Suppose that a continuous map

s : Bs(0) C Sym?, — U, s(0) = go, T(s(A)=A (8.1)

is given and is smooth on the punctured matrix ball. A centered submersion gives a section smooth
also at zero. At an arbitrary reference of Theorem A, Theorem 4.5 gives (8.1) by restricting the full
matrix section to trace-free targets. The latter section need not be differentiable at zero. Fix 1 < r < m.
Let U, C U be the metrics for which the r-th and (r + 1)-st ordered eigenvalues of L differ. Define

pr: Uy — Gr.(R™) (8:2)

by the lower rank-r eigenspace of L. The Grassmannian is identified with real orthogonal rank-r
projections. The finite-dimensional Riesz formula [38, Chapter II, Section 1.4] makes the map smooth.
At any metric in U, choose a contour containing precisely the lower r matrix eigenvalues. The
strict internal gap keeps that contour disjoint from the nearby matrix spectra; the resolvent series of
Section 2 differentiates its integral. For a rank-r orthogonal projection P, put

A (P) = e(rl,, — mP), c.(P) = s(A.(P)). (8.3)

This matrix is trace-free. Its eigenvalues are —(m — r)e on im P and re on ker P. Its Frobenius norm is
independent of P:

|A(P)* = sz(r(m —r)?+(m- r)r2) =e*mr(m—r) > 0. (8.4)

For a fixed sufficiently small ¢ > 0, every target therefore belongs to the punctured ball Bs(0) \ {0}.
The restriction of s to this family is smooth.

Proposition 8.1. The family (8.3) lies in U} and satisfies
prooe =Idgr,®m) - (8.5)

Its image is a smooth embedded copy of the Grassmannian, and o, o p, is a retraction onto that image.
The lower spectral bundle restricts to the tautological bundle.

Proof. The full matrix L(s(A)) differs from A by a scalar multiple of I,,, which does not change its
eigenspaces. The eigenvalue difference in (8.3) is me > 0. This proves (8.5). It also gives injectivity and
injectivity of the derivative of o,. The Grassmannian is compact and the metric space is Hausdorff,
so the injective continuous map is a homeomorphism onto its image. Differentiation of p,o, = Id
gives a left inverse for its tangent map. In a C metric chart, the finite-dimensional tangent image is
complemented: compose that left inverse with Do, to obtain a bounded projection onto the image.
The local inverse argument in Section A therefore expresses the image as a smooth graph over that
finite-dimensional subspace. Thus o, is a smooth embedding. The composite o, p, has image in that
embedded copy and is the identity there; it is a retraction.
Let y, be the tautological bundle. For g’ € U5, let Vy = ]g*,1 Uy be the frame of (2.11). The map

&) — (g, Vyv),  veimp(g),
is a smooth fibrewise isometry from p; y, onto the lower spectral bundle of Ay &,. Its inverse is the

adjoint of Vi restricted to that bundle. Thus this identification is valid even when the Riemannian
density varies. Pulling back by o, gives

0. =y (8.6)
O
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With compatible basepoints, (8.5) gives
(pr)«(oe)« =1d  on mi(Gr,.(R™)), O-:p: =Id on H*(Gr,(R™); A)
for every abelian coefficient group A. Hence (o,). and p; are split injections.

Corollary 8.2. Let B be a compact smooth manifold, letm > 2 and1 < r < m, and let E C BxR™ be
a smooth rank-r subbundle. Its orthogonal projections Py, are smooth, and the family b — o.(Py) has
lower spectral bundle isomorphic to E.

Proof. In a local smooth frame represented by a full-rank matrix V(b), the orthogonal projection is
V(VIV)'VT, hence is smooth. These local formulas agree. The bundle E is the pullback of y, by
b — Py. Apply (8.6). U

Corollary 8.3. Fix a smooth reference metric with a positive eigenvalue A of multiplicity m > 2, and let
1 < r < m. In every sufficiently small neighborhood with its whole-cluster frame, the internal gap space
contains the Grassmannian sections of Proposition 8.1, within the reference conformal class. They can be
chosen with

L(O-E(P)) = AL, + E(rIm - mP): ”O-E(P) - go"Ck < Gk \/E (8-7)

Proof. Let . be the full matrix section of Theorem 4.5, and set o.(P) = ./ (&(rI,, — mP)). The target
matrix has nonzero constant Frobenius norm for fixed ¢ > 0, so the section is smooth along the entire
Grassmannian. The target identity gives the first equality in (8.7), and the Ho6lder estimate at zero
gives the second, uniformly over the compact set of projections. For small ¢ the image lies in the
prescribed neighborhood. Proposition 8.1 applies with the original cluster frame. (]

A differentiable right inverse at a reference with nonsurjective DL is impossible, since the chain
rule would give DL o DS = Idsyp, .

8.2. The exact quadratic model. Let E be a real Banach space, or a metrizable locally convex space,
and let O : E — R? be continuous quadratic, with polarization B. Assume every nonzero scalar
contraction c - Q has infinite negative index. The positive index is then infinite as well.

Theorem 8.4 (Open inverse images). For every open U C R?, the map Q : Q"' (U) — U is a weak
homotopy equivalence.

Proof. If d = 0, the nonempty inverse image is the contractible space E. Suppose d > 1. For a
finite-dimensional subspace V C E, put

Hy ={h € E : B(h,v) =0 foreveryv € V}.

It has codimension at most d dim V' and retains the index hypothesis. Corollary 4.2 and a finite-
dimensional inverse give a map ¢ on a neighborhood of a closed ball B,(0) C R¢, with Qo(a) = a,
0(0) # 0, and image in one finite-dimensional subspace of Hy. Define

sy(0) =0, sy(a) = {lal/no(na/lal) (a=0).

Homogeneity gives Qsy(a) = a. For every continuous seminorm p on E, compactness of the sphere
gives p(sy(a)) < Cp|a|1/2, which proves continuity at zero.

If x,y : P — E take values in finite-dimensional linear subspaces and Qx = Qy = a, choose a
finite-dimensional V containing both images and put

hy=(1—-tx+ty+ sv(a -0((1—-t)x+ ty)). (8.8)
The first summand lies in V and the second in Hy. Therefore
O(h) =0((1—t)x +ty)+ Q(sv(a - (1= tx + ty))) =a.

At t = 0,1 the second summand vanishes. It also vanishes at every parameter where x = y, so the
homotopy is relative to that set.
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Let Z be a finite polyhedron, z, € Z, and let x : Z — Q~(U) be continuous. Compactness of x(Z)
and openness of Q~1(U) give a balanced convex neighborhood Vj of zero such that x(Z)+V, ¢ Q~!(U).
Choose a finite open cover U; of Z and points z; such that x(z;) — x(z) € V; for z € U;. The cover
can be chosen with zy = z; € U and z; ¢ U; for i > 1; first choose U; and then cover its compact
complement by sets avoiding z,. For a subordinate partition of unity ¢;, put

xf(z) = Z $i(2)x(z).

Then x¢(zy) = x(z), xy has finite-dimensional image, and x¢(z) — x(z) € V; by convexity. The
homotopy x(z) + t(xf(z) — x(2)) stays in Q~'(U) and fixes z.
Fix xp € Q"1(U) and set

$x,(@) = X0 + SRy, (@ — Qo).

Orthogonality gives Qsy,(a) = aand sy,(Qxp) = xo. Composition with s, lifts every based sphere map
into U, proving surjectivity on each based homotopy group. For injectivity, suppose x : (S, z)) —
(Q7'(U), x9) has Qx nullhomotopic in U. Replace x by the based finite-dimensional approximation x¢
above. Then Qx is still nullhomotopic. Both x and sy, (Qx¢) have finite-dimensional images, have the
same Q-value, and agree at zy. Equation (8.8) joins them by a based homotopy in Q~!(U). Composing
a based nullhomotopy of Qx with sy, contracts the second map to x,. Thus x is nullhomotopic.
For path components, surjectivity follows from Qs = id. If Qxo and Qx; are joined by a path a
in U, then sy, © a joins x to sy,(Qx1). The latter point and x; have the same Q-value. Apply (8.8) to
these two constant maps to join them in that fiber. Thus Q induces a bijection on path components
and isomorphisms on all based homotopy groups. g

Let A be closed in a compact metrizable space P, andlet a : P — R and x4 : A — V be
continuous, where V is finite dimensional and Qx4 = a|4. For A # @, Lemma 8.6 gives a continuous
extension ¥ : P — V;for A = @, take x = 0. Then

x =%+ sy(a— Qx)

is an exact lift agreeing with x4.
Suppose E is normed and U is invariant under positive scalar multiplication. For p > 0, the map

p
c(x) = x
p+ x|

sends Q~'(U) into Q~'(U) n B,,. For 0 < s < 1, multiplication by (1 — s) + sp/(p + |x]) > 0 gives a
homotopy from the identity to c. It remains in Q~'(U) by homogeneity, and on B, its factor is at
most one. Thus inclusion of the intersection with B, is a homotopy equivalence. For the split map

P(r,z) = (r, Q(2)),

equip the source with the product norm |(r, z)| = |r| + |z| and set z(r, z) = p/(p + |r| + |z|). The map
(r,z) — (t?r, 2) sends the inverse image of an open cone into its intersection with the radius-p ball
and multiplies its target by 72. Replacing 7 by (1 — s) + st gives the two required homotopies, with
no increase of the norm on that ball. For

G ={Ac¢ Symm : ,ur(A) < ﬂr+1(A)},
let P,(A) be the lower rank-r spectral projection. The homotopy
Hy(A) = (1 - s)A+ s((r/m)I — P,(A))

has gap (1 — s)(ur+1(A) — p(A)) + s > 0 and fixes every matrix (r/m)I — P. It is a deformation
retraction onto {(r/m)I — P : P is a rank-r projection} = Gr,(R™).

The same correction formula applies to the map (r, z) — (r, Q(z)) on R* @ E: preserve its first
coordinate and correct only the second one. For a finite-rank source family, the orthogonality space
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in the proof is chosen from the finitely many z coordinates. A homotopy of target pairs is lifted by
adjoining its first coordinate and the corresponding quadratic section in the second. This proves the
weak equivalence on every open target set for that split model.

Thus, for the split quadratic map with target Sym,, (R), the inverse image of G, in any source ball
has the weak homotopy type of Gr,(R™).

8.3. Relative lifting in corank one. Let F : E D Uy — W be smooth, F(0) = 0, with E Banach and
W finite-dimensional. Take the decomposition (4.1)-(4.2) with Ey = E. In this subsection assume
dim C = 1 and that the scalar quadratic form Q has infinite positive and negative indices.

Theorem 8.5 (Relative lifting in corank one). Suppose d = 1 and (4.3) holds. For every neighborhood
U of 0 in the domain and every integer r > 0, there are a neighborhood V of 0, V. C U, and a target
neighborhood D of 0 such that the following holds. Let P be a compact metrizable space of covering
dimension at most r, let Ay C P be closed, and let

f:P—D, a:Ay—V

be continuous maps with F o & = f|a,. Then there is a continuous map
a:P—U, &la, = @, Foa=f. (8.9)

The neighborhoods are selected before P, Ay, f, a once U and r are fixed.
8.4. Arelative extension lemma for an indefinite quadratic form. For a metrizable space X, covering
dimension satisfies

dimX <n < S"eAEX) (8.10)
where S" € AE(X) means that every continuous map from a closed subset of X to S" extends
continuously to X. Moreover, dim U < dim X for each open subset U C X [35, 22].

Lemma 8.6 (Convex extension; [23]). Let P be metrizable, let A C P be nonempty and closed, and let E
be a locally convex topological vector space. Every continuous f : A — E has a continuous extension
f : P — E with image in conv(f(A)). IfE is normed and | f| < ¢ on A, the extension satisfies | f| < ¢
on P.

Proof. Fix a compatible metric d. If A = P, take f = f. Otherwise cover P \ A by B(x, d(x, A)/2),
and choose a locally finite refinement U; and a subordinate partition of unity ¢; on P \ A. For each i,
choose x; with U; € B(x;, d;/2), d; = d(x;, A), and choose a; € A with d(x;, a;) < 2d;. Set

f@)= Y ¢)fa) (xed).  fla=f.

The sum is locally finite off A, so it is continuous there and belongs to conv(f(A)). If x € U; and
a € A, then

d; < 2d(x, A) < 2d(x, a), d(a;, a) < 2d; + %di +d(x,a) < 6d(x, a).

For any convex neighborhood V of zero in E, continuity of f at a gives n > 0 such that f(a’)—f(a) € V
whenever ' € A and d(a’,a) < 6n. If d(x,a) < 5, every index with ¢;(x) # 0 satisfies this
condition on a;. Convexity gives f(x) — f(a) € V, proving continuity at a. The norm bound follows
from | f ()] £ 3 ¢i(x)|f(a)| < c. For an empty prescribed subset, a constant map supplies an
extension. (]

Lemma 8.7 (Quadratic extension with a norm bound). Let
av(w,) = [uf? —pf,  (w,v) eRN @RV,

Let P be compact metrizable with dimP < N — 1 and let Ay C P be closed. Supposeb : P — R
and za = (ua,v4) © Ay = RN are continuous and qn(za) = b|a,. Then za extends to a continuous
z + P — R¥™ with qy(z) = b. If, for some § > 0,

b|< 8% onP,  |zal < 8 on A,

then one can arrange |z| < /38 on P.
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Proof. If no numerical bound is specified, compactness permits a positive § satisfying both stated
bounds. It therefore suffices to work under those bounds. On Ay put

sa = lual® + val, ea=sa—|bl.
Since b = |ual> — |[val? there, e4 = 2min(lual?, |val?) € [0,5%]. Extend e4 to e : P — [0,5?] by
Lemma 8.6. For a compatible metric dp on P, when @ = Ay # P take
dp(p, A
T(p)= 52 P(p 0) .
1+ dp(p, Ao)

Take 7 = 6%/2and e = 0if Ay = @, and 7 = 0 if Ay = P. Set

s=|b|+e+rT, Uy, = (s+Db)/2, U_.=(s—b)/2. (8.11)

Then s > |b], s < 382, and on A, the radii are |uy|, [val.

For each sign define P, = {U, > 0}. These are metrizable open subspaces of dimension at most
N — 1. The maps ug/|ua|l on Ay N P and va/|va] on Ag N P- have closed domains in P, and P_,
respectively. By (8.10), they extend to maps e, : P, — SN71. If the prescribed domain for either sign
is empty, choose a constant unit vector; if P, is empty no map on it is required. Put

_ | Us(ples(p), p € Py, _ | U-(ple-(p), pe€P,
u(p)_{o, péP., v(p)_{o, peP..

At a point py with U.(po) = 0, the corresponding vector has norm exactly U.(p), tending to zero as
p — po. This proves continuity across the zero sets. On A, the formulas give the prescribed vectors,
including their zero values. Finally,

uf —pf=U2-U2=b, |uf+pf=U2+U%=s<36%
O

For b > 0, the projection (u,v) — u/|u| is defined on gy'(b) and restricts to the identity on
{(Vb u,0) : u € SN~1}. An extension of this sphere to DV in gn'(b) would therefore give a retraction
DN — SN=1 which is impossible.

8.5. Finite nondegenerate Morse restrictions and relative lifting.

Lemma 8.8 (Finite Morse block with Banach parameters). Assume d = 1. If the scalar form Q has at
least N positive and N negative directions, there are a Banach space K;, a smooth local coordinate map
© at the origin, and a smooth scalar function by such that

F(O(x, y, u,0)) = (v, bo(x, y) + [uf* = o), (8.12)

where x € K1, y € R, and u,v € RN. The map © is a local diffeomorphism from a neighborhood of zero
inK; ® R® RN @ RY onto a source neighborhood. Here by(0,0) = 0 and Dby(0,0) = 0.

Proof. Let B be the polarization of Q. Choose an N-dimensional subspace Z; on which Q is positive
definite, and let p, : K — Z, be its Bp-orthogonal projection. In a basis ¢; of Z,, this projection is
p+v = Z (G )ijBo(v, €)), (G1)ij = Bo(ei, e).

Lj
It is bounded. If Z’ is any N-dimensional negative-definite subspace, then

QW —pv) = Q) — Q(psv) <0 (0=veZl).

Thus I — p, is injective on Z’ and its image Z_ is negative definite and orthogonal to Z,. Set
Z = Z, & Z_. Tts form is nondegenerate of signature (N, N). The same finite Gram formula defines a
bounded projection pz on K. Hence K = K; @ Z, where K; = ker p is a closed Banach subspace.
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Choose X with E = X®K and Alx : X — Rinvertible. Solving the range equation in the X variable
gives local coordinates (x, z, y) € K; @ Z @ R in which F = (y, G(x, z, y)). After a fixed linear change
on Z, the z Hessian at zero is 2], where J = diag(Iy, —In). The equation D,G(x, z, y) = 0 has a unique
smooth solution z.(x, y) near zero, because its z derivative is 2J. Put by(x, y) = G(x, z.(x, ), y).
Taylor’s integral formula gives

1
G(x,ze + &,y) = bo(x,y) = £ ' H(x, 3, )¢, H= /0 (1-0D2G(x, z. + t&, y) dt,

so H is symmetric and H(0) = J.
For H near J, the binomial series defines S(H) = (JH)'/? and gives S(J) = I. Since (JH)"J = J(JH),
every power of JH — I has the same J-symmetry. Consequently

S(H)'J=JS(H),  S(H)'JS(H)=JS(H)* = H.

The map & — S(H(x, y, £))& has derivative I at the origin and therefore a smooth inverse with the
Banach parameters x, y. Writing its new coordinates as (u,v) € RN @ RV gives (8.12). Each coordinate
change is locally invertible on the entire source. Finally, the derivative of PcF at zero vanishes on all
of E, so the chain rule gives by(0,0) = 0 and Dby(0,0) = 0. O

Lemma 8.6 applies to the Banach coordinate space Kj. It also applies to the locally convex space
of smooth functions with a fixed compact support, with its family of C* seminorms.

Proof of Theorem 8.5. Choose N > r+1 and the coordinates of Lemma 8.8. Inside their domain choose
a product neighborhood whose image lies in U. Choose § > 0 so small that all coordinate points
with sufficiently small x, y and |(u,v)| < /3§ stay in this product. By continuity of by, choose > 0
so that x| <, |y| < nimply |by(x, y)| < 6?/2 and stay in the coordinate domain. Make the target
neighborhood D so small that

Ifrl < 7, fel < 8%/2.

Choose V C U so that every point of V has coordinates with |x| < n and |(u,v)| < §, after decreasing
n. All these choices depend only on U, r, F.

Write the partial lift in coordinates as (x4, fr|a,, 4, v4). Lemma 8.6 gives an extension x : P — K;
with | x| < 5. For empty Ay, take x = 0. Define

c(p) = fe(p) — bo(x(p), fr(p)).
Then |c| < §%, and on Ay it equals |ua|? — [va|?. Lemma 8.7 extends (ua,v4) to (u,v) with |u|* —v]* = ¢
and |(u,v)] < +/36. Finally set
a(p) = 0(x(p), fr(p), u(p), v(p)).

The coordinate bounds place this map in U. Equation (8.12) proves its exact target identity, and every
coordinate agrees with the prescribed lift on A,. O

Corollary 8.9 (Local finite-dimensional connectivity). For every neighborhood U and every k > 0, a
sufficiently small neighborhood V has the property that every map S* — V n F~1(0) extends to a map
DK 5 U n F71(0).

