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OF LENS SPACES

ANASS NIFA

Abstract. The lens spaces 𝐿(49; 1, 6, 15) and 𝐿(49; 1, 6, 20) have identical natural spectra precisely

for five irreducible SO(5)-types. This proves the finiteness conjecture of Lauret, Miatello and Rossetti.

The types admitting bounded or compact self-adjoint corrections are classified, and the least operator

norm and essential norm are determined for every one-row type on the bounded-correction locus.

The distinction is arithmetic: exact equality requires equality of each Casimir eigenvalue multiplicity,

whereas bounded correction requires equality of the total multiplicities in each separated quadratic

cluster. Periodic character identities give both conditions and the asymptotic number of unmatched

frequencies. For 𝐿(𝑝2; 1, 1±𝑝, 1±3𝑝), the bounded-correction classification holds for every prime 𝑝 ≥ 5.

For flat bundles on 𝐿(𝑞; 1𝑚, 𝑎), with 𝑞 ≥ 3 odd, 𝑚 ≥ 1, and 𝑎 a unit modulo 𝑞, equality of connection

spectra is characterized in terms of the holonomies. For effective prime-square lens orbifolds, the scalar

spectrum determines the gcd classes of the rotation weights and implies isometry of the corresponding

proper covers at orders 9 and 25.
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Introduction

For integers 𝑞 ≥ 2, 𝑛 ≥ 1 and 𝑠1, … , 𝑠𝑛, let 𝐿(𝑞; 𝑠1, … , 𝑠𝑛) be the quotient of the unit sphere

𝑆2𝑛−1 ⊂ ℂ𝑛
by the cyclic action generated by

(𝑧1, … , 𝑧𝑛) ⟼ (𝑒2𝜋𝑖𝑠1/𝑞𝑧1, … , 𝑒2𝜋𝑖𝑠𝑛/𝑞𝑧𝑛).

We assume gcd(𝑞, 𝑠1, … , 𝑠𝑛) = 1, so the action is effective. This quotient is a lens orbifold; it is a lens

manifold when every 𝑠𝑗 is coprime to 𝑞. All quotients carry the induced round metric.
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2 ANASS NIFA

Put 𝐺 = SO(6), and let 𝐾 ≃ SO(5) be the stabilizer of a unit vector, so that 𝑆5 = 𝐺/𝐾 . Let Γ ⊂ 𝐺
be finite and act freely on 𝑆5, and put 𝑀 = Γ\𝑆5. An irreducible complex representation (𝜏, 𝑉𝜏) of

𝐾 , with an invariant Hermitian inner product, defines the bundle 𝐸𝜏,𝑀 = Γ\(𝐺 ×𝐾 𝑉𝜏). Write Δ𝜏,𝑀
for the nonnegative self-adjoint 𝐺-Casimir on 𝐿2(𝐸𝜏,𝑀), normalized by the inner product − 1

2 Tr(𝑋𝑌 )
on so(6). For exterior powers of the defining representation of 𝐾 , this is the Hodge Laplacian [18,

Section 5.1]. The Hodge spectra therefore involve only finitely many irreducible 𝐾 -types. All spectral

equalities below include multiplicities.

Five exact natural spectra. Consider

𝐿 = 𝐿(49; 1, 6, 15), 𝐿′ = 𝐿(49; 1, 6, 20).

Lauret, Miatello and Rossetti proved that these spaces are nonisometric and isospectral on forms of

every degree [17, Theorem 7.1 and Section 8]. They conjectured that only finitely many irreducible

𝐾 -types give equal natural spectra on 𝐿 and 𝐿′ [17, Remark 8.2], [18, Conjecture 5.15]. For integers

𝑢 ≥ 𝑣 ≥ 0, let 𝜏𝑢,𝑣 be the irreducible 𝐾 -representation of integral highest weight (𝑢, 𝑣) in orthonormal

weight coordinates; these are all the irreducible 𝐾 -types. Put Δ𝑢,𝑣,𝑀 = Δ𝜏𝑢,𝑣 ,𝑀 . Theorem 1.1 states that

Spec(Δ𝑢,𝑣,𝐿) = Spec(Δ𝑢,𝑣,𝐿′) ⟺ (𝑢, 𝑣) ∈ {(0, 0), (1, 0), (2, 0), (1, 1), (2, 1)}.

The three types (0, 0), (1, 0), (1, 1) account for all Hodge degrees by duality. The other two are the

trace-free symmetric square (2, 0), of dimension 14, and the type (2, 1), of dimension 35.

For fixed 𝑢, 𝑣, a bounded correction is a bounded self-adjoint operator 𝐶 on 𝐿2(𝐸𝜏𝑢,𝑣 ,𝐿) such that

Spec(Δ𝑢,𝑣,𝐿 + 𝐶) = Spec(Δ𝑢,𝑣,𝐿′).

The sum has domain (Δ𝑢,𝑣,𝐿). Theorem 3.1 specifies a set Z ⊂ (ℤ/49ℤ)2 with 289 elements such

that a bounded correction exists if and only if (2𝑢 + 3, 2𝑣 + 1) mod 49 ∈ Z . When it exists, 𝐶 can be

chosen to commute with every spectral projection of Δ𝑢,𝑣,𝐿 and to satisfy

‖𝐶‖ ≤ 𝑢(𝑢 + 2) − 2𝑣.

A compact self-adjoint correction exists precisely for the five types with equal spectra (Corollary 3.8).

Let 𝜆𝑗 (𝑀) = 𝜆𝑗 (Δ𝑢,𝑣,𝑀), for 𝑀 = 𝐿, 𝐿′, be the complete eigenvalue lists in nondecreasing order,

with multiplicities and 𝑗 ≥ 1. Write ‖𝐶‖ess for the distance from 𝐶 to the compact operators. For each

one-row type 𝜏𝑢,0 admitting a bounded correction, Theorem 3.10 determines the common value

min
𝐶

‖𝐶‖ = min
𝐶

‖𝐶‖ess = sup
𝑗≥1

|𝜆𝑗 (𝐿) − 𝜆𝑗 (𝐿′)|,

where both minima range over the bounded corrections just defined. This value is 19 for 𝑢 = 9 and 89
for 𝑢 = 48. This equality concerns the complete eigenvalue sequences, including their initial terms.

For general types admitting a bounded correction, the least essential norm is the limit superior of the

ordered displacements; the least operator norm is their supremum (Proposition 2.7).

Multiplicity at an offset and multiplicity in a block. For a fixed type 𝜏𝑢,𝑣, the branching rule for

𝐺 ⊃ 𝐾 gives the possible eigenvalues

𝑟(𝑟 + 4) + 𝑤, 𝑟 ≥ 𝑢, 𝑤 = 𝑘(𝑘 + 2) + 𝑐2, 𝑣 ≤ 𝑘 ≤ 𝑢, 0 ≤ 𝑐 ≤ 𝑣,

with integral 𝑟, 𝑘, 𝑐. Let 𝑊 be the finite set of offsets 𝑤. The contributing 𝐺-types have highest

weights (𝑟, 𝑘, ±𝑐). For 𝑐 > 0, the two signs are combined, as are all contributions with the same

offset. Call the resulting multiset for a fixed 𝑟 the 𝑟-block. The initial blocks can overlap. For the

order-49 pair, the difference between the two multiplicities at offset 𝑤 in this block depends only on

𝑎 = 𝑟 + 2 mod 49; denote it by 𝐴𝑢,𝑣(𝑎, 𝑤). Then

Spec(Δ𝑢,𝑣,𝐿) = Spec(Δ𝑢,𝑣,𝐿′) ⟺ 𝐴𝑢,𝑣(𝑎, 𝑤) = 0 for every 𝑎, 𝑤,

sup
𝑗≥1

|𝜆𝑗 (𝐿) − 𝜆𝑗 (𝐿′)| < ∞ ⟺ ∑
𝑤∈𝑊

𝐴𝑢,𝑣(𝑎, 𝑤) = 0 for every 𝑎,
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where 𝑎 ∈ ℤ/49ℤ and 𝑤 ∈ 𝑊 . Consecutive blocks are eventually separated by gaps tending to

infinity. Periodicity therefore makes every nonzero discrepancy recur in infinitely many separated

blocks. In particular, every type outside the five listed above has infinitely many unequal eigenvalue

multiplicities. When the block totals agree, the partial sums over increasing offsets determine the

ordered displacements in every sufficiently late block.

Lauret and Miatello proved rationality and finite determination for multiplicity sequences on

finite unions of highest-weight strings, after fixing an integer divisible by the subgroup orders [15,

Proposition 2.2 and Theorem 1.2]. They also proved a spectral-to-representation converse for a fixed

natural type on odd-dimensional spherical quotients [16, Theorem 4.2]. In the present setting, its

hypothesis is injectivity of (𝑘, 𝑐) ↦ 𝑘(𝑘 + 2) + 𝑐2 on 𝑣 ≤ 𝑘 ≤ 𝑢, 0 ≤ 𝑐 ≤ 𝑣, before equal offsets are

combined. For the fixed pair 𝐿, 𝐿′, Theorem 1.1 determines every type for which the spectra agree.

For two frequency lists and 𝜂, 𝑅 ≥ 0, let 𝐸𝜂(𝑅) be the minimum total number of unmatched copies

after truncation at 𝑅, when matched frequencies differ by at most 𝜂 and each labelled copy occurs in

at most one matched pair. For the lists {
√
𝜆𝑗 (𝐿) + 4}𝑗≥1 and {

√
𝜆𝑗 (𝐿′) + 4}𝑗≥1, put 𝑅𝑁 = 𝑁 + 5

2 , with

𝑁 ≥ 𝑢 integral. For every fixed 𝜅 ≥ 0, Theorem 3.7 gives

𝐸𝜅/𝑅𝑁 (𝑅𝑁 ) = 𝑅𝑁(𝜅) + 𝑂𝑢,𝑣(1) (𝑁 ⟶ ∞).

The function  is continuous, nonincreasing, and explicitly determined by the periodic multiplicities.

Its value at zero vanishes precisely when the spectra are equal; its limit at infinity vanishes precisely

when a bounded correction exists. In the latter case, if  ≢ 0, the least essential norm is twice the

largest point of nondifferentiability of the piecewise affine function 𝜅 ↦ 𝜅(𝜅). The least essential

norm is zero when  ≡ 0. Theorems 2.2 and 2.3 also give uniform estimates for tolerances below and

at the limiting spacing 1 between consecutive frequency blocks.

Prime-square orders and affine congruences. For a prime 𝑝 ≥ 5, put

𝐿±𝑝 = 𝐿(𝑝2; 1, 1 ± 𝑝, 1 ± 3𝑝).

Their Hodge spectra agree in every degree by DeFord and Doyle [5, Theorem 1 and §8]; for 𝑝 ≥ 7,

these spaces belong to the construction of Lauret, Miatello and Rossetti [17, Theorem 7.1]. Theorem 4.1

determines every natural type admitting a bounded self-adjoint correction between their Casimir

spectra. In the coordinates (𝑋, 𝑌 ) = (2𝑢 + 3, 2𝑣 + 1) mod 𝑝2
, the set has cardinality

⎧⎪⎪⎪
⎨⎪⎪⎪⎩

625, 𝑝 = 5,
289, 𝑝 = 7,
5𝑝2 − 4𝑝 + 40, 𝑝 ≥ 11.

For 𝑝 = 5 the two spaces are isometric. For 𝑝 = 7, orientation-preserving isometries identify 𝐿+𝑝 , 𝐿−𝑝
with 𝐿, 𝐿′, respectively. For 𝑝 ≥ 11, the set is the union of

{𝑋 = 0}, {𝑌 = 0}, {𝑋 = 𝑌 }, {𝑋 = −𝑌 }, {𝑝 ∣ 𝑋, 𝑝 ∣ 𝑌 },

and the signed-permutation orbits of

(3, 1), (5, 1), (5, 3), (7, 1), (7, 3).

Here a signed-permutation orbit consists of (𝜖𝑋, 𝛿𝑌 ) and (𝜖𝑌 , 𝛿𝑋) with 𝜖, 𝛿 ∈ {1, −1}.
Let 𝑡 be an indeterminate. By (4.9), bounded correction is equivalent to the vanishing of an

explicitly given element of ℤ[𝑡, 𝑡−1]/(𝑡𝑝2 − 1). This element is obtained by monomial substitutions

and an alternating sum from a Laurent polynomial with integer coefficients independent of 𝑝. Its

coefficient vanishing is a finite Boolean combination of affine congruences between exponents modulo

𝑝2
. For fixed integral arrangements, Kamiya, Takemura and Terao proved eventual quasipolynomial

counting formulas in the modulus [10, 11]. More generally, fix integers 𝑑, 𝑁 ≥ 1, an indeterminate 𝑇 ,
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polynomial rows 𝑎𝑖(𝑇 ) ∈ ℤ[𝑇 ]𝑑 and 𝑏𝑖(𝑇 ) ∈ ℤ[𝑇 ] for 1 ≤ 𝑖 ≤ 𝑁 , and a Boolean combination of the

𝑁 conditions

𝑎𝑖(𝑝)𝑥 ≡ 𝑏𝑖(𝑝) (mod 𝑝𝑘), 𝑥 ∈ (ℤ/𝑝𝑘ℤ)𝑑 ,

for primes 𝑝 and integers 𝑘 ≥ 1. For every fixed 𝑘, the analogous count with an integer parameter

is eventually quasipolynomial by Bogart, Goodrick and Woods [4, Theorem 1.15]. For each fixed 𝑘,

Theorem 5.1 expresses the number of solutions of the fixed Boolean combination as a polynomial

in 𝑝 with integer coefficients and degree at most 𝑘𝑑, for all primes outside one explicit finite set

independent of 𝑘.

Flat holonomy and orbifold covers. Let 𝑞 ≥ 3 be odd, let 𝑎 be a unit modulo 𝑞, and let 𝑚 ≥ 1. In

𝐿(𝑞; 1𝑚, 𝑎), the symbol 1𝑚 denotes 𝑚 entries equal to 1. For a finite-dimensional unitary representation

𝜌 of its fundamental group 𝐶𝑞 = ℤ/𝑞ℤ, let Δ𝜌 be the connection Laplacian of the associated flat

Hermitian bundle. Its spectrum depends only on the real part of 𝜒𝜌 = tr 𝜌. For line bundles, Lauret’s

twisted generating functions describe the multiplicities, and his affine-congruence-lattice criterion

characterizes isospectrality [12, Theorem 3.6, Proposition 3.7 and Theorem 4.2]. Let 𝜌, 𝜎 be finite-

dimensional unitary representations of 𝐶𝑞 , and let the bar denote the conjugate representation. If

𝑚 ≥ 2, Theorem 6.2 gives

Spec(Δ𝜌) = Spec(Δ𝜎) ⟺ 𝜌 ⊕ 𝜌 ≅ 𝜎 ⊕ 𝜎.

The frequencies of (Δ𝜌 +𝑚2)1/2 belong to {𝓁 + 𝑚 ∶ 𝓁 ∈ ℤ≥0}. The same conclusion follows if there are

a fixed 𝜂 ∈ [0, 1) and a sequence 𝑅𝜈 → ∞ for which the matching deficit of the two frequency lists is

𝑜(𝑅𝑚
𝜈 ).
In dimension three, equality of connection spectra need not determine the real part of the holonomy

character. Theorem 7.1 determines the kernel of the spectral multiplicity map on the rational span

of the real parts of characters for every odd 𝑞 ≥ 3 and every unit 𝑎. Its cyclotomic components

are explicit scalar multiples of fixed fields in real cyclotomic extensions. Lauret gives examples of

isospectral line twists with 𝑎 = 2 [12, Example 4.10].

For a prime 𝑝, the scalar spectrum of an effective lens orbifold 𝐿(𝑝2; 𝑠1, … , 𝑠𝑛) determines the

number of weights in each of the three classes gcd(𝑝2, 𝑠𝑗 ) = 1, 𝑝, 𝑝2
(Theorem 8.1). Its corresponding

order-𝑝 cover is 𝐿(𝑝; 𝑠1, … , 𝑠𝑛), with the weights reduced modulo 𝑝. At orders 9 and 25, these covers

of scalar-isospectral orbifolds are isometric (Theorem 8.5). Together with the common spherical

cover, this proves the corresponding-cover conjecture in [18, Conjecture 7.3] for these two orders

in every odd dimension. For lens manifolds, corresponding covers of scalar-isospectral spaces are

scalar isospectral [14, Theorem 4.3]. Álzaga and Lauret proved scalar spectral rigidity for spherical

orbifolds of group order at most 7 [1, Theorem 4.1]; the assertion at orders 9 and 25 recovers the

order-3 or order-5 cover from the scalar spectrum of the larger quotient. In dimension three, scalar

isospectrality determines a lens orbifold up to isometry [3, Theorem 3.1].

Finally, for every prime 𝑝 and every 𝑛 ≥ 2, two effective (2𝑛 − 1)-dimensional lens orbifolds of

order 𝑝2
with equal Hodge spectra in degrees 0, … , 𝑛 − 2 have equal Hodge spectra in every degree

(Corollary 8.6). The gcd invariant supplies the coordinate-axis terms in Lauret’s congruence-lattice

reduction [14, Remark 4.6]; the required moment identities are those of [13, Corollary 2.3].

Part 1. Ordered spectra and natural operators

1. Exact natural spectra

1.1. Natural Casimir operators. Let 𝑒1, … , 𝑒6 be the standard basis of ℝ6
, and put

𝐺 = SO(6), 𝐾 = {𝑔 ∈ 𝐺 ∶ 𝑔𝑒6 = 𝑒6} ≃ SO(5).

The inner product ⟨𝑋, 𝑌 ⟩ = − 1
2 Tr(𝑋𝑌 ) on so(6) induces the metric of curvature one on 𝐺/𝐾 ≃ 𝑆5.

Let 𝑅𝜃 denote a plane rotation through angle 𝜃. On the maximal torus diag(𝑅𝜃1 , 𝑅𝜃2 , 𝑅𝜃3), the weight

∑3
𝑖=1 𝑎𝑖𝜀𝑖 denotes the character 𝑒𝑖∑

3
𝑖=1 𝑎𝑖𝜃𝑖 , where 𝑎𝑖 ∈ ℤ. The coordinates 𝜀𝑖 are orthonormal for the
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induced inner product on weights. The maximal torus of 𝐾 is given by 𝜃3 = 0, with weight coordinates

𝜀1, 𝜀2; these are the conventions of [16, Section 4]. Choose the positive roots 𝜀𝑖 ± 𝜀𝑗 with 𝑖 < 𝑗 for 𝐺,

and 𝜀1 − 𝜀2, 𝜀1 + 𝜀2, 𝜀1, 𝜀2 for 𝐾 .

Put 𝑠 = (1, 6, 15) and 𝑠′ = (1, 6, 20). For 𝑡 ∈ {𝑠, 𝑠′}, define

𝑔𝑡 = diag(𝑅2𝜋𝑡1/49, 𝑅2𝜋𝑡2/49, 𝑅2𝜋𝑡3/49), Γ𝑡 = ⟨𝑔𝑡⟩.

Every coordinate of 𝑠 and 𝑠′ is a unit modulo 49, so these cyclic groups have order 49 and act freely

on 𝑆5. Write

Γ = Γ𝑠 , Γ′ = Γ𝑠′ ,

𝐿 = Γ\𝑆5 = 𝐿(49; 1, 6, 15), 𝐿′ = Γ′\𝑆5 = 𝐿(49; 1, 6, 20).

All finite-dimensional representations are complex and equipped with invariant Hermitian inner

products. For integers 𝑢 ≥ 𝑣 ≥ 0, let (𝜏𝑢,𝑣, 𝑉𝜏𝑢,𝑣) be the irreducible 𝐾 -representation of highest weight

𝑢𝜀1 + 𝑣𝜀2. These are precisely the irreducible representations of 𝐾 [16, Section 4]. For 𝜏 = 𝜏𝑢,𝑣, let

𝐸𝜏,𝐿 = Γ\(𝐺 ×𝐾 𝑉𝜏), 𝐸𝜏,𝐿′ = Γ′\(𝐺 ×𝐾 𝑉𝜏).

Denote by Δ𝜏,𝐿 and Δ𝜏,𝐿′ the nonnegative self-adjoint Casimir operators on the respective 𝐿2 spaces

of sections, for the inner product fixed above. These elliptic operators have discrete spectra with

finite multiplicities [18, Section 4.1]. We call 𝐿, 𝐿′ 𝜏-isospectral when these spectra agree, including

multiplicities.

Lauret, Miatello and Rossetti proved that 𝐿, 𝐿′ are nonisometric and isospectral on differential

forms of every degree [17, Theorem 7.1 and Section 8]. They conjectured that only finitely many

irreducible 𝐾 -types give equal natural spectra [17, Remark 8.2], [18, Conjecture 5.15].

Theorem 1.1 (Exact natural spectra). For integers 𝑢 ≥ 𝑣 ≥ 0, the lens spaces 𝐿(49; 1, 6, 15) and
𝐿(49; 1, 6, 20) are 𝜏𝑢,𝑣-isospectral if and only if

(𝑢, 𝑣) ∈ {(0, 0), (1, 0), (2, 0), (1, 1), (2, 1)}.

The Hodge types are (0, 0), (1, 0) and (1, 1), corresponding to exterior powers of the defining

representation and their duals [18, Section 5.1]. The Weyl dimension formula [8, Proposition 28.1],

applied to 𝐾 , gives

dim 𝜏𝑢,𝑣 =
(2𝑢 + 3)(2𝑣 + 1)(𝑢 − 𝑣 + 1)(𝑢 + 𝑣 + 2)

6
.

The five types in Theorem 1.1 therefore have dimensions 1, 5, 14, 10, 35, in the order stated there.

1.2. Branching and Casimir eigenvalues. Let 𝜋𝑟,𝑘,𝑐 be the irreducible 𝐺-representation of highest

weight 𝑟𝜀1 + 𝑘𝜀2 + 𝑐𝜀3, where

𝑟 ≥ 𝑘 ≥ |𝑐|, 𝑟 , 𝑘, 𝑐 ∈ ℤ,

and denote its character by 𝜒𝑟,𝑘,𝑐 . The half-sum of the positive roots of 𝐺 has coordinates 𝜌 = (2, 1, 0).
The Casimir formula [18, (4.3)] gives

𝜆(𝑟, 𝑘, 𝑐) = 𝑟(𝑟 + 4) + 𝑘(𝑘 + 2) + 𝑐2. (1.1)

Write Hom𝐾 for the space of 𝐾 -equivariant linear maps. The branching rule [16, (4.1)], with 𝑛 = 3, is

dimHom𝐾 (𝑉𝜋𝑟,𝑘,𝑐 , 𝑉𝜏𝑢,𝑣) =

{
1, 𝑟 ≥ 𝑢 ≥ 𝑘 ≥ 𝑣 ≥ |𝑐|,
0, otherwise.

(1.2)

Let 𝐺 denote the set of equivalence classes of irreducible 𝐺-representations, and let 𝑉 Γ
𝜋 be the subspace

fixed by Γ. The decomposition

𝐿2(𝐸𝜏,𝐿) ≃ ⨁̂
𝜋∈𝐺

𝑉 Γ
𝜋 ⊗ Hom𝐾 (𝑉𝜋 , 𝑉𝜏)
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is a Hilbert direct sum, and the Casimir acts by its scalar on each summand [18, (4.5) and Proposi-

tion 4.1]. For 𝜆 ≥ 0, write 𝑚𝜏,𝐿(𝜆) and 𝑚𝜏,𝐿′(𝜆) for its respective multiplicities, with value zero when

𝜆 is absent from the corresponding spectrum. Then

𝑚𝜏𝑢,𝑣 ,𝐿(𝜆) = ∑
𝑟,𝑘,𝑐∈ℤ, 𝑟≥𝑢≥𝑘≥𝑣≥|𝑐|

𝜆(𝑟,𝑘,𝑐)=𝜆

dim𝑉 Γ
𝜋𝑟,𝑘,𝑐 ,

and the same formula holds for 𝐿′ with Γ′ in place of Γ. In particular, all eigenvalues are nonnegative

integers.