Proof. Apply Theorem 8.5 withr = k+1and f = 0. g

8.6. Internal spectral gaps in corank one. Fix a spectral cluster of multiplicity m at a smooth reference
and a whole-cluster Riesz—Gram frame. In a local parameter chart put

F(v) = L(v) — AL, € Sym,, (R).

Suppose its allowed derivative has corank one and the scalar intrinsic Hessian has infinite positive
and negative indices. For 1 < j < m, define

G =1{Y €Sym,(R) : ;i) <p(V}h U= eU: FO) € G

Here yj; are increasingly ordered eigenvalues. Let p; : U; — Grj(R™) be the lower j-plane map in the
fixed frame.
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Theorem 8.10 (Gap obstructions after shrinking). For every sufficiently small source neighborhood U
and every k > 0, there is a neighborhood V C U such that, for every continuous « : sk - Vi,

a extends to D!

- U; < pjoaisnullhomotopicin Grj(R™). (8.13)
In addition, in every Uj; there is a continuous family parametrized by Gr;(R™) whose lower-plane map is
the identity.

Proof. If & extends to D**! — Uj, composition with the continuous lower-plane map gives a nullho-
motopy of p;a. Conversely, apply Theorem 8.5 with parameter-dimension bound k + 1 and source
neighborhood U. Choose a round target ball D contained in the resulting target neighborhood, and
shrink the source neighborhood V so that F(V) C D. Put Y(x) = F(a(x)) and P(x) = p;(a(x)) on sk,
A nullhomotopy is an extension P : DF! — Gr i(R™) with P|gc = P. For sufficiently small ¢ > 0 all
matrices T.(P) = e((j/m)I, — P) lie in D. Define Y on the disk by

Firx) = {(2r~— DY)+ @-20T(P(). 1/2<r<t g

T.(P(2rx)), 0<r<1/2,

The formulas agree at r = 1/2 and the inner formula is continuous at the center. For the outer formula,
Y(x) commutes with P(x). Its gap between the two invariant blocks is

@r = D(pjn(Y(x) = pi(Y(x))) + (2 — 2r)e > 0.

The inner formula has gap €. Convexity of D puts the outer formula in D, and the choice of € does
the same for the inner formula. Thus Y : D! — Dn G;j extends Fa. The relative theorem, with
prescribed lift & on the entire boundary, gives an extension @ : D! — U satisfying F& = Y. The
strict gap makes its image lie in U;.

For the Grassmannian family, apply the same relative theorem with empty prescribed subset and
parameter space Gr;j(R™), of dimension j(m — j). Choose € small enough for its target neighborhood
and prescribe the target T.(P). The lifted family’s lower projection equals P at every parameter. [J

8.6.1. Two explicit unstable references. On the flat square torus R?/(27Z)?, the eigenspace at A = 1
has basis proportional to

cosx, sinx, cosy, siny.

The sole conformal product relation is a multiple of
cos? x + sin® x — cos?® y — sin® y = 0.

The shell formula in Appendix B gives conformal corank one. By Theorem 3.4, Theorem 8.10 applies
in the conformal class with target Grassmannians Gr j(]R4), j =1,2,3. For localized scalar potentials
in any prescribed nonempty open set, the same relation gives corank one: a product relation on that
open set is a trigonometric polynomial and hence extends globally by analyticity.

At A = 5, the shell consists of

+(1,2), +(2,-1), +(1,-2), =+(2,1).

Its real multiplicity is eight. The unrestricted metric cokernel has dimension 4 — 3 = 1, whereas the
conformal cokernel has dimension 4 — 1 = 3. Thus the relative theorem applies here to unrestricted
metric variations, with Gr;(R®) for 1 < j < 7. If ¢ annihilates the unrestricted derivative, it also
annihilates the conformal derivative, and ker DL|con¢ C ker DL. Theorem 3.4 therefore gives infinite
positive and negative indices for its contraction on the unrestricted kernel.
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8.6.2. Smooth spatial perturbations and support. Given a neighborhood U in the C* topology, choose
so sufficiently large and a neighborhood Uy in a C* chart such that Uy n C* C U. At a smooth
reference, choose the range complement X and the Morse subspace Z in C*. The projections onto X
and Z are finite sums of continuous linear functionals multiplied by fixed smooth coefficients, and
are continuous in C%. The coordinate maps in Lemma 8.8 have the form

1
(x,y,u,0) — x + Z aj(x,y, u,v)ej, ej € C”,
j=1

where the finitely many scalar functions a; are continuous in the C* norm. Consequently these maps
and their inverses preserve smooth coefficients and are continuous for all the C* seminorms together.
Lemma 8.6, applied with those seminorms, gives a C*-continuous extension of the x coordinate.
Thus Theorem 8.5 holds in the Fréchet topology of smooth coefficients; compare [28, Appendix A].

In the potential case, fix a nonempty open set O and select the finite-dimensional spaces X, Z C
C’(0). Let Ky € O contain their supports. For a compact K € O with K, C K, put

Ex ={q € C*(M) : suppq C K}.

If the prescribed partial lift satisfies a(Aq) C Ek, the convex extension of its residual coordinate takes
values in Eg. Every subsequent correction belongs to X @ Z C Eg. Hence @(P) C Ex. More generally,
if a(Ag) C Ek, for a compact K4 € O, then a(P) C Ek,uk,-

8.7. Germs with prescribed graph coordinates. For d > 1, the bilinear coordinates (4.11) give smooth
relative extensions of families with fixed first coordinate ¢ € R". The precise statement is Theorem D.2.

9. INVARIANT PERTURBATIONS AND COMMON SYMMETRIES

For a group G acting on an eigenspace E,, invariant perturbations give cluster matrices in the
self-adjoint commutant Sym(E,).

9.1. The self-adjoint commutant. Let G be a finite group acting effectively and smoothly on a
compact connected manifold M, with dim M > 2. The metric and the background potential are
invariant. In the potential case, O C M" is nonempty, open, and invariant, and the allowed parameters
belong to C?(O)G. In the metric case, M is closed, A > 0, and the allowed parameters are the invariant
functions in the full conformal class. For an isolated eigenspace E,, put

A=Symg(E) ={Y =Y": Yp(g) = p(g)Y (g€ G)}, D=dimA. (9.1)
The scalar matrix I, belongs to .A. Write
A=DL00)g, R=A(E), C=R*CcA K=kerA, (9.2)
where E is the indicated invariant space. Orthogonality is the trace pairing.

Theorem 9.1 (Invariant local realization). In either setting, the cluster map has a local section S :
Bs(0) ¢ A > W C E, such that

S(0)=0,  LS(Y))=Au+Y,  [S(Y)=S(Y)lex < CrlY = Y|V/2

Here W is finite-dimensional, consists of smooth invariant parameters, and in the potential case has a
common compact support in O. The section belongs to C°(Bs(0) \ {0}; W). If d = dim C > 0, one may
take dim W = D + 1; there is also a nonconstant analytic curve v(s) = sz + O(s®) in W with

L(v(s)) = AL, DL(v(s))lw : W — A onto for0 < |s| < 1.

If d = 0, D perturbations suffice and the section is analytic at zero with a linear estimate. At a singular
reference no exponent greater than 1/2 gives a uniform realization estimate in all target directions in a
norm controlling the second derivative.
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9.2. Frames, free orbits, and invariant annihilators.

Lemma 9.2 (A free ball). The points with trivial stabilizer form an open dense subset of M°. Every
nonempty invariant interior open set contains a ball with pairwise disjoint translated closures.

Proof. Let g be the average of any smooth metric under G. Every y € G is an isometry of g. If an
isometry equals the identity on a nonempty interior open set, the set

Z,={x e M : yx = x, Dyx = It M}

is nonempty and closed in M". It is also open: for x € Z,, the identity y exp,(v) = exp,(Dyxv) gives
equality with the identity on an exponential neighborhood. Connectedness of M® gives Z, = M",
and continuity extends equality to the boundary. Effectiveness excludes this for y # 1. Hence each
fixed-point set of a nonidentity element is closed with empty interior. The complement of their finite
union is open and dense and consists exactly of points with trivial stabilizer.

If G = {1}, take any ball compactly contained in the prescribed open set. Suppose G # {1} and
choose a point x with trivial stabilizer in that set. The nonempty finite set {dg(x,yx) : y # 1}
has a positive minimum dy. Choose a ball B = Bg(x, p) with compact closure in that open set and
3p < dy. For y # n, the centers yx, nx have distance at least dy, and the balls yB, nB have radius p.
Their closures are disjoint. The same compact containment holds for every translated ball, since the
prescribed open set is invariant. g

An ineffective action may be replaced by its effective quotient. Its eigenspace representations
factor through that quotient. All subsequent actions are effective.

Let T, f = f o y™'. On a fixed invariant L? space these are orthogonal operators. The reference
spectral projection II and the perturbed projection II, commute with them. Choose an isometric
intertwiner U : R™ — E,. The Gram frame is

U, = IL,U(U*TL,U) /2. (9.3)

The finite Gram matrix commutes with p(G), as does its inverse square root; hence U, is an intertwiner.
For conformal metrics, identify the Hilbert spaces by the positive square root of the density ratio. Its
multiplication factor is invariant, so it also commutes with the group. The spectral matrix therefore
lies in (9.1).

The resolvent Neumann series and the finite Gram formula make this matrix analytic on every
finite perturbation space. For potentials it is analytic in a small L* ball. For conformal metrics, the
conformal coefficients and their inverses are analytic functions of v in a sufficiently high C* Banach
algebra; the fixed-domain operator, resolvent, and cluster matrix inherit that analyticity. The analytic
dependence follows from the resolvent expansion and Gram formula of Section 2 [38].

For C € A, put

Fo(x) =), Cyui(x)uj(x),  be(x,y) =Y. Cyux)u(y). (9.4)
i,j ij

The intertwining identities imply
Fe(yx) = Fe(x), be(yx, yy) = be(x, y). (9.5)

Lemma 9.3 (Annihilator after restriction to invariant perturbations). For potentials, the cokernel in A
is

C={CeA:F-=00n0} (9.6)
For conformal metrics, it is{C € A : Fc =0 on M}.

Proof. For potentials, the first derivative is

DL(O)[f]ij:A/Ifuin dUg. (97)
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If C annihilates all invariant perturbations, test with Zy T, ¢, where ¢ € C°(O) is arbitrary. Invariance
of Fc and the density gives

0= /M ( Zy: qus)Fc dvg = |G|/M¢FC dvy.

Thus Fc = 0 on O; the converse follows by substituting Fc = 0 in (9.7).
For conformal metrics, define

A1d, n=2,
@:{Agﬂm, n>3 f=4/(n-2). ©38)

The pencil calculation gives
DO = = | (9 fyuu doy 99)

The operator Z commutes with G. Averaging arbitrary global tests gives ZF¢ = 0. If n = 2, positivity
of A suffices; if n > 3, integration gives

0= / |dFc|? dvg + ﬂ/l/ FA dvg.
M M
Thus F- = 0. [l

Lemma 9.4. For0 # C € coker DL(0) and any free ball in the allowed region, the contracted Hessian
is represented, on a smaller ball, by a real self-adjoint operator Tc with a nonzero even homogeneous
principal symbol taking both signs. Its order is at most zero; its kernel is smooth off the diagonal.

Proof. Lemma 9.3 gives Fc = 0 on the allowed region. Theorem 3.4 identifies the representing operator
as —2B¢ for potentials, —2A?B for surface conformal parameters, and —2% B¢ ¥ in higher dimension,
where 9 = Ag +44/(n — 2). Lemma 3.1 and (3.5) apply on each free ball. Their orders are —2 — £ or
2—¢ < 0. The sign conclusion follows from harmonicity of the first nonzero even polynomial. Since C
commutes with the group, its two-point coefficient, the reduced resolvent, and T¢ are equivariant. [

9.3. Oscillations on disjoint orbits.

Lemma 9.5 (Orbit-sum oscillatory identity). Let 7 be a real, self-adjoint, G-equivariant operator whose
localized kernel is pseudodifferential of order o < 0 near a free ball B and its translates, and smooth off
the diagonal. For a € CZ°(B;R) and a nonzero constant coordinate covector &, put

fn(x) = a(x) cos(Nx - &), Fy = Z T, fn-
YeG

If t, is the real even principal symbol, then

|GIN“

G|N
(TEn,Fn) =

/aztg(x, &) dvg + O(N°™h. (9.10)
B

For a fixed finite family of amplitudes with disjoint compact supports in B, all mixed pairings between
their orbit sums are O(N L) for every L.

Proof. On one ball the ordinary oscillatory formula is

(T fusfu) = 5 [ 1ol ) dug + O
After conjugating the density, write a localized symbol as t(x, 5). Applied to ae'¥** its demodulated
expression is the inverse Fourier integral of t(x, N¢ + n)a(n). For |g| < N|¢|/2, expand the symbol at
N¢, obtaining N°t,(x, £)a+ O(N°~!) in every fixed finite differentiability norm. On the complement
the Fourier transform of a decays faster than every power. The two exponential signs give the cosine
formula; their mixed phase integrals are rapidly decaying by integration by parts. This is Lemma 3.3.
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Equivariance and unitarity give

(TTyfn, Ty fn) =T, T fn, Ty fn) =T fn, fn)-

Thus the diagonal orbit sum is |G| times the single-ball pairing. For y # , the two compact supports
are disjoint and the kernel on their product is smooth. In local coordinates on the first support, choose
a smooth vector field X with X¢ = 1 for its oscillatory phase. Repeated integration by parts with
the identity V¢ = (iN)"' X(e/N?) gives, for every integer L, an absolute bound C;N~L. The same
estimate applies to both signs of the cosine phases. The finite sum over y # 5 has that bound. For
distinct base amplitudes, their compact supports and all their corresponding translates remain disjoint.
The identical integration formula therefore bounds each mixed pairing by C;N~L. g

Theorem 9.6 (Infinite inertia in invariant perturbations). For every nonzero C € C, the form f
(C,D*L(0)[f, f]) has infinite positive and negative indices on K. It retains these indices on every
finite-codimensional linear subspace of K.

Proof. Fix Ny > 1. By Lemma 9.4, a free ball contains a smaller ball and a covector ¢ # 0 on which the
principal symbol of T¢ has a strict fixed sign. Choose nonzero amplitudes ay, ..., ay, with disjoint
compact supports there. Let F; y be their orbit sums, and put

G
dj = % / a?td(x, &) dvg, ¢ =min|d;| > 0.
J
Lemma 9.5 gives the quadratic matrix
My = (<TCE,N,Fj,N>)i,j = N diag(d,, ..., dy,) + O(N? 7).

For sufficiently large N, its error has operator norm at most ¢N? /2. Hence My is definite with the
prescribed sign and |zT Myz| > cN°|z[? /2.

The exact first-derivative constraints are imposed as follows. Put a = dim R and choose invariant
smooth preimages by, ..., b, of a basis of R. Let ¢, ..., £, be the corresponding independent derivative
coordinates, so #(b;) = §;;. Equations (9.7)-(9.9), with integration by parts for conformal parameters,
express each coordinate as integration against a fixed smooth function. Consequently ¢(F;n) =
O(N~E) for every L and every i, j. Put

a
Fin = FjN — Z t(FiN)b;. (9.11)

i=1

These functions are invariant, are in K, and differ from F; 5 by O(N *L) in every fixed smooth norm. For
potentials all supports remain compactly inside O; Bc is globally L? bounded because R) is bounded
and the u; are smooth. For conformal metrics the global condition Fr = 0 makes Te = —2%B¢Z have
order at most zero globally, hence it is L? bounded. In both cases the correction changes every entry
of the fixed quadratic matrix by O(N 1) for every L. Taking L > 1 — o makes this difference o(N9),
so the definite matrix estimate persists.

The opposite symbol sign proves the opposite index. Since Ny was arbitrary, both indices are
infinite. A subspace of codimension b intersects any (Np + b)-dimensional definite subspace in
dimension at least N, so its restriction still has infinite index. O

Remark 9.7. Suppose G # {1} and let B be a free ball. Choose y # 1 and nonzero functions f; with
pairwise disjoint compact supports in B. The averaging projection

satisfies Pg(fj— Ty fj) = 0. Restriction to B shows that the functions f;— T, f; are linearly independent.
Thus ker Pg is infinite-dimensional and the invariant perturbation space has infinite codimension.
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Proof of Theorem 9.1. The preceding theorem gives infinite positive and negative index for every
nonzero cokernel contraction in the invariant derivative kernel. Corollary 4.2 supplies a nonzero
regular quadratic zero. Theorem 4.5 gives the section, the curve, and the dimension D + 1;if d = 0,
the inverse function theorem applies on a D-dimensional subspace. All selected vectors lie in E,.
Their finite support union is a compact subset of O in the potential case. The invariant Gram frame
takes values in (9.1), and its fixed contour preserves the cluster rank. The eigenvalue along the scalar
level is therefore exactly A with multiplicity exactly m. The lower bound at a singular reference is the
cokernel Taylor estimate in Corollary 4.6. ]

9.4. Generic irreducibility.

Theorem 9.8. For every effective finite smooth action on a closed connected manifold of dimension at
least two, a residual subset of every invariant conformal class has irreducible real Laplace eigenspaces.
The same conclusion holds in the space of all invariant smooth metrics. For invariant potentials, fix a
free ball B with disjoint translates and set K = e gB € O. In the Fréchet space of invariant smooth
potentials supported in K, irreducibility of every real eigenspace is residual.

Lemma 9.9 (Equivariant matrix separation). If E is a finite-dimensional real orthogonal G-module,
choose an orthogonal decomposition E = E; @ --- @ E into irreducible invariant subspaces. For pairwise
distinct real numbers cy, ..., cs, the symmetric operator

S
Y=Y cuPr, (9.12)
a=1

commutes with G and has exactly those subspaces as its eigenspaces. It may be arbitrarily small.

Proof. Invariant orthogonal complements give complete reducibility by finite-dimensional induction.
Each orthogonal projection commutes with G, and (9.12) has the stated eigenspaces by distinctness
of its coefficients. O

Proof of Theorem 9.8. At any reference, apply Theorem 9.1 to (9.12). The equivariant Gram frame
identifies the new matrix eigenspaces with the corresponding operator eigenspaces as G-modules.
Thus a single isolated cluster can be split into irreducible eigenspaces by an arbitrarily small allowed
perturbation.

For openness, suppose a finite cluster is irreducible. In a small invariant neighborhood its spectral
projection has the same rank and an equivariant Gram isomorphism to the reference representation.
Any split into distinct eigenvalues would give a nontrivial invariant orthogonal decomposition,
contradicting irreducibility. Exterior gaps remain open. Thus the property that all eigenspaces
meeting the first N ordered eigenvalues are irreducible is open, including the whole final cluster if it
crosses the index cutoff.

For density at a finite cutoff, isolate all the finitely many clusters concerned. Split a reducible
current cluster by a perturbation small enough to preserve every exterior gap and every irreducible
cluster already obtained. At each stage preserve all existing gaps within the chosen finite spectral
interval. Every strict splitting increases the number of its distinct eigenvalues, which is bounded by
the fixed total rank of its spectral projections. After finitely many splittings every eigenspace in that
interval is irreducible. Consequently the finite-cutoff property is dense.