For 𝑟 ≥ 𝑘 ≥ |𝑐|, put

𝑑(𝑟, 𝑘, 𝑐) = dim𝑉 Γ
𝜋𝑟,𝑘,𝑐 − dim𝑉 Γ′

𝜋𝑟,𝑘,𝑐 .

The calculation in [17, Lemma 8.1] gives 𝑑(4, 3, 0) = 8 − 6 = 2.

1.3. Periodic dimension data. Let 𝜁 = 𝑒2𝜋𝑖/49. For 𝑡 ∈ {𝑠, 𝑠′} and 𝑥 = (𝑎, 𝑏, 𝑐) ∈ ℤ3
, define the Laurent

polynomials

𝑃𝑡(𝑥; 𝑋) = det(𝑋𝑥𝑖𝑡𝑗 + 𝑋−𝑥𝑖𝑡𝑗)1≤𝑖,𝑗≤3, 𝐷𝑡(𝑋) = 𝑃𝑡(𝜌; 𝑋). (1.3)

For either 𝑡, the six residues ±𝑡1, ±𝑡2, ±𝑡3 are distinct modulo 49. At 𝑔 𝑗𝑡 , the type-𝐷3 Weyl denominator

is 𝐷𝑡(𝜁 𝑗 )/2. The Weyl denominator formula [8, Corollary 25.5] therefore gives 𝐷𝑡(𝜁 𝑗 ) ≠ 0 for every

𝑗 ∈ (ℤ/49ℤ)×. Define

𝑇 (𝑎, 𝑏, 𝑐) =
1
49

Trℚ(𝜁 )/ℚ(
𝑃𝑠((𝑎, 𝑏, 𝑐); 𝜁 )

𝐷𝑠(𝜁 )
−
𝑃𝑠′((𝑎, 𝑏, 𝑐); 𝜁 )

𝐷𝑠′(𝜁 ) ) . (1.4)

For a triple 𝑥 = (𝑎, 𝑏, 𝑐), write 𝑇 (𝑥) = 𝑇 (𝑎, 𝑏, 𝑐).

Lemma 1.2. The function 𝑇 is integer-valued, even and 49-periodic in each variable. For integers
𝑟 ≥ 𝑘 ≥ 0,

𝑑(𝑟, 𝑘, 0) = 𝑇 (𝑟 + 2, 𝑘 + 1, 0), (1.5)

𝑑(𝑟, 𝑘, 𝑐) + 𝑑(𝑟, 𝑘, −𝑐) = 2𝑇 (𝑟 + 2, 𝑘 + 1, 𝑐) (1 ≤ 𝑐 ≤ 𝑘). (1.6)

Proof. Evenness and periodicity follow from (1.3). For 𝑥 ∈ ℤ3
and 𝑦 = (𝑦1, 𝑦2, 𝑦3) ∈ (ℂ×)3, put

𝑃𝑥(𝑦) = det(𝑦𝑥𝑖
𝑗 + 𝑦−𝑥𝑖

𝑗 )1≤𝑖,𝑗≤3, 𝑄𝑥(𝑦) = det(𝑦𝑥𝑖
𝑗 − 𝑦−𝑥𝑖

𝑗 )1≤𝑖,𝑗≤3.

The Weyl group of 𝐺 consists of coordinate permutations and sign changes whose product is 1. Its

alternant is (𝑃𝑥 + 𝑄𝑥)/2: in the two determinant expansions the sign vectors with product −1 cancel,

and those with product 1 occur twice. Since 𝑄𝜌 = 0, the denominator alternant is 𝑃𝜌/2. The Weyl

character formula [8, Theorem 25.4] gives, for 𝑡 = 𝑠, 𝑠′,

𝜒𝑟,𝑘,0(𝑔𝑡) =
𝑃𝑡((𝑟 + 2, 𝑘 + 1, 0); 𝜁 )

𝐷𝑡(𝜁 )
,

𝜒𝑟,𝑘,𝑐(𝑔𝑡) + 𝜒𝑟,𝑘,−𝑐(𝑔𝑡)
2

=
𝑃𝑡((𝑟 + 2, 𝑘 + 1, 𝑐); 𝜁 )

𝐷𝑡(𝜁 )
(1 ≤ 𝑐 ≤ 𝑘).

Indeed, changing 𝑐 to −𝑐 leaves 𝑃𝑥 unchanged and reverses the sign of 𝑄𝑥 .

Invariant dimensions are averages of characters over the cyclic group. The identity terms cancel

between Γ and Γ′. For 1 ≤ 𝑗 ≤ 6, the elements 𝑔7𝑗𝑠 and 𝑔7𝑗𝑠′ have rotation weights

𝑗(1, −1, 1) and 𝑗(1, −1, −1) (mod 7).

A reflection in one axis of the third rotation plane conjugates the first element to the second. On

regular torus elements this reflection replaces 𝑦3 by 𝑦−1
3 , leaving 𝑃𝑥 unchanged and changing the sign

of 𝑄𝑥 . It therefore interchanges 𝜒𝑟,𝑘,𝑐 and 𝜒𝑟,𝑘,−𝑐 . The identity holds on the whole torus by continuity.

Hence the order-seven terms cancel for 𝜒𝑟,𝑘,0 and for 𝜒𝑟,𝑘,𝑐 + 𝜒𝑟,𝑘,−𝑐 .
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The remaining powers are indexed by 𝑗 ∈ (ℤ/49ℤ)×. Since the automorphisms of ℚ(𝜁 ) send 𝜁 to

these 𝜁 𝑗 , their average difference is

1
49

∑
𝑗∈(ℤ/49ℤ)×

(
𝑃𝑠(𝑥; 𝜁 𝑗 )
𝐷𝑠(𝜁 𝑗 )

−
𝑃𝑠′(𝑥; 𝜁 𝑗 )
𝐷𝑠′(𝜁 𝑗 ) ) = 𝑇 (𝑥).

Taking 𝑥 = (𝑟 + 2, 𝑘 + 1, 𝑐) proves (1.5)–(1.6).

The longest Weyl element sends (𝑟, 𝑘, 𝑐) to (−𝑟, −𝑘, 𝑐). The dual highest-weight formula [8,

Proposition 33.5] gives 𝑉 ∗
𝜋𝑟,𝑘,𝑐 ≃ 𝑉𝜋𝑟,𝑘,−𝑐 . Duality preserves the multiplicity of the trivial representation

of a finite group; thus 𝑑(𝑟, 𝑘, 𝑐) = 𝑑(𝑟, 𝑘, −𝑐). It follows that

𝑇 (𝑟 + 2, 𝑘 + 1, 𝑐) = 𝑑(𝑟, 𝑘, 𝑐) ∈ ℤ (𝑟 ≥ 𝑘 ≥ 𝑐 ≥ 0).

For any (𝑎, 𝑏, 𝑐0) ∈ ℤ3
, choose successively

𝑐 ≥ 0, 𝑐 ≡ 𝑐0 (mod 49),
𝑘 ≥ 𝑐, 𝑘 + 1 ≡ 𝑏 (mod 49),
𝑟 ≥ 𝑘, 𝑟 + 2 ≡ 𝑎 (mod 49).

Periodicity then gives 𝑇 (𝑎, 𝑏, 𝑐0) = 𝑇 (𝑟 + 2, 𝑘 + 1, 𝑐) ∈ ℤ. □

By periodicity, the first argument of 𝑇 may be taken in ℤ/49ℤ. Fix integers 𝑢 ≥ 𝑣 ≥ 0. Let 𝟏𝑐=0 be

1 if 𝑐 = 0 and 0 otherwise. For 𝑎 ∈ ℤ/49ℤ and 𝑤 ∈ ℤ, define, with integer summation indices 𝑘, 𝑐,

𝐴𝑢,𝑣(𝑎, 𝑤) = ∑
𝑣≤𝑘≤𝑢, 0≤𝑐≤𝑣
𝑘(𝑘+2)+𝑐2=𝑤

(2 − 𝟏𝑐=0)𝑇 (𝑎, 𝑘 + 1, 𝑐). (1.7)

Empty sums are zero. The least and greatest attained offsets are

𝑤− = 𝑣(𝑣 + 2), 𝑤+ = 𝑢(𝑢 + 2) + 𝑣2, 𝐻𝑢,𝑣 = 𝑤+ − 𝑤− = 𝑢(𝑢 + 2) − 2𝑣.

For every integer 𝜆 ≥ 0, the multiplicity formula and (1.5)–(1.6) give

𝑚𝜏𝑢,𝑣 ,𝐿(𝜆) − 𝑚𝜏𝑢,𝑣 ,𝐿′(𝜆) =
∞
∑
𝑟=𝑢

𝐴𝑢,𝑣(𝑟 + 2 mod 49, 𝜆 − 𝑟(𝑟 + 4)).

The sum is finite, since 𝐴𝑢,𝑣(𝑎, 𝑤) = 0 outside [𝑤−, 𝑤+].

Lemma 1.3. The pair 𝐿, 𝐿′ is 𝜏𝑢,𝑣-isospectral if and only if 𝐴𝑢,𝑣(𝑎, 𝑤) = 0 for every 𝑎 ∈ ℤ/49ℤ and
every 𝑤 ∈ ℤ.

Proof. If all these sums vanish, the displayed multiplicity identity proves isospectrality.

Conversely, suppose that the spectra agree. For an unattained offset 𝑤, the defining sum for

𝐴𝑢,𝑣(𝑎, 𝑤) is empty. For 𝑟 ≥ 𝑢, put

𝐼𝑟 = [𝑟(𝑟 + 4) + 𝑤−, 𝑟(𝑟 + 4) + 𝑤+].

For 𝑟 > 𝑢 the adjacent gaps are

min 𝐼𝑟 − max 𝐼𝑟−1 = 2𝑟 + 3 − 𝐻𝑢,𝑣,
min 𝐼𝑟+1 − max 𝐼𝑟 = 2𝑟 + 5 − 𝐻𝑢,𝑣.

Both are positive for 𝑟 ≥ max{𝑢 + 1, 𝐻𝑢,𝑣}. Since the endpoints increase with 𝑟 , such an 𝐼𝑟 is disjoint

from every 𝐼𝑟 ′ with 𝑟 ′ ≥ 𝑢 and 𝑟 ′ ≠ 𝑟 . Given 𝑎 ∈ ℤ/49ℤ, choose such an 𝑟 with 𝑟 + 2 ≡ 𝑎 (mod 49).
At any attained offset 𝑤, the multiplicity identity reduces to

0 = 𝑚𝜏𝑢,𝑣 ,𝐿(𝑟(𝑟 + 4) + 𝑤) − 𝑚𝜏𝑢,𝑣 ,𝐿′(𝑟(𝑟 + 4) + 𝑤) = 𝐴𝑢,𝑣(𝑎, 𝑤).

This holds for every residue 𝑎 and every attained offset 𝑤. □
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1.4. Finite character identities over the integers. Let  = ℤ[𝑋]/(𝑋49 − 1), and denote the class of

𝑋 by 𝑋 . Since 𝑋49 = 1, the element 𝑋 is a unit. Each element of  has a unique representative of

degree at most 48. For 𝑡 ∈ {𝑠, 𝑠′}, define ℎ𝑡 ∶ ℤ/49ℤ → ℤ by the first three columns of Table 1 and by

ℎ𝑡(−𝑗) = ℎ𝑡(𝑗) for 1 ≤ 𝑗 ≤ 24. Put

𝐻𝑡(𝑋) =
48
∑
𝑗=0

ℎ𝑡(𝑗)𝑋 𝑗 , Φ(𝑋) =
6
∑
𝑗=0

𝑋7𝑗 , 𝐶𝑗 = 𝑋 𝑗 + 𝑋−𝑗 (𝑗 ∈ ℤ).

The element 𝐶𝑗 depends only on 𝑗 mod 49. The identities 𝐶𝑖𝐶𝑗 = 𝐶𝑖+𝑗 + 𝐶𝑖−𝑗 and 𝐶−𝑗 = 𝐶𝑗 give the

images in  of the denominators in (1.3):

𝐷𝑠 = 2(𝐶3 + 𝐶4 + 𝐶8 − 𝐶11 − 3𝐶13 − 𝐶17 + 𝐶18 + 𝐶20 + 𝐶22 − 𝐶24),
𝐷𝑠′ = 2(−𝐶3 + 𝐶4 + 3𝐶8 + 𝐶10 − 𝐶11 − 𝐶13 − 𝐶15 + 𝐶17 − 𝐶18 − 𝐶22).

Write these expressions as𝐷𝑡 = 2∑24
𝑗=1 𝑑𝑡,𝑗𝐶𝑗 . For 0 ≤ 𝓁 ≤ 48, the coefficient of𝑋 𝓁

in the representative

of 𝐷𝑡𝐻𝑡 is

2
24
∑
𝑗=1

𝑑𝑡,𝑗(ℎ𝑡(𝓁 − 𝑗) + ℎ𝑡(𝓁 + 𝑗)) =

⎧⎪⎪⎪
⎨⎪⎪⎪⎩

12, 𝓁 = 0,
−2, 𝓁 ∈ {7, 14, 21, 28, 35, 42},
0, otherwise,

by the corresponding column of Table 1. Thus, in ,

𝐷𝑠(𝑋)𝐻𝑠(𝑋) = 14 − 2Φ(𝑋), 𝐷𝑠′(𝑋)𝐻𝑠′(𝑋) = 14 − 2Φ(𝑋). (1.8)

Evaluation at 𝑋 = 𝜁 is defined on , since 𝜁 49 = 1. As Φ(𝜁 ) = 0, it follows that 𝐷𝑡(𝜁 )−1 = 𝐻𝑡(𝜁 )/14
for 𝑡 ∈ {𝑠, 𝑠′}. The two columns also give

6
∑
𝑗=0

ℎ𝑡(𝑎 + 7𝑗) = 0 (𝑡 ∈ {𝑠, 𝑠′}, 0 ≤ 𝑎 ≤ 6).

For a condition 𝐸, let 𝟏𝐸 be 1 if 𝐸 holds and 0 otherwise. For every 𝑚 ∈ ℤ,

Trℚ(𝜁 )/ℚ(𝜁𝑚) =
48
∑
𝑗=0

𝜁 𝑗𝑚 −
6
∑
𝑗=0

𝜁 7𝑗𝑚 = 49𝟏49∣𝑚 − 7𝟏7∣𝑚.

Consequently, for 𝑡 ∈ {𝑠, 𝑠′},

1
49

Trℚ(𝜁 )/ℚ(𝜁𝑚𝐻𝑡(𝜁 )) = ℎ𝑡(−𝑚) −
1
7

∑
0≤𝑗≤48

𝑗≡−𝑚 (mod 7)

ℎ𝑡(𝑗) = ℎ𝑡(𝑚).

Here the sum is zero by the preceding identities, and ℎ𝑡(−𝑚) = ℎ𝑡(𝑚). Hence

1
49

Trℚ(𝜁 )/ℚ
𝜁𝑚

𝐷𝑠(𝜁 )
=

ℎ𝑠(𝑚)
14

,
1
49

Trℚ(𝜁 )/ℚ
𝜁𝑚

𝐷𝑠′(𝜁 )
=

ℎ𝑠′(𝑚)
14

. (1.9)

Let 𝑆3 be the permutation group of {1, 2, 3}, and write sgn(𝜎) for the sign of 𝜎 ∈ 𝑆3. For 𝑥 =
(𝑎, 𝑏, 𝑐) ∈ ℤ3

, expansion of the determinants in (1.4) gives

14𝑇 (𝑎, 𝑏, 𝑐) = ∑
𝜎∈𝑆3

sgn(𝜎) ∑
𝑒∈{±1}3 [

ℎ𝑠(

3
∑
𝑖=1

𝑒𝑖𝑥𝑖𝑠𝜎(𝑖))
− ℎ𝑠′(

3
∑
𝑖=1

𝑒𝑖𝑥𝑖𝑠′𝜎(𝑖))]
. (1.10)

The last three columns of Table 1 give the corresponding values of 𝑇 . Since 𝑇 is even in its second

variable, for every 𝑏 ∈ ℤ/49ℤ there are 𝑎 ∈ ℤ/49ℤ and an integer 𝑐 with 0 ≤ 𝑐 ≤ 5 such that

𝑇 (𝑎, 𝑏, 𝑐) ≠ 0.
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Table 1. Integer coefficients and nonzero character differences.

𝑗 ℎ𝑠(𝑗) ℎ𝑠′(𝑗) 𝑎 𝑐 𝑇 (𝑎, 𝑗 , 𝑐)

0 0 0 6 4 -2

1 0 0 6 5 -1

2 -1 0 5 3 1

3 0 -1 5 2 -1

4 1 0 6 0 2

5 1 1 6 1 1

6 0 0 4 0 -2

7 -1 -1 6 4 -1

8 0 0 4 0 2

9 1 1 6 1 -1

10 1 1 6 0 -2

11 -1 0 6 0 2

12 0 -1 6 1 1

13 0 0 4 0 -2

14 1 1 6 4 2

15 0 0 4 0 2

16 -2 0 6 1 -1

17 -1 0 6 0 -2

18 0 -1 6 0 -2

19 1 1 6 1 -1

20 0 0 4 0 2

21 0 0 13 4 2

22 0 0 4 0 -2

23 0 -2 6 1 1

24 0 1 6 0 2

The types 𝜏0,0, 𝜏1,0, 𝜏1,1 are the exterior powers of degrees 0, 1, 2 of the defining representation of

𝐾 . The Hodge isospectrality of 𝐿, 𝐿′ [17, Theorem 7.1 and Section 8] and Lemma 1.3 therefore give,

for every 𝑎 ∈ ℤ/49ℤ,

𝑇 (𝑎, 1, 0) = 𝐴0,0(𝑎, 0) = 0,
𝑇 (𝑎, 2, 0) = 𝐴1,0(𝑎, 3) = 0,
2𝑇 (𝑎, 2, 1) = 𝐴1,1(𝑎, 4) = 0.

For 𝑡 ∈ {𝑠, 𝑠′} and 𝑎, 𝑏, 𝑐 ∈ ℤ, put

𝑅𝑡(𝑎; 𝑏, 𝑐) = 2 ∑
𝜎∈𝑆3

sgn(𝜎) ∑
𝜖,𝛿∈{±1}

ℎ𝑡(𝑎𝑡𝜎(1) + 𝜖𝑏𝑡𝜎(2) + 𝛿𝑐𝑡𝜎(3)).

Pairing opposite sign vectors in (1.10) and applying ℎ𝑡(−𝑗) = ℎ𝑡(𝑗) gives 14𝑇 (𝑎, 𝑏, 𝑐) = 𝑅𝑠(𝑎; 𝑏, 𝑐) −
𝑅𝑠′(𝑎; 𝑏, 𝑐). Replacing (𝜖, 𝛿) by (−𝜖, −𝛿) gives 𝑅𝑡(−𝑎; 𝑏, 𝑐) = 𝑅𝑡(𝑎; 𝑏, 𝑐); these functions are also

49-periodic in 𝑎. Table 2 gives the values of the displayed sum for 0 ≤ 𝑎 ≤ 24 and (𝑏, 𝑐) = (3, 0), (3, 1).
The values for 𝑡 = 𝑠, 𝑠′ agree. Evenness and periodicity extend the equality to every 𝑎 ∈ ℤ, so

𝑇 (𝑎, 1, 0) = 𝑇 (𝑎, 2, 0) = 𝑇 (𝑎, 3, 0) = 𝑇 (𝑎, 2, 1) = 𝑇 (𝑎, 3, 1) = 0 (𝑎 ∈ ℤ/49ℤ). (1.11)

1.5. Proof of the classification.
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Table 2. Values of 𝑅𝑡(𝑎; 3, 0)/4 and 𝑅𝑡(𝑎; 3, 1)/2 for both 𝑡 = 𝑠 and 𝑡 = 𝑠′.

𝑎 𝑅𝑡(𝑎; 3, 0)/4 𝑅𝑡(𝑎; 3, 1)/2

0 0 0

1 0 0

2 -6 0

3 0 0

4 3 0

5 0 -3

6 0 -1

7 0 0

8 0 1

9 2 3

10 -3 0

11 -1 0

12 6 1

13 0 5

14 0 0

15 0 -5

16 -4 -1

17 1 0

18 2 0

19 -2 -2

20 0 -3

21 0 0

22 0 3

23 4 2

24 -2 0

Proof of Theorem 1.1. Fix integers 𝑢 ≥ 𝑣 ≥ 0, and suppose that 𝐿, 𝐿′ are 𝜏𝑢,𝑣-isospectral. By Lemma 1.3,

𝐴𝑢,𝑣(𝑎, 𝑤) = 0 for every 𝑎 ∈ ℤ/49ℤ and 𝑤 ∈ ℤ. If an integer 𝑐0 satisfies 0 ≤ 𝑐0 ≤ 𝑣 and 𝑐20 < 2𝑣 + 3,

then

𝐴𝑢,𝑣(𝑎, 𝑣(𝑣 + 2) + 𝑐20) = (2 − 𝟏𝑐0=0)𝑇 (𝑎, 𝑣 + 1, 𝑐0). (1.12)

Indeed, 𝑘 ≥ 𝑣 + 1 implies 𝑘(𝑘 + 2) ≥ 𝑣(𝑣 + 2) + 2𝑣 + 3 > 𝑣(𝑣 + 2) + 𝑐20 . For 𝑘 = 𝑣, equality of the offsets

gives 𝑐2 = 𝑐20 , hence 𝑐 = 𝑐0, since 𝑐, 𝑐0 ≥ 0. The pair (𝑣, 𝑐0) is admissible because 𝑢 ≥ 𝑣.
If 𝑣 ≥ 12, Table 1 and evenness and periodicity of 𝑇 in its second variable give 𝑎 ∈ ℤ/49ℤ and

0 ≤ 𝑐0 ≤ 5 such that 𝑇 (𝑎, 𝑣 + 1, 𝑐0) ≠ 0. Since 𝑐0 ≤ 𝑣 and 𝑐20 ≤ 25 < 2𝑣 + 3, equation (1.12) contradicts

𝐴𝑢,𝑣 = 0.

For 2 ≤ 𝑣 ≤ 11, 𝑣 ≠ 6, Table 1 gives 𝑇 (𝑎, 𝑣 + 1, 𝑐0) ≠ 0 for the choices

𝑣 2 3 4 5 7 8 9 10 11
𝑎 5 6 6 4 4 6 6 6 6
𝑐0 2 0 1 0 0 1 0 0 1

In each column, 0 ≤ 𝑐0 ≤ 𝑣 and 𝑐20 < 2𝑣 + 3; equation (1.12) again contradicts 𝐴𝑢,𝑣 = 0.

If 𝑢 = 𝑣 = 6, the only admissible value of 𝑘 is 6, and 𝑘(𝑘 + 2) + 𝑐2 = 64 forces 𝑐 = 4. Table 1 gives

𝐴6,6(6, 64) = 2𝑇 (6, 7, 4) = −2.

If 𝑣 = 6 and 𝑢 ≥ 7, the offset 63 has the unique admissible pair (𝑘, 𝑐) = (7, 0): 𝑘 = 6 would require

𝑐2 = 15, whereas 𝑘 ≥ 8 gives 𝑘(𝑘 + 2) ≥ 80. Thus

𝐴𝑢,6(4, 63) = 𝑇 (4, 8, 0) = 2
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by Table 1. Hence 𝑣 ≤ 1.

If 𝑣 ∈ {0, 1} and 𝑢 ≥ 3, then 𝑘(𝑘 + 2) + 𝑐2 ≤ 9 for 𝑘 ≤ 2, and 𝑘(𝑘 + 2) + 𝑐2 ≥ 24 for 𝑘 ≥ 4. Thus the

offset 15 has the unique admissible pair (3, 0). By (1.5) and [17, proof of Lemma 8.1],

𝐴𝑢,𝑣(6, 15) = 𝑇 (6, 4, 0) = 𝑑(4, 3, 0) = 2.

Consequently 𝑢 ≤ 2 and 𝑣 ≤ 1, which gives precisely the five pairs in the statement.

Conversely, for each of these five pairs, every (𝑘 + 1, 𝑐) in (1.7) belongs to

{(1, 0), (2, 0), (3, 0), (2, 1), (3, 1)}.

Equation (1.11) gives 𝐴𝑢,𝑣(𝑎, 𝑤) = 0 for every 𝑎, 𝑤. Lemma 1.3 proves isospectrality. □

1.6. The number of spectral discrepancies. Fix integers 𝑢 ≥ 𝑣 ≥ 0 and put 𝜏 = 𝜏𝑢,𝑣. For a real

number 𝑋 ≥ 0, let

𝐷𝜏(𝑋) = #{𝜆 ∈ ℤ≥0 ∶ 𝜆 ≤ 𝑋,𝑚𝜏,𝐿(𝜆) ≠ 𝑚𝜏,𝐿′(𝜆)}.

Thus 𝐷𝜏(𝑋) counts distinct eigenvalues with unequal multiplicities. Let

𝑊𝑢,𝑣 = {𝑘(𝑘 + 2) + 𝑐2 ∶ 𝑘, 𝑐 ∈ ℤ, 𝑣 ≤ 𝑘 ≤ 𝑢, 0 ≤ 𝑐 ≤ 𝑣}

and put

𝜂𝜏 =
1
49

∑
𝑤∈𝑊𝑢,𝑣

#{𝑎 ∈ ℤ/49ℤ ∶ 𝐴𝑢,𝑣(𝑎, 𝑤) ≠ 0}. (1.13)

Corollary 1.4. For every irreducible 𝜏,

𝐷𝜏(𝑋) = 𝜂𝜏
√
𝑋 + 𝑂𝜏(1) (𝑋 ⟶ ∞).

The coefficient 𝜂𝜏 is zero precisely for the five types in Theorem 1.1. For every other type, 𝜂𝜏 ≥ 4/49, and
there exist 𝑎 ∈ ℤ, 𝑤 ∈ 𝑊𝑢,𝑣 and 𝛿 ∈ ℤ ⧵ {0} such that

𝑚𝜏,𝐿(𝑟(𝑟 + 4) + 𝑤) − 𝑚𝜏,𝐿′(𝑟(𝑟 + 4) + 𝑤) = 𝛿

for every sufficiently large integer 𝑟 with 𝑟 + 2 ≡ 𝑎 (mod 49).

Proof. Set 𝑅 = max{𝑢 + 1, 𝐻𝑢,𝑣} and, for integers 𝑟 ≥ 𝑢, put 𝐼𝑟 = [𝑟(𝑟 + 4) + 𝑤−, 𝑟(𝑟 + 4) + 𝑤+]. The

proof of Lemma 1.3 gives 𝐼𝑟 ∩ 𝐼𝑟 ′ = ∅ whenever 𝑟 ≥ 𝑅, 𝑟 ′ ≥ 𝑢 and 𝑟 ′ ≠ 𝑟 . Thus (𝑟, 𝑤) ↦ 𝑟(𝑟 + 4) + 𝑤
is injective on {𝑟 ∈ ℤ ∶ 𝑟 ≥ 𝑅} × 𝑊𝑢,𝑣, and

𝑚𝜏,𝐿(𝑟(𝑟 + 4) + 𝑤) − 𝑚𝜏,𝐿′(𝑟(𝑟 + 4) + 𝑤) = 𝐴𝑢,𝑣(𝑟 + 2, 𝑤) (𝑟 ≥ 𝑅, 𝑤 ∈ 𝑊𝑢,𝑣). (1.14)

The terms with 𝑢 ≤ 𝑟 < 𝑅 contribute at most (𝑅 − 𝑢)|𝑊𝑢,𝑣 | distinct eigenvalues.

For 𝑎 ∈ ℤ/49ℤ and 𝑤 ∈ 𝑊𝑢,𝑣, let 𝑁𝑎,𝑤(𝑋) count the integers 𝑟 ≥ 𝑅 with 𝑟 + 2 ≡ 𝑎 (mod 49) and

𝑟(𝑟 + 4) + 𝑤 ≤ 𝑋 . If 𝑋 ≥ 𝑅(𝑅 + 4) + 𝑤+, put 𝐵𝑤(𝑋) =
√
𝑋 + 4 − 𝑤 − 2. Then 𝐵𝑤(𝑋) ≥ 𝑅 and

||||
𝑁𝑎,𝑤(𝑋) −

𝐵𝑤(𝑋) − 𝑅
49

||||
≤ 1.

Moreover,

𝐵𝑤(𝑋) −
√
𝑋 = −2 +

4 − 𝑤√
𝑋 + 4 − 𝑤 +

√
𝑋

= 𝑂𝜏(1),

uniformly for 𝑤 ∈ 𝑊𝑢,𝑣. Hence 𝑁𝑎,𝑤(𝑋) =
√
𝑋/49+𝑂𝜏(1), uniformly in 𝑎, 𝑤. Summing over the pairs

with 𝐴𝑢,𝑣(𝑎, 𝑤) ≠ 0 proves the asymptotic. All summands in (1.13) are nonnegative, and 𝐴𝑢,𝑣(𝑎, 𝑤) = 0
outside 𝑊𝑢,𝑣. By Lemma 1.3 and Theorem 1.1, 𝜂𝜏 = 0 if and only if 𝜏 is one of the five listed types.

The seven-term sums of ℎ𝑠 , ℎ𝑠′ in Subsection 1.4 give, for integers 𝛼, 𝛽, 𝑎 with 7 ∤ 𝛼,

6
∑
𝑗=0

ℎ𝑡(𝛼(𝑎 + 7𝑗) + 𝛽) =
6
∑
𝑗=0

ℎ𝑡(𝛼𝑎 + 𝛽 + 7𝑗) = 0 (𝑡 ∈ {𝑠, 𝑠′}),
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since multiplication by 𝛼 permutes ℤ/7ℤ. Every coordinate of 𝑠, 𝑠′ is a unit modulo 7. Equations

(1.10) and (1.7) therefore give

6
∑
𝑗=0

𝐴𝑢,𝑣(𝑎 + 7𝑗, 𝑤) = 0 (𝑎, 𝑤 ∈ ℤ).

Also, 𝐴𝑢,𝑣(−𝑎, 𝑤) = 𝐴𝑢,𝑣(𝑎, 𝑤) by Lemma 1.2 and (1.7). For every type outside the five listed ones, the

proof of Theorem 1.1 gives 𝑎0 ∈ {4, 5, 6, 13} and 𝑤 ∈ 𝑊𝑢,𝑣 with 𝐴𝑢,𝑣(𝑎0, 𝑤) ≠ 0. The zero sum forces

a second nonzero value in the same residue class modulo 7. Evenness gives two nonzero values in

the negative class. The two classes are disjoint, since 7 ∤ 2𝑎0. This offset contributes at least four

residues to (1.13), so 𝜂𝜏 ≥ 4/49. Finally, 𝛿 = 𝐴𝑢,𝑣(𝑎0, 𝑤) is a nonzero integer by Lemma 1.2 and (1.7).

Equation (1.14) gives the asserted multiplicity difference for every 𝑟 ≥ 𝑅 in that residue class. □

1.7. A finiteness criterion for natural spectra.

Proposition 1.5. Let Γ, Γ′ ⊂ SO(6) be finite groups acting freely on 𝑆5, and put 𝑀 = Γ\𝑆5 and
𝑀 ′ = Γ′\𝑆5. For integers 𝑟 ≥ 𝑘 ≥ |𝑐|, put

𝑑(𝑟, 𝑘, 𝑐) = dim𝑉 Γ
𝜋𝑟,𝑘,𝑐 − dim𝑉 Γ′

𝜋𝑟,𝑘,𝑐 .

Assume that (1.5)–(1.6) hold for this 𝑑 and a function 𝑇 ∶ ℤ2 ×ℤ≥0 → ℂ that is periodic with an integer
period 𝑞 ≥ 1 in its first two variables. Suppose that, for an integer 𝐶 ≥ 0,
(1) for every 𝑏 ∈ ℤ/𝑞ℤ there are 𝑎 ∈ ℤ/𝑞ℤ and an integer 𝑐 with 0 ≤ 𝑐 ≤ 𝐶 and 𝑇 (𝑎, 𝑏, 𝑐) ≠ 0;
(2) there are 𝑎0, 𝑏0 ∈ ℤ/𝑞ℤ with 𝑇 (𝑎0, 𝑏0, 0) ≠ 0.
If 𝑀,𝑀 ′ are 𝜏𝑢,𝑣-isospectral for the Casimir operators with normalization (1.1), then

𝑣 ≤ max
{
𝐶 − 1, ⌊

𝐶2 − 3
2 ⌋

}
, 𝑢 ≤ ⌈

𝑣2

2 ⌉
+ 𝑞 − 2.

In particular, only finitely many irreducible SO(5)-types give equal spectra on 𝑀,𝑀 ′.

Proof. Fix integers 𝑢 ≥ 𝑣 ≥ 0. For 𝑎 ∈ ℤ/𝑞ℤ and 𝑤 ∈ ℤ, define 𝐴𝑢,𝑣(𝑎, 𝑤) by (1.7) with the present

function 𝑇 . The Casimir formula (1.1), the branching rule (1.2) and the two assumed identities give

the multiplicity formula preceding Lemma 1.3, with 𝑀,𝑀 ′
in place of 𝐿, 𝐿′ and 𝑞 in place of 49. The

disjointness of the intervals in its proof depends only on 𝑢, 𝑣. For each 𝑎 ∈ ℤ/𝑞ℤ, there are arbitrarily

large integers 𝑟 with 𝑟 + 2 ≡ 𝑎 (mod 𝑞). Consequently, if 𝑀,𝑀 ′
are 𝜏𝑢,𝑣-isospectral, then

𝐴𝑢,𝑣(𝑎, 𝑤) = 0 (𝑎 ∈ ℤ/𝑞ℤ, 𝑤 ∈ ℤ).

Suppose that 𝑣 ≥ 𝐶 and 2𝑣 + 3 > 𝐶2
. Condition (1), with 𝑏 = 𝑣 + 1 mod 𝑞, gives 𝑎, 𝑐 such that

𝑇 (𝑎, 𝑣 + 1, 𝑐) ≠ 0, 0 ≤ 𝑐 ≤ 𝑣 and 𝑐2 < 2𝑣 + 3. The identity (1.12), which follows from the defining sum

(1.7), gives

𝐴𝑢,𝑣(𝑎, 𝑣(𝑣 + 2) + 𝑐2) = (2 − 𝟏𝑐=0)𝑇 (𝑎, 𝑣 + 1, 𝑐) ≠ 0.

Thus isospectrality implies 𝑣 < 𝐶 or 2𝑣 + 3 ≤ 𝐶2
, which is the asserted bound on 𝑣.

Put 𝑚 = ⌈𝑣2/2⌉. Then 𝑚 ≥ 𝑣 and 2𝑚 + 1 > 𝑣2. Choose 𝑘 ∈ {𝑚,𝑚 + 1,… ,𝑚 + 𝑞 − 1} with 𝑘 + 1 ≡ 𝑏0
(mod 𝑞); these 𝑞 consecutive integers contain exactly one such 𝑘. Suppose that 𝑢 ≥ 𝑘, and let integers

𝑘′, 𝑐 satisfy 𝑣 ≤ 𝑘′ ≤ 𝑢 and 0 ≤ 𝑐 ≤ 𝑣. If 𝑘′ < 𝑘, then

𝑘(𝑘 + 2) − 𝑘′(𝑘′ + 2) ≥ 2𝑘 + 1 > 𝑣2 ≥ 𝑐2.

If 𝑘′ > 𝑘, then 𝑘′(𝑘′ + 2) + 𝑐2 > 𝑘(𝑘 + 2). If 𝑘′ = 𝑘, equality forces 𝑐 = 0. Hence the offset 𝑘(𝑘 + 2)
has the unique admissible pair (𝑘, 0), and

𝐴𝑢,𝑣(𝑎0, 𝑘(𝑘 + 2)) = 𝑇 (𝑎0, 𝑘 + 1, 0) = 𝑇 (𝑎0, 𝑏0, 0) ≠ 0.

It follows that 𝑢 < 𝑘 ≤ 𝑚 + 𝑞 − 1, hence 𝑢 ≤ ⌈𝑣2/2⌉ + 𝑞 − 2. □
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2. Quadratic spectral clusters

Let 𝑋, 𝑌 be finite multisets in ℝ, and let 𝜂 ≥ 0. A matching at tolerance 𝜂 is a collection of pairs

(𝑥, 𝑦), with one labelled copy from 𝑋 and one from 𝑌 , such that |𝑥 − 𝑦| ≤ 𝜂 and no copy occurs in

two pairs. Let 𝑏𝜂(𝑋, 𝑌 ) be the largest possible number of pairs, and put

𝐸𝜂(𝑋, 𝑌 ) = |𝑋| + |𝑌 | − 2𝑏𝜂(𝑋, 𝑌 ).

For multisets 𝑋, 𝑌 that are bounded below and finite on bounded intervals, define

𝐸𝜂(𝑅; 𝑋, 𝑌 ) = 𝐸𝜂(𝑋 ∩ (−∞, 𝑅], 𝑌 ∩ (−∞, 𝑅]) (𝑅 ∈ ℝ).

Intersections retain their multiplicities. For 𝑥 ∈ ℝ and an integer 𝑚 ≥ 0, write 𝑥[𝑚] for 𝑚 labelled

copies of 𝑥 .

2.1. Matchings on a finite path.

Lemma 2.1. Let 𝑠 ≥ 1 be an integer, let 𝑥1 < ⋯ < 𝑥𝑠 be real numbers, and let 𝑝𝑖, 𝑞𝑖 be nonnegative
integers. Fix 𝜂 ≥ 0, and put

𝛿𝑖 = 𝑝𝑖 − 𝑞𝑖, 𝑆 =
𝑠
∑
𝑖=1

|𝛿𝑖|.

Join 𝑖 to 𝑖 + 1 when 𝑥𝑖+1 − 𝑥𝑖 ≤ 𝜂, and let I be the set of connected components. If min(𝑝𝑖, 𝑞𝑖) ≥ 𝑆 for
every 𝑖, then

𝐸𝜂({𝑥
[𝑝𝑖]
𝑖 }𝑠𝑖=1, {𝑥

[𝑞𝑖]
𝑖 }𝑠𝑖=1) = ∑

𝐶∈I

|||||
∑
𝑖∈𝐶

𝛿𝑖
|||||
. (2.1)

More generally, for a component 𝐶 = {𝑎,… , 𝑏}, the minimum number of unmatched copies on 𝐶 is
| ∑𝑏

𝑖=𝑎 𝛿𝑖| provided that, for some real 𝐿 ≥ 0,

|||||

𝑗

∑
𝑖=𝑎

𝛿𝑖
|||||
≤ 𝐿 (𝑎 ≤ 𝑗 < 𝑏), min(𝑝𝑖, 𝑞𝑖) ≥ 𝐿 (𝑎 ≤ 𝑖 ≤ 𝑏).

Proof. If 𝑥𝑗+1 −𝑥𝑗 > 𝜂, then 𝑥𝑏 −𝑥𝑎 > 𝜂 for 𝑎 ≤ 𝑗 < 𝑏 . Thus every allowed pair lies in one component,

whose total discrepancy is a lower bound for its unmatched count in absolute value. Fix a component

and renumber its vertices 1, … , 𝓁. Put Δ = ∑𝓁
𝑖=1 𝛿𝑖. If Δ ≥ 0, remove Δ copies from the first multiset at

𝑥𝓁; if Δ < 0, remove −Δ copies from the second. These removals are possible: writing 𝑓 = ∑𝑖<𝓁 𝛿𝑖,
one has

𝑝𝓁 − Δ = 𝑞𝓁 − 𝑓 ≥ 0 (Δ ≥ 0), 𝑞𝓁 + Δ = 𝑝𝓁 + 𝑓 ≥ 0 (Δ < 0).

Let 𝑝′
𝑖 , 𝑞′𝑖 be the remaining multiplicities and put

𝑓𝑖 =
𝑖

∑
𝑗=1

(𝑝′
𝑗 − 𝑞′𝑗 ) (0 ≤ 𝑖 ≤ 𝓁).

Then 𝑓0 = 𝑓𝓁 = 0 and |𝑓𝑖| ≤ 𝐿 for 𝑖 < 𝓁. For 1 ≤ 𝑖 < 𝓁 set

𝑚𝑖,𝑖+1 = max(𝑓𝑖, 0), 𝑚𝑖+1,𝑖 = max(−𝑓𝑖, 0),

and set all other off-diagonal entries to zero. Their row sum is

𝑜𝑖 = max(𝑓𝑖, 0) + max(−𝑓𝑖−1, 0).

For 𝑖 < 𝓁, if 𝑓𝑖−1 ≤ 0 ≤ 𝑓𝑖, then 𝑜𝑖 = 𝑓𝑖 − 𝑓𝑖−1 = 𝑝𝑖 − 𝑞𝑖 ≤ 𝑝𝑖; if 𝑓𝑖 ≤ 0 ≤ 𝑓𝑖−1, then 𝑜𝑖 = 0. In

the remaining cases 𝑜𝑖 ≤ 𝐿 ≤ 𝑝𝑖. At the last vertex, 𝑜𝓁 = max(𝑝′
𝓁 − 𝑞′𝓁 , 0) ≤ 𝑝′

𝓁 . Consequently

𝑚𝑖𝑖 = 𝑝′
𝑖 − 𝑜𝑖 is a nonnegative integer. The difference between the off-diagonal row and column sums

is 𝑓𝑖 − 𝑓𝑖−1 = 𝑝′
𝑖 − 𝑞′𝑖 , so the row sums of (𝑚𝑖𝑗 ) are 𝑝′

𝑖 and its column sums are 𝑞′𝑖 . Its nonzero entries

pair copies at equal or adjacent points. Exactly |Δ| copies remain unmatched. Finally, every proper

prefix discrepancy in any component is at most 𝑆 in absolute value. Taking 𝐿 = 𝑆 gives (2.1). □
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The lower bound on the common multiplicities cannot be omitted. At 𝑥1 = 0, 𝑥2 = 1, 𝑥3 = 2, take

(𝑝1, 𝑝2, 𝑝3) = (1, 0, 0) and (𝑞1, 𝑞2, 𝑞3) = (0, 0, 1). For 𝜂 = 1 the path is connected, but no pair is allowed.

Its total discrepancy is zero and its unmatched count is two.

2.2. The periodic quadratic model. Fix an integer 𝑠 ≥ 1, real numbers 𝜎 > 0, 𝛽, 𝑐, and real offsets

𝑤1 < ⋯ < 𝑤𝑠 . Choose an integer 𝑟0 such that 𝜎𝑟0 +𝛽 > 0 and (𝜎𝑟0 +𝛽)2 +𝑤1 > 0. For integers 𝑟 ≥ 𝑟0
and 1 ≤ 𝑖 ≤ 𝑠, put

𝑡𝑟 = 𝜎𝑟 + 𝛽, 𝑥𝑟,𝑖 =
√
𝑡2𝑟 + 𝑤𝑖, 𝜆𝑟,𝑖 = 𝑡2𝑟 + 𝑤𝑖 − 𝑐. (2.2)

Let 𝑃, 𝑄 be finite multisets in [−𝑐,∞) and let 𝑝𝑟,𝑖, 𝑞𝑟,𝑖 be nonnegative integers for these indices. Write

⊔ for multiset union and define the eigenvalue multisets

Λ = 𝑃 ⊔ ⨆
𝑟≥𝑟0

{𝜆[𝑝𝑟,𝑖]𝑟,𝑖 ∶ 1 ≤ 𝑖 ≤ 𝑠},

Λ′ = 𝑄 ⊔ ⨆
𝑟≥𝑟0

{𝜆[𝑞𝑟,𝑖]𝑟,𝑖 ∶ 1 ≤ 𝑖 ≤ 𝑠}.

The corresponding frequency multisets are 𝑋 = {
√
𝜆 + 𝑐 ∶ 𝜆 ∈ Λ} and 𝑌 = {

√
𝜆 + 𝑐 ∶ 𝜆 ∈ Λ′},

with multiplicities. Write 𝐸𝜂(𝑅) = 𝐸𝜂(𝑅; 𝑋, 𝑌 ). All eigenvalue and frequency lists are ordered

nondecreasingly, with multiplicities.

Let 𝑞 ≥ 1 be an integer and 𝛿𝑖 ∶ ℤ/𝑞ℤ → ℤ for 1 ≤ 𝑖 ≤ 𝑠. Assume

𝑝𝑟,𝑖 − 𝑞𝑟,𝑖 = 𝛿𝑖(𝑟 mod 𝑞), min(𝑝𝑟,𝑖, 𝑞𝑟,𝑖) ⟶ ∞ (𝑟 ⟶ ∞) (2.3)

for every 𝑖. The multisets Λ, Λ′, 𝑋 , 𝑌 are infinite and have finite multiplicity on bounded intervals.

Fix 0 < 𝜃 < 1 and, for integers 𝐾 ≥ 𝑟0, set

𝑅𝐾 = 𝜎𝐾 + 𝛽 + 𝜃𝜎. (2.4)

Since 𝑥𝑟,𝑖 = 𝑡𝑟 + 𝑂(𝑡−1𝑟 ), uniformly in 𝑖, for all sufficiently large 𝐾 one has 𝑥𝐾,𝑠 < 𝑅𝐾 < 𝑥𝐾+1,1, and all

frequencies from 𝑃, 𝑄 are below 𝑅𝐾 . The frequencies at most 𝑅𝐾 are then precisely those from 𝑃, 𝑄
and from the indices 𝑟0 ≤ 𝑟 ≤ 𝐾 . Coincident frequencies retain the sum of their multiplicities.

Put

𝑔𝑖 = 𝑤𝑖+1 − 𝑤𝑖 (1 ≤ 𝑖 < 𝑠), 𝐻 = 𝑤𝑠 − 𝑤1, 𝐵𝑎 =
𝑠
∑
𝑖=1

𝛿𝑖(𝑎), 𝐺 = {𝑔𝑖 ∶ 1 ≤ 𝑖 < 𝑠}.

All sums in 𝑎 below run over ℤ/𝑞ℤ. For 𝑡 ≥ 0, let P(𝑡) be the partition of {1, … , 𝑠} into the

components of the path with edge {𝑖, 𝑖 + 1} whenever 𝑔𝑖 ≤ 𝑡. Define

𝐹𝑎(𝑡) = ∑
𝐶∈P(𝑡)

|||||
∑
𝑖∈𝐶

𝛿𝑖(𝑎)
|||||
. (2.5)

The triangle inequality shows that 𝐹𝑎 is nonincreasing. It is right-continuous, and its only possible

jumps belong to 𝐺. For 𝑎 ∈ ℤ/𝑞ℤ and 𝑔 ∈ 𝐺, put

𝐷𝑎(𝑔) = 𝐹𝑎(𝑔−) − 𝐹𝑎(𝑔), 𝑑𝑔 = ∑
𝑎
𝐷𝑎(𝑔), 𝑐0 =

1
𝑞
∑
𝑎

𝑠
∑
𝑖=1

|𝛿𝑖(𝑎)|, 𝑐+ =
1
𝑞
∑
𝑎
|𝐵𝑎|.