The smooth invariant metric space is an open cone in a Fréchet space and is Baire. The positive
invariant conformal-factor space is likewise Baire. The countable intersection of the open dense
finite-cutoff sets is residual in each. On a closed connected manifold, the zero Laplace eigenspace
consists of constants, an irreducible trivial representation.

For potentials, let K be as in Theorem 9.8 and put

&k ={qe C®(M;R)° : supp g C K}.

This is a closed Fréchet subspace and hence is Baire. At each reference in it, apply the local theorem
with the nonempty invariant open set int K, with additional perturbations in C>(int K)© C &k. The
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same finite-cutoff argument applies. The numerical eigenvalues are continuous in L* by the min-max
principle, and the Riesz projections are continuous in the same small neighborhoods.

Finally, for a finite normal cover p : M — M,, pullback identifies smooth metrics on M, with
invariant smooth metrics on M. It also identifies each conformal class with the invariant conformal
class upstairs. Thus the inverse image of the residual set under pullback is residual among metrics on
the base; this is the generic irreducibility statement formulated in [64]. g

Real, complex, and quaternionic multiplicities. Writing the real representation as P, V;B " its self-
adjoint commutant is the orthogonal product of Hermitian multiplicity spaces over D, = Endg(V,) =
R, C, or H. Their real dimensions are respectively

n,(n, +1) )

s n

5 e np,(2n, —1).

In particular,
Symg(E)) = @ Herm,,(D,)
p

as real vector spaces.
9.5. Finite covers and a quaternionic example.

9.5.1. The generic spectrum of an intermediate cover. Let M — M be a connected normal finite cover
with group G, and let H < G. A metric from the base gives the intermediate manifold My = M/H.
Pullback identifies

E;(My) = Ex(M)F.

For metrics in the residual set above, E;(M) is an irreducible real V,, s0
multyy, (1) = dimg V7, (9.13)

with the value zero meaning that A does not occur downstairs. The same residual base set works for
every subgroup, since there are only finitely many subgroups.

Choose normalized smooth functions ¢; with pairwise disjoint compact supports in a free ball.
The spaces

V; = span{T,¢; : g € G}

are mutually orthogonal copies of the real regular representation. Every irreducible real representation
therefore has an infinite-dimensional isotypic subspace in L2(M). Its orthogonal projection commutes
with the Laplacian. Since each Laplace eigenspace is finite-dimensional and the spectral projections
have dense sum, each real irreducible type occurs at infinitely many distinct eigenvalues. It follows
that the intermediate cover has generically simple spectrum exactly when

dimpg Vf <1 for every irreducible real V,,. (9.14)
For the permutation representation R[G/H], real Frobenius reciprocity gives

dimg V' = m,, dimg Endg(V,)
when m,, is the multiplicity in R{G/H]. Hence (9.14) is equivalent to this permutation representation
being multiplicity-free and having only real Schur types. For dim M > 2, Theorem 9.8 gives this
criterion. Under the additional representation-dimension hypothesis it is Zelditch’s criterion [64,
Theorem B].
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9.5.2. A degree-eight cover of a genus-two surface. Let
Qs = {1,-1,i,—i, j,—j, k, =k}, i?=j*=k?=ijk=-1.
For the closed oriented genus-two surface, define a homomorphism

m(Z2) = (aq, b1, az, by | [a1, bi][az, bo] = 1) — Qs

by sending both aj, a; to i and both by, b, to j. Since [i, j] = —1, the relator maps to one; the
homomorphism is onto. The corresponding connected regular cover has degree eight, and

x3) =8x() = -16, =3,

The deck action is free.

The real irreducible representations of Qg are its four one-dimensional characters and the four-
dimensional left action on H. The evaluations at the four characters together with R[Qg] — H give
an isomorphism of real algebras

R[Qs] =R* @ H.

For injectivity, write a group-algebra element with coefficients ¢, and put s, = ¢, + ¢, and d,, =
¢y — ¢y for u = 1,4, j, k. Its four character evaluations are

s+ €si + s + €nsg, (e,n) € {+1}2.

If they vanish, summing after multiplication by 1, €, 1, €y gives s; = s; = s; = s; = 0. Its quaternionic
evaluation is d; + d;i + d;j + dik; vanishing gives di = d; = d; = d; = 0. Hence all coefficients vanish.
Both real algebras have dimension eight, so the homomorphism is an isomorphism. The quaternionic
module is irreducible: if an invariant real subspace contains g # 0, it contains q, iq, jgq, kq, which are
a basis because right multiplication by q is invertible.

Consequently, within the pullback of every smooth conformal class on ¥, a residual set of metrics
on 3 has all real eigenspace dimensions in

{1,4}. (9.15)

Both dimensions occur infinitely often by the regular-representation decomposition. Here dim M =
2 < 4 = max, dimg V). The parameter space consists of all smooth metrics in the indicated conformal
class, without a constant-curvature condition.

9.6. The common symmetry of an admissible family. For a compact linear group G C O(n) define
G= {h € O(n) : hx € Gx for every x € R"}. (9.16)
Thus G preserves each G-orbit setwise.

Lemma 9.10. The set G is a compact subgroup of O(n) containing G, and Gx = Gx for every x. Every
G-invariant domain and every G-invariant scalar function are G-invariant. If G is finite, then G = G.

Proof. If hy, hy satisfy (9.16), then hihyx € G(hyx) = Gx. Given h satisfying (9.16), set y = h™lx.
Since x = hy € Gy, Gy = Gx and hence h™!x € Gx. Closedness follows from compactness of every
orbit. Every invariant domain is a union of G-orbits, and every invariant scalar function is constant
on each such orbit.

If G is finite, fix h € G. For every x, some g € G satisfies (h — g)x = 0, so

R" = U ker(h — g).

geG

A finite union of proper linear subspaces cannot cover R”; for instance, each has Lebesgue measure
zero. Thus h = g for some g € G. ]
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Proposition 9.11 (Common-symmetry obstruction). Let a norm-resolvent-continuous family of self-
adjoint operators on a fixed real Hilbert space commute with a fixed orthogonal representation of a
compact group H O G. Let E be a finite-dimensional isolated reference eigenspace. In the equivariant
Riesz—Gram frame, its local cluster map takes values in

Symy(E) € Sym(E).

If this inclusion is strict, the cluster map has no local section onto a neighborhood of the scalar reference
matrix in Symg(E). The scalar matrix is not an essential value relative to arbitrary small continuous
perturbations with values in that larger target.

Proof. Let I1, be the cluster projection and let U : R™ — E be an orthonormal reference frame. The
projection commutes with H. Its Gram normalization

U, = I, U(UTL,U) "/

intertwines the same reference representation of H, since both the Gram matrix and its inverse square
root commute with that representation. Hence L(p) = U, PpU, belongs to Symy(E). This is the
equivariant version of the frame formula in Section 2.

Choose A € Sym(E) \ Symy(E). No nonzero €A can be the displacement of the cluster map from
a scalar matrix. Moreover,

L(p) =L(p) + €A

is uniformly arbitrarily close to L as € — 0 and never attains the reference scalar matrix. Indeed,
attainment would imply €A € Symy(E). O

For a G-invariant Euclidean domain Q, every h € G preserves both Q and the Euclidean metric.
Pullback by h therefore commutes with the Dirichlet and Neumann Laplacians and with every
G-invariant scalar potential.

Theorem 9.12. Let G = Sp(1) act on H = R* by left multiplication. Every shell
Qup =1{q : a<|q| < b}, 0<a<hb,

is a bounded connected smooth domain with a free G-action. It has infinitely many distinct positive
Neumann eigenvalues whose real G-eigenspaces are reducible. Every sufficiently small G-invariant C*
normal deformation of the shell has reducible eigenspaces in angular degree two.

9.7. The quaternionic degree-two eigenspace. Write ¢ = xy + x1i + x2j + x3k. Unit quaternions act
orthogonally and effectively by q — agq. If ¢ # 0, then aq = q implies a = 1, so the action is free
away from the origin. It is transitive on every centered sphere: for |g| = |¢’| # 0, the quaternion ¢’q !
is a unit and sends q to ¢’. Therefore

Sp(1) = O(4). (9.17)

Every invariant domain is a union of centered spheres. In particular, any invariant domain sufficiently
close to a shell is another concentric shell.
Let e; = i,e; = j, e5 = k and define

Pya(q) = (ev, geaq)-
The corresponding matrix is

xg + xf - xz2 — xéz 2(x1x3 — x9%x3) 2(x1x3 + x9%2)

P(q) =| 20axz+xox3) x¢—xi+xi—xF  200x3—xx1) |. (9.18)

2(x1x3 — x0x2) 200x3 + xox1)  Xg — x{ — X5 + x5
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Lemma 9.13. The nine entries of P are a basis of the real harmonic homogeneous quadratics on R*.
Restricted to S°, they have Laplace eigenvalue 8 and satisfy

P(¢9)"P(q) = P()P(q)" =Iq'ls,  P(aq) = P(a)P(q). (9.19)
Under the left G-action on functions, their span decomposes as
H(5M)|gpq) = Ad @ Ad D Ad. (9.20)
Each summand has real dimension three.

Proof. Every entry in (9.18) has zero Euclidean Laplacian. The three diagonal entries are independent
trace-free diagonal quadratics. The other six entries span all six mixed monomials, by adding and
subtracting the paired entries. The space of harmonic quadratics has dimension 10 — 1 = 9, so the
nine entries form a basis.

Quaternionic multiplication implies the covariance identity in (9.19). Conjugation by a unit
quaternion preserves lengths on the imaginary quaternions; scaling gives the other identities. The
Euclidean polar formula in dimension four sends a harmonic homogeneous polynomial of degree ¢ to
a spherical eigenfunction with eigenvalue £(¢ + 2). For ¢ = 2 this is 8.

For a fixed column a, pullback by left multiplication gives

Pya(s'q) = ), Pye(s™)Pea(q).

Thus each column spans an invariant three-plane. Conjugations by unit quaternions give all rotations
of the imaginary quaternions: conjugation by cos(t/2) + esin(t/2) is rotation through angle t about
the unit imaginary axis e. The real three-dimensional rotation representation is irreducible, since the
orbit of a nonzero vector spans R®. Independence of the nine entries makes the three-column sum
direct. O

For normalized spherical measure the Gram matrix is
1
[ Pou@Pac) du) = 3 B 0.21)

For normalized spherical measure, put A = [ x3 and B = [ xZx?. Orthogonal invariance and
reflection symmetry give

3
1 1.3 2

i=0

Hence A = 1/8 and B = 1/24; every monomial with an odd exponent has integral zero. Substitution
into (9.18) gives (9.21).

Right multiplication rotates the columns, whereas left multiplication rotates the rows. Conse-
quently the self-adjoint commutants on this nine-plane are

SymG(Hz) = Sym3(]R) ® 13, Symso(4)(H2) = ]RIg (9.22)

Here the first tensor factor is the multiplicity space indexed by the columns. Indeed, a real matrix
commuting with all three-dimensional rotations is scalar: rotations fixing a unit vector force its image
to lie on that vector’s line, and linearity makes the scalar independent of the vector. Every block
of a left-commuting operator is therefore scalar. Requiring right rotations as well makes its matrix
on the columns scalar. An invariant proper subspace of an orthogonal representation would have a
nontrivial commuting orthogonal projection; hence (9.22) also proves irreducibility under the larger

group.
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9.8. Separation of variables and an isolated multiplicity-nine cluster. On Q,;, write ¢ = rw, w € S°.
The nonnegative Laplacian is

3 1
A=-0"— =0, + <Ag.
r r
In angular degree ¢, the radial operator is

0e+2
TR = —r (PR + (;z)R’ R'(a) =R'(b) =0, (9.23)
r

on L%((a, b), r*dr). It is associated with the closed quadratic form

b 2
/ (IR’|2+[([:2_ )|R|2) Fdr

on H'(a, b). Since a > 0, this is a regular Sturm-Liouville problem. Compactness of the interval
Sobolev embedding gives discrete spectrum tending to infinity and a complete eigenbasis. Each
radial eigenvalue is simple: for a fixed eigenvalue, the Neumann initial condition at a leaves a
one-dimensional space of ODE solutions, since a solution with both R(a) = R’(a) = 0 is zero.

Every radial eigenfunction of T, gives the nine Neumann eigenfunctions

upa(r, w) = R(r)Ppq(w). (9.24)

The boundary conditions follow from R’(a) = R’(b) = 0. These functions are independent and contain
the three invariant column subspaces in (9.20). Any full eigenspace containing them is reducible,
regardless of coincidences with other angular degrees. The T, eigenvalues are positive because their
Rayleigh quotients are at least 8/b%. There are infinitely many distinct such eigenvalues.

A C? normal graph over either spherical boundary component is G-invariant precisely when its
displacement is constant, because G acts transitively on that component. Hence a neighborhood of
the shell in the space of invariant domains is identified with an open set of pairs (@’, b”) satisfying
0 < @’ < b’. Every domain in this neighborhood has the three-column eigenspaces above. This proves
Theorem 9.12.

9.8.1. Rational spectral isolation on one explicit shell. Let yg;, j = 0,1,..., be the radial eigenvalues of
(9.23). Put k, = #(¢ + 2). Directly from the Rayleigh quotient,

LI . (9.25)
b? T a?+b?
The constant trial function gives the upper bound. Also, for j > 1,
a\3 n*
Hej 2 Hoi 2 (E) m~ (9.26)

Indeed, the weighted kinetic Rayleigh quotient is at least (a/b)* times the unweighted quotient for
every function. Min-max and the first positive Neumann interval eigenvalue give (9.26); the angular
potential is nonnegative.

Take a = 1 and b = 11/10. Equations (9.25)—(9.26) give

0,0 5 1,0 = 221 > .
121 — 20 = 221 ’ L= 121 - ’ '
tj 1331 J ’ )

since 72 > 9. The spherical harmonics of all degrees give a complete orthogonal decomposition:
homogeneous polynomial harmonic decomposition and density of polynomial restrictions imply
completeness. Therefore (4, 10) contains exactly the angular-degree-two radial-ground eigenvalue.
Its total multiplicity is exactly nine, and its real G-module is Ad®*,
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Corollary 9.14 (Persistence of the scalar nine-dimensional cluster). On 1 < |q| < 11/10, let V be any
smooth G-invariant potential with |V|, < 1. The interval (4,10) contains exactly one eigenvalue of
A+ V, of multiplicity nine, with G-module Ad®>.

Proof. An invariant potential is radial. Every radial eigenvalue changes by at most |V|, by the
min-max principle. The displayed bounds remain strictly separated from 4 and 10 after these shifts:
600/221+1 < 4,800/121 -1 > 4,1600/221 + 1 < 10, and 1500/121 — 1 > 10. The radial ground state
remains simple by the ODE argument. The same nine spherical harmonics therefore account for the
whole cluster. (]

9.9. Free actions on domains in higher dimension. Let k > 1, write R*** = H x R¥, and let G act by

a-(q,y) = (aq,y).

Let D € (0,00) x R¥ be any bounded connected smooth domain and set

Qp =1{(q,y) : (Ilql.y) € D}. (9.30)

This is diffeomorphic to S® x D, is smooth and bounded, and has a free G-action. For h € O(4), the
equality |hq| = |q| gives (hq, y) € Qp exactly when (g, y) € Qp; hence the domain is O(4)-invariant
in the g-variable.

Theorem 9.15. Every domain (9.30) has infinitely many distinct positive Neumann eigenvalues with
reducible G-eigenspaces. The same reducibility conclusion holds with Dirichlet boundary conditions, or
with an arbitrary invariant scalar potential in C*(Qp; R) added (for infinitely many positive eigenvalues).

Proof. The identity dq dy = r® dr dvss dy and the orthogonal spherical-harmonic decomposition give
the unitary isomorphism

—~

1X(Qp,dgdy) = P, I*(D,r* dr dy) ® H{(S®, dvss).
In degree £, the meridional operator is

(e +2)

Typ = —r29,(r'a,) — A?‘ml + 5
.

(9.31)

where —A]}E}‘d is nonnegative. It is associated with the form

0f+ 2
/ <|a,A|2 + |VyA|2 + (2)|A|2> rdrdy
D r

on H'(D), or H}(D) in the Dirichlet case. The weight is smooth and bounded above and below by
positive numbers because D stays away from r = 0. Compact embedding gives infinitely many
distinct eigenvalues with finite multiplicities and smooth eigenfunctions.

If A is a meridional degree-two eigenfunction, every A(r, y)Pp,(w) is an eigenfunction on Qp. Let
(vr, vy) be the meridional outward unit normal. The full outward normal is (v,w, vy), and

aVQD (APy,) = (v,0,A+ Vy - VyA)Pba.

Thus the weighted natural Neumann condition is exactly the required full Neumann condition.
For Dirichlet data, Al;p = 0 implies (APy,)loq, = 0. For each fixed a € {1, 2,3}, the functions
APy,4, APy,, APs, span a three-dimensional invariant subspace by the covariance identity P(aq) =
P(a)P(q). The three subspaces form a direct sum because the nine angular functions are independent
and A # 0. An invariant scalar potential is a function of (r, y), so it preserves this separation and
adds multiplication by V to T p. If v; and v;(V) are the ordered meridional eigenvalues, the Rayleigh
quotient gives

Vi = [Vl <vi(V) <vj + V]

Since v; — +oo, infinitely many distinct perturbed meridional eigenvalues are positive; each associated
full eigenspace contains the three displayed invariant subspaces. ]
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For an explicit connected-boundary example in R®, take

Q. ={(q.y) : (gl -2 +y* <1/16}. (9.32)

Its quotient is a disk with 7/4 < r < 9/4. The boundary is diffeomorphic to S* x S' and is connected;
the domain is simply connected because it is diffeomorphic to S* times a disk. A sufficiently small
G-invariant normal deformation of 9Q. is determined by a function on the quotient circle. Its domain
still has the form (9.30), with r bounded away from zero. The quadratic-form decomposition in
Theorem 9.15 holds also for C? boundaries of D. Thus every domain in a C? neighborhood of Q.
in the space of G-invariant domains has infinitely many positive eigenvalues with reducible real
G-eigenspaces.

9.10. Failure of local sections in the larger commutant. Consider the fixed shell in Corollary 9.14. Its
invariant scalar perturbations are precisely the radial functions. Let A, = pz at V = 0 and choose the
nine-dimensional reference frame from (9.24), normalized according to (9.21). For every sufficiently
small invariant potential, the exact whole-cluster matrix is

L(V) = p(V). (9:33)

This equality is independent of the choice of orthonormal frame, since the entire cluster is one
eigenspace. In particular,

Symg(E) = Sym;(R) ® L, dimg Sym(E) = 6, L(V") C RI, (9.34)
where U is a sufficiently small ball of invariant smooth potentials. Since
p(V + 1) = pa(V) + 1,

the image contains an interval in the scalar line. If perturbations are restricted to a nonempty invariant
subannulus, choose a nonzero nonnegative radial f supported there. For the normalized positive
radial ground state R,

b
D)l f] = / FOORGY P dr > 0.

The restricted image also contains an interval in the scalar line.
For every A € Sym,(R) withtr A =0, let C = A® I3. Then

(C,L(V)= L) =0 (9.35)

identically on the full invariant potential neighborhood. Consequently, for every k > 1 and invariant
directions V1, ..., Vg,

(C, D*L(V)[Vy,...., Vi]) = 0.
The space {A® I3 : A € Sym,(R), tr A = 0} has dimension five.