Then 𝐷𝑎(𝑔) ≥ 0 and

𝐹𝑎(𝑡) = |𝐵𝑎| + ∑
𝑔∈𝐺

𝐷𝑎(𝑔)𝟏{𝑡<𝑔} (𝑡 ≥ 0). (2.6)

This formula includes simultaneous mergers at repeated gaps. For 𝑠 = 1, the set 𝐺 and all sums

indexed by 𝐺 are empty.
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Theorem 2.2 (Resolution of quadratic clusters). Under (2.2)–(2.3), define

(0) = 𝑐0,

(𝜅) =
1
𝑞
∑
𝑎
∫

1

0
𝐹𝑎(2𝜅𝑥) 𝑑𝑥

= 𝑐+ +
1
𝑞
∑
𝑔∈𝐺

𝑑𝑔 min(1,
𝑔
2𝜅)

(𝜅 > 0). (2.7)

For every fixed 0 ≤ 𝜂∗ < 𝜎, uniformly for 0 ≤ 𝜂 ≤ 𝜂∗ and 𝐾 ⟶ ∞,

𝐸𝜂(𝑅𝐾 ) =
𝑅𝐾

𝜎
(𝜂𝑅𝐾 ) + 𝑂(1). (2.8)

The error constant depends only on the fixed model, 𝜃 and 𝜂∗.

Proof. Set 𝑀 = max𝑖 |𝑤𝑖| and 𝑆 = max𝑎∑𝑖 |𝛿𝑖(𝑎)|. The identity

𝑥𝑟,𝑖 − 𝑡𝑟 =
𝑤𝑖√

𝑡2𝑟 + 𝑤𝑖 + 𝑡𝑟

gives |𝑥𝑟,𝑖 − 𝑡𝑟 | ≤ 𝑀/𝑡𝑟 . Hence 𝑥𝑟+1,1 − 𝑥𝑟,𝑠 → 𝜎. Choose an integer 𝑟1 ≥ 𝑟0 such that

𝑥𝑟+1,1 − 𝑥𝑟,𝑠 > 𝜂∗, min(𝑝𝑟,𝑖, 𝑞𝑟,𝑖) ≥ 𝑆 (𝑟 ≥ 𝑟1, 1 ≤ 𝑖 ≤ 𝑠).

Deleting one labelled copy changes a maximum matching cardinality by zero or one and changes

𝐸𝜂 by at most one. Thus deleting 𝑃, 𝑄 and the finitely many indices 𝑟 < 𝑟1 changes 𝐸𝜂(𝑅𝐾 ) by 𝑂(1),
uniformly in 𝜂, 𝐾 . No allowed pair joins different retained indices 𝑟 . Every proper prefix discrepancy

of a component at a fixed 𝑟 has absolute value at most 𝑆, so Lemma 2.1 applies.

The adjacent frequency gap is

𝑥𝑟,𝑖+1 − 𝑥𝑟,𝑖 =
𝑔𝑖√

𝑡2𝑟 + 𝑤𝑖 +
√
𝑡2𝑟 + 𝑤𝑖+1

. (2.9)

The preceding bound gives

|||
𝑥𝑟,𝑖 + 𝑥𝑟,𝑖+1

2
− 𝑡𝑟

||| ≤
𝑀
𝑡𝑟
.

For 𝜂 > 0, if the conditions 𝑥𝑟,𝑖+1 − 𝑥𝑟,𝑖 ≤ 𝜂 and 𝑔𝑖 ≤ 2𝜂𝑡𝑟 differ, then

||||
𝑡𝑟 −

𝑔𝑖
2𝜂

||||
≤

𝑀
𝑡𝑟

≤
𝑀
𝑡𝑟1

.

The number of such indices 𝑟 for a fixed 𝑖 is at most 1 + ⌊2𝑀/(𝜎𝑡𝑟1)⌋. At 𝜂 = 0, both graphs have no

edges. Their component-deficit sums lie in [0, 𝑆]. Consequently,

𝐸𝜂(𝑅𝐾 ) =
𝐾
∑
𝑟=𝑟1

𝐹𝑟 mod 𝑞(2𝜂𝑡𝑟) + 𝑂(1) (2.10)

uniformly for 0 ≤ 𝜂 ≤ 𝜂∗.

For 𝑎 ∈ ℤ/𝑞ℤ, let 𝑟𝑎 be the least integer at least 𝑟1 in that residue class. For 𝐾 ≥ 𝑟1 and 𝐿 > 0, put

𝑁𝑎(𝐾, 𝐿) = #{𝑟 ∈ ℤ ∶ 𝑟1 ≤ 𝑟 ≤ 𝐾, 𝑟 ≡ 𝑎 (mod 𝑞), 𝑡𝑟 < 𝐿}.

Since 𝑟 ≤ 𝐾 is equivalent to 𝑡𝑟 < 𝑡𝐾+1,

𝑁𝑎(𝐾, 𝐿) = max
{
0, ⌈

min(𝑡𝐾+1, 𝐿) − 𝑡𝑟𝑎
𝑞𝜎 ⌉

}

=
min(𝑅𝐾 , 𝐿)

𝑞𝜎
+ 𝑂(1).

(2.11)



16 ANASS NIFA

The error is uniform in 𝑎, 𝐾, 𝐿: the difference from min(𝑡𝐾+1, 𝐿)/(𝑞𝜎) is at most 1 + 𝑡𝑟𝑎/(𝑞𝜎), and

𝑡𝐾+1 − 𝑅𝐾 = (1 − 𝜃)𝜎. Multiplying this count by 𝐷𝑎(𝑔) or |𝐵𝑎| and summing over 𝑎 gives

𝐾
∑
𝑟=𝑟1

𝐷𝑟 mod 𝑞(𝑔)𝟏{𝑡𝑟<𝐿} =
𝑑𝑔
𝑞𝜎

min(𝑅𝐾 , 𝐿) + 𝑂(1),

𝐾
∑
𝑟=𝑟1

|𝐵𝑟 mod 𝑞 | =
𝑅𝐾𝑐+
𝜎

+ 𝑂(1),

where the second equality follows by taking 𝐿 > 𝑡𝐾+1. For 𝜂 > 0, substitute 𝐿 = 𝑔/(2𝜂) in (2.6) and

(2.10). This gives

𝐸𝜂(𝑅𝐾 ) =
𝑅𝐾𝑐+
𝜎

+
1
𝑞𝜎

∑
𝑔∈𝐺

𝑑𝑔 min(𝑅𝐾 ,
𝑔
2𝜂)

+ 𝑂(1).

For 𝜂 = 0, (2.10) and (2.11) give 𝐸0(𝑅𝐾 ) = 𝑅𝐾𝑐0/𝜎 + 𝑂(1). Integrating (2.6) gives (2.7) and proves

(2.8). □

The function  is continuous and nonincreasing on [0, ∞), is piecewise a linear combination of 1
and 1/𝜅 with constant coefficients on (0, ∞), and has limit 𝑐+ at infinity. If 𝐺 ≠ ∅, then (𝜅) = 𝑐0 for

0 ≤ 2𝜅 ≤ min𝐺. If 𝐺 = ∅, then  ≡ 𝑐0 = 𝑐+.

Write 𝑅 = 𝑅𝐾 . For fixed 𝜅 ≥ 0, Theorem 2.2 gives

𝐸𝜅/𝑅(𝑅) =
𝑅
𝜎
(𝜅) + 𝑂(1).

Fix 0 ≤ 𝜂∗ < 𝜎, and let 0 ≤ 𝜂𝑅 ≤ 𝜂∗. If 𝜂𝑅𝑅 → 𝜅 < ∞, then

𝐸𝜂𝑅(𝑅)
𝑅

⟶
(𝜅)
𝜎

.

Since  is constant near zero, 𝜂𝑅𝑅 → 0 gives 𝐸𝜂𝑅(𝑅) = 𝑅𝑐0/𝜎 + 𝑂(1). For 𝜂𝑅 > 0 and 2𝜂𝑅𝑅 ≥
max(𝐺 ∪ {0}), one has

𝐸𝜂𝑅(𝑅) =
𝑅𝑐+
𝜎

+
1

2𝑞𝜎𝜂𝑅
∑
𝑔∈𝐺

𝑑𝑔𝑔 + 𝑂(1). (2.12)

Thus 𝜂𝑅𝑅 → ∞ implies 𝐸𝜂𝑅(𝑅)/𝑅 → 𝑐+/𝜎, and the second term in (2.12) is 𝑜(𝑅). For fixed 0 < 𝜂 < 𝜎
it is constant. If every 𝑑𝑔 = 0, then 𝐸𝜂(𝑅) = 𝑅𝑐+/𝜎 + 𝑂(1) throughout the stated uniform range.

Let 𝛿𝑔 denote the unit point mass at 𝑔 . Define the finite nonnegative measure on (0, ∞)

𝜈 = ∑
𝑔∈𝐺

(𝑑𝑔/𝑞) 𝛿𝑔 .

The identity

𝜅(𝜅) = 𝜅𝑐+ +
1
𝑞
∑
𝑔∈𝐺

𝑑𝑔 min(𝜅, 𝑔/2) (𝜅 ≥ 0)

gives, with 𝑑+/𝑑𝜅 denoting the right derivative,

𝑑+

𝑑𝜅[
𝜅(𝜅)] =

1
𝑞
∑
𝑎
𝐹𝑎(2𝜅) (𝜅 ≥ 0). (2.13)

The right derivative has downward jump 𝑑𝑔/𝑞 at 𝜅 = 𝑔/2. Thus  determines the residue-averaged

component deficit and the measure 𝜈 . It need not determine the individual 𝛿𝑖(𝑎): the arrays (𝛿𝑖(𝑎))
and (−𝛿𝑖(𝑎)) have the same functions 𝐹𝑎, and they differ whenever the array is nonzero.
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2.3. The boundary at the cluster spacing. Let 𝑅 = 𝑅𝐾 be the cutoffs in (2.4), and put ℎ𝑟 = 𝑥𝑟+1,1−𝑥𝑟,𝑠
for 𝑟 ≥ 𝑟0.

Theorem 2.3. Assume the periodic quadratic model, 𝐻 = 𝑤𝑠 − 𝑤1 > 0, and
𝑞−1

∑
𝑎=0

𝐵𝑎 = 0. (2.14)

For each fixed 0 < 𝜂0 < 𝜎, as 𝐾 → ∞, uniformly for 𝜂0 ≤ 𝜂 < 𝜎,

𝐸𝜂(𝑅) =
𝑐+
𝜎

max(0, 𝑅 −
𝐻

2(𝜎 − 𝜂))
+ 𝑂(1). (2.15)

Uniformly for 𝜂 ≥ 𝜎, one has 𝐸𝜂(𝑅) = 𝑂(1). The error constants depend only on the fixed model, 𝜃 and
𝜂0. In particular, for each fixed 𝜅 > 0,

𝐸𝜎−𝜅/𝑅(𝑅) =
𝑅𝑐+
𝜎

max(0, 1 −
𝐻
2𝜅)

+ 𝑂(1). (2.16)

Proof. Put 𝐿 = ∑𝑎∑
𝑠
𝑖=1 |𝛿𝑖(𝑎)|. For 𝑟 ∈ ℤ and 1 ≤ 𝑖 ≤ 𝑠, define 𝑒𝑠𝑟+𝑖 = 𝛿𝑖(𝑟 mod 𝑞). Then 𝑒𝑛+𝑞𝑠 = 𝑒𝑛

and ∑𝑞𝑠
𝑛=1 𝑒𝑛 = 0. Every finite interval of integers is a disjoint union of intervals of length 𝑞𝑠 and one

interval of length less than 𝑞𝑠. The former have sum zero; the latter contains each residue modulo 𝑞𝑠
at most once. Consequently,

|||||

𝑣
∑
𝑛=𝑢

𝑒𝑛
|||||
≤ 𝐿 (𝑢, 𝑣 ∈ ℤ, 𝑢 ≤ 𝑣).

Uniformly in 𝑖, one has

𝑥𝑟,𝑖 − 𝑡𝑟 −
𝑤𝑖

2𝑡𝑟
= −

𝑤2
𝑖

2𝑡𝑟(𝑥𝑟,𝑖 + 𝑡𝑟)2
= 𝑂(𝑡−3𝑟 ).

Consequently, for some fixed 𝐶 ≥ 0 and all sufficiently large 𝑟 ,

||||
ℎ𝑟 − 𝜎 +

𝐻
2𝑡𝑟

||||
≤

𝐶
𝑡2𝑟
.

Choose an integer 𝑟1 ≥ 𝑟0, independent of 𝜂 and 𝐾 , such that

ℎ𝑟 > 0, 𝑥𝑟,𝑠 − 𝑥𝑟,1 < 𝜂0, min(𝑝𝑟,𝑖, 𝑞𝑟,𝑖) ≥ 𝐿,
𝐶
𝑡𝑟

≤
𝐻
4

(𝑟 ≥ 𝑟1, 1 ≤ 𝑖 ≤ 𝑠).

The deletion estimate in the proof of Theorem 2.2 shows that removing 𝑃, 𝑄 and the indices 𝑟 < 𝑟1
changes 𝐸𝜂(𝑅) by 𝑂(1), uniformly in 𝜂 and 𝐾 .

For 𝜂 ≥ 𝜂0, let J𝜂(𝐾) be the components of the path on {𝑟1, … , 𝐾} with edge {𝑟, 𝑟 + 1} when

ℎ𝑟 ≤ 𝜂. All points in a fixed block are connected. The interval bound above and Lemma 2.1 give

𝐸𝜂(𝑅) = ∑
𝐽 ∈J𝜂(𝐾)

|||||
∑
𝑟∈𝐽

𝐵𝑟 mod 𝑞

|||||
+ 𝑂(1).

Every inner sum has absolute value at most 𝐿.

Suppose 𝜂 < 𝜎, and put 𝜀 = 𝜎 − 𝜂 and 𝐴𝜀 = 𝐻/(2𝜀). Replace the condition ℎ𝑟 ≤ 𝜂 by 𝑡𝑟 ≤ 𝐴𝜀 . If

these conditions differ, then

|𝜀𝑡𝑟 − 𝐻/2| ≤ 𝐶/𝑡𝑟 , 𝜀𝑡𝑟 ≥ 𝐻/4, |𝑡𝑟 − 𝐴𝜀 | ≤
4𝐶
𝐻

.

Since 𝑡𝑟+1 − 𝑡𝑟 = 𝜎, at most 1 + ⌊8𝐶/(𝐻𝜎)⌋ edges differ. Adding an edge merges two intervals with

discrepancies 𝑢, 𝑣, and changes the sum of absolute discrepancies by

|𝑢| + |𝑣| − |𝑢 + 𝑣| ≤ 2min(|𝑢|, |𝑣|) ≤ 2𝐿.
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Deleting an edge gives the same bound. Thus this replacement changes the preceding sum by 𝑂(1),
uniformly in 𝜂 and 𝐾 .

For the new path, every component except the first is a single block. Apart from at most one

index, these single-block components are precisely the indices with 𝑡𝑟 > 𝐴𝜀 . The first component has

discrepancy at most 𝐿 in absolute value. Hence

𝐸𝜂(𝑅) =
𝐾
∑
𝑟=𝑟1

|𝐵𝑟 mod 𝑞 |𝟏{𝑡𝑟>𝐴𝜀} + 𝑂(1).

Equation (2.11) applies with threshold 𝐴𝜀 ; replacing a strict inequality by a non-strict one affects at

most one index. Subtracting the weighted count below the threshold from the total weighted count

gives

𝐾
∑
𝑟=𝑟1

|𝐵𝑟 mod 𝑞 |𝟏{𝑡𝑟>𝐴𝜀} =
𝑐+
𝜎 (𝑅 − min(𝑅, 𝐴𝜀)) + 𝑂(1).

This proves (2.15), also when the threshold lies outside the retained range.

The choice of 𝑟1 gives ℎ𝑟 ≤ 𝜎 − 𝐻/(4𝑡𝑟) < 𝜎. At 𝜂 = 𝜎 the retained path is connected, so its

unmatched count is at most 𝐿. Since 𝐸𝜂(𝑅) is nonincreasing in 𝜂, the bound is uniform for 𝜂 ≥ 𝜎. □

For 𝑠 = 1 and 𝑤1 = 𝑤, the derivative of 𝑡 ↦
√
𝑡2 + 𝑤 is 𝑡/

√
𝑡2 + 𝑤 on the relevant interval. Thus

ℎ𝑟 < 𝜎 if 𝑤 > 0, ℎ𝑟 = 𝜎 if 𝑤 = 0, and ℎ𝑟 > 𝜎 if 𝑤 < 0. If 𝑤 > 0, then

ℎ𝑟 = 𝜎 −
𝜎𝑤
2𝑡2𝑟

+ 𝑂(𝑡−3𝑟 ), 𝑅2
𝐾 (𝜎 − ℎ𝐾 ) ⟶

𝜎𝑤
2

.

For example, take 𝜎 = 1, 𝛽 = 𝑐 = 0, 𝑤1 = −1, 𝑞 = 2, 𝑟0 = 2, 𝑃 = 𝑄 = ∅, and

𝑝𝑟,1 = 𝑟 + max{(−1)𝑟 , 0}, 𝑞𝑟,1 = 𝑟 + max{−(−1)𝑟 , 0}.

Then 𝐵0 + 𝐵1 = 0 and ℎ𝑟 > 1. No pair at tolerance 1 joins distinct support points, so 𝐸1(𝑅𝐾 ) = 𝐾 − 1
for all sufficiently large 𝐾 . If every 𝛿𝑖(𝑎) vanishes, matching equal copies at each support point gives

𝐸𝜂(𝑅) ≤ |𝑃| + |𝑄| for every 𝜂 ≥ 0 and every real 𝑅.

2.4. Complete ordered spectra and the initial prefix. Write 𝜆1 ≤ 𝜆2 ≤ ⋯ and 𝜆′1 ≤ 𝜆′2 ≤ ⋯ for

the complete ordered lists of Λ and Λ′
, respectively, whenever these multisets are infinite, and put

𝑑pre = |𝑃| − |𝑄|.

Theorem 2.4. Retain the quadratic support and finite prefixes of subsection 2.2. Assume 𝑝𝑟,𝑖 − 𝑞𝑟,𝑖 =
𝛿𝑖(𝑟 mod 𝑞) and that Λ, Λ′ are infinite. The following conditions are equivalent:
(1) sup𝑗 |𝜆𝑗 − 𝜆′𝑗 | < ∞;
(2) 𝐵𝑎 = 0 for every 𝑎 ∈ ℤ/𝑞ℤ and 𝑑pre = 0;

(3)
√
𝜆𝑗 + 𝑐 −

√
𝜆′𝑗 + 𝑐 ⟶ 0.

Under condition 2, put 𝑚 = |𝑃| = |𝑄| and write 𝑃1 ≤ ⋯ ≤ 𝑃𝑚 and 𝑄1 ≤ ⋯ ≤ 𝑄𝑚 for the ordered prefixes.
Then

sup
𝑗

|𝜆𝑗 − 𝜆′𝑗 | ≤ max
{
𝐻, max

1≤𝑗≤𝑚
|𝑃𝑗 − 𝑄𝑗 |

}
,

where the second maximum is zero if 𝑚 = 0.

Proof. Both ordered lists tend to infinity, since their multisets are infinite and finite on bounded

intervals. Thus condition 1 implies condition 3 by the identity

√
𝜆𝑗 + 𝑐 −

√
𝜆′𝑗 + 𝑐 =

𝜆𝑗 − 𝜆′𝑗
√
𝜆𝑗 + 𝑐 +

√
𝜆′𝑗 + 𝑐

,

valid for all sufficiently large 𝑗 .
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Suppose condition 3 holds. For all sufficiently large 𝑟 , every prefix value lies below the 𝑟-block,

the blocks are ordered, and

ℎ𝑟 = 𝑥𝑟+1,1 − 𝑥𝑟,𝑠 ⟶ 𝜎 > 0.

Let 𝑁𝑟 , 𝑁 ′
𝑟 be the numbers of frequencies through block 𝑟 in the two complete lists. If 𝑁𝑟 ≠ 𝑁 ′

𝑟 , put

𝑗𝑟 = min(𝑁𝑟 , 𝑁 ′
𝑟 ) + 1. One member of the ordered pair of rank 𝑗𝑟 is at most 𝑥𝑟,𝑠 and the other is at

least 𝑥𝑟+1,1. Hence

|||
√
𝜆𝑗𝑟 + 𝑐 −

√
𝜆′𝑗𝑟 + 𝑐||| ≥ ℎ𝑟 .

Since 𝑁𝑟 , 𝑁 ′
𝑟 ⟶ ∞, condition 3 forces 𝑁𝑟 = 𝑁 ′

𝑟 for every sufficiently large 𝑟 . Now

𝑁𝑟 − 𝑁 ′
𝑟 = 𝑑pre +

𝑟
∑
ℎ=𝑟0

𝐵ℎ mod 𝑞 .

Subtracting the equalities at 𝑟 and 𝑟 − 1 gives 𝐵𝑟 mod 𝑞 = 0 eventually. Periodicity gives 𝐵𝑎 = 0 for

every 𝑎, and the displayed identity then gives 𝑑pre = 0.

Suppose condition 2 holds, and denote the asserted bound by 𝐶. Match the ordered prefixes and, in

each block, match the two equal-cardinality multisets. Every paired eigenvalue difference has absolute

value at most 𝐶. Restrict this matching to the prefixes and the complete blocks 𝑟0 ≤ 𝑟 ≤ 𝐾 . The

paired entries form two self-adjoint diagonal matrices 𝐴𝐾 , 𝐴′
𝐾 of the same size, with ‖𝐴𝐾 − 𝐴′

𝐾 ‖ ≤ 𝐶.

By [2, Theorem 1.1, p. 419], their ordered eigenvalues differ by at most 𝐶. For every fixed rank 𝑗 , the

𝑗th ordered eigenvalues of these matrices equal 𝜆𝑗 , 𝜆′𝑗 for all sufficiently large 𝐾 , since the omitted

eigenvalues tend to infinity. Therefore |𝜆𝑗 − 𝜆′𝑗 | ≤ 𝐶 for every 𝑗 . □

The equality 𝑐+ = 0 is equivalent to 𝐵𝑎 = 0 for every 𝑎 and imposes no condition on 𝑑pre. For

example, take 𝜎 = 1, 𝛽 = 𝑐 = 0, 𝑠 = 1, 𝑤1 = 0, 𝑟0 = 1, 𝑝𝑟,1 = 𝑞𝑟,1 = 𝑟4, 𝑃 = {0} and 𝑄 = ∅. For every

𝑅 ≥ 0 the truncated frequency multisets differ by one copy at zero. Hence 𝐸𝜂(𝑅) = 1 for every 𝜂 ≥ 0.

Put 𝑛𝑟 = ∑𝑟
ℎ=1 ℎ4. At rank 𝑛𝑟 + 1 the eigenvalues are 𝑟2 and (𝑟 + 1)2, respectively. Their absolute

difference is 2𝑟 + 1.

Theorem 2.5. Assume common multiplicity growth, 𝐵𝑎 = 0 for every 𝑎, and 𝑑pre = 0. Define

𝑠𝑖(𝑎) =
𝑖

∑
𝑗=1

𝛿𝑗 (𝑎) (1 ≤ 𝑖 < 𝑠), 𝐷∗ = max{𝑔𝑖 ∶ 𝑠𝑖(𝑎) ≠ 0 for some 𝑎},

with an empty maximum equal to zero. Then

lim sup
𝑗→∞

|𝜆𝑗 − 𝜆′𝑗 | = 𝐷∗. (2.17)

All sufficiently late ordered pairs have displacement at most 𝐷∗. In every sufficiently late 𝑟-block, exactly
|𝑠𝑖(𝑟 mod 𝑞)| ordered pairs join the offsets 𝑤𝑖 and 𝑤𝑖+1, for each 1 ≤ 𝑖 < 𝑠; every other pair joins equal
offsets. Thus each such boundary contributes |𝑠𝑖(𝑟 mod 𝑞)| displacements equal to 𝑔𝑖. Contributions from
equal gaps are added.