There is also a pointwise version. If R is normalized in L?((a, b), r*dr) and dw is the unnormalized
round measure, an orthonormal basis is up, = 1/3/ Vol(S*)R(r)Py.(w) by (9.21). Consequently

3R(r)?
Vol(S3)

tr(AP(0) P(0)) = \351((;)3) frA=o0.

> Covaraeytva(r, @)uac(r, ) =
ba,dc
Thus Fc = 0 pointwise. For C # 0, Theorem 3.4 gives infinite positive and negative index on

the derivative kernel of the unrestricted potential map. On radial directions, every contraction
(C, D*L(V)) is zero by (9.35).

Corollary 9.16 (Trivial projection-connection holonomy on the isolated eigenspace). On the fixed
shell, over the ball of smooth radial potentials with |V|,, < 1, the nine-dimensional cluster bundle in
Corollary 9.14 has a global parallel orthonormal frame for the connection V = I1 d. Every smooth loop of
these potentials has holonomy Iy on this block.
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Proof. Choose the positive normalized radial ground state Ry of T, + V. A ground state has one
sign by minimizing the Rayleigh quotient with its absolute value; an interior zero of a nonnegative
solution would also have zero derivative and would force the ODE solution to vanish. Positivity fixes
the sign globally. Simplicity and the fixed-domain spectral projection show that Ry depends smoothly
on V. Choose a fixed orthonormal angular basis Y3, ..., Yo from (9.21). The frame u;(V) = RyY; is
globally defined and

(wi(V), du;(V)) = 6i(Ry, dRv)12(5ar) = 0,

since |Ry|2(34r) = 1. Thus its connection matrix is zero. O

For the Euclidean domains in Theorems 9.12 and 9.15, the set of domains with irreducible real
G-eigenspaces is disjoint from a nonempty open set of invariant C> domains. A sufficiently small
neighborhood is parametrized by an open subset of the Banach space of invariant C* normal dis-
placements, and is therefore Baire. The irreducibility set is consequently not residual. This gives a
counterexample to [41, Conjecture 1].

The corresponding invariant tensor metrics form a larger space. For example, let ¢, 02, 03 be a
left-invariant coframe on the unit quaternions and let ay, a;, as be distinct positive constants. The
metric

2, 2 2 2 2
dri+r (alcrl + ay0; + a303)

on a quaternionic shell is invariant under left multiplication. Right multiplication rotates the
coframe by the adjoint representation; invariance under every right multiplication would require
diag(ay, as, a3) to commute with all of SO(3), and hence to be scalar. Thus this metric is not invariant
under the full right action.

10. SIMULTANEOUS SPECTRAL-CLUSTER EQUATIONS

Let A4, ..., A be distinct isolated eigenvalues, of multiplicities my, ..., m;. The joint cluster map has
target P,-; Sym,, (R) and derivative kernel ();_, ker DL,(0).

10.1. The joint derivative and its Hessian. Let ; denote the real spherical harmonics of degree j
on a unit round sphere. In this subsection du denotes the unnormalized Riemannian measure. On S
their eigenvalue is A; = j(j + n — 1). For a real potential g sufficiently close to zero, let L ;(g) be the
matrix of the cluster issuing from 7{;, in its Riesz—Gram frame based at a fixed real orthonormal basis
of Hj. Thus LJ(O) = AJI

For several clusters, the first derivative is

DL, (0)[f]ij = /fua,iua,j dp. (10.1)
Consequently a tuple C = (C,) annihilates the joint derivative precisely when
Z Z(Ca)ijua,iua,j =0. (10.2)
a ij

Let K be the joint derivative kernel and let R, be (A — 1,)"! on H}

2> extended by zero on H,.
Differentiation of the cluster equation gives, for f € K,

D {Ca: D*LO)[f. f1) = =2 ) ¥ (Ca)if{ fuais Ra(ftta ). (10.3)

a a ij

For b # a, the restriction of R, to H}, is multiplication by (A, — A,)~!. Thus every selected eigenspace
occurs in the quadratic expression (10.3).
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10.1.1. Two clusters on S™.

Lemma 10.1. For n > 2, the joint map (Lo, L) has a local section through zero taking values in a
finite-dimensional space of smooth real potentials. The section is smooth away from zero and is pairwise
1/2-Holder in every C* norm. Its source space may be chosen with dimension 2 + (n + 1)(n + 2)/2, one
more than the target dimension.

Proof. Put v, = Vol(S"). The derivative range is isomorphic to Hy & H,, and its cokernel is one-
dimensional. A cokernel functional is

1(Q)

F(q) = —Lo(g) —n.

The joint derivative kernel is K = (Hy & Hz)L. Its scalar Hessian is

1 fill5
(A —2(n + 1)),

DO fl=—— 3

U" k=0,2

f=Y feek. (10.4)
k

An orthonormal basis of H; is (n+1)/v,x, 1 < i < n+ 1. For a homogeneous harmonic
polynomial p of degree k,

Xip = hk+1,i + 8,~p, A]R"+1hk+1,i =0.

The two terms restrict to orthogonal spherical harmonics. Moreover,

Y laipls = (K + k(k + n— 1) lpl3 = k(2k + n— Dlpl5.

Thus the summed squared norms of the lower and upper components of x;p are respectively

k+n-—
Tl
For k # 0, 2, the normalized first-cluster resolvent coeflicient is
k k+n-1
a) = oDk -k tn-1  @ktn-Dk(ktnt 1)
Ak —2(n—1)

T e —2(nt 1)

The ground-state coefficient is 1/Ax, and their difference is 4/[Ax(1x — 2(n + 1))]. Rotation invariance
makes distinct H, orthogonal for this scalar Hessian. Equation (10.3) proves (10.4).

The positive index of (10.4) is exactly n + 1, and its negative index is infinite. Choose real unit
vectors f; € Hy, f3 € Hs. The vector

fmfit 3(n+4)f3

is a nonzero zero of the scalar quadratic form; its derivative in the f; direction is nonzero. Add

Hy & H, to span{ fi, f3}. The derivative on H @ H is an isomorphism onto the joint range. Moreover,
8 *

vpn(n + 2)

D*F(0)[ f, il =

Theorem 4.5, with quadratic kernel space span{ fi, f3}, gives the section. The dimension is

(n+1)(n+2)

dim(Ho® Hz) +2=2+ 5
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10.1.2. The three-cluster statement. From now on the sphere is 5%, v = 47, and A; = j(j + 1). Write
z = x3 and let P; be the Legendre polynomial normalized by P;(1) = 1. Define

Ry =Hy ® Hy ® H,, (10.5)
Vo = span{Py(z), P3(2), Ps(z), P;(z), x1, X2, z(x12 - xzz), 2zx1%2}, (10.6)
W = Ro ® Vo. (107)

Here dim Ry = 15, dim V;, = 8, and dim W = 23. Every member of W is the restriction of a polynomial
of degree at most seven.

Theorem 10.2. There are 6 > 0 and a map
&+ Bs(0) C R x Sym,(R) x Sym:(R) — W
such that #(0) = 0 and, for Y = (Y, Y1, Y2),
Lo(L(Y)) = Yy, Li(ZL(Y)) =2 + Yy, Lo(L(Y)) = 615 + Yo. (10.8)

The section is smooth away from zero. For every integer k > 0,

|-7(Y) = S (Y lex < Cilly = Y|, (10.9)
There are nonzero q; € W tending to zero in C* for which

(Lo(gj), L1(gp), La(g))) = (0,255, 615)

and the joint derivative on W is surjective. No exponent greater than 1/2 is possible in a uniform
realization estimate at zero for all joint matrix directions.

10.1.3. The joint cokernel. Multiplication gives the rotation-equivariant isomorphism
l
Sym2 Hl —d @sz.
j=0
For I = 0, 1,2 it follows either by direct multiplication of harmonic polynomials or from the spherical-

harmonic product formula. Hence the joint derivative has range dimension 15, its restriction to Ry is
an isomorphism onto that range, and its kernel is R;. The cokernel is isomorphic to

R* © H,. (10.10)

All of Vj belongs to the joint derivative kernel, since its elements are odd under the antipodal map.
Two scalar cokernel functionals are

1 1
F(g=tli(@-Llg-2  F(q = ;trlag) — L) -6 (10.11)
For h € H,, let
Ji(h)ij = /52 huguyjdp, I=1,2.

Rotation invariance on H, followed by evaluation at h = b’ = P, gives

6 10
U = i / B dp k= o, k= (10.12)
52 5v 7v
Indeed, in the bases ordered by |m| = 0,1 and |m| = 0, 1, 2,
2 1 1 211 2 2
Py) = diag  2,-=,—= Py =diag 2,2, =, -2,-2 10.13
Ji(P2) 1ag<5, = 5), J(Ps) 1ag<7,7,7, = 7), ( )

and |P,|3 = v/5. Define

() = > (k" 0L ~ k7' e C(WLa(9)). (10.14)

Its value and derivative vanish at zero. Equations (10.12) and the orthogonality of harmonic degrees
show that these five functionals, together with F;, F,, give the entire cokernel in (10.10).
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10.1.4. Three exact quadratic equations. For an axisymmetric potential direction f, let Hj,(f) be
the second derivative in a normalized harmonic of degree I and order m. The real cosine and sine
harmonics have the same value when m > 0. By (10.11) and (10.13),

DR, f1 = POy (1019
DO, ] = T 2D gy (10.16)
D0p, O f1 = 2 (Hio(f) — () = Hn(f) — Ha () + 2Hn(). (10.17)

An axisymmetric element of H, is a multiple of P,. Vanishing of these three expressions therefore
implies vanishing of all seven cokernel components at an axisymmetric direction.

Lemma 10.3. For f = aP; + bPs + cPs + dP;, the three expressions (10.15)~(10.17) are w! A;w, where

w = (a’ b’ C’ d)T’
1 1 1 1
A =di -y = |, 10.18
1= (3 63" 990 5250> (1018)
11 1 2
Ay =diag( - ——o o |, 10.19
2= 08 (3 42’ 150 2625) (1019)
1 1
3 —7 0 0
J1o_s 25
Ay = 07 8 wp | (10.20)
2079 72 T30
0 0 7150 16575
Proof. Let the associated Legendre polynomials be P" = (—1)™(1 — 22)"%(d/dz)™P, and set
2(r + m)!
No= [ oy ae=
(2r +1D(r—m)!"
Define

1
¢, (j;L,m)=N_1 / P;P"P" dz.

Orthogonality gives P;P[" = Y /2 oGl m)P". These coefficients satisfy

r—-m+1 r+m
(j"r 1)Pj+1 = (2] + 1)ZP]' _].ijl- (10.22)

The lower term in (10.21) is absent at r = m. Equation (10.3) gives the (i, j) entry of the coefficient
matrix for Hy, as

. '; l’ r .; l, Nrm ..
2y ¢ (is L m)c, (j; 1, m) , ijef{1,35,7) (10.23)
S Ni(r(r + 1) = I(1 + 1))

r#l
The term r = [ is omitted because R; vanishes on 7;; all remaining terms have r < [ + 7. Applying
(10.21)-(10.22) in (10.23), followed by the three linear combinations (10.15)-(10.17), gives (10.18)-
(10.20).
The same recurrence gives the first-derivative columns for the zonal potentials Py, Py, Py:

(Lm) | Py Py P,
0,0) | 1 0 0
(Lboy| 1 2/5 0
1L 1 -1/5 0
2,00 | 1 2/7 2/7
|1 1/7 -4/21
2,2 |1 -2/7 1/21
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The 3 x 6 matrix of the linear forms in (10.15)-(10.17) annihilates this 6 x 3 matrix and has rank
three. O

10.1.5. An isolated zero of the axisymmetric equations. Set a = 1 and d = t. The first two equations
wl Ajw =0,i = 1,2, are equivalent to

392 13 2750 121
b(t) = |— — ——12, c(t) = |—— — =12, (10.24)
27 3375 27 945

when the positive square roots are chosen. Let

G() =7 - *b(t) - b(t)z ﬁb(t)c(t) + c(t)Z
31
7150((t)t 16575 £ (10.25)

Lemma 10.4. There is a unique ty € [282/25,1129/100] such that G(t,) = 0. It lies in the interior
of the interval and satisfies G’(ty) > 0. The three quadratic equations have derivative rank three at
(1, b(ty), c(tp), to), on the directions (b, c, d).

Proof. Both radicands in (10.24) are positive throughout the stated interval. The following rational
bounds hold:

—% < G(282/25) < —11—;)6, (10.26)
136 < G(1129/100) < 0% (10.27)
% <G(t)< % (2;52 <t< 1110209) . (10.28)
For the integers By, C; in the following table,
B; < 10®¥b(t) < B; + 1, Cr<108c(t) < Cr+1 -
t | 10'85(¢t) 10"8¢(t)

282/25 | 3745452583046787398 9249862209755932330
1129/100 | 3745336525452537874 9248299938152511391

Each entry follows by squaring its two rational endpoints and comparing with (10.24). Substitution
in (10.25) gives (10.26)—(10.27). The derivatives are

, 13t , 121t

= PP c =—- >

3375b 945¢

and
2 59 149
¢ = =2y 2 O b cc
7 189 2079 3861
+ (ct+¢c)+
7150 16575

Both b, ¢ decrease on the interval. Their endpoint enclosures and 282/25 < t < 1129/100, substituted
by rational interval arithmetic in this last expression, give the sharper enclosure

1264
106

1415
106 °

<G'(t) <

which implies (10.28). All interval denominators are positive. In particular, G’ is positive throughout
the closed interval.
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The intermediate value theorem and (10.28) give existence and uniqueness of #,. The first two
quadratic equations have invertible derivative in (b, ¢), since b, ¢ > 0 and

—-1/63 —1/990
det / / +0
1/42  —1/150
After these variables are eliminated, the derivative of the third equation is G’(tp) > 0. The full
derivative therefore has rank three. g
Write by = b(t), co = c(tp) and put

f =P+ b0P3 + coPs + tyP5. (1029)

Its full cokernel quadratic value is zero by axisymmetry and Lemmas 10.3-10.4.

10.1.6. The four transverse derivative directions.

Lemma 10.5. The reduced joint quadratic map has derivative rank seven at f.. Its derivative is an
isomorphism on
span{Ps, Ps, Py, x1, x3, 2(x% — x7), 2z, X, }. (10.30)

Proof. Under rotations fixing the z axis, the target R @ H, is the direct sum of a three-dimensional
weight-zero space and real two-dimensional spaces of weights one and two. The derivative at the
axisymmetric f. preserves weights. Its rank on the weight-zero space is three by Lemma 10.4.

For each pair of harmonic degrees j, k, a rotation-equivariant bilinear map from H; x Hy to Hj is
a scalar multiple of projection of the product to H;, whenever this projection is nonzero. This is the
multiplicity-one spherical-harmonic product decomposition.! Its scalar is determined here by the
corresponding entry of As. Only the pairs with [j — k| < 2 contribute.

The required ratios are obtained from elementary polynomial integrals:

3, (,k,m)=(1,1,1),
-2, (,k,m)=(3,1,1),
=140,  (j.km)=(1,3,2), (10.31)
-60, (j,k,m)=(3,3,2),
(12, (., k,m)=(5,3,2).

1
J_, PiPI'Py dz
J.1 PiPP; dz

The denominators are nonzero. Substitute P™ = (=1)"(1 — z%)™/2P(™ and integrate the resulting
polynomials. For instance, P} = —+1— 22, P} = —3z+1— 22, P = 3(1 — z%), and P? = 15z(1 — Z%).
The azimuthal integration for either a cosine or sine of nonzero weight introduces the same nonzero
factor for all terms of that weight.

For weight one, take the potential directions P}(z) cos ¢ and P}(z) sin ¢, which span span{xi, x,}.
Equations (10.20) and (10.31) show that their derivative factor is a nonzero normalization multiple of
%3+ (—;) bo(-2) = 1+% > 0.

For weight two, take P(z) cos(2¢) and P%(z)sin(2¢). They span span{z(x? — x2), 2zx;x2}. Their
derivative factor is a nonzero normalization multiple of
1 59 25 40 590 100
—*40—7170(—60)4— cl1l2=——+—byg+—cy > 0.
7 378 2079 7 63 693
Indeed by > 37/10 and ¢ > 0, so this coefficient is greater than
40 59037 1823
=
7 63 10 63
The weight-one and weight-two restrictions are therefore invertible. Their ranks are two each; with the
rank-three weight-zero restriction, the total rank is seven. This proves the asserted isomorphism. [

IThe product and Gaunt formulas are given in the NIST Digital Library of Mathematical Functions, equations (34.3.20)-
(34.3.22), https://d1mf.nist.gov/34.3.
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10.1.7. The local section.

Proof of Theorem 10.2. Put

F(q) = (Lo(q), L1(q) — 215, L3(q) — 6I5).

This map is analytic on a neighborhood of zero in W. Its derivative restricts to an isomorphism from
R, onto its range, of dimension 15. The cokernel has dimension seven. By Lemmas 10.4 and 10.5, the
cokernel quadratic map has the nonzero zero f; and an invertible derivative on (10.30). Theorem 4.5
gives (10.8), (10.9), and an analytic curve g(s) = sf. + O(s?) such that

F(q(s)) =0, DF(q(s))lw isonto (0 < |s| < €).

Every C* norm is bounded by a constant times a fixed Euclidean norm on W.
Let ¢ be a unit cokernel vector. Analyticity of the potential cluster map in L* and D(c, F)(0) = 0
give
Ke, (@) < Clgl?~.
Thus F(q) = tc, t > 0, implies |g|;~ > C/2\/f. An estimate with exponent greater than 1/2 is

impossible in any norm that bounds L. Shrinking the neighborhood keeps the three Riesz projections
at ranks 1, 3, 5. O

10.2. Simultaneous second-order equations for conformal metrics. For conformal metric variations
on the unit-round sphere, put dy = dv, /(47). The spaces H; and the projectors II; refer to this fixed
Hilbert space.

The multiplication isomorphism of Colin de Verdiere [18], proved in Lemma C.1, is

¢
Sym2 H, — @ Hyj, uO®u v+ uo, isanisomorphism. (10.32)
j=0

For the L? and trace pairings, its dual is the isomorphism

t
M[ : @ sz — Sym(Hg), a — II,M,I1,. (1033)
j=0

Here II, is orthogonal projection onto H,. In particular, compression is scalar precisely when every
positive-degree component of a in (10.33) is zero. The compression of a constant is that constant
times the identity.

Let f be antipodally odd and let

g =@ +tf+t*h+o(th))y (10.34)

be a C? parameter family, with the remainder understood in a fixed sufficiently high C¥ norm. The
coefficients f, h are smooth in the spatial variable. Products of two degree-¢ harmonics are even, so
II;MII; = 0. Define the reduced resolvent

_ -1 _
Re=(A=207" s Ry, =0. (10.35)
The coefficient of #? in the cluster matrix is
Bi(f, h) = AL MyIT, — AZTT, MR ML, (10.36)

Thus L} (0) = 2B,(f, h).
Indeed write ®(t) = U + t®; + t?®, + o(t?) and L(t) = A + t2B + o(t?) in the generalized
eigenvalue equation

AD(t) = (1 + tf + t2h + o(t?))D(t)L(1).
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The coefficients of t and t? satisfy
(A - /1()@1 = A(Mf U, (A - /1[)(1)2 =UB+ A[qu)l + A[Mh U.

Consequently (I —II,)®; = A,R,M;U. Since IT,MI1, = 0, left multiplication of the second equation
by U* gives
B =—AU*M,U — U*MRM;U,

which is (10.36).
Define the quadratic, rotation-equivariant map

¢
Sif) = —2eM WMsRMTL) € EP Mo (10.37)
j=0
It follows that B(f, h) is scalar if and only if
haj = (Se(f))z)s 1<j<e (10.38)

The constant component changes only the scalar part of B,. If the multiplicities of all clusters with
indices in I are preserved to second order, then

haj = (Se(f))2) (tel,1<j<0).

10.3. A sharper obstruction for real cubic harmonics. The top-degree obstruction concerns clusters
d and d + 1. For a real cubic harmonic, the obstruction already occurs between clusters 2 and 3.

Theorem 10.6 (Cubic incompatibility). For every nonzero real f € Hs there is no smooth h such that
both By(f, h) and Bs(f, h) are scalar. Thus a C? conformal family through the round metric with first
variation in Hs \ {0} cannot keep the multiplicity-five and multiplicity-seven clusters unsplit.

For every f € Hs,
S = (P S =3 (1059)

There is only one copy of Hy in Sym? Hs = Hy @ Hy & Hy @ Hs. Thus each degree-four component
in (10.37) is a scalar multiple of (f?),. For f = xyz,

Pn=-sZs  SDh=—5cZ  SDh= 7 (10.40)
where
Zy = x"+ yt + 2t = 3(x%y* + x%2E + P2, (10.41)
Put

15
Zs=x%+y°+2° - > Z xfxf +90x?y? 22,
i)
Both Z, and Z are harmonic. The square of xyz is invariant under permutations and sign changes of
the coordinates. Its Fischer decomposition is

X _ 2, 4, T _ 2, 2. 2
vzt = —Z Zy+ ——, q=x"+y" +2z°

Orthogonal transformations commute with IT, and R;, so the same invariance holds for S,(xyz). An
invariant polynomial of even degree at most six is a symmetric polynomial in x?, y?, z2. Imposing
harmonicity gives the invariant harmonic spaces R, 0, RZ4, and RZ; in degrees 0, 2, 4, 6. Hence

S'z(xyz) =cy+ C4Z4, S3(XyZ) = do + d4Z4 + d6Z6.
Set Zy = 1. Pairing the compression identities with u, u, first for

u=x*-y% xy (£=2),
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and then for

u=xyz, x(y* — 2%, x(2x* - 3y* = 32%) (£=13),

4/15 8/105\ [0\ _ [—1/3465
1/15 —4/315) \ ¢y ) ~ \ 1720790 )"
1/105 —4/1155 16/3003 \(dy) (—1/45045

4/105 —8/3465 —16/1001||d,|=|—2/9009 |.
4/7  8/77  400/3003)(ds) | 34/9009

gives the systems

The coefficient of the degree-a unknown is /| Z,u? dy, and the right-hand side is =1, [ (fu)R,(fu) dp.
Put Dg = 92 + 8?, + 0% and, for n = £+ 3, D, = n(n + 1)I — gD on homogeneous polynomials of
degree n. With I,, = {n,n — 2, ..., n — 2| n/2]}, Fischer decomposition gives

B 1 Op—ala+ I
R(plse) = ,;‘ k(k+1)— 1, I;I k(k+1)—a(a+ 1)F

azk s2

All denominators are nonzero, since n and £ have opposite parity. The matrix entries and right-hand
sides follow from this identity and

2a_2b _2¢ (2a — DN(2b — 1)!1(2c — 1!
du =
/x yoe (2a+2b +2c+ 1)

, =D =1;

monomials with an odd exponent have integral zero. The determinants of the two coefficient matrices
are —8/945 and 256,/2837835. Solving the two systems gives

(Co, C4) = (0, —1/264), (d(), d4, d6) = (0, 1/44, 7/660)

This proves (10.40), and hence (10.39) by rotation equivariance.
The degree-four component is nonzero for every nonzero real cubic, by the following lemma.

Lemma 10.7. If f € Hj is real and nonzero, then (%), # 0.

Proof. Take homogeneous polynomial representatives and put g = x2 + 2 + z2. Fischer decomposition
gives
fz = Hg + qH4 + quz + q3H0. (1042)

Since Dg f = 0, one has Dg(f?) = 2..(8; f)*. On the complex null cone q = 0, Fischer decomposition
gives

> (aif)* = 11H,. (10.43)
Parametrize the null cone by
2_ 42 24 g2
E(s 1) = (s —, ,st), F(s, 1) = f(£(s, D). (10.44)
i

At (s, t) = (1,0), the derivatives have the following form. Put x. = (1/2,-i/2,0), g = Vf(x.), and
H = D?f(x,). Euler’s identities and harmonicity give

g% = 3f(x0), Hx, = 2g, trH = 0.

The derivatives of ¢ at (1,0) are & = 2x., & = e3, & = 2%, & = e3, and &; = (—1,-i,0).
Consequently

Fgs = 30 f(x.), Fs = 5g3, Fiy = Hss — g1 —igy = —5(g1 +ig2).
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Indeed, the first two components of Hx, = 2g imply Hy; + Hy, = 4(g1 +ig2), and 6 f(x.) = g1 — igo.
It follows that

(FssFy — F2)(1,0) = —25(g7 + g2 + g2).

To extend this equality, identify x € C* with the symmetric matrix

B(x) = <x1 :;xz —xlxj- ixz) , det B(x) = —(x? + x5 + x2).
For A € SLy(C), the relation B(Rax) = AB(x)AT defines a complex orthogonal map R4, and £(Az) =
Ra&(z) for z = (s,t)T. The polynomial f o R4 is again harmonic. The Hessian determinant of F o A
is (det A)? det D?F(Az) = det D?F(Az), and the squared complex-bilinear norm of its corresponding
gradient is unchanged by Ra. Since every nonzero z € C?is A(1,0)” for some A € SL,(C), the identity
holds for every nonzero z, hence also at zero. Thus

FysFy — FL = =25 (Z(aiff) o & = —275H, o £. (10.45)

If Hy = 0, the binary sextic F has zero Hessian determinant. Such a nonzero binary sextic must be a
sixth power of a linear form. Write F(s, t) = sG(t/s). Its Hessian determinant is 5s(6GG” — 5(G’)?).
At a root of G of multiplicity m > 0, the leading coefficient in this expression is a nonzero constant
times m(m — 6), unless m = 6. The fundamental theorem of algebra therefore implies G is constant or
is a scalar times a sixth power of one linear polynomial. Homogenization proves F = c(as + bt)°.

The restriction map from harmonic cubics to binary sextics is injective. Indeed, division by the
monic polynomial g = x + y? + z? in the variable z writes a polynomial vanishing on g = 0 as

qR + a(x,y)z + b(x, y).

For x? + y? # 0, substitution of the two roots z = +./—x? — y? gives a(x,y) = b(x,y) = 0. The
polynomials a, b therefore vanish identically. Thus q divides the polynomial. Fischer decomposition
implies that a harmonic cubic divisible by q is zero. Since the spaces of harmonic cubics and binary
sextics both have dimension seven, the restriction map is an isomorphism. A square (as + bt)? is the
pullback under ¢ of a linear form v - x with v - v = 0. Its cube is harmonic. Uniqueness therefore gives
f = c(v- x)* for a nonzero complex null vector v.

Since f has real coefficients, unique factorization forces the line spanned by v to equal its complex
conjugate. Multiplication by a complex scalar makes v a nonzero real vector. But a nonzero real vector
cannot satisfy v - v = 0. This contradiction proves the lemma. |

Proof of Theorem 10.6. If both matrices are scalar, equations (10.38) and (10.39) give

5 5 35
hy = —(fs = =>(f, =(fHy=0.
=== U
Lemma 10.7 then gives f = 0, a contradiction. g

The nonvanishing conclusion of Lemma 10.7 fails over C: if 0 # v € C? satisfies v - v = 0, then
(v - x)? is harmonic and the degree-four component of its square is zero.

For every ¢ > 1, the individual derivative DL,(0) = —A,M, is surjective on @j:o Hyj. The
simultaneous second-order equations additionally require equality of the corresponding components

of S((f)

11. MULTIPLICITY RIGIDITY ON FINITE HARMONIC SUBSPACES

Let y be the unit-round metric on $?, and put dy = dv,/(47). The nonnegative Laplacian is
denoted by A. The space of real spherical harmonics of degree j is H;, with eigenvalue j(j + 1) and
dimension 2j + 1. Each spherical harmonic is identified with its homogeneous harmonic polynomial;
the identities extend complex-bilinearly. For a function u, write u; for its H; component.
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For an integer N > 2, define
N
VN = @H-, & =0+v)y, veVn. (11.1)
j=2

For each integer k > 0 there is Cy x such that |v|cx < Cnilvli2(4y) on V. In particular 1 +v > 0 if
vl < C;]?O. By harmonic orthogonality,

/vdyzO, /vxidyzo (1<i<3). (11.2)

Since dvg, = (1 +v)dvy, the area of g, is 4. The degree-one orthogonality conditions remove the
tangent directions of the nonisometric conformal transformations at y.

Put A, = #(£+ 1). On a common sufficiently small neighborhood, for each 1 < £ < N + 1 choose
the Riesz—Gram matrix Ly(v) of the isolated A, cluster, based on a fixed real orthonormal basis of H,.
It is real analytic in the finite parameters. Define

tr Ly(v)
20+1

Thus wy = 0 means that the cluster has not split. Its common eigenvalue is free to change. With the
complete spectrum indexed starting at zero, these are the indices £, ..., (£+ 1)? — 1 in a sufficiently

small neighborhood.

T (v) = L/v)— I, w,(v) = max spec Ly(v) — min spec L,(v). (11.3)

Theorem 11.1 (Finite-mode multiplicity rigidity). For every N > 2 there are cx > 0 and enx > 0 such
that

2
(Jnax wilv) 2 en ol € Vi, olz < en). (11.4)

In particular, in this neighborhood the only v € Vi for which all these clusters are unsplit isv = 0.

For N > 3, no uniform positive linear lower bound in [v|;> can replace (11.4): if f € H3 is nonzero,
every selected cluster satisfies T';,(¢f) = O(t?). The constants cy and ey in the statement may depend
on N.

11.1. A top-degree obstruction.

Proposition 11.2. Let f = fi + f5 + - + f4 be a real odd spherical polynomial, where d > 3 is odd
and f; # 0. There is no smooth h for which both By(f, h) and Bg41(f, h) are scalar. Consequently no
family (10.34) with this first variation keeps both clusters unsplit to second order.

Proof. The rotation tensor-product decomposition gives

(SN2d = aga(fza, £ d. (11.5)

Here the top degree 2d occurs once in Sym? H,;. No mixed product with a smaller degree can
contribute to it. By Appendix C, H]"-: has weights —j,—j + 1, ..., j, and weight 2d in Sym? HS occurs
only as the square of the weight-d vector. Successively subtracting the weight characters gives the
bound j + k for the largest degree in H; ® Hj.. Multiplication is nonzero on that top summand since
(x +iy)*d = 0.

Moreover,

(fdz)zd #0 whenever f; # 0. (11.6)

Indeed, in homogeneous polynomials write ¢ = x? + y* + z2. The top harmonic component of a
degree-2d polynomial vanishes exactly when it is divisible by g, by the Fischer decomposition. Over
C, a reducible quadratic form in three variables is a product of two linear forms and has rank at most
two. Thus g, of rank three, is irreducible and hence prime in Clx, y, z]. If it divided fd2, it would
divide f;. A nonzero homogeneous harmonic polynomial is not divisible by g, again by uniqueness
of Fischer decomposition. This proves (11.6), also for complex f;.
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Set
a4 = aqd, ba = aar1.4- (11.7)
The coefficient inequality of Sections 11.2-11.3 is
bg—aqg>0 for every odd d > 3. (11.8)

Then (10.38) for the degree-2d component would require

haa = aa(f)2a = ba(f})2a; (11.9)
contradicting (11.6) and (11.8). O

11.2. Exact Legendre reduction and ladder identity. Complexify the quadratic identities and put
{ = x +iy. For the coefficient a4, take the highest-weight polynomial f = {?. For ¢ = d, pair
the compressed identity with u = {? on both sides, with the complex-bilinear extension of the real
pairing. Then fu = (1 — z?)?. For £ = d + 1, take u = z{%, which is a degree-d + 1 harmonic. On
axisymmetric functions the Laplacian is the operator

L= —diz <(1 - 22);2> C (ab)= ;/_11 a(2)b(2) dz. (11.10)
Write
p=(1=2)% A=dd+1), No={(p,p), Ni=/(zp,zp)= Aji -, (11.11)
and
Iy ={(p,(L—2)"'p), I ={zp,(L — (d + 1)(d + 2)) 'zp). (11.12)

For odd d, parity excludes the resonant eigenspace in each expression. The coefficients are exactly
d(d+1) L b (d+1)(d+2) L (11.13)
ag = — —, =— —. .
d No d N,

This follows because the left compression pairings of {*? with u, u are Ny and N, respectively.

Lemma 11.3 (Ladder relation). For every positive odd d,
_(d+2)4d +3) 3 (d+2)(4d +2)

bq o aq o+ 1) (11.14)
Proof. Let
Ag = (2 - 1)% +(d+1)z. (11.15)
Expansion of both sides gives the differential identity
(L—-(d+1)(d+2)A; = Ag2(L—d(d +1)). (11.16)
Since Agyop = 3(d + Dzp, if u = (L — A)"'p, then
(L—(d+1)(d+2) " (zp) = 3(‘2{:‘1). (11.17)

All functions are polynomials and parity excludes the respective kernels. Under the displayed integral
pairing,

Ay=(01- zz)% +(d-1z,  Ayzp)=[1-(d+2)2*]p. (11.18)

The integration-by-parts boundary term vanishes because z? — 1 = 0 at the endpoints. If | = (z%p, u),
then
_ Iy — (d + 2)]

I = i D (11.19)
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A second direct differentiation gives

(L—d(d+1)[(1-2%p] =(d+ D[ -d)—3(d +2)z°]p. (11.20)
Self-adjointness and pairing with u give
No—N; = (d+ D[ - Iy — 3(d +2)]]. (11.21)
Eliminating J gives
I = %" + 912311]\])12' (11.22)
Substitution in (11.13), with N; /Ny = (4d + 3)~!, proves (11.14). O

11.3. The coefficient gap in every odd degree. From (11.14),

2(2d2+d+3)(a 1) . d(d +2)(2d + 1)
9d d= fds T @+ D)2+ d+3)

11.3.1. A moment estimate for all odd degrees at least 41. Expand p in the even Legendre polynomials

Psi, 0 < k < d. After normalizing squared coefficients by Ny, let wi > 0 be the spectral weights and
set s = 2k(2k + 1). Then

bg—ay = (11.23)

A
> we=1, ag =y wi ., A=d(d+1). (11.24)
% AT s
Putm; =Y, wi si. Direct integration gives
6d>
my =d, my = > 3d?, (11.25)
12d%(35d® — 45d° — 9d + 1)
= < 140d* (d >3).
m (2d —3)(2d — 1) = (d>3)
These moments follow from
Lp = 2d[1 - (2d + 1)2%](1 - 224, (11.26)
L?p = 4d*[(2d + 1)°2* — 12d2% + 3](1 — 25)* 2, (11.27)
since
_(p.Lp) _{Lp,Lp) _(L*p,L?p)
m; = > mp = > = .
Ny Ny Ny
Each monomial term is a beta integral
1 [t 1
2/ 221 =25 dz = EB(j +1b+1). (11.28)
-1

For the last bound in (11.25), the difference is
. 4d3(35d° — 145d% + 132d — 3)
140d” — my =
(2d —3)(2d - 1)
Writing d = u + 3 transforms the cubic in the numerator into 35u% + 170u* + 207u + 33, which is

positive for u > 0.
On the part of this even spectrum with s > A one has

(11.29)

(d+1)(d+2)<s<2d(2d+1). (11.30)

The function s°/(A?(s — 1)) has its maximum on this interval at an endpoint: its derivative has the
sign of 2s — 3. The endpoint values are

(d+2)3 8(2d +1)° 64

s —_— < —. 11.31
20 d+12Gd+1) 3 (11.31)
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Both are at most d for d > 23. Indeed, writing d = u + 8 gives
2d° —(d+2° =’ + 18U +84u+24>0 (u>0),

and
8(d +1)*(3d + 1) — 3(2d + 1) = 20d* + 22d + 5 > 0.

For s # A,

—1+£+S—2+373 (11.32)
A—s A A2 A2(A-s) '

The last term is nonnegative for s < A, and at least —d for s = s > A. Moreover,

- m
D we <A wesk < )T: (11.33)
sp>A sg>A
Consequently, for odd d > 23,
>1+ ! + & 140d (11.34)
a - : .
=T d 1 T dr )2 (d+1)
Now
3(d +2) 1
1+ —--1y = >— (d>3), 11.35
i1 T @i neerdry @ =Y (11.35)
For the strict inequality, multiplication by the positive denominator reduces it to
4’ +3d*—4d—3>0;
with d = u + 3 this polynomial is «® + 12u? + 41u + 39. Also
3 5 d*-10d-5
———=—————2>0 d>11).
(d+1)* 2d*> 2d*(d+1)* — (d=11)
Equation (11.34) therefore gives
7 140  7(d — 40)
- T, —_———_— = — > 41). 11.
aq d>2d2 B o> >0 (d > 41) (11.36)
This proves the coefficient gap in every odd degree at least 41.
11.3.2. Rational coefficients in degrees three through thirty-nine. Put
A 1/1(1 %Y d ﬁ 2 Ay =1 (11.37)
;= = —Z z = 5 =1, .
T2 ), LLloivr 7
and for fixed d set
2k +1)(d - k) AL,
=1, =- , =k +1)—"%rg. 11.38
8 e (O 16 T iy L WL (11.38)

Indeed, Rodrigues’ formula and repeated integration by parts, or expansion followed by the beta
integral, give
<(1 - 22)d7P2k> — (_l)k(l/z)k d' —r
Ay K (d—K)d+3/2) ¢
The normalization (Py, Pox) = (4k + 1)7! proves the formula for wy. Equations (11.24), (11.14),
and (11.38) involve rational numbers only. The remaining values are as follows.

(11.39)
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Exact value of by — ay

7/30

143/360

3111/7700

5966,/17199

11 324875/1154538

13 689881/3043040

15 1672853/9016920

17 154282156,/992759625

19 51054963,/383091566

21 64713680975/554798532288

23 177242593/1707481360

25 529413581553,/5655539462300

27 2993430197997811/35087339716821000

29 385216681855521817,/4912307665746940800
31 19914270803975275/274348642109578704
33 7227731468167576,/106943674502944125

35 625974633799006993/9898335309918305250
37 24759114438669087 /416608235855735000
39 2954159456746224828973/52697001033057658777500

O N U W |

Every numerator and denominator is positive. The recurrence (11.38), substituted into (11.13), gives
these rational values. For d = 1 the same formulas give a; = b; = 3/4, and b; — a; = 0. Together
with (11.36), the table completes the proof of (11.8) and Proposition 11.2.