Proof. For all sufficiently large 𝑟 , the blocks are separated and the prefixes precede them. Equality

of the prefix and block cardinalities then aligns the complete ordered indices within each block. Fix

such a block and put

𝑈𝑖 =
𝑖

∑
𝑗=1

𝑝𝑟,𝑗 , 𝑉𝑖 =
𝑖

∑
𝑗=1

𝑞𝑟,𝑗 (0 ≤ 𝑖 ≤ 𝑠).

Here 𝑈0 = 𝑉0 = 0, 𝑈𝑠 = 𝑉𝑠 , and 𝑈𝑖 − 𝑉𝑖 = 𝑠𝑖(𝑟 mod 𝑞) for 1 ≤ 𝑖 < 𝑠. Set

𝑀 = max
𝑎, 1≤𝑖<𝑠

|𝑠𝑖(𝑎)|,
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with 𝑀 = 0 if 𝑠 = 1. Choose 𝑟 large enough that min(𝑝𝑟,𝑖, 𝑞𝑟,𝑖) > 𝑀 for every 𝑖. For 0 ≤ 𝑖 < 𝑠,

min(𝑈𝑖+1, 𝑉𝑖+1) ≥ min(𝑈𝑖, 𝑉𝑖) + min(𝑝𝑟,𝑖+1, 𝑞𝑟,𝑖+1) > max(𝑈𝑖, 𝑉𝑖).

The integer intervals

𝐼𝑖 = (min(𝑈𝑖, 𝑉𝑖), max(𝑈𝑖, 𝑉𝑖)] ∩ ℤ (1 ≤ 𝑖 < 𝑠)

are therefore disjoint, and |𝐼𝑖| = |𝑠𝑖(𝑟 mod 𝑞)|. If 𝑈𝑖 > 𝑉𝑖 and 𝑛 ∈ 𝐼𝑖, the preceding inequalities give

𝑈𝑖−1 < 𝑛 ≤ 𝑈𝑖, 𝑉𝑖 < 𝑛 ≤ 𝑉𝑖+1.

The ordered pair at rank 𝑛 is consequently (𝜆𝑟,𝑖, 𝜆𝑟,𝑖+1). If 𝑈𝑖 < 𝑉𝑖, the pair is (𝜆𝑟,𝑖+1, 𝜆𝑟,𝑖) by the same

inequalities with 𝑈, 𝑉 interchanged. At any rank 1 ≤ 𝑛 ≤ 𝑈𝑠 outside the 𝐼𝑖, one has 𝑛 ≤ 𝑈𝑖 if and

only if 𝑛 ≤ 𝑉𝑖 for every 𝑖; both lists therefore have the same offset at rank 𝑛. This proves the stated

multiplicities. If 𝐷∗ = 0, all sufficiently late displacements vanish. If 𝐷∗ > 0, a boundary with gap 𝐷∗
and nonzero partial sum occurs in some residue class, hence in infinitely many blocks. This proves

(2.17). □

Proposition 2.6. Assume common multiplicity growth and (2.14). Then

lim sup
𝑗→∞

|||
√
𝜆𝑗 + 𝑐 −

√
𝜆′𝑗 + 𝑐||| =

{
0, 𝐵𝑎 = 0 for every 𝑎 and 𝑑pre = 0,
𝜎, otherwise.

Proof. For all sufficiently large 𝑟 , let 𝑁𝑟 , 𝑁 ′
𝑟 be the complete cumulative counts through block 𝑟 , and

put

𝐷𝑟 = 𝑁𝑟 − 𝑁 ′
𝑟 = 𝑑pre +

𝑟
∑
ℎ=𝑟0

𝐵ℎ mod 𝑞 .

Condition (2.14) gives 𝐷𝑟+𝑞 = 𝐷𝑟 . Choose 𝐿 ≥ 0 with |𝐷𝑟 | ≤ 𝐿. For all sufficiently large 𝑟 , both

cardinalities of block 𝑟 + 1 exceed 𝐿, and hence

min(𝑁𝑟+1, 𝑁 ′
𝑟+1) > min(𝑁𝑟 , 𝑁 ′

𝑟 ) + 𝐿 ≥ max(𝑁𝑟 , 𝑁 ′
𝑟 ).

The intervals

𝐽𝑟 = (min(𝑁𝑟 , 𝑁 ′
𝑟 ), max(𝑁𝑟 , 𝑁 ′

𝑟 )] ∩ ℤ

are disjoint. If 𝑁𝑟 > 𝑁 ′
𝑟 and 𝑛 ∈ 𝐽𝑟 , then

𝑁𝑟−1 < 𝑛 ≤ 𝑁𝑟 , 𝑁 ′
𝑟 < 𝑛 ≤ 𝑁 ′

𝑟+1;

thus the ordered pair joins blocks 𝑟 and 𝑟 + 1. The reverse inequality interchanges the lists. Outside

these intervals, every sufficiently late ordered pair belongs to one block, since its rank lies below the

same cumulative boundaries in both lists. Uniformly in 𝑖, 𝑗 ,

|𝑥𝑟,𝑖 − 𝑥𝑟,𝑗 | = 𝑂(𝑟−1), 𝑥𝑟+1,𝑗 − 𝑥𝑟,𝑖 = 𝜎 + 𝑂(𝑟−1).

Hence the limsup is at most 𝜎. If 𝐵𝑎 = 0 for every 𝑎 and 𝑑pre = 0, Theorem 2.4 gives convergence to

zero. Otherwise the periodic sequence 𝐷𝑟 is not identically zero: 𝐷𝑟 = 0 for every sufficiently large 𝑟
would give 𝐵𝑟 mod 𝑞 = 𝐷𝑟 − 𝐷𝑟−1 = 0 for every residue and then 𝑑pre = 0. Thus 𝐽𝑟 is nonempty for

infinitely many 𝑟 . The corresponding frequency displacements tend to 𝜎. □

2.5. Bounded and compact spectral corrections. For self-adjoint matrices of the same size, the

operator-norm distance between unitary orbits is the maximum ordered eigenvalue displacement;

commuting representatives attain this distance [2, Theorems 1.1–1.2, p. 419].

For bounded operators, ‖ ⋅ ‖ denotes the operator norm. For a bounded operator 𝑇 on a Hilbert

space 𝐻 , write

‖𝑇 ‖ess = inf{‖𝑇 − 𝐾‖ ∶ 𝐾 is compact on 𝐻}.
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Proposition 2.7. Let 𝐴 be self-adjoint, bounded below, and have compact resolvent on an infinite-
dimensional separable complex Hilbert space 𝐻 . Write (𝐴) for its domain and 𝐼 for the identity
on 𝐻 . Let (𝑎𝑗 )𝑗≥1 be its nondecreasing eigenvalue sequence, with multiplicities, and let (𝑏𝑗 )𝑗≥1 be a
nondecreasing real sequence tending to +∞. Put

𝐷 = sup
𝑗≥1

|𝑎𝑗 − 𝑏𝑗 |.

There exists a bounded self-adjoint operator 𝐶 on 𝐻 such that 𝐴 + 𝐶, with domain (𝐴), has eigenvalue
sequence (𝑏𝑗 ) if and only if 𝐷 < ∞. In that case,

min
𝐶

‖𝐶‖ = 𝐷, min
𝐶

‖𝐶‖ess = lim sup
𝑗→∞

|𝑎𝑗 − 𝑏𝑗 |,

where both minima range over these operators 𝐶. Both are attained by the same operator diagonal in an
eigenbasis of 𝐴. A compact self-adjoint operator 𝐶 with the prescribed eigenvalue sequence exists if and
only if 𝑎𝑗 − 𝑏𝑗 → 0.

Proof. For a bounded self-adjoint operator 𝐵 and 𝑢 ∈ (𝐴), ‖𝐵𝑢‖ ≤ ‖𝐵‖‖𝑢‖, so its relative 𝐴-bound is

zero. The Kato–Rellich theorem gives self-adjointness of 𝐴 + 𝐵 on (𝐴) [26, Theorem 6.4, p. 159].

Moreover, 𝐴 + 𝐵 ≥ (𝑎1 − ‖𝐵‖)𝐼 , and its resolvent is compact by the second resolvent identity and the

ideal property of compact operators [26, Lemmas 5.6 and 6.5, pp. 151 and 159]. For 𝑧 ∈ ℂ ⧵ ℝ,

(𝐴 + 𝐵 − 𝑧)−1 = (𝐴 − 𝑧)−1 − (𝐴 − 𝑧)−1𝐵(𝐴 + 𝐵 − 𝑧)−1.

Write 𝜆𝑗 (𝐴 + 𝐵) for its ordered eigenvalues, with multiplicities. For bounded self-adjoint operators

𝐵1, 𝐵2, the common domain (𝐴) and the variational inequality [26, Corollary 4.13, p. 141] give

||𝜆𝑗 (𝐴 + 𝐵1) − 𝜆𝑗 (𝐴 + 𝐵2)|| ≤ ‖𝐵1 − 𝐵2‖. (2.18)

In particular, 𝐷 ≤ ‖𝐶‖ for every operator 𝐶 in the proposition.

The compact positive injective operator (𝐴 − 𝑎1 + 1)−1 has an orthonormal eigenbasis (𝑒𝑗 ) by [26,

Theorem 6.6, p. 160]. Choose its ordering so that 𝐴𝑒𝑗 = 𝑎𝑗𝑒𝑗 . For 𝑁 ≥ 1, let 𝑃𝑁 be the orthogonal

projection onto span{𝑒1, … , 𝑒𝑁 }. For compact self-adjoint 𝐾 , put 𝐾𝑁 = 𝑃𝑁𝐾𝑃𝑁 . Since 𝑃𝑁 → 𝐼 strongly,

[26, Lemma 6.9(ii), p. 162] gives

‖𝐾 − 𝐾𝑁 ‖ ≤ 2‖(𝐼 − 𝑃𝑁 )𝐾‖ ⟶ 0.

The operator 𝐴+𝐾𝑁 is the orthogonal sum of an operator on 𝑃𝑁𝐻 and the restriction of 𝐴 to (𝐼 −𝑃𝑁 )𝐻 .

Let 𝛽𝑁 ,1 ≤ ⋯ ≤ 𝛽𝑁 ,𝑁 be the eigenvalues of the first summand. For 𝑡 ≥ max(𝑎𝑁 , 𝛽𝑁 ,𝑁 ),

#{𝑗 ∶ 𝜆𝑗 (𝐴 + 𝐾𝑁 ) ≤ 𝑡} = 𝑁 + #{𝑗 > 𝑁 ∶ 𝑎𝑗 ≤ 𝑡} = #{𝑗 ∶ 𝑎𝑗 ≤ 𝑡}.

Thus, for each 𝑁 , 𝜆𝑗 (𝐴 + 𝐾𝑁 ) = 𝑎𝑗 for all sufficiently large 𝑗 . It follows from (2.18) that

lim sup
𝑗→∞

|𝜆𝑗 (𝐴 + 𝐾) − 𝑎𝑗 | ≤ ‖𝐾 − 𝐾𝑁 ‖.

Letting 𝑁 → ∞ gives

𝜆𝑗 (𝐴 + 𝐾) − 𝑎𝑗 ⟶ 0. (2.19)

For any operator 𝐶 in the proposition and any compact self-adjoint 𝐾 , equations (2.18) and (2.19) give

lim sup
𝑗→∞

|𝑏𝑗 − 𝑎𝑗 | ≤ ‖𝐶 − 𝐾‖.

For arbitrary compact𝐾 , its self-adjoint part𝐾0 = (𝐾+𝐾∗)/2 is compact and satisfies ‖𝐶−𝐾0‖ ≤ ‖𝐶−𝐾‖.
Consequently,

lim sup
𝑗→∞

|𝑏𝑗 − 𝑎𝑗 | ≤ ‖𝐶‖ess. (2.20)
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Suppose 𝐷 < ∞. Define 𝐶 by 𝐶𝑒𝑗 = (𝑏𝑗 − 𝑎𝑗 )𝑒𝑗 . It is bounded and self-adjoint, ‖𝐶‖ = 𝐷, and

(𝐴 + 𝐶)𝑒𝑗 = 𝑏𝑗𝑒𝑗 . Since (𝑒𝑗 ) is complete, 𝐴 + 𝐶 has the prescribed eigenvalue sequence. Also,

‖𝐶 − 𝑃𝑁𝐶‖ = sup
𝑗>𝑁

|𝑏𝑗 − 𝑎𝑗 |.

The operators 𝑃𝑁𝐶 have finite rank. Letting 𝑁 → ∞ and applying (2.20) gives the second minimum.

If 𝑎𝑗 − 𝑏𝑗 → 0, the same formula makes 𝐶 a norm limit of finite-rank operators, hence compact. The

converse follows from (2.19). □

Under the hypotheses of Theorem 2.5, the least essential norm of a bounded self-adjoint correction

is therefore 𝐷∗.

2.6. A common-multiplicity estimate on odd spherical quotients.

Lemma 2.8. Let Γ ⊂ SO(6) be a finite group of odd order 𝑞 acting freely on 𝑆5. Fix integers 𝑘 ≥ |𝑐|, and
let 𝜋𝑟,𝑘,𝑐 be the complex irreducible representation of highest weight (𝑟, 𝑘, 𝑐), where 𝑟 ∈ ℤ and 𝑟 ≥ 𝑘. For
every 𝛾 ∈ Γ ⧵ {1},

|𝜒𝑟,𝑘,𝑐(𝛾 )| = 𝑂𝛾 ,𝑘,𝑐((𝑟 + 1)2). (2.21)

Moreover,

dim𝑉 Γ
𝜋𝑟,𝑘,𝑐 =

1
𝑞
dim𝜋𝑟,𝑘,𝑐 + 𝑂Γ,𝑘,𝑐((𝑟 + 1)2), (2.22)

dim𝜋𝑟,𝑘,𝑐 =
((𝑟 + 2)2 − (𝑘 + 1)2)((𝑟 + 2)2 − 𝑐2)((𝑘 + 1)2 − 𝑐2)

12
. (2.23)

In particular,

dim𝑉 Γ
𝜋𝑟,𝑘,𝑐 =

(𝑘 + 1)2 − 𝑐2

12𝑞
𝑟4 + 𝑂Γ,𝑘,𝑐(𝑟3),

and the leading coefficient is positive. For 𝛾 ≠ 1, the function 𝑟 ↦ 𝜒𝑟,𝑘,𝑐(𝛾 ) is an exact quasipolynomial
of period dividing 𝑞 and degree at most two: on each residue class modulo 𝑞, it agrees with a polynomial
in 𝑟 with complex coefficients.

Proof. Fix 𝛾 ≠ 1. Choose 𝜃 = (𝜃1, 𝜃2, 𝜃3) so that 𝛾 is conjugate in SO(6) to diag(𝑅𝜃1 , 𝑅𝜃2 , 𝑅𝜃3), where

𝑅𝜗 is rotation through angle 𝜗 in an oriented plane. Since 𝛾 𝑞 = 1, one has 𝑒𝑖𝑞𝜃𝑗 = 1. Freeness excludes

𝑒𝑖𝜃𝑗 = 1, and odd order excludes 𝑒𝑖𝜃𝑗 = −1.

Let 𝜀1, 𝜀2, 𝜀3 be the standard basis of ℝ3
, and let ⟨ , ⟩ denote its Euclidean inner product. Put

Φ+ = {𝜀𝑖 − 𝜀𝑗 , 𝜀𝑖 + 𝜀𝑗 ∶ 1 ≤ 𝑖 < 𝑗 ≤ 3}, Φ+
𝛾 = {𝛼 ∈ Φ+ ∶ 𝑒𝑖⟨𝛼,𝜃⟩ = 1}.

Let 𝑊 be the group of coordinate permutations and sign changes with an even number of sign

changes. The degenerate Weyl character formula [15, (2.4)], applied with 𝓁 = (𝑟 + 2, 𝑘 + 1, 𝑐), gives

constants 𝑏𝛾 ,𝑠 ∈ ℂ, independent of 𝑟 , such that

𝜒𝑟,𝑘,𝑐(𝛾 ) = ∑
𝑠∈𝑊

𝑏𝛾 ,𝑠𝑒𝑖⟨𝑠𝓁,𝜃⟩ ∏
𝛼∈Φ+

𝛾

⟨𝛼, 𝑠𝓁⟩. (2.24)

Here Φ+
𝛾 is the positive root system of the identity component of the centralizer of the chosen torus

element; an empty product is 1.

For 𝑖 < 𝑗 , the two roots 𝜀𝑖 − 𝜀𝑗 and 𝜀𝑖 + 𝜀𝑗 cannot both belong to Φ+
𝛾 : otherwise 𝑒2𝑖𝜃𝑖 = 𝑒2𝑖𝜃𝑗 = 1.

For each 𝑠 ∈ 𝑊 there are 𝑎 ∈ {1, 2, 3} and 𝜂 ∈ {1, −1} with 𝑠𝜀1 = 𝜂𝜀𝑎. A factor ⟨𝛼, 𝑠𝓁⟩ depends on 𝑟
only when 𝛼 involves 𝜀𝑎. There are two other indices, and at most one root for each such pair. Hence

the product in (2.24) is a polynomial in 𝑟 of degree at most two. Its exponential factor has modulus 1
and is 𝑞-periodic in 𝑟 , since

𝑒𝑖⟨𝑠(𝓁+𝑞𝜀1),𝜃⟩ = 𝑒𝑖⟨𝑠𝓁,𝜃⟩𝑒𝑖𝜂𝑞𝜃𝑎 = 𝑒𝑖⟨𝑠𝓁,𝜃⟩.
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This proves both (2.21) and exact quasipolynomiality. If Φ+
𝛾 is empty, the character is 𝑞-periodic.

The character average

dim𝑉 Γ
𝜋𝑟,𝑘,𝑐 =

1
𝑞
∑
𝛾∈Γ

𝜒𝑟,𝑘,𝑐(𝛾 )

gives (2.22). The Weyl dimension formula [8, Proposition 28.1], with 𝜌 = (2, 1, 0), gives

dim𝜋𝑟,𝑘,𝑐 = ∏
1≤𝑖<𝑗≤3

𝓁2𝑖 − 𝓁2𝑗
𝜌2𝑖 − 𝜌2𝑗

.

Its denominator is (4 − 1)(4 − 0)(1 − 0) = 12. Thus (2.23) holds, with leading coefficient ((𝑘 + 1)2 −
𝑐2)/12 > 0. □

For fixed 𝑞, 𝑘, 𝑐, these estimates are uniform over all subgroups of order 𝑞 acting freely on 𝑆5.
Indeed, their elements are conjugate in SO(6) to elements of the finite set of 𝑞-torsion points of a

fixed maximal torus. The constant may depend on 𝑞, 𝑘, 𝑐.

Fix a natural type 𝜏𝑢,𝑣, where 𝑢 ≥ 𝑣 ≥ 0 are integers. For an attained offset 𝑤, put

𝑢,𝑣(𝑤) = {(𝑘, 𝑐) ∈ ℤ2 ∶ 𝑣 ≤ 𝑘 ≤ 𝑢, |𝑐| ≤ 𝑣, 𝑘(𝑘 + 2) + 𝑐2 = 𝑤},

so that 𝑢,𝑣(𝑤) is finite and nonempty. Put

𝐶𝑢,𝑣(𝑤) ∶=
1
12

∑
(𝑘,𝑐)∈𝑢,𝑣(𝑤)

((𝑘 + 1)2 − 𝑐2) > 0.

By (1.2), the multiplicity contributed by the 𝑟-block at this offset, for 𝑟 ≥ 𝑢, is

𝑚Γ,𝑤(𝑟) ∶= ∑
(𝑘,𝑐)∈𝑢,𝑣(𝑤)

dim𝑉 Γ
𝜋𝑟,𝑘,𝑐 =

𝐶𝑢,𝑣(𝑤)
|Γ|

𝑟4 + 𝑂Γ,𝑢,𝑣(𝑟3).

Consequently, for any two fixed subgroups Γ, Γ′ ⊂ SO(6) of odd order acting freely on 𝑆5,

lim
𝑟→∞

𝑟−4min{𝑚Γ,𝑤(𝑟), 𝑚Γ′,𝑤(𝑟)} =
𝐶𝑢,𝑣(𝑤)

max{|Γ|, |Γ′|}
> 0.

This proves the condition min(𝑝𝑟,𝑖, 𝑞𝑟,𝑖) → ∞ in (2.3) at every attained offset, including an offset at

which the two multiplicities agree.

2.7. Quasipolynomial discrepancies. Retain the quadratic support, finite prefixes, and cutoffs of

(2.2) and (2.4), and suppose that both complete ordered lists are infinite. Let 𝑞, 𝐷 ≥ 1 be integers. For

𝑎 ∈ ℤ/𝑞ℤ and 1 ≤ 𝑖 ≤ 𝑠, let 𝑃𝑎,𝑖 be a real polynomial of degree at most 𝐷, with integer values at every

𝑟 ≥ 𝑟0 in its residue class. Assume

𝑝𝑟,𝑖 − 𝑞𝑟,𝑖 = 𝑃𝑎,𝑖(𝑟), 𝑎 = 𝑟 mod 𝑞, 𝑟 ≥ 𝑟0. (2.25)

Put

𝑆𝑟 =
𝑠
∑
𝑖=1

|𝑃𝑟 mod 𝑞,𝑖(𝑟)|, 𝐴𝑎 =
𝑠
∑
𝑖=1

𝑃𝑎,𝑖, 𝑇𝑎,𝑖 =
𝑖

∑
𝑗=1

𝑃𝑎,𝑗 (1 ≤ 𝑖 < 𝑠).

Write 𝑏𝑖(𝑎) for the coefficient of 𝑟𝐷 in 𝑃𝑎,𝑖, and define

𝐹 (𝐷)𝑎 (𝑡) = ∑
𝐶∈P(𝑡)

|||||
∑
𝑖∈𝐶

𝑏𝑖(𝑎)
|||||

(𝑡 ≥ 0), 𝐷(𝜅) =
1
𝑞

∑
𝑎∈ℤ/𝑞ℤ

∫
1

0
𝑥𝐷𝐹 (𝐷)𝑎 (2𝜅𝑥) 𝑑𝑥 (𝜅 ≥ 0).

Theorem 2.9. Under (2.25),

sup
𝑗

|𝜆𝑗 − 𝜆′𝑗 | < ∞ ⟺ 𝑑pre = 0 and 𝐴𝑎 ≡ 0 for every 𝑎 ∈ ℤ/𝑞ℤ.
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Suppose in addition that, for every sufficiently large 𝑟 ,

min(𝑝𝑟,𝑖, 𝑞𝑟,𝑖) ≥ 𝑆𝑟 (1 ≤ 𝑖 ≤ 𝑠). (2.26)

For every fixed 0 ≤ 𝜂∗ < 𝜎, uniformly for 0 ≤ 𝜂 ≤ 𝜂∗ and 𝐾 ⟶ ∞,

𝐸𝜂(𝑅𝐾 ) =
𝑅𝐷+1
𝐾

𝜎𝐷+1𝐷(𝜂𝑅𝐾 ) + 𝑂(𝑅𝐷
𝐾 ). (2.27)

The error constant depends only on the fixed data, 𝜃, and 𝜂∗. If 𝑑pre = 0 and 𝐴𝑎 ≡ 0 for every 𝑎, put

𝐷pol
∗ = max{𝑔𝑖 ∶ 1 ≤ 𝑖 < 𝑠, 𝑇𝑎,𝑖 ≢ 0 for some 𝑎 ∈ ℤ/𝑞ℤ},

with an empty maximum equal to zero. Then

lim sup
𝑗→∞

|𝜆𝑗 − 𝜆′𝑗 | = 𝐷pol
∗ , |𝜆𝑗 − 𝜆′𝑗 | ≤ 𝐷pol

∗ for all sufficiently large 𝑗 .