11.4. The quantitative estimate.

Proof of Theorem 11.1. Let Ex and Oy be, respectively, the even- and odd-degree subspaces of Vy.
Thus Vy = Ey ® Op, and Oy contains only degrees 3, 5, .... Define the finite-dimensional analytic
map
N+1
T:Vy— Wy =@ Sym(H),  T) = C)L, (11.40)
=1

with the product Frobenius norm. Its derivative A vanishes on Oy and is injective on Ey. Indeed
Ae = 0 implies that IIn4 MIIn, is scalar. Every harmonic component of e € Ey has degree at most
N < 2(N + 1). Equation (10.33) therefore makes e constant, and ey = 0 gives e = 0.

Let R = A(EN) and let P¢ be orthogonal projection onto its complement in Wy. On Oy define

On(o0) = %PCDZF(O)[o, ol. (11.41)

For every o € Oy,
On(0) # 0 for every nonzero o € Oy. (11.42)

If On(0) = 0, there is h € Ey such that Ah + %DZI‘(O)[O, o] = 0. Thus the curve v(t) = to + t*h
has scalar second-order coefficients in all selected clusters. Let d be the largest degree of 0. Then
3 < d < N, and the selected clusters include d and d + 1. This contradicts Proposition 11.2, even
though that proposition allowed arbitrary smooth h. This proves (11.42).

Suppose first that N > 3. Compactness of its unit sphere gives ny > 0 such that

1ON ()l = v [0l (11.43)

All source norms in this section are L%(dy). Since Alg, is injective, |Ae| > o |e| for some oy > 0.
Taylor’s formula gives, for small e, o,

I'(e + 0) = Ae + B(o0,0) + E(e, 0), (11.44)
[€Ce, o)l < Cn([lel® + lel o] + e + o),
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where B(o, 0) = :D*T'(0)[0, 0] and P¢B(0, 0) = Qn(0).

Write a = |e], b = |o|, and choose By > 0 with |B(o, 0)| < fxb?%. Choose py > 0 such that all
selected cluster matrices are defined and (11.44) holds whenever a + b < py. Increase Cy to at least
one and choose

. _ ON NN
K > 1,4 , 0<p< LKL , )
2 max{l, 4fin/on} p =i {po 40Cy” 2Cn(2K + 8) }

Suppose a + b < p. If a > Kb?, then
|ECe, 0)| < CN(a2 +ab +4d® + 4b3) < 10Cnpa < CiTNa.
Here b3 < pa/K. Together with fxb? < ona/4, this gives
ITe+ o)l > Na> TN (a+ b2,
2 4
If a < Kb% then a < b and
IECe, 0)| < Cn(K2b* + Kb® + 8b%) < CN(2K + 8)b° < %sz.
Projection onto C and (11.43) yield

IIN ;2 N 2
> — > — .
IT(e + o) > 2b _2(K+1)(a+b)

Thus, with ¢}, = min{on /4, nn/[2(K + D]},
IT(e + o) > cyy(llel + [ol®) > ciy le + of*, (11.45)

since e L o and |e| < 1. Set ey = p/+/2. The inequality a + b < 2|e + o| shows that (11.45) holds
whenever |v]| < en.

When N = 2, Oy = 0 and o3 := minj,—; [Av| > 0 by compactness and injectivity. Choose r, > 0
and D, > 1 such that all selected cluster matrices are defined and

IT@) — Av] < Dafol® (vl < 7).
With €, = min{r,, 1, 02/(2D,)}, injectivity of A gives
(o)) (o)
IF@I = ol ?Ilvll2 (Jol < e2).

Put ¢} = 03/2.
For a real symmetric matrix, each centered eigenvalue has absolute value at most the full spectral
width. Therefore

ITe)lp < V2t + 1 welv), IP@I < VN +2)? = Tmax wi(v). (11.46)
Together with (11.45) and the bound for N = 2, this proves (11.4) with cy = ¢, /(N +2)2—-1. O

The estimate depends only on the differences between eigenvalues within each selected cluster.

APPENDIX A. LOCAL INVERSION AND METRIC CALCULUS

All tensor norms are taken in a fixed finite smooth atlas on the compact manifold.
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A.1. The trace-free exponential.

Proposition A.1. Let hy, ..., hq be smooth symmetric two-tensors on a compact Riemannian manifold
(M, g). Suppose trg hj = 0 and that their supports have compact union K. For t € R4, put

d
H®H =) tig'h;,  g(X.Y)=ge"X,1). (A.1)
j=1
Then g; is a smooth metric, dvg, = dvg, and g = g on M\ K. Moreover,

gl =hy g — gl < Celtl (<), (A.2)
for every nonnegative integer k.

Proof. At each point, g~'h; is self-adjoint: g(g'h;X,Y) = hi(X,Y) = h;j(Y,X). Hence H(t) is
self-adjoint. An orthonormal eigenbasis gives

H(t) = diag(0y, ..., 0,), M@ = diag(e®, ..., ).

Every exponential eigenvalue is positive. This proves symmetry and positive definiteness of g;. In
arbitrary coordinates, det g, = (det g) det e”(*). Since

det e = H efi = eMH® = 1
i

the positive square roots of these determinants agree. If x ¢ K, then H(t,x) = 0, and g,(x) = g(x).

The matrix exponential is defined by its locally uniformly convergent power series. Its derivative
at zero is the identity, so differentiating (A.1) gives the first formula in (A.2). For every fixed k, the
Leibniz rule gives

|ABlcr < ci Al e [Bl o

for smooth endomorphisms. Multiplying this norm by ¢, makes it submultiplicative. In that equivalent
norm, |[H(t)| o+ < Mg|t| and

-1

o=

HO)|
< Z ” (')"Ck < Mk|t|€Mk‘t|‘
=

Multiplication by the fixed metric and return to the original norm prove the second estimate in (A.2).
The same uniformly convergent series, differentiated term by term on bounded parameter sets, proves
smooth dependence on t in every C space. ]

A.2. Alocal inverse with parameters.

Lemma A.2. Let f : B,(0) c R? — R? extend to a C' map on a neighborhood of the closed ball. Suppose
L = Df(0) is invertible and

sup [I -L7'Df(x)| < 3. (A3)

|x|<r

If|[L7(y = f(0))| < r/2, there is a unique x € B,(0) with f(x) = y, and

x| < 217y - ). (A4)

The inverse is as smooth as f on the open target neighborhood with strict inequality. If f = f(x, p) is
jointly C/,1 < j < oo, in x and additional finite-dimensional parameters p, and the displayed bounds
hold locally uniformly in p, the inverse is jointly C’ in (y, p) on the corresponding open target set.
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Proof. Set Ty(x) = x — L7'(f(x) — y). The integral mean-value formula and (A.3) give

L) - T < S =l [T, = |17~ FO)] < r/2.
Thus T, maps B, into itself and contracts distances by at most 1/2. The iterates xjp1 = T,(x;), xo = 0,
satisfy

xje1 — x| < 27| Ty, (0)].
They are Cauchy, and their limit x is a fixed point by continuity. Summing the geometric series proves
(A.4). If x’ is another fixed point in the ball, the contraction inequality gives |x — x| < [x — x7|/2, so
x=x'.
For smoothngss, write D f(x) = L(I + E(x)), where |E(x)| < 1/2. The inverse exists by the matrix

series )’ ;5o(—E) . For two targets y, y” and their fixed points x, x’, subtraction gives

o= < Gl =%+ |[L7ly =yl Ik =x<2|L7 1y =y
Apply the differentiability remainder of f to

fx(y + h)) = f(x(3)) = h.

The Lipschitz bound makes that remainder o(|A|), so
Dyx = (Df(x)~.

For a jointly C! family f(x, p), its parameter derivative is bounded on a smaller compact product
neighborhood. The contraction estimate applied at nearby (y, p) therefore gives a local Lipschitz
bound for x(y, p). The differentiability remainder of f then yields

Dyx =(D<f)™,  Dpx =—(Dxf)'D,f. (A5)
Differentiating these identities inductively proves every higher derivative for which f is differentiable.
The inverse is therefore smooth in the target and the additional parameters. O

Proposition A.3. Let .# be a smooth map from a neighborhood of a smooth metric g to a finite-
dimensional real vector space W. Suppose

DZF(g) : CX(0;SiT*M) — W

is onto, where O C M is open. There are a compact set K € O, a neighborhood V of % (g), and a smooth
family y — g,, y € V, such that

F(gy) =y, g7 () = & dvg, = duvy, g =gonM\K. (A.6)
For every fixed k,

8y — &|ox < Crly — Z(9)| after decreasing V.

Proof. Choose a basis ey, ..., g of W and tensors h; with D.#(g)h; = e;. Their finite support union is
compact in O; enlarge it to K € O. Define g; by (A.1) and put f(t) = .%#(g;) in this basis. The chain
rule and (A.2) give Df(0) = I;. Continuity of Df gives a ball satisfying (A.3). Lemma A.2 gives a
smooth solution t(y) and [t(y)| < 2|y — #(g)|. Define g, = gi(,). Proposition A.1 gives (A.6) and its
norm bound. g

LetF : E D> U — W be smooth, where E is Banach, W is finite-dimensional, 0 € U, and A = DF(0)
is onto. Choose a linear right inverse R : W — E. It is bounded because W is finite-dimensional.
The operator RA is a bounded projection, so

E =ker A® R(W).

For x € ker A and z € R(W), the derivative in z of F(x + z) at (0,0) is the isomorphism Alg(y. The
contraction proof of Lemma A.2, with the Banach variable x as a parameter, gives a unique smooth
solution z = z(x, y) of F(x + z) = y near (0, F(0)). The derivative formulas (A.5) hold with Fréchet
derivatives in x. Thus

F ' (y) = {x + z(x,y) : x € ker A near 0}

locally, and this level set has codimension dim W.
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Lemma A.4. Let F be a smooth map between finite-dimensional manifolds, with rank constantly r near
a point. There are local coordinates (s, z) in the source in which F(s, z) depends only on s € R". The local
fibres may be taken connected. Every vector in ker dF is the velocity of a smooth curve in its local level
set.

Proof. Work in coordinate charts. For r = 0, each component has zero differential on a connected
coordinate ball and is constant there by integration along line segments. For r > 0, reorder source
and target coordinates so that the first r target components have an invertible derivative in the first r
source variables. The map

x > (Fi(x), ..., Fr(x), Xp41, .o, XN)

has invertible derivative. Lemma A.2, after translation and multiplication by that derivative’s inverse,
supplies local coordinates (s, z). In these coordinates the first r components of F equal s. A nonzero
derivative in any z direction of one of the remaining components would add an independent column
to the derivative and raise its rank above r. Therefore all those derivatives vanish. Restricting to
a product of balls makes each fibre connected and proves that F(s, z) is independent of z. Curves
z(t) = zo + tv, with s fixed, realize all kernel velocities; the inverse coordinate change gives the
required curves in the original source. ]

A.3. Quantitative preservation of a strict Ricci inequality. Let V be the Levi-Civita connection of
g, and write g = g + h. The difference of the two connections is the tensor

AN = S8 (Vihje + Vihie — Vehiy). (A7)

Indeed, the torsion-free identity makes AF; = AF ji- Subtract the two metric-compatibility equations
and cycle their three covariant indices; solving for gx,A’;; gives (A.7). Expanding the curvature of
V + A and contracting its first and third indices gives

RiC’g’ij - Ricg,ij = VkAkij - VjAk,‘k + Akk[A[ij - Akj(Afik. (AS)

The curvature convention is R(X,Y)Z = VxVyZ — VyVxZ — V|x y|Z, with sectional curvature
gR(X, Y)Y, X).

Lemma A.5. For each compact set K; and fixed reference metric g, there are constants C > 0 and € > 0
such that

”RngJrh - Ricg||C0(K1,g) <C ||h"C2(K1,g) lf ”h”CZ(Kl,g) <€ (A9)
Consequently, if Ricy —cg > 6g on Ky, with § > 0, then
Ricg,p —c(g +h) > gg >0 (A.10)
there whenever (C + |c|) |h| 2 < /2 and |h] 2 < €.

Proof. Assume [hfco¢yy < 1/2. Then 38 < 7 < 3g, and the inverse metric is uniformly bounded in the
g norm. Differentiating 3% = I gives

R
Equation (A.7) therefore implies
|Alg < CalVRlg,  [VAly < Ca(IV2hlg +[VAE).
Substitution into (A.8) gives
|Ricgys —Ricy [g < Co(IVhlg + [VA[Z).

For |h| < 1, the quadratic term is bounded by |A]c.. This proves (A.9). For a g-unit vector X,
the difference between (Ricg,;, —c(g + h))(X, X) and (Ricg —cg)(X, X) has absolute value at most
(C + |c|]) |l c2- The assumed bound proves (A.10). Positivity as a quadratic form does not depend on
the choice between the two equivalent metric norms. ]
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If Ricy, > cg on a compact neighborhood K; of the support of a perturbation, the continuous
function

(x>X) = (RICg _Cg)x(X, X)a X € Kl: |X|g = 13

has a positive minimum §. The unit-sphere bundle over K is compact, so the minimum is attained.
Lemma A.5 and the C? estimate of Proposition A.3 give one parameter neighborhood on which the
strict inequality is retained throughout Kj. Outside the support the two metrics and their Ricci tensors
are equal.

For a real-analytic finite-dimensional family, complexify the source and parameter variables near
the reference point. Continuity of the holomorphic derivative gives a complex ball on which the
contraction constant is less than one; decreasing the target and parameter neighborhoods makes that
ball invariant. The holomorphic iterates converge locally uniformly, so their limit is holomorphic.
Restriction to the real variables gives a real-analytic inverse.

APPENDIX B. FLAT TORI AND FOURIER EXPANSIONS
The perturbations are trigonometric polynomials.

B.1. All first-order obstructions on a planar frequency shell. Let T? = R?/A be flat and let A* =
{k : k-y € 2nZ for all y € A}. For a positive eigenvalue, write its complete shell as

{ke A" : |k = A} = {&ky, ..., £k}, m=2r. (B.1)

The real orthonormal basis consists of /2/Vol(T?)cos(k; - x) and the corresponding sine. Put
C, = diag(al, ..., a,1,). If s = k+ ¢ # 0 and |k| = [ff = VA, then k - s = |s]?/2. This line meets
the circle in at most two points, exchanged by k < ¢£. Therefore s determines the unordered pair.
Expanding a real quadratic relation in the complex exponentials shows that all coefficients with
nonzero sum frequency vanish separately. The zero-sum pairs are k;, —k;. In the real basis they give
exactly a;I, blocks, and their constant terms cancel precisely when }’; a; = 0. Thus

Ceonf = {Ca : Z aj = 0},
J
(B.2)
Call = {Ca : Z ajkj ® kj = O}.
J

The trace of the second relation implies the first because |k;|* = A > 0. The span of the matrices
k; ® k; has dimension min{r, 3}: up to a fixed invertible change of coordinates their entries are
(1, cos 20, sin 26;), with distinct §; modulo 7. Any three distinct points of a circle are not collinear.
Hence

dimCeong = r — 1, dim C,; = max{r — 3, 0}. (B.3)

Together with Theorem 6.6, this gives smooth full-metric multiplicity loci for m = 2,4, 6 and non-
smooth loci for m > 8; within the conformal class, only m = 2 is strongly stable.

B.2. Differential order. Let %, be the real formally self-adjoint scalar differential operators of order
at most 2s on T2, where s > 0. Consider

Dss — Sym(E,), D +— P,DP;. (B.4)
Proposition B.1. The cokernel dimension of (B.4) is
max{r — (2s + 1), 0}. (B.5)

The least even differential order for which the compression map is surjective is 2|r/2].
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Proof. Multiplication by every real smooth function belongs to Z,;. Equation (B.2) makes every
annihilator a matrix C,. Testing real differential operators is equivalent to testing their self-adjoint
parts: for symmetric real C,, transposition gives tr(C,PDP) = tr(C,P(D + D*)P/2). For a multi-index
a, direct trigonometric differentiation gives

0, || odd,

B.6
(-2 % |a| even. (B.6)

cos(k - x) 0% cos(k - x) + sin(k - x) 9% sin(k - x) = {
Testing each coefficient of a differential operator therefore gives precisely }’; a;k{ = 0 for even

825 oives Ak?(zs_z). Since A > 0, all lower moment equations

Z a;k®% = 0. (B.7)

Conversely, the order-2s equation is among the moment equations derived from (B.6). The space of
homogeneous polynomials of degree 2s in two variables has dimension 2s + 1. Any at most 2s + 1
distinct projective directions give independent evaluation functionals. To isolate a fixed direction
in such a collection, choose one linear factor vanishing on each other direction but not on the fixed
direction. Their product has degree at most 2s. Multiply it by a power of another linear form nonzero
on the fixed direction to reach degree 2s. Its evaluations vanish at the other directions and not at
the fixed one. Dualizing proves that the map in (B.7) has rank min{r, 2s + 1}. This gives (B.5). The
smallest s satisfying r < 2s+ 1is |r/2]. U

|| < 2s. Contracting two indices in k;
follow from

On the square torus the shell [k[> = 5° has 4(s + 1) vectors. Indeed, in the Gaussian integers,
= (2 + i)(2 — i) with two nonassociate primes; a Gaussian integer of norm 5° is a unit times
2+ D)%2—-1i)"%0< ac<s. Forz,w e Z[i], w # 0, choose a Gaussian integer g by rounding the
two coordinates of z/w. Then |z — qw|*> < |w|?/2 < |w|%. The Euclidean algorithm therefore gives,
for any a, b € Z[i], a greatest common divisor d and Gaussian integers u,v with d = ua + vb. If an
irreducible 7 does not divide g, this identity for , a gives 1 = ux + va after multiplication by a unit.
Consequently 7 | ab implies 7 | b; every irreducible is prime. Induction on the positive integer norm
factors every nonzero nonunit into irreducibles, since a proper nonunit factor has strictly smaller
norm. Primality then proves uniqueness by cancellation, up to units and order. The two factors 2 + i
and 2 — i have prime norm five and are not associates.

If zZ = 5°, every prime factor of z divides (2 + i)*(2 — i)°® and is therefore associated to one of
these two primes. Taking norms in z = u(2 + i)%(2 — i)?, u € {1, 1,1, —i}, gives a + b = s. Hence the
choices are exactly u € {1,—1,i,—i} and 0 < a < s, with b = s — a. Unique factorization makes the
displayed 4(s + 1) choices distinct. Thus r = 2s + 2, and (B.5) is one. Consequently, for every s > 0
there is a positive shell on which compression of %,; has nonzero cokernel. For s > 1 and D € %,
consider the cluster of A® at A°. The function x — x° is strictly increasing on [0, ), so its eigenspace
is E;. The principal symbol of A + tD is |£[** + to,(D)(x, £). Boundedness of o5(D) on the compact
unit cosphere makes it positive for sufficiently small |¢|. This formally self-adjoint elliptic family has
fixed domain H?*, and its cluster derivative is PyDP;.