In every sufficiently late 𝑟-block, exactly |𝑇𝑟 mod 𝑞,𝑖(𝑟)| ordered pairs join 𝑤𝑖 and 𝑤𝑖+1; every other pair
joins equal offsets.

Proof. Suppose first that the ordered eigenvalue displacement is bounded. The two ordered frequency

lists then have difference tending to zero, by rationalization as in Theorem 2.4. The same theorem’s

block-gap argument applies, since both lists are infinite and 𝑥𝑟+1,1−𝑥𝑟,𝑠 ⟶ 𝜎. Hence their cumulative

cardinalities 𝑁𝑟 , 𝑁 ′
𝑟 through block 𝑟 agree for every sufficiently large 𝑟 . For such 𝑟 ,

0 = 𝑁𝑟 − 𝑁 ′
𝑟 = 𝑑pre +

𝑟
∑
ℎ=𝑟0

𝐴ℎ mod 𝑞(ℎ), 𝐴𝑟 mod 𝑞(𝑟) = 0.

Each 𝐴𝑎 therefore vanishes at infinitely many integers and is zero. The displayed identity then gives

𝑑pre = 0. Conversely, these equalities give equal cardinalities in the prefixes and in every block. Let

𝑃𝑗 , 𝑄𝑗 be the ordered prefixes. The finite matching and ordered-eigenvalue inequality in the proof of

Theorem 2.4 give

sup
𝑗

|𝜆𝑗 − 𝜆′𝑗 | ≤ max
{
𝐻, max

1≤𝑗≤|𝑃|
|𝑃𝑗 − 𝑄𝑗 |

}
.

The inner maximum is zero when the prefixes are empty.

Now assume (2.26). Fix 𝑟1 ≥ max{𝑟0, 1} so that this inequality holds for 𝑟 ≥ 𝑟1 and consecutive

retained frequency blocks are separated by more than 𝜂∗. Put 𝑅 = 𝑅𝐾 . Removing the prefixes and

the blocks with 𝑟 < 𝑟1 changes 𝐸𝜂(𝑅) by 𝑂(1), uniformly in 𝜂. Lemma 2.1 applies to each remaining

block. The comparison of adjacent edge conditions in the proof of Theorem 2.2 shows that the true

partition and P(2𝜂𝑡𝑟) differ at only 𝑂(1) indices 𝑟 , uniformly for 0 ≤ 𝜂 ≤ 𝜂∗. For either partition the

sum of the absolute component discrepancies is at most 𝑆𝑟 = 𝑂(𝑟𝐷). Thus

𝐸𝜂(𝑅) =
𝐾
∑
𝑟=𝑟1

∑
𝐶∈P(2𝜂𝑡𝑟 )

|||||
∑
𝑖∈𝐶

𝑃𝑟 mod 𝑞,𝑖(𝑟)
|||||
+ 𝑂(𝑅𝐷).

For every residue 𝑎 and every component 𝐶,

|||||

|||||
∑
𝑖∈𝐶

𝑃𝑎,𝑖(𝑟)
|||||
− 𝑟𝐷

|||||
∑
𝑖∈𝐶

𝑏𝑖(𝑎)
|||||

|||||
≤
|||||
∑
𝑖∈𝐶

(𝑃𝑎,𝑖(𝑟) − 𝑏𝑖(𝑎)𝑟𝐷)
|||||
= 𝑂(𝑟𝐷−1).

There are finitely many residues and components. Consequently

𝐸𝜂(𝑅) =
𝐾
∑
𝑟=𝑟1

𝑟𝐷𝐹 (𝐷)𝑟 mod 𝑞(2𝜂𝑡𝑟) + 𝑂(𝑅𝐷).
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Let 𝑟𝑎 be the least integer at least 𝑟1 congruent to 𝑎 modulo 𝑞, and put 𝑁 = 𝑁𝑎(𝐾, 𝐿), with the

strict inequality 𝑡𝑟 < 𝐿 as in (2.11). For 𝐿 > 0, that formula and summation of powers give, uniformly

in 𝐿,

∑
𝑟1≤𝑟≤𝐾
𝑟≡𝑎 (𝑞)

𝑟𝐷𝟏{𝑡𝑟<𝐿} =
𝑁−1
∑
𝑛=0

(𝑟𝑎 + 𝑞𝑛)𝐷

=
𝑞𝐷𝑁𝐷+1

𝐷 + 1
+ 𝑂((𝑁 + 1)𝐷)

=
min(𝑅, 𝐿)𝐷+1

𝑞𝜎𝐷+1(𝐷 + 1)
+ 𝑂(𝑅𝐷).

The same formula holds for 𝐿 = ∞, with min(𝑅,∞) = 𝑅. Each 𝐹 (𝐷)𝑎 is a linear combination of the

constant function and the functions 𝟏{𝑡<𝑔}, 𝑔 ∈ 𝐺, by (2.6), with 𝑏𝑖(𝑎) in place of 𝛿𝑖(𝑎). For 𝜂 > 0 apply

the last estimate with 𝐿 = 𝑔/(2𝜂), and use

∫
1

0
𝑥𝐷𝟏{2𝜂𝑅𝑥<𝑔} 𝑑𝑥 =

1
𝐷 + 1

min(1,
𝑔

2𝜂𝑅)

𝐷+1

.

For 𝜂 = 0 every such indicator equals one. This proves (2.27) with the asserted uniformity.

Finally suppose 𝑑pre = 0 and 𝐴𝑎 ≡ 0 for every 𝑎. If 𝑆𝑟 = 0, the two block lists agree. If 𝑆𝑟 > 0, their

total discrepancy is zero, so

|𝑇𝑟 mod 𝑞,𝑖(𝑟)| ≤
𝑆𝑟
2

< min(𝑝𝑟,𝑗 , 𝑞𝑟,𝑗 ) (1 ≤ 𝑖 < 𝑠, 1 ≤ 𝑗 ≤ 𝑠).

The rank-interval argument in Theorem 2.5, applied to this block, gives the stated number of adjacent

pairs and leaves only equal-offset pairs. A nonzero polynomial 𝑇𝑎,𝑖 has only finitely many zeros in its

residue class. Hence ordered pairs join 𝑤𝑖 and 𝑤𝑖+1 in arbitrarily late blocks if and only if 𝑇𝑎,𝑖 ≢ 0 for

some 𝑎. This proves both assertions concerning 𝐷pol
∗ . □

One has

𝐷(0) =
1

𝑞(𝐷 + 1)
∑

𝑎∈ℤ/𝑞ℤ

𝑠
∑
𝑖=1

|𝑏𝑖(𝑎)|.

Thus 𝐷 ≡ 0 if and only if every 𝑃𝑎,𝑖 has degree less than 𝐷. If the largest degree is 𝑑 ≥ 1, formula

(2.27) applies with 𝑑 in place of 𝐷. For constant discrepancies with common multiplicities tending to

infinity, Theorem 2.2 gives the remainder 𝑂(1).

Corollary 2.10. Let Γ, Γ′ ⊂ SO(6) be finite subgroups of the same odd order 𝑞, acting freely on 𝑆5, and
fix a natural type 𝜏𝑢,𝑣. Their multiplicity difference at each quadratic offset is an exact quasipolynomial
in 𝑟 , of period dividing 𝑞 and degree at most two. The hypotheses of Theorem 2.9 hold after a fixed initial
region, with 𝐷 = 2, or with 𝐷 = 1 if all discrepancies have degree at most one.

For either group Υ and each 𝛾 ∈ Υ, choose angles 𝜃𝑗 (𝛾 ) so that its eigenvalues are 𝑒±𝑖𝜃𝑗 (𝛾 ), 1 ≤ 𝑗 ≤ 3,
and put

Υnr = {𝛾 ∈ Υ ⧵ {1} ∶ cos 𝜃𝑖(𝛾 ) = cos 𝜃𝑗 (𝛾 ) for some 𝑖 < 𝑗}.

If, for every attained offset 𝑤 and every sufficiently large 𝑟 ,

∑
(𝑘,𝑐)∈𝑢,𝑣(𝑤)

∑
𝛾∈Γnr

𝜒𝑟,𝑘,𝑐(𝛾 ) = ∑
(𝑘,𝑐)∈𝑢,𝑣(𝑤)

∑
𝛾∈Γ′nr

𝜒𝑟,𝑘,𝑐(𝛾 ), (2.28)

then the multiplicity differences are periodic and Theorem 2.2 applies after a fixed initial region.

Proof. For 𝑟 ≥ 𝑢, the branching rule (1.2) and (1.1) give the offsets 𝑤 = 𝑘(𝑘 + 2) + 𝑐2 and the

eigenvalues (𝑟 + 2)2 + 𝑤 − 4. The 𝑟-block contribution at 𝑤 is 𝑚Γ,𝑤(𝑟), and similarly for Γ′. The

identity terms 𝑞−1 dim𝜋𝑟,𝑘,𝑐 in the two character averages are equal. By Lemma 2.8, their difference
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is a quasipolynomial of period dividing 𝑞 and degree at most two. On each residue class its imaginary

part vanishes at infinitely many integers; its polynomial coefficients are therefore real. Its values are

integers, being differences of multiplicities.

For every attained offset 𝑤, the preceding multiplicity estimate gives

min{𝑚Γ,𝑤(𝑟), 𝑚Γ′,𝑤(𝑟)} =
𝐶𝑢,𝑣(𝑤)

𝑞
𝑟4 + 𝑂(𝑟3), 𝐶𝑢,𝑣(𝑤) > 0.

Since 𝑆𝑟 = 𝑂(𝑟2), (2.26) holds eventually, and both ordered spectra are infinite. The quadratic model

has 𝜎 = 1, 𝛽 = 2, and constant 𝑐 = 4 in (2.2). For an element outside Υnr ∪ {1}, Lemma 2.8 gives a

periodic character. Under (2.28), only these periodic terms remain in each multiplicity difference. The

common multiplicities tend to infinity, so Theorem 2.2 applies. □

3. Bounded and compact perturbations of natural spectra

Retain the lens spaces and the Casimir normalization of Section 1. For integers 𝑢 ≥ 𝑣 ≥ 0 and

𝑀 ∈ {𝐿, 𝐿′}, write

𝑢,𝑣,𝑀 = 𝐿2(𝐸𝜏𝑢,𝑣 ,𝑀), Δ𝑢,𝑣,𝑀 = Δ𝜏𝑢,𝑣 ,𝑀 , 𝜆𝑗 (𝑀) = 𝜆𝑗 (Δ𝑢,𝑣,𝑀) (𝑗 ≥ 1).

The eigenvalues are listed in nondecreasing order, with multiplicities; equalities of spectra include

multiplicities. For a bounded self-adjoint operator 𝐶 on 𝑢,𝑣,𝑀 , the sum Δ𝑢,𝑣,𝑀 + 𝐶 has domain

(Δ𝑢,𝑣,𝑀), as in Proposition 2.7.

Let Z ⊂ (ℤ/49ℤ)2 consist of the pairs (𝑋, 𝑌 ) satisfying at least one of the following conditions:

(1) 𝑋 = 0, 𝑌 = 0, 𝑋 = 𝑌 or 𝑋 = −𝑌 ;

(2) 7 ∣ 𝑋 and 7 ∣ 𝑌 ;

(3) one coordinate is divisible by 7, and the other belongs to {±1, ±3};
(4) both coordinates belong to {±1, ±3, ±5}.
Here 7 ∣ 𝑋 means 𝑋 ∈ 7(ℤ/49ℤ), and similarly for 𝑌 .

Theorem 3.1. For integers 𝑢 ≥ 𝑣 ≥ 0, the following conditions are equivalent.
(1) (2𝑢 + 3, 2𝑣 + 1) mod 49 ∈ Z .
(2) sup𝑗≥1 |𝜆𝑗 (𝐿) − 𝜆𝑗 (𝐿′)| < ∞.

(3) |
√
𝜆𝑗 (𝐿) + 4 −

√
𝜆𝑗 (𝐿′) + 4| ⟶ 0 as 𝑗 ⟶ ∞.

(4) There is a bounded self-adjoint operator 𝐶 on 𝑢,𝑣,𝐿 such that Spec(Δ𝑢,𝑣,𝐿 + 𝐶) = Spec(Δ𝑢,𝑣,𝐿′).
(5) The operator 𝐶 in condition 4 can be chosen to commute with every spectral projection of Δ𝑢,𝑣,𝐿.
If these conditions hold, then

|𝜆𝑗 (𝐿) − 𝜆𝑗 (𝐿′)| ≤ 𝐻𝑢,𝑣 = 𝑢(𝑢 + 2) − 2𝑣 (𝑗 ≥ 1),

and ‖𝐶‖ ≤ 𝐻𝑢,𝑣 is possible. They are also equivalent to the existence of bounded self-adjoint operators
𝐶, 𝐶′ on 𝑢,𝑣,𝐿,𝑢,𝑣,𝐿′ , respectively, such that

Spec(Δ𝑢,𝑣,𝐿 + 𝐶) = Spec(Δ𝑢,𝑣,𝐿′ + 𝐶′).

The set Z has 289 elements. The uncorrected spectra are equal precisely for

(𝑢, 𝑣) = (0, 0), (1, 0), (2, 0), (1, 1), (2, 1).

Every other dominant type satisfying condition 1 has unequal spectra and admits a bounded correction
commuting with every spectral projection.

Lemma 3.2. The function 𝑇 is alternating in its three variables, and its sum over a complete period in
any one variable is zero.
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Proof. Interchanging two variables interchanges two rows in (1.3), hence negates 𝑇 . For 𝑡 ∈ {𝑠, 𝑠′}
and 1 ≤ 𝑗 ≤ 3, the residue 𝑡𝑗 is a unit modulo 49, so

48
∑
𝑏=0

(𝜁 𝑏𝑡𝑗 + 𝜁−𝑏𝑡𝑗) = 0.

The determinant is linear in each row. Summing one variable in (1.4) therefore gives zero. □

3.1. The alternating rectangle. Fix integers 𝑢 ≥ 𝑣 ≥ 0. Let

𝑊 = {𝑘(𝑘 + 2) + 𝑐2 ∶ 𝑘, 𝑐 ∈ ℤ, 𝑣 ≤ 𝑘 ≤ 𝑢, 0 ≤ 𝑐 ≤ 𝑣},

and put

𝐴(𝑎, 𝑤) = 𝐴𝑢,𝑣(𝑎, 𝑤), 𝐵𝑢,𝑣(𝑎) = ∑
𝑤∈𝑊

𝐴(𝑎, 𝑤), 𝐵(𝑎) = 𝐵𝑢,𝑣(𝑎),

where 𝐴𝑢,𝑣 is defined in (1.7). For every 𝑟 ≥ 𝑢, the representations 𝜋𝑟,𝑘,𝑐 in (1.2) have eigenvalues in

𝐼𝑟 = [𝑟(𝑟 + 4) + 𝑣(𝑣 + 2), 𝑟(𝑟 + 4) + 𝑢(𝑢 + 2) + 𝑣2].

This interval has length 𝐻𝑢,𝑣. By (1.5)–(1.6), the sum of 𝑑(𝑟, 𝑘, 𝑐) over 𝑣 ≤ 𝑘 ≤ 𝑢 and |𝑐| ≤ 𝑣 is

𝐵𝑢,𝑣(𝑟 + 2).

Lemma 3.3. The functions 𝐵𝑢,𝑣 extend from 𝑢 ≥ 𝑣 ≥ 0 to 𝑢, 𝑣 ≥ 0 by the formula

2𝐵𝑢,𝑣(𝑎) =
𝑢+1
∑

𝑏=−𝑢−1

𝑣
∑
𝑐=−𝑣

𝑇 (𝑎, 𝑏, 𝑐). (3.1)

This extension is 49-periodic in each parameter. Write 𝑎(𝑋, 𝑌 ) = 𝐵𝑢,𝑣(𝑎) when 𝑋 = 2𝑢 + 3 and
𝑌 = 2𝑣 + 1 in ℤ/49ℤ. Then

𝑎(−𝑋, 𝑌 ) = 𝑎(𝑋, −𝑌 ) = 𝑎(𝑌 , 𝑋) = −𝑎(𝑋, 𝑌 ).

In particular, 𝑎(𝑋, 𝑌 ) = 0 whenever 𝑋 = 0, 𝑌 = 0, 𝑋 = 𝑌 or 𝑋 = −𝑌 .

Proof. By the evenness of 𝑇 in its third variable,

𝐵𝑢,𝑣(𝑎) =
𝑢+1
∑

𝑏=𝑣+1

𝑣
∑
𝑐=−𝑣

𝑇 (𝑎, 𝑏, 𝑐).

The sum over −𝑣 ≤ 𝑏, 𝑐 ≤ 𝑣 is zero by alternation. Evenness in the second variable now gives (3.1).

Let (𝑒𝑏)𝑏∈ℤ/49ℤ be the standard basis of ℚ[ℤ/49ℤ]. For each 𝑎, define the bilinear form 𝛽𝑎 by

𝛽𝑎(𝑒𝑏 , 𝑒𝑐) = 𝑇 (𝑎, 𝑏, 𝑐). It is alternating. Put

𝐽𝑁 =
𝑁
∑
𝑗=−𝑁

𝑒𝑗 mod 49 (𝑁 ≥ 0), 𝐞 = ∑
𝑏∈ℤ/49ℤ

𝑒𝑏 .

Lemma 3.2 gives 𝛽𝑎(𝐞, 𝑧) = 𝛽𝑎(𝑧, 𝐞) = 0 for every 𝑧 ∈ ℚ[ℤ/49ℤ], and

2𝐵𝑢,𝑣(𝑎) = 𝛽𝑎(𝐽𝑢+1, 𝐽𝑣).

The identities

𝐽𝑁+49 = 𝐽𝑁 + 2𝐞 (𝑁 ≥ 0), 𝐽48−𝑁 = 2𝐞 − 𝐽𝑁 (0 ≤ 𝑁 ≤ 48)

prove periodicity and the two sign identities. Indeed, 2(48−𝑁)+1 ≡ −(2𝑁 +1) (mod 49). Alternation

of 𝛽𝑎 gives the interchange identity. Finally 𝐽24 = 𝐞, so 𝑋 = 0 or 𝑌 = 0 gives zero; if 𝑋 = 𝑌 , the two

arguments of the alternating form agree modulo ℚ𝐞. The identity for −𝑌 then gives zero also when

𝑋 = −𝑌 . □
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Lemma 3.4. Outside the four lines 𝑋 = 0, 𝑌 = 0, 𝑋 = 𝑌 , 𝑋 = −𝑌 , the zeros of (𝑎(𝑋, 𝑌 ))𝑎 mod 49
are exactly the signed-permutation orbits of the following unordered pairs of least positive absolute
representatives of 𝑋, 𝑌 :

{1, 3}, {1, 5}, {3, 5}, {1, 7}, {1, 14}, {1, 21}, {3, 7}, {3, 14}, {3, 21}, {7, 14}, {7, 21}, {14, 21}.

Proof. Each orbit in the complement of the four lines has a unique representative with 1 ≤ 𝑌 < 𝑋 ≤ 24.

For 𝑍 ∈ ℤ/49ℤ, let 𝑁𝑍 be the integer determined by

0 ≤ 𝑁𝑍 ≤ 48, 𝑁𝑍 ≡ 25(𝑍 − 1) (mod 49),

and, for 𝑏 ∈ ℤ/49ℤ, put

𝑗𝑍(𝑏) = #{𝑗 ∈ ℤ ∶ −𝑁𝑍 ≤ 𝑗 ≤ 𝑁𝑍 , 𝑗 ≡ 𝑏 (mod 49)}.

Since 2 ⋅ 25 ≡ 1 (mod 49), (3.1) gives

𝑎(𝑋, 𝑌 ) =
1
2

∑
𝑏,𝑐∈ℤ/49ℤ

𝑗𝑋 (𝑏)𝑗𝑌 (𝑐)𝑇 (𝑎, 𝑏, 𝑐).

Define

𝑄(𝑋, 𝑌 ) =
1
4

24
∑
𝑎=0

𝑎(𝑋, 𝑌 )2.

The values of 𝑎 are real, and they are even and 49-periodic in 𝑎. Thus 𝑄(𝑋, 𝑌 ) = 0 if and only

if 𝑎(𝑋, 𝑌 ) = 0 for every 𝑎 ∈ ℤ/49ℤ. Substitution of (1.10), with the coefficients in Table 1, gives

Table 3. Its zero entries are precisely the twelve pairs in the statement.

Table 3. Values of 𝑄(𝑋, 𝑌 ) for 1 ≤ 𝑌 < 𝑋 ≤ 24.

𝑋 𝑄(𝑋, 1), … , 𝑄(𝑋, 𝑋 − 1)

2 12
3 0, 12
4 12, 24, 48
5 0, 12, 0, 36
6 24, 83, 72, 59, 72
7 0, 48, 0, 84, 6, 84
8 24, 89, 72, 71, 72, 12, 84
9 6, 12, 6, 36, 6, 81, 6, 79

10 12, 30, 48, 24, 36, 71, 84, 59, 34
11 6, 24, 24, 48, 18, 75, 28, 71, 12, 40
12 12, 6, 12, 30, 12, 89, 34, 83, 10, 24, 22
13 12, 51, 36, 45, 36, 24, 28, 20, 39, 41, 27, 49
14 0, 24, 0, 28, 10, 28, 0, 28, 10, 28, 28, 10, 28
15 12, 49, 36, 41, 36, 20, 28, 24, 49, 45, 47, 51, 20, 28
16 10, 6, 10, 30, 10, 88, 34, 92, 12, 34, 24, 10, 51, 10, 45
17 6, 22, 24, 40, 18, 71, 28, 75, 22, 48, 40, 24, 47, 28, 27, 18
18 10, 26, 40, 24, 30, 72, 56, 80, 32, 40, 48, 30, 47, 28, 35, 20, 24
19 6, 10, 6, 34, 6, 79, 20, 81, 10, 36, 22, 12, 49, 10, 39, 6, 12, 26
20 20, 78, 60, 62, 60, 12, 56, 20, 71, 70, 67, 82, 24, 28, 12, 64, 55, 44, 65
21 0, 40, 0, 56, 12, 56, 0, 56, 12, 56, 28, 26, 28, 0, 28, 26, 28, 56, 12, 56
22 20, 82, 60, 70, 60, 20, 56, 12, 65, 62, 55, 78, 12, 28, 24, 76, 67, 68, 71, 24, 56
23 10, 10, 10, 34, 10, 92, 20, 88, 6, 30, 18, 6, 45, 10, 51, 12, 24, 32, 12, 76, 12, 64
24 10, 30, 40, 40, 30, 80, 56, 72, 26, 24, 24, 26, 35, 28, 47, 32, 48, 48, 32, 68, 56, 44, 20

□
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Each of the four lines has 49 points. Their pairwise intersections are the origin, since 2 is a

unit modulo 49; their union therefore has 1 + 4 ⋅ 48 = 193 points. A pair outside this union has no

nonidentity stabilizer under independent sign changes and interchange of the coordinates, so its

orbit has eight points. The number of zeros is consequently 193 + 12 ⋅ 8 = 289. The twelve pairs in

Lemma 3.4 consist of two distinct members of {1, 3, 5}, one member of {1, 3} and one of {7, 14, 21}, or

two distinct members of {7, 14, 21}. Together with the four lines, their orbits give exactly Z .