B.3. Second variations at the eigenvalue five. Let £ € A* satisfy |¢| > 2+/4, and put fi(x) = cos(¢- x).
This function is well-defined on R?/A. If |k|> = A, then |k + £ > |f| — |k| > vYA. Thus multiplication
by f; sends each shell exponential into the orthogonal complement of E;, and PMy,P = 0. For the
conformal curve (1 + tf;)g, put q.(£) = (Ca, D’L(0)| f;, f¢]). The dimension-two second variation
gives

1 1
() = —A2 . B.8
9a(f) = Za’(m 2y ok; ¢ |f|2—2kj-f> B8

For the normalized exponential e, = Vol(T?)1/2¢/kx,

Mper = 3(exre+ ex—), (Mf,RMp ey, ex) = Z

e==+1

|k + e{’|
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The same sum is obtained for —k. The scalar block a;l;, is unchanged on complexifying the corre-
sponding sine—cosine plane. Its trace contribution is therefore twice this diagonal entry times a;. In
dimension two, Aj' = By = 0. Since PMy,P = 0, equation (2.50) gives the uncontracted identity

D*L(O)[ fp. frl = —2A*U*M,RM,U.

Its contraction gives (B.8) for every a € R”. All denominators are positive because |¢ > 2+/A. For the
shell in Example 6.3, with a = (1,1, —1, —1), the second moment is zero and the fourth is

4
Y ajlk;- &) = —48E & - &). (B.9)
j=1
Equation (B.8) gives
WG =, a1 = (B.10)

For example the bracketed sum for (5, 1) is

1 1 1 1 1 1 1 1
— 4+ —+
40 12 44 8 32 20 48 4

and multiplication by —25 gives the first value.

B.4. Aregular zero of the quadratic map. Let T? = R?/A and let its complete positive frequency shell
be .#) = {£ki, ..., £k, }. Denote by Il its orthogonal projection and by U the normalized sine—cosine
frame. In this appendix put

A® = (1+0)PL(v), K={f:OMII=0},  Q(f) = 1PcD’L(O)[f, fI. (B.11)
By (B.2), the conformal cokernel is identified with

Ry={aeR": Z aj =0}, ar— C, = diag(a1 b, ..., a, ). (B.12)
J

For r = 1 the cokernel is zero. Suppose r > 2.
B.5. Separated Fourier shifts. Let
Ry=(Do= Mgl Rilg, =0.
For f € K, differentiating (B.11) first gives
(I -1I@’(0) = AR, M U.
The second derivative, projected onto E,, gives
D*L(0)[f, f] = —2A*U* MR, M, U. (B.13)

Indeed, L’(0) = 0, the pencil has no direct second derivative, and the possible E; component of ®
disappears because IIM/II = 0. Polarization gives

D*L(0)[f, h] = =A*U*(MyRyMy, + MyRyMpU  (f,h € K). (B.14)
For 5 € A* with || > 22, set fy(x) = cos(n - x). The identity
My ep = 5(exsn + ex—p)

shows that f, € K. Returning to the original shell after two shifts by 5 is possible only with total
shift zero, since |2 > 2+A. The Hessian is consequently scalar on each sine-cosine pair. Define
1 1
2 tie ’
nf? +2kj -0 InP? —2k;-n

bi(n) = TOEEDWION (B.15)
J
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Every denominator is positive. Direct substitution in (B.13) gives

DALOfy. fy] = diag (=4 ba(l, ... =5 b ()L ) (B.16)
4(n) := =% (b(n) - b(1) € R;. (B.17)
Here q(n) represents Q(f;) under (B.12). Equivalently,
Ho() := (Cos DALO)Lfy, £]) = 22 3 asby(n) = 4a- q(n). (B.15)
J

Thus (B.18) is (B.8) in the coordinates (B.12).
Lemma B.2. If|n|, |u| > 2V and
Ip—ul>2vA,  |p+pl > 234, (B.19)

then D*L(0)[ f,, f,] = 0. Hence for a finite family satisfying these pairwise conditions,

N N
Q <Z xvf,,v> = 2. %1 q(n). (B.20)
v=1 v=1

Proof. The Fourier supports of My, E; and Mg, E; lie in .%) £ nand .} + . A common frequency
would make 1 — pz or 17 + 1 a difference of two shell frequencies, whose length is at most 2+/A. Thus
the supports are disjoint. The reduced inverse is diagonal in Fourier variables, so both terms in (B.14)
vanish entrywise. Polarization proves (B.20). O

B.6. Harmonic moment polynomials. Fix a € R} \ {0} and define

r

My(&) = Y aj(k;- &, p>0. (B.21)

j=1
Put A? = 8?1 + 822; this Euclidean trace operator has the opposite sign to the nonnegative Laplacian.

Lemma B.3. There is a least p € {1,...,r — 1} with My # 0. This first nonzero moment is homogeneous
harmonic of degree 2p and has both signs on the unit circle.

Proof. The zeroth moment vanishes. Choose &, outside the finitely many lines (k; — k;) - £ = 0 and
(ki + k;)- £ =0, i # j. Then the real numbers (k; - &)? are pairwise distinct. If the moments through
r — 1 all vanished, the resulting Vandermonde system would imply a = 0.

Direct differentiation gives

NEMG = 2p(2p — DAM_,. (B.22)

For the first nonzero moment the right side is zero. A homogeneous harmonic polynomial of positive
degree has zero average on the unit circle: the divergence theorem shows the radial derivative of its
spherical average is zero, and the average at radius zero is zero. For a nonzero continuous function
of zero average, its minimum is negative and its maximum is positive. Homogeneity excludes its
vanishing on the entire unit circle. Both signs therefore occur. (]

For a fixed nonzero v € A*, expand (B.15) along = Nv. When N is sufficiently large, the
geometric series converges and gives

. . M%(v)
— 2 ~2j-2")
H,(Nv) = —2A Z 4T N2 Mo (B.23)
>0
For the least nonzero p this becomes
My(v)
H,(Nv) = —22PF1)2N—2p72 L2 2 4 O(N72P7%), (B.24)

|V |4p+2
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The remainder estimate follows from a geometric-series tail, since there are only finitely many k; and
v is fixed.

The directions of a full-rank lattice are dense in the circle. For example, a closest lattice point to tw
stays at bounded distance from that ray point as t — oo, by the bounded diameter of a fundamental
parallelogram. Its direction tends to . Thus one may choose lattice vectors v, and v_ where M} has
opposite signs. Equation (B.24) shows that a- g(7) has both signs at arbitrarily high lattice frequencies.

Remark B.4. For the multiplicity-eight shell in (B.9), the weights (1,1, —1,—1) satisfy My = M; = 0
and

My(§) = —485, 5(87 — &) # 0.

B.7. Aregular quadratic zero from finite convexity. Assume r > 2. Construct a sequence of pairwise
separated frequencies as follows. Enumerate every nonzero dual-lattice vector infinitely many times.
At each step, replace the vector by a positive integer multiple whose length exceeds the preceding
selected length by more than 4+/1, and start with length greater than 4+/A. Denote the selected
frequencies by 7y, 11, .... Every fixed lattice ray occurs at unbounded lengths, and (B.19) holds for
every pair.

By Section B.6, the open subsets

faeR) : |al=1, a-q(n,) <0}, v >1,
cover the unit sphere in Rj. Compactness gives a finite subcover. Relabel its frequencies 74, ..., 7y
and put ¢, = q(1,).

Lemma B.5. The origin belongs to the interior of conviq, ..., qn} in Rj. There are strictly positive
numbers 11, ..., TN such that

Z Tvqy =0, span{q, ..., gn} = Ry. (B.25)
14

Proof. If the origin were not an interior point, finite-dimensional separation would provide a # 0
with a - ¢, > 0 for every v, contrary to the covering property. Interior containment also gives
span{q, } = R{.

For strict positivity, put b = )., g,. Choose € > 0 small enough that —eb lies in the convex hull,
and write —eb =), f,q,, with f, > 0and ), f, = 1. Then 7, = 5, + € > 0 proves the displayed
relation. If b = 0, taking every 7, = 1 is also possible. g

Set
2= ), T fy (B.26)

Distinct frequencies up to sign make these cosine functions linearly independent. Thus z, # 0.
Lemma B.2 and (B.25) imply

Q(ZO) =0, DQ(ZO) I:Z hvfryv‘ =2 Z \/?vthv-

The derivative is onto C. Put d = r — 1 and D = m(m + 1)/2. Choose a d-dimensional subspace Z; of
the span of these cosines on which it is an isomorphism. Since DQ(z¢)zo = 2Q(zp) = 0, the vector z,
does not belong to Z;. Therefore

Z=Rzg®Z, CK, dimZ =d+ 1.

Choose a trigonometric space X of dimension a = D — d such that DL(0)|]x : X — R is an
isomorphism. Indeed the first derivative depends only on the Fourier coefficients at the finite set
) + 7). Restriction to trigonometric polynomials therefore has the same derivative range as
restriction to smooth functions, and (B.2) gives its dimension D — d. Then

W=X&cZ, dimW =D+ 1. (B.27)
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Theorem B.6. Every positive eigenvalue of a flat two-torus has a local 1/2-Hoélder conformal cluster
section and satisfies the weak Arnold hypothesis. At a conformally unstable reference, D + 1 trigonometric
perturbations suffice, where D = m(m + 1)/2, and the exact scalar level contains a nonconstant analytic
curve of regular points approaching the reference.

Proof. The preceding convexity construction gives a nonzero regular zero of Q and a derivative
complement of dimension r — 1. Their span has dimension r, since the regular zero is in the kernel
of its own derivative. Add D — (r — 1) trigonometric range perturbations; their span has dimension
D + 1. The spectral map is analytic on this finite space by its resolvent series. Theorem 4.5 gives the
section and exact-level curve. Corollary 4.6 gives the essential-value property. If r = 1, the analytic
inverse function theorem applies on D range perturbations. O

B.8. The full conformal second derivative on a surface. Let A be the nonnegative Laplacian of a

closed surface, U a real orthonormal basis of an isolated A-eigenspace, Il = UU*, and R = (A — 1)} i

extended by zero. For arbitrary smooth real functions f, h, put Myu = fuand Ay = U"M;U. In the
fixed-Hilbert-space Riesz-Gram frame for (1 + v)g,

D*L(0)[f, h] = M(Af Ay + ApAg) — A2U*(MyRM), + MRRM{)U. (B.28)

To prove (B.28), write T(v) = (1 + v)"/2A(1 + v)~"/? and let U(v) be its Riesz—Gram frame, with
U(0) = U. Differentiation gives
Tf = —5(MyA + AMy),
;/h = 3(thA + Ath) + 1(MfAMh + MhAMf)
At the reference, U"DU = 0 and DU[f] = —R TJ’C U. Twice differentiating L = U*TU and substituting
D*(U*U) = 0 gives
“LLf,h] = U"T{,U = U*(T{RT, + T,RTH)U.

Insert an orthonormal eigenbasis of A between the multiplication operators. On an intermediate
eigenvalue v # A, the coefficient of each ordered product is

34+ v ()L+v)2_ A2

4 4v-1)  v-X

On v = A, the resolvent is zero and the coefficient is A. These are the two terms in (B.28).
On a flat two-torus, take the normalized complex exponentials e; and write

f(x) = Z fre ™, h(x) = Z B ei*=

a€eN* aeN*
For shell vectors p, g, define
C; = fp—ZhZ—q + hp—ZfZ—q'

Equation (B.28) becomes

D*L(O)[ £, hlpg = A Z ;=A%) (B.29)

2
l2P=A ) |z|

For smooth f, h, the bounds | f,,|+ |he| < Car(1+]af)™, valid for every M, imply absolute convergence.
For trigonometric polynomials both sums are finite. A unitary change from the complex exponentials
to the real cosine-sine basis gives the real symmetric matrix. In particular,

D*L(0)[1,1] = 2AL,.
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B.9. A regular quadratic zero at multiplicity eight. Take T = R?/(27Z)?, A = 5, and order the shell
representatives as

ki =(1,2), ky=(2,-1), k3s=(1,-2), ks=1(2,1).

The real multiplicity is eight, the conformal cokernel dimension is three, and D = 36. Equation (B.3)
gives these dimensions.
Choose

m=093), n=(39, 153=0-3), n=069, f =cos(n -x). (B.30)
Every |5, |? = 90, while
min _|n, + enul® =36 > 44 = 20.

VFEU, €=%

Thus all mixed Hessians vanish. Formula (B.17) gives the following exact matrix of quadratic vectors:

3 3 47 -53
15 |3 3 -53 47
30424| 47 -53 3 3
53 47 3 3

[q(m1) q(n2) q(n3) q(na)] = (B.31)

Every column has zero coordinate sum. The four columns add to zero, and the determinant of the
first three rows and first three columns of the displayed integer matrix is —30000. In particular the
rank is three. Therefore
z2o=f+ Lo+ i+ fa 0(z9) =0, DQ(20)lspang f;. .5} is an isomorphism onto C.  (B.32)
Define
M = {(0’ 2)’ (07 4)9 (13 _3)’ (1’ _1)5 (17 1)’ (1’ 3)’
(2,-4),(2,0),(2,4),(3,-3),(3,-1),3, 1),
(3: 3)> (4: _2): (4: 0): (4: 2)}
These are representatives up to sign of all nonzero frequencies in .5 + .%5. Put
X = span({l} U{cos(o - x),sin(c-x) : o € ;z%}) (B.33)
The real span of the products u;u; equals this 33-dimensional space: it is contained in it, and Equa-
tion (B.2) gives product-span dimension 36 — 3 = 33. Hence DL(0)|x is injective, by its integral pairing
with the product span, and maps isomorphically onto R. Its entries are =5 / fu;u; dv,, and its rank
is 33.
The corresponding finite-dimensional space is
W = X @ span{f1, f2, f3, fu}, dim W = 37. (B.34)

Section 4 produces an analytic curve

4
v(s)=s Z cos(n, - x) + O(s%), L(v(s)) = 51, (B.35)

v=1
whose conformal cluster derivative on W is onto for all sufficiently small s # 0. Here v(s) € W for
every sufficiently small s.
Summing the four uncontracted Hessians gives
6205

D*L(0)[20, z0] = ———1Is.
(0)[ 20, z0] 49288
Since DL(0)[1] = —5I3, comparison of the coefficients of s? gives
, (1241 5
v(s) =szg+ s ~ o856 1+ 2z | + O(s°), z, € span{ fi, fo, f3}.

Every f, has mean zero. Therefore

Area((l + v(s))g) = 47° (1 - %sz + O(s3)) .
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B.10. Invariant perturbations at multiplicity eight. On the square torus at A = 5, let the involution
act by (x, y) = (—x,—y). In the frame of four cosines followed by four sines, its representation is
diag(ly, —Is). The target is

Sym,(R) & Sym,(R), D = 20.

Let X, be the span of the constant function and the sixteen cosine functions at the frequencies in (B.33).
The derivative on X, has rank 17: every nonzero sum frequency in a shell determines its unordered
pair, and the even product relations are exactly the three trace-free repeated sine—cosine diagonal
relations of (B.2). The four high-frequency functions in (B.30) are even. Their quadratic matrix is still
(B.31); its column sum is zero and the first three columns are independent in the cokernel. Theorem 4.5
therefore gives a local section from the 20-dimensional invariant target to the 21-dimensional space

Xi @ spantfy, fo, fs. fa}-
APPENDIX C. MULTIPLICATION OF SPHERICAL HARMONICS

The following real multiplication isomorphism gives strong conformal stability of the round
two-sphere [18, p. 186]; see also [28, Proposition 4.6]. Let y be the unit-round metric on S%. Denote by
H 4 the real homogeneous harmonic polynomials of degree d in R3, restricted to S2. Their eigenvalue
is d(d + 1) and their dimension is 2d + 1.

Lemma C.1 (Round-sphere multiplication; [18, p. 186], [28, Proposition 4.6]). For every ¢ > 0, multi-
plication induces an isomorphism

¢
Symz H( i @ng. (Cl)

Jj=0
Here multiplication sends u © v to uv, where u ©v = (u ® v + v ® u)/2. Consequently, a symmetric

matrix C in a basis u, ..., zer1 of H for which Y, C;ju;u; vanishes on a nonempty open subset of S* is
zero.

Proof. Write 9 = 8§<I + ag(z + a§<3 for the Euclidean trace operator and p® = X? + X2 + XZ. Every
homogeneous polynomial of degree d has the unique decomposition

ld/2]
p= Z Pzahd—Za: 9hd—Za =0.

a=0

Existence follows from the polynomial projection formula (7.6), specialized to n = 2, and induction
on d. For uniqueness, suppose a sum of the displayed form is zero, and choose the largest index a
with nonzero h;_,,. Applying #¢ annihilates all terms of smaller index and gives a nonzero scalar
multiple of h4_,,, a contradiction. The scalar is nonzero because

PD(p**h,) = 2a(2e + 2a + 1)p** 2h,, a>0.

It follows that the image in (C.1) is contained in the stated direct sum.
The decomposition also determines dimensions. Let P; be the homogeneous polynomials of
degree d in three variables, with P; = 0 for d < 0. Uniqueness gives

Py =HEC" @ p?Py s,

Restriction to the sphere is injective on homogeneous harmonic polynomials by homogeneity. There-

fore
amtg= (422) (%) i,

where the second binomial term is zero for d = 0, 1.
Put z = X +iX,. Both Re z! and Im z/ are harmonic. Their sum of squares is

pe= (X7 + X3,
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0 pyls> belongs to the real multiplication image. Write its harmonic decomposition as

4
pf = Z pZ([_j)hzj'

=0
For each j,

. /02 .
P pp =4t (]‘) (X + X2).

The top homogeneous harmonic component of the left side is a nonzero scalar multiple of h,;: terms
indexed above j are annihilated, and terms indexed below j retain a positive power of p?. The top
harmonic component of (X2 + X2)/ is nonzero. Otherwise that polynomial would be divisible by p?;
evaluation at (Xi, X3, X3) = (1,0, 1) over C gives the contradiction 1 = 0. Thus every h,; is nonzero.
Let 7 be the multiplication image on S2. It is invariant under rotations. For L; j = Xidx; — Xjox,,
differentiation of the rotation action preserves I because this finite-dimensional subspace is closed.
Direct differentiation gives, with £ = ), X;ox,,
Y Li=p9 - -¢.
i<j
On the restriction of a degree-d homogeneous harmonic polynomial, the right-hand side equals
—d(d +1). The sphere decomposition thus identifies — 3’;; Lii» with A, on the finite sum containing
1. Hence 1 is invariant under A,. Put y; = 2j(2j + 1). The projection onto H,; on the displayed
direct sum is
p, = TT 2=l

o<k<e Hi~ Hk
k=j

The denominators are nonzero. Since 7 is invariant under A, and contains p,|s2, it contains P;(p¢|s:) =
h2j|52 .

Each h,; is invariant under the rotations fixing the Xj3-axis, by uniqueness of harmonic decomposi-
tion. In the variables z = X; +iX;, Z = X; —iX,, and X3, invariance under rotations about the Xj-axis
forces equal powers of z and Z. An invariant homogeneous polynomial therefore has the form

ld/2]
h= Y caXE+ X3 X4
a=0
The coeflicients of Zh = 0 satisfy

d

2 ) '
At the largest index the remaining Xs3-second derivative is zero because its exponent is 0 or 1. Every
coeflicient is consequently determined by cy, and every choice of ¢y produces a harmonic polynomial.
Thus this invariant subspace is exactly one-dimensional. For an orthonormal basis Yy, ..., Y2411 of Hy,
the evaluation kernel

4(a+1)co +(d—2a)(d-2a—-1)c, =0 <0 <a<

Ky(w,v) =) Yi(0)%(v)

1
is rotation invariant, reproduces every member of H,;, and is nonzero at (v, v). The diagonal is
positive because K (v, v) is rotation invariant and its integral in v equals 2d + 1. Thus a nonzero
axis-invariant harmonic is a scalar multiple of K;(-, e3). Its rotations span Hy: a function orthogonal
to all those rotations has zero evaluation at every point. Since 7 is rotation invariant and contains
hyj, it contains Hy; for every j. This proves surjectivity. Finally,
¢
dim Sym® M, = (£+ 1)(20+ 1) = Y (4 + 1),

j=0
so the map is an isomorphism. The restriction of a polynomial to S? is real analytic. Its vanishing on
a nonempty open set implies its vanishing on the connected sphere. Injectivity then gives C = 0. U



108 ANASS NIFA

C.1. The tensor-product degree bound. The tensor-product decomposition is
Jjtk
c C~ c
HEoHE= (P HE.
a=|j—k|
The weight decomposition follows from the infinitesimal rotation operators. Put z = X; + iXa,
zZ= X1 - le and
H = —iLqy, E; = Li3 +iLys, E_=—L{3+iLys.
They satisfy [H,E.| = +E, and [E;, E_] = 2H. On any finite-dimensional representation of SO(3),
averaging a Hermitian form makes rotations unitary. Thus H is diagonalizable, its weights are integers,
and the representation is completely reducible. Let 0 # v have largest weight a in an irreducible
summand. Then E,v = 0 and
E\Ev=s(2a—s+1)ES 0.
If r is the largest integer with E"v # 0, the identity with s = r + 1 gives r = 2a. The span of
v,E_v, ..., E*% is invariant under H, E, E_ and hence is the whole irreducible summand. Its weights
are a,a—1,...,—a, each once. In Hj-:, z/ has highest weight j. Its successive images under E_ span a
subspace of dimension 2j + 1 = dim H}E. Therefore H}E is irreducible with weights —j,—j + 1,..., j.
Assume j > k. The multiplicity of weight n € Z in the tensor product is

2k + 1, In| < j—k,
ch=#(ab)eZ? :|a<j, |b|<k a+b=nt=1j+k—|n+1, j—k<|n<j+k
0, |n| > j+ k.

For n > 0, subtraction gives ¢, — ¢p+1 = 1 exactly when j — k < n < j + k, and zero otherwise.
Complete reducibility of orthogonal representations and the weight list of H therefore give one copy
of each H¢ in that interval. This weight decomposition is that of the spherical-harmonic product
formulas [21, §34.3]. For the symmetric square, the multiplication isomorphism (C.1) already exhibits
exactly the even summands 0, 2, ..., 2j. In particular, the top degree j + k occurs once and no greater
degree occurs.

For the harmonic-degree pairs in the three-cluster calculation, the degree-two projection of
multiplication is nonzero: its zonal Gaunt integral is the nonzero denominator in (10.31). Hence any
equivariant bilinear map from the indicated pair to H; is a scalar multiple of that projection. Its
scalar is determined by one nonzero zonal coefficient. These statements also follow from the explicit
product formulas in [21, §34.3].

APPENDIX D. RELATIVE COMPLETION IN A PRESCRIBED GRAPH FORM

Assume d > 1 and (4.3). Choose a range complement X, and let Lg : R — X be the inverse of
Alx. Put

Ki ={v € K : PcD*F(0)[v,Lgy] = 0 for all y € R}
This subspace has codimension at most ad in K. Corollary 4.4 gives J, in Kj. On
V,=X®J (R &C), dimV, =a+r(d+1),

solve the range equation and write the reduced C-valued map as

G(t,w,y) = Z tiwi + b(y) + Eo(t, w, y), JeEy = 0. (D.1)

For a target f = y + z, a graph lift means a family
h(t) = £(t, w(o), y (1)) + J(t, w(t)),  w(0) =0,

where { € X solves the range equation. The first coordinate of the selected kernel block is required
to equal the parameter ¢.
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Lemma D.1 (Exact graph correction with parameters). Let H(t,v) = Y., tiv; + E(t,v) be smooth, with
J2E = 0. There is a smoothv(t) = O(|t|?) satisfying H(t,v(t)) = 0. IfE depends smoothly on a parameter
in a compact smooth manifold, v may be chosen smoothly in that parameter on a common t-neighborhood.
For an integer k > 1, the condition E(t,0) = O(|t|**?) impliesv = O(|t|**"). A flat E(t,0) gives a flat v.

Proof. Let S be the symmetric auxiliary variable and K(¢, S) the integral coefficient of Lemma 4.7. The
equation S + K(t, S) = 0 has derivative the identity in S at t = 0, uniformly on a compact external
parameter set. Its local solutions agree by uniqueness and therefore give one smooth solution on a
common smaller neighborhood. Set v(t) = S(t)t.

If E(t,0) = O(|t|**?), Taylor’s formula gives D?E(t,0) = 0(|t|5), hence K(t,0) = O(|t|¥). Define

1
M(t,S)=/ DsK(t, sS) ds.
0

Then K(t, S) = K(¢,0) + M(t,S)S and M(0, S) = 0. The equation becomes (I + M(t, S))S = —K(t,0).
On a smaller common neighborhood |M| < 1/2, so |S| < 2|K(t,0)] = O(|t/*) and v = O(|t|*1).
Smoothness implies jkv = 0. In the flat case the same conclusion holds for every k, so S and v are
flat. U

Theorem D.2 (Relative graph completion). Let P be a compact smooth external parameter manifold,
Ay C P closed, and let f(p,t) = y(p, t) + z(p, t) be smooth with f(p,0) = 0 and D;z(p,0) = 0. Suppose
graph lifts are already given smoothly on a neighborhood of A in P. They extend to smooth graph lifts
on all of P, agreeing on a possibly smaller neighborhood of Ay, after shrinking the common t-domain.

Proof. Let U C P be an open neighborhood of Ay on which the given graph is wa(p, t). Write

0p(t) = 22(p, ) — b (p. ) = Y tit;Si(p),  Sij = Sp,
i,j

where S is the uniquely determined symmetric coefficient array. The derivative La(p)t = Dywa(p, 0)t
satisfies ) ; ti(La(p)t); = qp(t). Consequently K4 = Ly — S is skew in its two parameter indices. Also
wa(p, t) — La(p)t = O(|t/»).

Choose open sets Ay C Uy € U; € U and a smooth function y : P — [0, 1] equal to one on U;
and supported in U. Extend the products with y by zero outside U, and set

w(p, 1) = S(p)t + x(PIKa(p)t + x(p) (walp, t) = La(p)t).
Then w = w4 on Uy, w(p,0) = 0, and Y, ;(D;w(p, 0)t); = q,(t) for every p. The residual
r(p, 1) = G(t, w(p, 1), y(p, 1)) — z(p, 1)

therefore has zero two-jet in t, uniformly on compact P, and vanishes on U;. Choose a smooth
n : P —[0,1] equal to zero on Uy and equal to one on P \ U;. Then nr = r.
Define

1
Hp,t.0) = r(p, ) + / Do G(t,w(p. 1) + sp(p)v. y(p, 1)) [v] ds.
0
The fundamental theorem of calculus and nr = r give the identity
G(t,w + nv,y) — z = nH(p, t,v).

By (D.1), the degree-two part of H in (t,v) is ), t;iv;: the derivative of b(y) in w is zero, r has
zero two-jet, and D,,E, vanishes to order two. Lemma D.1, with parameter p € P, gives a smooth
v(p,t) = O(|t|*) on a common neighborhood with H(p, t,v(p, t)) = 0. Thus w = w + nv is an exact
graph on all of P and equals w4 on Uj. For Ay = @, take y = 0, n = 1; for Ay = P, retain the original
graph. g
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Each graph lift is an embedding, since the projection onto the first coordinate of J, is its left inverse.
Moreover,

DG = (&~ ) &) + O(tf)

along any such graph. Let S;c = (t;ic/|t|*);. Then |S;| = |t|' and D,,GS; = I + O(|t|). Thus
S:(DyGS;)7 ! is a right inverse of D,,G for small nonzero t. Together with the invertible range
derivative, it gives a right inverse of DF|y, of norm O(|¢|™}).

Corollary D.3 (Finite and infinite graph jets). For a fixed target f and a polynomial w,. of degree k > 1
with w.(0) = 0, an exact smooth graph with j*w = j*w, exists if and only if

Jo (Gt wa(D), (1) = 2(1)) = 0.
Every formal graph solution admits an exact smooth graph with the identical entire formal jet.

Proof. Suppose j&w = j¥w,. Smoothness gives w — w, = O(|t[**"). Along the segment between these
graphs, D,,G = O(|t|), and hence

1
G(t, w, ) — G(t, wa ) = / Dy Gt ws + s(w — wo), Y)w — wilds = O(t2).
0

If the first graph is exact, its prescribed residual has zero (k + 1)-jet. Conversely, that jet condition
gives a residual O(|t[**?). After setting w = w.. + v, the equation is Y, t;v; + E(t,v) = 0, with jZE = 0
and E(t,0) = O(|t[**?). Lemma D.1 gives v = O(|t[**"), so jEw = jFw..

For an arbitrary formal graph write its formal series as )’ ;5, p;(t), with each p; homogeneous of
degree j and values in C". Choose y € CZ°(R") equal to one near zero. For || < j — 1, homogeneity
and the Leibniz rule give

ID“Ge(t/)pi(ED)leo < a6,

Choose ¢; | 0 so that the right side is at most 27/ for every |a| < j— 1. For each fixed k, the derivatives
of order at most k of the terms with j > k + 1 converge uniformly. Thus

w(t) =Y, x(t/e)p;(t)
j>1

is smooth. At zero, each cutoff is locally one, and every term of degree greater than k has zero k-jet.
Uniform convergence of the kth derivatives therefore gives jfw = j§ Z;‘:l pj for every k. The chain
rule expresses each finite jet of G(t, w(t), y(t)) — z(t) in terms of finitely many jets of w; the formal
equations make all these jets zero. Its residual is flat. The flat clause of Lemma D.1 gives an exact
graph differing from w by a flat function. The exact graph has the prescribed formal Taylor series. [

APPENDIX E. CONTINUOUS RELATIVE SECTIONS OF SCALAR QUADRATIC FORMS

E.1. A bounded level with finite-dimensional sphere topology. Let v; > v, > --- > 0 tend to zero
and put

q(x,y) = Z vi(x? —y9), (x,y) e £ &

Jj>1
Fix a,p > 0 and N > 1 such that
vN+1 < a/p® < vw.

Then {q = a} n B, deformation retracts onto

N
[y=0, x;=0(j>N), Zvjx]z=a}ESN1.

j=1
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To prove this, write g, (x) = 3, v;x7 and first replace (x, y) by (@;x, sy), where s decreases from 1 to
0 and

_a+s’q.(y)

Coata(y)
The level is unchanged and the norm does not increase. Now write x = xy + x7 at the first N
coordinates and replace it by f;xg + sxr, where

a— s, (x1)

2 _
ﬂs B CI+(xH)

The denominator is positive: otherwise a < vyi1|x|*> < vny1p? < a. Its squared norm minus the
initial squared norm is

1= (S ) <0
Q+(xH )

because ¢ (x7) < vni1lxr|? and gy (xg) > vn|xg[|? The final ellipsoid lies inside the ball since

|xg|? < a/vn < p?. Both deformations fix that ellipsoid. The zero fiber in the same ball contracts by

(x,y) = (1 = t)(x, y). For each N, take ay = p*(vy + vn+1)/2. Then ay | 0, whereas the fiber at ay

has the homotopy type of S¥~!. Since fibers of a Hurewicz fibration over an interval are homotopy

equivalent, the restriction q : B, — R is not a Hurewicz fibration over any neighborhood of zero.

E.2. Relative sections over the initial point. Let H = #* ® * and

_ 2 2
q(x,y) = Z ajx; — Zﬂjyj’ (E.1)
21 =1
where «;, fi; are positive nonincreasing sequences converging to zero. A zero eigenspace may be

added without changing the arguments.

Definition E.1. A local continuous relative section for g is a continuous map ¢ on a product neigh-
borhood of (0,0) € H x R such that

®(p,0)=p,  q(@(p,5)) = q(p) +s. (E.2)
Theorem E.2 (Successive-ratio criterion). For (E.1), a local correction (E.2) exists if and only if
sup Y4 o< 0o, sup i < oo, (E.3)
JRCT i P+

When (E.3) holds, a correction exists on all of H x R. Consequently q : H — R is a Hurewicz fibration
and every full fiber is contractible.

Proof. Necessity. Suppose that a local ® exists and fix € > 0 small. Since ®(0, 0) = 0, there are p,n > 0
such that

Ipl<p. Isl<n = [&(p,s)l <e.
If the positive ratios are unbounded, choose N > 2 and a > 0 with
aNs1€2 < a< aNpZ, a<n. (E.4)

Indeed choose N so large that ayp? < nand ay/an+1 > €2/p% Such indices exist arbitrarily far
out because the finite initial segment has bounded ratios. Any a strictly between the two displayed
endpoints has all the required properties.

The ellipsoid

N
SaZ[YZO, xj:0(]>N), Z(ij;:a}

j=1
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is an (N — 1)-sphere contained in B,,. The formula
Hi(p)=@((1 - t)p, a— (1 - t)*a), 0<t<1, (E.5)

contracts this sphere in {g = a} n B,.
However, the first N positive coordinates cannot vanish on that set: otherwise

q(x,y) < ani1 IxI* < ant1€® < a.

Their normalized projection therefore defines a map to SN~!. On S, its restriction is a homeomorphism
of nonzero degree. Composing with (E.5) would make this map nullhomotopic, a contradiction. The
involution (x, y, s) = (y, x, —s) transforms a relative section for g into one for —g, whose positive
coefficients are the f3;. The preceding contradiction therefore also excludes unbounded negative-
coeflicient ratios.

In particular,

aj=p;=2" (E.6)

gives an analytic quadratic map with infinite positive and negative index and with no local continuous
relative section. Theorem 4.9 applies to this map.

Sufficiency. First let the form be positive:
q+(x)=Zij2, A =1, Aj/Aj1 < K.
J

Multiplying both the quadratic form and its increment by A7! reduces the general case to A; = 1.
Define

Tve ej, j<N,
Nej = )
! \lAj/Aj+1 ej+1, Jj=N.
Then ¢ (Tyx) = q.(x), |Tn] < VK, and the range misses ey. Put Ej = ej/\/f, so that (E;) is

orthonormal for the positive bilinear form associated to g.
In the plane spanned by Ey, En41, let

RyEn = cos OEN — sin OEn 41, RyEn4+1 = sin OEN + cos O0En41,
with identity on the other coordinates. The operators
Ino = RoTIn, rno = (=D RgEn

satisfy
q+(TN,0x) = q+(x)’ q+(rN,6) = 1> B+(TN,€X’ rN,Q) = O (E7)

At 0 = 11/2, Tyo = Tn+1, and the signed free vector equals (—1)N*!Ey, ;. Thus both objects join
continuously to the next stage.

Set 7y = An/N, a strictly decreasing sequence even when eigenvalues repeat. On [7n41, TN ],
interpolate 0 continuously from /2 to 0 as 7 increases. This defines Ty, r; for 0 < 7 < 1 with

IT,| < K, T, — I strongly as 7 | 0, Ir:l < \JK/z. (E.8)
For the last estimate, Ay+; > AN/K > N7/K > 7/K and “rN’QH < /1]_\,1/12 If TTx—; is the orthogonal
projection onto the first N — 1 coordinates, then

I(Te = Dxl| < (K + DIT —n-0)x|  (zn+1 < 7 < 7).

Since N — o0 as 7 | 0, this proves strong convergence.
For a positive increment s, normalize the positive weights by a;, put § = s/a1, and set

VE

rT=— O(p,s)=(T;x + \/grf, V).
Ipl + V5
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For s < 0, let the operators and vectors associated with the normalized coefficients ;/f; be 7O, rO),
Put

NGB _ -
So==s/p = W9 = (R Ty 4 D),
I o] + V5. p Yy -
The negative quadratic summand increases in magnitude by 15 = —s, so q(®(p, s)) = q(p) + s. For

s > 0, (E.7) gives the same identity with the increase in the positive summand. Set ®(p,0) = p.
The added vector obeys

HJS re| < VK 8V4(1p| + V)2,

Suppose (p;, s;) = (po,0) with py # 0. On the subsequence s; > 0, one has 7; — 0 and

| T, % — %ol < Kllxj = %ol + [(T7; = Dxoll — 0.

The added vector tends to zero by the displayed bound, and the negative coordinate is unchanged. For
sj < 0 the same inequality in the negative coordinate, with its own ratio bound, proves convergence;
the zero-increment subsequence is the identity. If p; — 0, uniform boundedness gives |T; x;| <
K|xj| — 0, and the added-vector bound again tends to zero. This proves continuity at (0,0). At a
nonzero increment, 7 stays positive locally; only finitely many successive intervals are encountered
in a sufficiently small neighborhood. Their endpoint identities and their continuous matrix formulas
prove continuity there. Thus ® is continuous on H x R.

For any topological parameter space Z, homotopy a : Z x [0, 1] — R, and initial lift uy : Z — H,
the formula

u(z, t) = @(uo(z), a(z, t) — a(z, 0))
is a homotopy lift. Hence q is a Hurewicz fibration. On q~!(a), the homotopy

H(p) = ®((1 - )p,a—(1-t)’a)
satisfies g(H;(p)) = a, Hy(p) = p, and Hy(p) = ®(0, a). Thus every full fiber is contractible. O
E.3. Negative-order pseudodifferential quadratic forms.

Proposition E.3. Let P be a real self-adjoint classical pseudodifferential operator of order —s < 0 on a
closed n-manifold, n > 1. Suppose its principal symbol has nonzero positive and negative parts on sets of
positive cosphere measure. The scalar quadratic form u — (Pu, u);> admits a global continuous relative
section on its Hilbert space.

Proof. The signed Birman-Solomyak asymptotics [50, Theorem 6.1] give positive and negative eigen-
value magnitudes

aj=cj "1+ 0(1),  Bi=cj (1 +0(1), e >0

Consequently their consecutive ratios tend to one; the supremum of each sequence of ratios is finite.
The spectral theorem identifies the positive and negative subspaces with the model of Theorem E.2.
On H, @ H_ & ker P, extend the correction by

O((x,y, 2), 5) = (D((x, y), 5), 2).

This map is continuous, is the identity at s = 0, and increases the quadratic form by s. The homotopy
®((1 - t)(x,y,2),a— (1 —t)?a) contracts its fiber at a. O

Let A > 0 be an isolated Laplace eigenvalue on a closed manifold, and let 0 = C € coker DL(0) for
the full conformal parameter space. Set T = —2.4B¢c.A, with A and B¢ as in (2.39) and (2.47), and
write 0 = ord T < 0. For s > 0, the isometry Ay = (1 + Ag)s/2 : H® — L? gives the representative

Ag = A'TA, ord Ay = 0 — 25 <0,
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whose principal symbol is |& EZSGJ(T)(x, &). It has both signs by Theorem 3.4. If Px is the orthogonal
projection onto the transformed first-variation kernel, then Px — I has finite rank and smooth range.
Consequently

PxAsPx — As = (Px — I)AsPx + Ay(Px —I)

has a smooth finite-rank kernel. Proposition E.3 therefore applies to the scalar quadratic form
represented by Px APk in this fixed Hilbert space.

(1]
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