3.2. Complete ordered eigenvalue lists.

Lemma 3.5. For fixed integers 𝑢 ≥ 𝑣 ≥ 0, the following conditions are equivalent:

𝐵(𝑎) = 0 for every 𝑎 ∈ ℤ/49ℤ,

sup
𝑗≥1

|𝜆𝑗 (𝐿) − 𝜆𝑗 (𝐿′)| < ∞,

|
√
𝜆𝑗 (𝐿) + 4 −

√
𝜆𝑗 (𝐿′) + 4| ⟶ 0 (𝑗 ⟶ ∞).

If they hold, then |𝜆𝑗 (𝐿) − 𝜆𝑗 (𝐿′)| ≤ 𝐻𝑢,𝑣 for every 𝑗 ≥ 1.

Proof. Write 𝑊 = {𝑤1 < ⋯ < 𝑤𝑠}. With the notation following Lemma 2.8, put

𝑝𝑟,𝑖 = 𝑚Γ,𝑤𝑖(𝑟), 𝑞𝑟,𝑖 = 𝑚Γ′,𝑤𝑖(𝑟) (𝑟 ≥ 𝑢, 1 ≤ 𝑖 ≤ 𝑠).

The branching rule (1.2) and the multiplicity formula in subsection 1.2 give the complete eigenvalue

multisets of the quadratic model with

𝜎 = 1, 𝛽 = 2, 𝑐 = 4, 𝑟0 = 𝑢, 𝑃 = 𝑄 = ∅.

Here 𝑡𝑢 = 𝑢 + 2 > 0 and 𝑡2𝑢 + 𝑤1 > 0, since 𝑢 ≥ 0 and 𝑤1 = 𝑣(𝑣 + 2) ≥ 0. Moreover, 𝑡2𝑟 + 𝑤𝑖 − 4 =
𝑟(𝑟 + 4) + 𝑤𝑖, and there are no summands with 𝑟 < 𝑢. The estimates following Lemma 2.8 give

min(𝑝𝑟,𝑖, 𝑞𝑟,𝑖) → ∞ for every 𝑖; in particular, both spectra are infinite. For 𝑎 ∈ ℤ/49ℤ, put

𝛿𝑖(𝑎) ∶= 𝐴(𝑎 + 2, 𝑤𝑖).

The functions 𝛿𝑖 are integer-valued on ℤ/49ℤ by Lemma 1.2, and (1.5)–(1.6) give

𝑝𝑟,𝑖 − 𝑞𝑟,𝑖 = 𝐴(𝑟 + 2, 𝑤𝑖) = 𝛿𝑖(𝑟 mod 49).

Their sum is 𝐵(𝑎 + 2), and 𝑤𝑠 − 𝑤1 = 𝐻𝑢,𝑣. Theorem 2.4 now gives all three equivalences and the

bound at every index. Its multiset formulation includes coincident eigenvalues and overlapping initial

blocks. □

Proof of Theorem 3.1. Lemmas 3.3 and 3.4 identify condition 1 with 𝐵 = 0. Lemma 3.5 identifies this

condition with conditions 2 and 3. The operators Δ𝑢,𝑣,𝐿 and Δ𝑢,𝑣,𝐿′ are nonnegative and have compact

resolvent on their infinite-dimensional separable complex Hilbert spaces. Proposition 2.7 therefore

identifies conditions 2 and 4 and gives a correction of norm at most 𝐻𝑢,𝑣, diagonal in an eigenbasis

of Δ𝑢,𝑣,𝐿. Each spectral projection is diagonal in that basis, so the correction commutes with it. This

proves condition 5, which implies condition 4.

If bounded self-adjoint corrections 𝐶, 𝐶′
give a common ordered eigenvalue sequence (𝜇𝑗 )𝑗≥1,

then (2.18) gives

|𝜆𝑗 (𝐿) − 𝜆𝑗 (𝐿′)| ≤ |𝜆𝑗 (𝐿) − 𝜇𝑗 | + |𝜇𝑗 − 𝜆𝑗 (𝐿′)| ≤ ‖𝐶‖ + ‖𝐶′‖ (𝑗 ≥ 1).

Conversely, condition 4 gives such a pair with 𝐶′ = 0. The count of Z follows from Lemma 3.4 and

the count immediately following its proof. Theorem 1.1 gives the five equality types and the assertion

for all other types. □
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3.3. The eventual displacement.

Proposition 3.6. Suppose 𝐵(𝑎) = 0 for every 𝑎 ∈ ℤ/49ℤ, and write 𝑊 = {𝑤1 < ⋯ < 𝑤𝑠}. Put

𝐷∗ = max

{

𝑤𝑖+1 − 𝑤𝑖 ∶ 1 ≤ 𝑖 < 𝑠,
𝑖

∑
𝑗=1

𝐴(𝑎, 𝑤𝑗 ) ≠ 0 for some 𝑎 ∈ ℤ/49ℤ

}

, (3.2)

where an empty maximum is zero. Then

lim sup
𝑗→∞

|𝜆𝑗 (𝐿) − 𝜆𝑗 (𝐿′)| = 𝐷∗,

and |𝜆𝑗 (𝐿) − 𝜆𝑗 (𝐿′)| ≤ 𝐷∗ for all sufficiently large 𝑗 .

Proof. The multiplicities in the proof of Lemma 3.5 satisfy common multiplicity growth, have empty

prefixes, and have equal block cardinalities because 𝐵 = 0. Thus Theorem 2.5 applies. Since 𝑎 ↦ 𝑎+ 2
permutes ℤ/49ℤ, its maximum is exactly (3.2), and it gives both assertions. □

3.4. Resolution at every tolerance. Fix integers 𝑢 ≥ 𝑣 ≥ 0 and retain the notation 𝐴, 𝐵,𝑊 of

subsection 3.1. Write 𝑊 = {𝑤1 < ⋯ < 𝑤𝑠} and put

𝐺𝑊 = {𝑤𝑖+1 − 𝑤𝑖 ∶ 1 ≤ 𝑖 < 𝑠}.

For 𝑡 ≥ 0, let P𝑊 (𝑡) be the partition of 𝑊 into the components of the path joining 𝑤𝑖 to 𝑤𝑖+1
whenever 𝑤𝑖+1 − 𝑤𝑖 ≤ 𝑡. For 𝑎 ∈ ℤ/49ℤ, put

𝐹𝑎(𝑡) = ∑
𝐶∈P𝑊 (𝑡)

|||||
∑
𝑤∈𝐶

𝐴(𝑎, 𝑤)
|||||
.

For 𝑔 ∈ 𝐺𝑊 , write 𝐹𝑎(𝑔−) = lim𝑡↑𝑔 𝐹𝑎(𝑡) and define

𝑑𝑔 =
48
∑
𝑎=0

(𝐹𝑎(𝑔−) − 𝐹𝑎(𝑔)).

Thus edges with the same gap are joined simultaneously. Put

𝑐0 =
1
49

48
∑
𝑎=0

∑
𝑤∈𝑊

|𝐴(𝑎, 𝑤)|, 𝑐+ =
1
49

48
∑
𝑎=0

|𝐵(𝑎)|.

When 𝑠 = 1, the set 𝐺𝑊 and all sums over it are empty. Let

𝑋 = {
√
𝜆𝑗 (𝐿) + 4 ∶ 𝑗 ≥ 1}, 𝑌 = {

√
𝜆𝑗 (𝐿′) + 4 ∶ 𝑗 ≥ 1},

with multiplicities, and write 𝐸𝜂(𝑅) = 𝐸𝜂(𝑅; 𝑋, 𝑌 ). For integers 𝐾 ≥ 𝑢, put 𝑅𝐾 = 𝐾 + 5/2.

Theorem 3.7. Define

(0) = 𝑐0, (𝜅) = 𝑐+ +
1
49

∑
𝑔∈𝐺𝑊

𝑑𝑔 min
{
1,

𝑔
2𝜅

}
(𝜅 > 0).

As 𝐾 → ∞, the following estimates hold uniformly in the indicated ranges of 𝜂:

𝐸𝜂(𝑅𝐾 ) = 𝑅𝐾(𝜂𝑅𝐾 ) + 𝑂𝑢,𝑣(1) (0 ≤ 𝜂 ≤ 1
2 ), (3.3)

𝐸𝜂(𝑅𝐾 ) = 𝑐+max
{
0, 𝑅𝐾 −

𝐻𝑢,𝑣

2(1 − 𝜂)

}
+ 𝑂𝑢,𝑣(1) ( 12 ≤ 𝜂 < 1), (3.4)

𝐸𝜂(𝑅𝐾 ) = 𝑂𝑢,𝑣(1) (𝜂 ≥ 1). (3.5)

The error constants depend only on 𝑢, 𝑣. For (𝑢, 𝑣) = (0, 0), 𝐸𝜂(𝑅) = 0 for every 𝜂 ≥ 0 and 𝑅 ∈ ℝ. For
every fixed 𝜅 ≥ 0, as 𝐾 → ∞,

𝐸𝜅/𝑅𝐾 (𝑅𝐾 ) = 𝑅𝐾(𝜅) + 𝑂𝑢,𝑣(1),
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and for every fixed 𝜅 > 0, as 𝐾 → ∞,

𝐸1−𝜅/𝑅𝐾 (𝑅𝐾 ) = 𝑅𝐾𝑐+max
{
0, 1 −

𝐻𝑢,𝑣

2𝜅

}
+ 𝑂𝑢,𝑣(1).

Moreover,

lim sup
𝑗→∞

|||
√
𝜆𝑗 (𝐿) + 4 −

√
𝜆𝑗 (𝐿′) + 4||| =

{
0, (2𝑢 + 3, 2𝑣 + 1) mod 49 ∈ Z ,
1, otherwise.

Proof. The proof of Lemma 3.5 gives the complete quadratic model with

𝜎 = 1, 𝛽 = 2, 𝑐 = 4, 𝑟0 = 𝑢, 𝑞 = 49, 𝑃 = 𝑄 = ∅, 𝛿𝑖(𝑎) = 𝐴(𝑎 + 2, 𝑤𝑖).

Translation by 2 permutes ℤ/49ℤ, so the quantities 𝑐0, 𝑐+, 𝑑𝑔 and the function  are those of Theo-

rem 2.2. By (1.7) and Lemma 3.2,

48
∑
𝑎=0

𝐵(𝑎) = 0.

Taking 𝜃 = 1/2 in (2.4) gives 𝑅𝐾 = 𝐾 + 5/2. Theorem 2.2, with 𝜂∗ = 1/2, proves (3.3).

If (𝑢, 𝑣) ≠ (0, 0), then 𝐻𝑢,𝑣 = 𝑢(𝑢 + 2) − 2𝑣 ≥ 𝑢2 > 0. Theorem 2.3, with 𝜂0 = 1/2, proves (3.4) and

(3.5). For (𝑢, 𝑣) = (0, 0), Theorem 1.1 and Lemma 1.3 give equality of the spectra and 𝐴 = 0; hence

𝐸𝜂 = 0 and  ≡ 0. For each fixed 𝜅, the two substitutions 𝜂 = 𝜅/𝑅𝐾 and 𝜂 = 1 − 𝜅/𝑅𝐾 belong to the

respective ranges for all sufficiently large 𝐾 , with 𝜅 > 0 in the second substitution. This gives the

two further estimates.

Since 𝑃 = 𝑄 = ∅, Proposition 2.6 gives limsup 0 if 𝐵 = 0 and 1 otherwise. Lemma 3.5 and

Theorem 3.1 identify 𝐵 = 0 with (2𝑢 + 3, 2𝑣 + 1) mod 49 ∈ Z . □

Corollary 3.8. A compact self-adjoint operator 𝐶 on 𝑢,𝑣,𝐿 with Spec(Δ𝑢,𝑣,𝐿 + 𝐶) = Spec(Δ𝑢,𝑣,𝐿′) exists
precisely for

(𝑢, 𝑣) ∈ {(0, 0), (1, 0), (2, 0), (1, 1), (2, 1)}.

Suppose 𝐵 = 0, and put 𝐷𝑢,𝑣 = 𝐷∗, with 𝐷∗ defined by (3.2). Let 𝐶 range over the bounded self-adjoint
operators on 𝑢,𝑣,𝐿 such that Spec(Δ𝑢,𝑣,𝐿 + 𝐶) = Spec(Δ𝑢,𝑣,𝐿′). Then

min
𝐶

‖𝐶‖ess = lim sup
𝑗→∞

|𝜆𝑗 (𝐿) − 𝜆𝑗 (𝐿′)| = 𝐷𝑢,𝑣,

min
𝐶

‖𝐶‖ = sup
𝑗≥1

|𝜆𝑗 (𝐿) − 𝜆𝑗 (𝐿′)| ≤ 𝐻𝑢,𝑣.

Both minima are attained by the same operator, diagonal in an eigenbasis of Δ𝑢,𝑣,𝐿. For every sufficiently
large 𝑟 and every 1 ≤ 𝑖 < 𝑠, exactly

|||||

𝑖
∑
𝑗=1

𝐴(𝑟 + 2, 𝑤𝑗 )
|||||

ordered pairs in the 𝑟-block join the offsets 𝑤𝑖 and 𝑤𝑖+1; all other pairs join equal offsets.

Proof. The Laplacians are nonnegative with compact resolvent on infinite-dimensional separable

complex Hilbert spaces. Proposition 2.7, Lemma 3.5, and Proposition 3.6 give the two minima and their

common diagonal minimizer. Theorem 2.5, with 𝛿𝑖(𝑎) = 𝐴(𝑎 + 2, 𝑤𝑖) as in the proof of Lemma 3.5,

gives the stated pair counts.

If a compact correction exists, Proposition 2.7 and Lemma 3.5 give 𝐵 = 0 and 𝜆𝑗 (𝐿) − 𝜆𝑗 (𝐿′) → 0.

Proposition 3.6 then gives 𝐷𝑢,𝑣 = 0. Since every adjacent gap is positive, (3.2) implies

𝑖
∑
𝑗=1

𝐴(𝑎, 𝑤𝑗 ) = 0 (𝑎 ∈ ℤ/49ℤ, 1 ≤ 𝑖 < 𝑠).

Together with𝐵(𝑎) = 0, these identities give𝐴(𝑎, 𝑤𝑖) = 0 for every 𝑎 and 𝑖. Lemma 1.3 and Theorem 1.1

give the five displayed types. Conversely, their spectra are equal, so 𝐶 = 0 suffices. □



32 ANASS NIFA

Corollary 3.9. A bounded self-adjoint correction giving equality of the two natural spectra exists if and
only if lim𝜅→∞ (𝜅) = 0. A compact self-adjoint correction exists if and only if (0) = 0, equivalently,
if the uncorrected spectra are equal. Suppose 𝐵 = 0, and let 𝐶 range over the bounded self-adjoint
corrections specified in Corollary 3.8. Then

min
𝐶

‖𝐶‖ess = 𝐷𝑢,𝑣 = max{𝑔 ∈ 𝐺𝑊 ∶ 𝑑𝑔 > 0},

where an empty maximum is zero. If  ≢ 0, then 𝐷𝑢,𝑣/2 is the greatest point in (0, ∞) at which the
piecewise affine function 𝜅 ↦ 𝜅(𝜅) is not differentiable. If  ≡ 0, then 𝐷𝑢,𝑣 = 0.

Proof. The definitions give

lim
𝜅→∞

(𝜅) = 𝑐+, 𝑐+ = 0 ⟺ 𝐵 = 0, (0) = 𝑐0, 𝑐0 = 0 ⟺ 𝐴 = 0.

Lemma 3.5 and Proposition 2.7 give the bounded correction criterion. Lemma 1.3 and Corollary 3.8

give the compact correction criterion and the equivalence with equality of spectra.

Suppose 𝐵 = 0. For 𝑎 ∈ ℤ/49ℤ, put

𝑆0(𝑎) = 0, 𝑆𝑖(𝑎) =
𝑖

∑
𝑗=1

𝐴(𝑎, 𝑤𝑗 ) (1 ≤ 𝑖 ≤ 𝑠).

Then 𝑆𝑠(𝑎) = 0. At threshold 𝑡 ≥ 0, each prefix ending at a missing edge is a union of components.

Each component {𝑤𝓁+1, … , 𝑤𝑚} has sum 𝑆𝑚(𝑎) − 𝑆𝓁(𝑎). Since 𝑆0(𝑎) = 𝑆𝑠(𝑎) = 0 and 𝐹𝑎(𝑡) is a sum of

absolute values,

𝐹𝑎(𝑡) = 0 ⟺ 𝑆𝑖(𝑎) = 0 whenever 1 ≤ 𝑖 < 𝑠 and 𝑤𝑖+1 − 𝑤𝑖 > 𝑡.

Thus

48
∑
𝑎=0

𝐹𝑎(𝑡) = 0 ⟺ 𝑡 ≥ 𝐷𝑢,𝑣.

If 𝐷𝑢,𝑣 > 0, the finite step function on the left is positive for 𝑡 < 𝐷𝑢,𝑣 and zero for 𝑡 ≥ 𝐷𝑢,𝑣. Hence

𝑑𝐷𝑢,𝑣 > 0 and 𝑑𝑔 = 0 for 𝑔 > 𝐷𝑢,𝑣. If 𝐷𝑢,𝑣 = 0, every 𝑑𝑔 is zero. This proves the formula for the

maximum. By (2.13), the nondifferentiability points of 𝜅 ↦ 𝜅(𝜅) in (0, ∞) are exactly 𝑔/2 with

𝑔 ∈ 𝐺𝑊 and 𝑑𝑔 > 0. The last assertions follow. □

For each fixed 0 < 𝜂 < 1, equations (3.3)–(3.5) give

𝐸𝜂(𝑅𝐾 ) = 𝑐+𝑅𝐾 + 𝑂𝑢,𝑣,𝜂(1), 𝐸1(𝑅𝐾 ) = 𝑂𝑢,𝑣(1).

If𝐵 = 0 and (𝑢, 𝑣) is not one of the five types in Corollary 3.8, then𝐷𝑢,𝑣 > 0 and 𝑑𝐷𝑢,𝑣 > 0. Consequently

(𝜅) > 0 for every finite 𝜅 ≥ 0, whereas 𝐸𝜂(𝑅𝐾 ) = 𝑂𝑢,𝑣,𝜂(1) for every fixed 𝜂 > 0.

3.5. Optimal correction norms for one-row types. Fix an integer 𝑢 ≥ 0, and put 𝐴𝑢 = Δ𝑢,0,𝐿 and

𝐴′
𝑢 = Δ𝑢,0,𝐿′ , with the groups, bundles, and Casimir normalization of Section 1. Write (𝜆𝑗 (𝐴𝑢))𝑗≥1 and

(𝜆𝑗 (𝐴′
𝑢))𝑗≥1 for their eigenvalues in nondecreasing order, with multiplicities. For integers 𝑟 ≥ 𝑘 ≥ 0,

let 𝑉𝑟,𝑘,0 be the irreducible 𝐺-representation of highest weight (𝑟, 𝑘, 0), and put

𝑝𝑟,𝑘 = dim𝑉 Γ
𝑟,𝑘,0, 𝑞𝑟,𝑘 = dim𝑉 Γ′

𝑟,𝑘,0.

For 𝑣 = 0, the branching rule (1.2) has 𝑐 = 0 and 𝑟 ≥ 𝑢 ≥ 𝑘 ≥ 0, with multiplicity one. Together with

(1.1), it gives the complete multiset decompositions

Spec(𝐴𝑢) =
∞
∐
𝑟=𝑢

𝑢
∐
𝑘=0

{𝑟(𝑟 + 4) + 𝑘(𝑘 + 2)}[𝑝𝑟,𝑘],

Spec(𝐴′
𝑢) =

∞
∐
𝑟=𝑢

𝑢
∐
𝑘=0

{𝑟(𝑟 + 4) + 𝑘(𝑘 + 2)}[𝑞𝑟,𝑘].
(3.6)



NATURAL SPECTRA OF LENS SPACES 33

These representations form the family in [19, Remark 3.17]; their weight multiplicities are given by

[19, Theorem 3.3].

Let C𝑢 be the set of bounded self-adjoint operators 𝐶 on 𝑢,0,𝐿 such that Spec(𝐴𝑢+𝐶) = Spec(𝐴′
𝑢),

with multiplicities. The domain of 𝐴𝑢 + 𝐶 is (𝐴𝑢). Put

 = {0, 1, 2, 9, 16, 23, 30, 37, 44, 45, 46, 47, 48}.

Theorem 3.10 (Optimal norms for one-row types). The set C𝑢 is nonempty if and only if 𝑢 mod 49 ∈ .
For 𝑢 = 0, 1, 2, the spectra are equal and 0 ∈ C𝑢. For every other 𝑢 with residue in , write 𝑢 = 49𝑡 + 𝑏 ,
where 𝑡 ∈ ℤ≥0 and 0 ≤ 𝑏 < 49, and put

𝑑𝑢 =

⎧⎪⎪⎪
⎨⎪⎪⎪⎩

98𝑡 − 9, 𝑏 ∈ {0, 1, 2}, 𝑡 ≥ 1,
98𝑡 + 2𝑏 + 1, 𝑏 ∈ {9, 16, 23, 30, 37},
98𝑡 + 89, 𝑏 ∈ {44, 45, 46, 47, 48}.

(3.7)

Then
min
𝐶∈C𝑢

‖𝐶‖ = min
𝐶∈C𝑢

‖𝐶‖ess = 𝑑𝑢,

sup
𝑗≥1

|𝜆𝑗 (𝐴𝑢) − 𝜆𝑗 (𝐴′
𝑢)| = lim sup

𝑗→∞
|𝜆𝑗 (𝐴𝑢) − 𝜆𝑗 (𝐴′

𝑢)| = 𝑑𝑢.

Both minima are attained by the same operator, diagonal in an eigenbasis of 𝐴𝑢. The set C𝑢 contains a
compact operator if and only if 𝑢 ∈ {0, 1, 2}.

3.5.1. Two invariant tensors. For a dominant integral weight 𝜆 of 𝐺, let 𝑉𝜆 denote the irreducible

representation of highest weight 𝜆.

Lemma 3.11. Let 𝜆, 𝜇 be dominant integral weights of 𝐺, and let Λ ∈ {Γ, Γ′}. For every nonzero 𝜂 ∈ 𝑉 Λ
𝜇 ,

Cartan multiplication by 𝜂 induces an injection

𝑉 Λ
𝜆 ⟶ 𝑉 Λ

𝜆+𝜇.

In particular, for integers 𝑟 ≥ 𝑘 ≥ 0,

dim𝑉 Λ
𝑟+2,𝑘,0 ≥ dim𝑉 Λ

𝑟,𝑘,0, dim𝑉 Λ
𝑟+1,𝑘+1,0 ≥ dim𝑉 Λ

𝑟,𝑘,0. (3.8)

Proof. Put 𝐺ℂ = SO(6, ℂ), and let 𝑈 be a maximal unipotent subgroup. The Cartan algebra ℂ[𝐺ℂ/𝑈]
contains each 𝑉𝜆 with multiplicity one, and its multiplication sends 𝑉𝜆𝑉𝜇 into 𝑉𝜆+𝜇 [22, p. 173, (3.20)–

(3.21)]. Since 𝐺ℂ is connected, ℂ[𝐺ℂ] is an integral domain. Its subalgebra ℂ[𝐺ℂ/𝑈] is therefore an

integral domain, and its multiplication is 𝐺ℂ-equivariant. Multiplication by 𝜂 is therefore injective

and preserves Λ-invariant vectors.

Let 𝑒1, … , 𝑒6 be the standard basis of ℂ6
, let 𝑥1, … , 𝑥6 be its coordinate functions, and let 2 be the

space of homogeneous quadratic polynomials annihilated by ∑6
𝑖=1 𝜕2𝑥𝑖 . The standard identifications [8,

Exercises 32.8 and 32.11(iii)] are

2
⋀ℂ6 ≃ 𝑉1,1,0, 2 ≃ 𝑉2,0,0.

Both groups preserve each oriented coordinate two-plane. Thus

𝑒1 ∧ 𝑒2 ∈ 𝑉 Λ
1,1,0, 𝑥21 + 𝑥22 − 𝑥23 − 𝑥24 ∈ 𝑉 Λ

2,0,0

are nonzero; the Laplacian of the second is 2 + 2 − 2 − 2 = 0. The choices 𝜇 = (2, 0, 0) and 𝜇 = (1, 1, 0)
give (3.8). □

Lemma 3.12. For integers 𝑟, 𝑘 with 𝑟 ≥ 9 and 0 ≤ 𝑘 ≤ 𝑟 ,

𝑝𝑟,𝑘 ≥ 28, 𝑞𝑟,𝑘 ≥ 28.
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Proof. Under the exterior-square covering SU(4) ⟶ SO(6) [8, Example 32.10], choose diagonal torus

coordinates 𝑧1, 𝑧2, 𝑧3, 𝑧4, with 𝑧1𝑧2𝑧3𝑧4 = 1, so that the characters 𝜀1, 𝜀2, 𝜀3 pull back to 𝑧1𝑧2, 𝑧1𝑧3, 𝑧1𝑧4,
respectively. Put

𝑡 = (11, 39, 44, 4), 𝑡′ = (38, 12, 17, 31).

Both tuples have sum zero modulo 49, and

(𝑡1 + 𝑡2, 𝑡1 + 𝑡3, 𝑡1 + 𝑡4) ≡ (1, 6, 15), (𝑡′1 + 𝑡′2, 𝑡
′
1 + 𝑡′3, 𝑡

′
1 + 𝑡′4) ≡ (1, 6, 20) (mod 49).

The complementary pair sums are their negatives. Put 𝜁 = 𝑒2𝜋𝑖/49. The diagonal matrices with entries

𝜁 𝑡𝑖 and 𝜁 𝑡′𝑖 have order 49 and map to the generators of Γ and Γ′, respectively.

Fix Λ ∈ {Γ, Γ′}, and let 𝐯 = (𝑣1, 𝑣2, 𝑣3, 𝑣4) be 𝑡 or 𝑡′, respectively. The highest weight of the pullback

of 𝑉𝑟,𝑘,0 is 𝑧𝑟+𝑘1 𝑧𝑟2𝑧𝑘3 ; its 𝐴3 Dynkin labels are (𝑘, 𝑟 − 𝑘, 𝑘). Thus its character is the Schur polynomial

associated with the partition 𝜆 = (𝑟 + 𝑘, 𝑟, 𝑘, 0) [8, §29.3].

For 𝑎 ∈ ℤ/49ℤ, let [𝑍𝑎] denote the coefficient of the corresponding basis element inℤ[𝑍]/(𝑍49−1).
With 𝑋 a formal variable, define

∑
𝑛≥0

ℎ(𝐯)𝑛 𝑋𝑛 =
4

∏
𝑖=1

(1 − 𝑋𝑍𝑣𝑖)−1, ℎ(𝐯)𝑛 = 0 (𝑛 < 0). (3.9)

The Jacobi–Trudi identity [20, Chapter I, §3, (3.4)] is a polynomial identity, so it remains valid after

the substitution 𝑧𝑖 = 𝑍𝑣𝑖
. Since 𝜆4 = 0, it gives

dim𝑉 Λ
𝑟,𝑘,0 = [𝑍0] det(ℎ

(𝐯)
𝜆𝑖−𝑖+𝑗)

3
𝑖,𝑗=1. (3.10)

Indeed, the coefficient of 𝑍𝑎
in the restricted character is the multiplicity of the character sending the

generator to 𝜁 𝑎.

For 𝑎 ∈ ℤ/49ℤ, define integers 𝐻 (𝑗)
𝑛 (𝑎) by

𝐻 (0)
𝑛 (𝑎) = 𝟏𝑛=0𝟏𝑎=0 (𝑛 ≥ 0), 𝐻 (𝑗)

−1 (𝑎) = 0 (0 ≤ 𝑗 ≤ 4),

𝐻 (𝑗)
𝑛 (𝑎) = 𝐻 (𝑗−1)

𝑛 (𝑎) + 𝐻 (𝑗)
𝑛−1(𝑎 − 𝑣𝑗 ) (𝑛 ≥ 0, 1 ≤ 𝑗 ≤ 4).

(3.11)

Then ℎ(𝐯)𝑛 = ∑𝑎 𝐻 (4)
𝑛 (𝑎)𝑍𝑎

for 𝑛 ≥ 0. Equations (3.10) and (3.11) give

(𝑟, 𝑘) 𝑝𝑟,𝑘 𝑞𝑟,𝑘 (𝑟, 𝑘) 𝑝𝑟,𝑘 𝑞𝑟,𝑘
(9, 0) 28 28 (9, 6) 660 660
(9, 1) 91 91 (9, 7) 844 842
(9, 2) 226 226 (9, 8) 594 594
(9, 3) 334 334 (9, 9) 527 527
(9, 4) 472 472 (10, 0) 30 30
(9, 5) 655 657

Put 𝑑 = 𝑟 − 𝑘. If 𝑑 ≥ 9, choose 𝑑0 ∈ {9, 10} with 𝑑 ≡ 𝑑0 (mod 2). Starting at (𝑑0, 0), apply the first

injection in (3.8) (𝑑 − 𝑑0)/2 times and the second 𝑘 times. The resulting pair is (𝑑 + 𝑘, 𝑘) = (𝑟, 𝑘).
If 0 ≤ 𝑑 ≤ 8, start at (9, 9 − 𝑑) and apply the second injection 𝑟 − 9 times. The resulting pair is

(𝑟, 𝑟 − 𝑑) = (𝑟, 𝑘). All intermediate pairs are dominant, and every initial dimension in the table is at

least 28. □

3.5.2. The cumulative multiplicity differences. Let 𝑇 (𝑎, 𝑏, 𝑐) be the integer-valued function in (1.10),

and put 𝑇0(𝑎, 𝑏) = 𝑇 (𝑎, 𝑏, 0). By (1.5),

𝑝𝑟,𝑘 − 𝑞𝑟,𝑘 = 𝑇0(𝑟 + 2, 𝑘 + 1). (3.12)

The function 𝑇0 is even and 49-periodic in each variable. Moreover, Lemma 3.2 gives ∑48
𝑏=0 𝑇0(𝑎, 𝑏) = 0.
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For 𝑎 ∈ ℤ/49ℤ and 𝑘 ∈ ℤ≥0, put

𝑆𝑎(𝑘) =
𝑘
∑
𝑗=0

𝑇0(𝑎, 𝑗 + 1), 𝑆𝑎(−1) = 0.

The zero period sum gives 𝑆𝑎(𝑘 + 49) = 𝑆𝑎(𝑘); extend 𝑆𝑎 to ℤ by this identity. For 0 ≤ 𝑗 ≤ 5, put

𝐼𝑗 = {7𝑗 + 3, … , 7𝑗 + 8}, 𝐽𝑗 = {7𝑗 + 5, 7𝑗 + 6},

and write 𝐼 = (𝐼𝑗 )5𝑗=0, 𝐽 = (𝐽𝑗 )5𝑗=0. Define

𝑐(1) = (1, 1, −1, 1, −1, −1), 𝑐(2) = (1, 0, 2, −2, 0, −1), 𝑐(3) = (1, −2, 1, −1, 2, −1).

For 𝑘 ∈ ℤ, let 𝑘̄ be its representative in {0, … , 48}. For 𝐾 = 𝐼 or 𝐽 , write 𝟏𝐾𝑗 for the indicator function

of 𝐾𝑗 . For 𝑐 = (𝑐𝑗 )5𝑗=0 ∈ ℤ6
, define

𝐹𝐾,𝑐(𝑘) = 2
5
∑
𝑗=0

𝑐𝑗𝟏𝐾𝑗 (𝑘̄) (𝑘 ∈ ℤ).

In the following table, a row (𝑎+, 𝑎−, 𝐾 , 𝑐) means 𝑆𝑎+ = 𝑆−𝑎+ = 𝐹𝐾,𝑐 and 𝑆𝑎− = 𝑆−𝑎− = −𝐹𝐾,𝑐 .
Substitution of Table 1 into (1.10), followed by summation over 𝑏 = 1,… , 𝑘 + 1, gives

𝑎+ 𝑎− 𝐾 𝑐
6 8 𝐼 𝑐(1)

10 4 𝐽 𝑐(1)

13 15 𝐼 𝑐(2)

17 11 𝐽 𝑐(2)

22 20 𝐼 𝑐(3)

18 24 𝐽 𝑐(3)

(3.13)

For every remaining residue 𝑎, 𝑆𝑎 = 0. In particular,

|𝑆𝑎(𝑘)| ≤ 4, 𝑆𝑎(𝑘)𝑆𝑎(𝑘 − 1) ≥ 0 (𝑎 ∈ ℤ/49ℤ, 𝑘 ∈ ℤ). (3.14)

Indeed, |𝑐(𝓁)𝑗 | ≤ 2, and successive intervals in either family are separated by an integer outside all its

intervals. The union of the supports, reduced modulo 49, is ⋃5
𝑗=0 𝐼𝑗 , and 𝑆6 is nonzero throughout this

union. Hence

𝑆𝑎(𝑘) = 0 for every 𝑎 ∈ ℤ/49ℤ ⟺ 𝑘 mod 49 ∈ . (3.15)

3.5.3. A matching in every block. Suppose 𝑢 ≥ 9 and 𝑢 mod 49 ∈ . Put 𝑤𝑘 = 𝑘(𝑘 + 2) for 0 ≤ 𝑘 ≤ 𝑢,

and define

𝐷(𝑢) = max{2𝑘 + 3 ∶ 0 ≤ 𝑘 < 𝑢, 𝑆𝑎(𝑘) ≠ 0 for some 𝑎 ∈ ℤ/49ℤ}, (3.16)

where an empty maximum is zero. Fix 𝑟 ≥ 𝑢, and set 𝑎 = 𝑟 + 2 (mod 49). Apply Lemma 2.1 to the

offsets 𝑤0 < ⋯ < 𝑤𝑢 with tolerance 𝐷(𝑢). If 𝑤𝑘+1 − 𝑤𝑘 = 2𝑘 + 3 > 𝐷(𝑢), then 𝑆𝑎(𝑘) = 0 by (3.16).

Also 𝑆𝑎(−1) = 𝑆𝑎(𝑢) = 0. Thus, for every component {𝓁, … , 𝑚} of this path,

𝑚
∑
𝑘=𝓁

(𝑝𝑟,𝑘 − 𝑞𝑟,𝑘) = 𝑆𝑎(𝑚) − 𝑆𝑎(𝓁 − 1) = 0,

and, for 𝓁 ≤ 𝑗 < 𝑚,

|||||

𝑗

∑
𝑘=𝓁

(𝑝𝑟,𝑘 − 𝑞𝑟,𝑘)
|||||
= |𝑆𝑎(𝑗)| ≤ 4.

Lemma 3.12 gives min(𝑝𝑟,𝑘 , 𝑞𝑟,𝑘) ≥ 28. The component form of Lemma 2.1, with 𝐿 = 4, therefore gives

𝐸𝐷(𝑢) ({𝑤
[𝑝𝑟,𝑘]
𝑘 }𝑢𝑘=0, {𝑤

[𝑞𝑟,𝑘]
𝑘 }𝑢𝑘=0) = 0 (𝑟 ≥ 𝑢). (3.17)
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Translate each such matching by 𝑟(𝑟 + 4) and take their disjoint union. By (3.6), this gives a

bijection between the labelled copies of the complete spectra with displacement at most 𝐷(𝑢). For

𝐸 ∈ ℝ, define

𝑁𝑢(𝐸) = #{𝑗 ≥ 1 ∶ 𝜆𝑗 (𝐴𝑢) ≤ 𝐸}, 𝑁 ′
𝑢(𝐸) = #{𝑗 ≥ 1 ∶ 𝜆𝑗 (𝐴′

𝑢) ≤ 𝐸}.

These numbers are finite, and the bijection gives

𝑁𝑢(𝐸) ≤ 𝑁 ′
𝑢(𝐸 + 𝐷(𝑢)), 𝑁 ′

𝑢(𝐸) ≤ 𝑁𝑢(𝐸 + 𝐷(𝑢)).

Taking 𝐸 = 𝜆𝑗 (𝐴𝑢) in the first inequality and 𝐸 = 𝜆𝑗 (𝐴′
𝑢) in the second gives

|𝜆𝑗 (𝐴𝑢) − 𝜆𝑗 (𝐴′
𝑢)| ≤ 𝐷(𝑢) (𝑗 ≥ 1). (3.18)

In the notation of Proposition 3.6,

𝑊 = {𝑤0, … , 𝑤𝑢}, 𝐴(𝑎, 𝑤𝑘) = 𝑇0(𝑎, 𝑘 + 1), 𝐵(𝑎) = 𝑆𝑎(𝑢) = 0.

Its cumulative sums are 𝑆𝑎(𝑘), so 𝐷∗ = 𝐷(𝑢). That proposition and (3.18) yield

sup
𝑗≥1

|𝜆𝑗 (𝐴𝑢) − 𝜆𝑗 (𝐴′
𝑢)| = lim sup

𝑗→∞
|𝜆𝑗 (𝐴𝑢) − 𝜆𝑗 (𝐴′

𝑢)| = 𝐷(𝑢). (3.19)

Put 𝐻 = 𝑢(𝑢 + 2). The 𝑟-block is contained in [𝑟(𝑟 + 4), 𝑟(𝑟 + 4) + 𝐻], and its lower endpoint

exceeds the upper endpoint of the preceding block by 2𝑟 + 3 − 𝐻 . This is positive for

𝑟 ≥ 𝑅𝑢 ∶= max
{
𝑢, ⌈

𝐻
2 ⌉

− 1
}
. (3.20)

At these indices the blocks are separated, all earlier blocks lie below them, and the sums of the

multiplicities of all preceding blocks are equal. Since min(𝑝𝑟,𝑘 , 𝑞𝑟,𝑘) ≥ 28 > 4 ≥ |𝑆𝑎(𝑘)|, the proof of

Theorem 2.5 applies to every 𝑟 ≥ 𝑅𝑢: exactly |𝑆𝑟+2(𝑘)| ordered pairs join the offsets 𝑤𝑘 , 𝑤𝑘+1 for each

0 ≤ 𝑘 < 𝑢, and every other pair joins equal offsets.

3.5.4. The complete formula.

Proof of Theorem 3.10. For 𝜏𝑢,0, the block total in Lemma 3.5 is 𝐵(𝑎) = 𝑆𝑎(𝑢). That lemma and

Proposition 2.7 imply that a bounded self-adjoint correction exists if and only if 𝑆𝑎(𝑢) = 0 for every 𝑎.

By (3.15), this is equivalent to 𝑢 mod 49 ∈ .

Theorem 1.1 gives equality of the spectra for 𝑢 = 0, 1, 2. Every other 𝑢 with residue in  is at least

9, so (3.19) applies. Write 𝑢 = 49𝑡 + 𝑏 , with 𝑡 ≥ 0 and 0 ≤ 𝑏 < 49. By (3.13), the integers 𝑘 for which

𝑆𝑎(𝑘) ≠ 0 for some 𝑎 have residues

5
⋃
𝑗=0

{7𝑗 + 3, … , 7𝑗 + 8} (mod 49).

For 𝑏 ∈ {0, 1, 2} and 𝑡 ≥ 1, the largest such integer 𝑘 < 𝑢 is 49𝑡 − 6. For 𝑏 ∈ {9, 16, 23, 30, 37}, it is

𝑢 − 1. For 44 ≤ 𝑏 ≤ 48, it is 49𝑡 + 43. Substitution in 2𝑘 + 3 gives (3.7). Proposition 2.7 and (3.19) give

both norm minima and their simultaneous attainment by a correction diagonal in an eigenbasis of

𝐴𝑢. Since 𝑑𝑢 > 0 for every such 𝑢 ≥ 9, the same proposition excludes compact corrections in these

cases. □

Corollary 3.13. For 𝜏9,0, the least operator and essential correction norms are 19. For 𝜏48,0, both norms
are 89.

Proof. Substitute 𝑢 = 9 and 𝑢 = 48 in (3.7). For 𝑢 = 48, the largest 𝑘 < 48 with 𝑆𝑎(𝑘) ≠ 0 for some 𝑎
is 43, between 𝑤43 = 1935 and 𝑤44 = 2024, and 𝑆6(43) = −2. Equation (3.20) gives 𝑅48 = 1199. □
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3.5.5. Two resolution profiles. For each integer 𝑢 ≥ 0, put 𝑤𝑘 = 𝑘(𝑘 + 2) for 0 ≤ 𝑘 ≤ 𝑢. Let 𝑢 be

the function  of Theorem 3.7 for the type 𝜏𝑢,0, and denote its coefficients 𝑑𝑔 by 𝑑(𝑢)𝑔 . The gaps

𝑤𝑘+1 − 𝑤𝑘 = 2𝑘 + 3 increase strictly with 𝑘. At the gap 2𝑘 + 3, the component {𝑤0, … , 𝑤𝑘} joins the

singleton {𝑤𝑘+1}. Consequently, for 0 ≤ 𝑘 < 𝑢,

𝑑(𝑢)2𝑘+3 =
48
∑
𝑎=0

(|𝑆𝑎(𝑘)| + |𝑆𝑎(𝑘 + 1) − 𝑆𝑎(𝑘)| − |𝑆𝑎(𝑘 + 1)|)

= 2
48
∑
𝑎=0

max{|𝑆𝑎(𝑘)| − |𝑆𝑎(𝑘 + 1)|, 0},

where the second equality follows from (3.14).

For 𝑢 = 9, the offsets are 0, 3, 8, 15, 24, 35, 48, 63, 80, 99. The only nonzero coefficients are 𝑑(9)15 =
𝑑(9)19 = 48. Since 𝐵(𝑎) = 𝑆𝑎(9) = 0, Theorem 3.7 gives

9(0) =
96
49

, 9(𝜅) =
48
49 (

min
{
1,

15
2𝜅

}
+ min

{
1,

19
2𝜅

}

) (𝜅 > 0).

For 𝑢 = 48, the dimension formula in subsection 1.1 gives dim 𝜏48,0 = 99 ⋅ 49 ⋅ 50/6 = 40425. The

only decreases from |𝑆𝑎(𝑘)| to |𝑆𝑎(𝑘 + 1)| occur at 𝑘 = 7𝑗 + 6 or 7𝑗 + 8, with 0 ≤ 𝑗 ≤ 5. Formula (3.13)

gives

𝑑(48)14𝑗+15 = 𝑑(48)14𝑗+19 = 16
3
∑
𝓁=1

|𝑐(𝓁)𝑗 |.

Thus the nonzero coefficients are

𝑗 0 1 2 3 4 5
14𝑗 + 15 15 29 43 57 71 85
14𝑗 + 19 19 33 47 61 75 89

𝑑(48)14𝑗+15 = 𝑑(48)14𝑗+19 48 48 64 64 48 48

Put

 = {15, 19, 29, 33, 43, 47, 57, 61, 71, 75, 85, 89}.

Since 𝐵(𝑎) = 𝑆𝑎(48) = 0, the same theorem gives

48(0) =
640
49

, 48(𝜅) =
1
49

∑
𝑔∈

𝑑(48)𝑔 min
{
1,

𝑔
2𝜅

}
(𝜅 > 0). (3.21)

Finally, ∑𝑔∈ 𝑔 𝑑(48)𝑔 = 33280, whence

48(𝜅) =
16640
49𝜅

(𝜅 ≥ 89/2).

Part 2. Prime-square orders and congruences

4. Natural spectra at prime-square orders

Let 𝑝 ≥ 5 be prime, put 𝑞 = 𝑝2
, and set

𝐿±𝑝 = 𝐿(𝑞; 1, 1 ± 𝑝, 1 ± 3𝑝).

For 𝑝 ≥ 7, these are the lens spaces of [17, Theorem 7.1], with parameters 𝑟 = 𝑝 and 𝑡 = 1. For

every 𝑝 ≥ 5, their Hodge spectra agree in every degree by [5, Theorem 1 and Sections 4, 8–9]. In

that theorem, take 𝑟 = 𝑝, 𝑡 = 1, and 𝑎 = (0, 1, 3). The only divisors of 𝑝 are 1 and 𝑝; the triple 𝑎 is

reversible modulo 1 and has distinct entries modulo 𝑝, as required there.
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For integers 𝑢 ≥ 𝑣 ≥ 0, let 𝜏𝑢,𝑣 be the irreducible SO(5)-representation with highest weight

𝑢𝜀1 + 𝑣𝜀2, and let Δ±
𝑢,𝑣 be the nonnegative SO(6) Casimir operators on the associated natural bundles

over 𝐿±𝑝 , with the curvature-one normalization of Section 1. Put

𝑋 = 2𝑢 + 3, 𝑌 = 2𝑣 + 1, 𝐻 = 𝑢(𝑢 + 2) − 2𝑣.

For (𝑥, 𝑦) ∈ (ℤ/𝑞ℤ)2, its signed-permutation orbit consists of (𝜖𝑥, 𝛿𝑦) and (𝜖𝑦, 𝛿𝑥), where 𝜖, 𝛿 ∈
{1, −1}. Define subsets of (ℤ/𝑞ℤ)2 by

𝑞 = {𝑥 = 0} ∪ {𝑦 = 0} ∪ {𝑥 = 𝑦} ∪ {𝑥 = −𝑦}, 𝑝 = {(𝑥, 𝑦) ∶ 𝑝 ∣ 𝑥, 𝑝 ∣ 𝑦},

and let 𝑞 be the union of the five signed-permutation orbits represented by

(3, 1), (5, 1), (5, 3), (7, 1), (7, 3).

Theorem 4.1 (Bounded corrections at prime-square orders). There is a bounded self-adjoint operator 𝐾
on 𝐿2(𝐸𝜏𝑢,𝑣 ,𝐿+𝑝 ) such that

Spec(Δ+
𝑢,𝑣 + 𝐾) = Spec(Δ−

𝑢,𝑣),

including multiplicities, if and only if one of the following holds.
(1) 𝑝 = 5.
(2) 𝑝 = 7, and the reduction of (𝑋, 𝑌 ) modulo 49 belongs to 49 ∪ 7 ∪ 49 or to one of the four

signed-permutation orbits represented by

(14, 1), (21, 1), (14, 3), (21, 3).

(3) 𝑝 ≥ 11, and the reduction of (𝑋, 𝑌 ) modulo 𝑝2 belongs to 𝑝2 ∪ 𝑝 ∪ 𝑝2 .
Whenever 𝐾 exists, it can be chosen to commute with Δ+

𝑢,𝑣 and to satisfy ‖𝐾‖ ≤ 𝐻 . For 𝑝 = 5, an isometry
identifies the two natural operators, so 𝐾 = 0 is possible. Allowing bounded self-adjoint corrections on
both sides gives the same classification.

The numbers of residue pairs in these three cases are

625 (𝑝 = 5), 289 (𝑝 = 7), 5𝑝2 − 4𝑝 + 40 (𝑝 ≥ 11).

4.1. The fixed Laurent polynomial. Let 𝑡, 𝑤, 𝑥, 𝑦 be independent indeterminates. For 𝑑 ∈ ℤ, put

𝐸𝑑 = 1 − 𝑡2𝑤2𝑑 , 𝐹𝑑 = 1 − 𝑡4𝑤2𝑑 , 𝐴(𝑤) = (𝑤2 − 1)(𝑤4 − 1)(𝑤6 − 1),

and define

Λ𝑡 = 𝐸3𝐸−3 ∏
1≤|𝑗 |≤5

𝐹𝑗 ,  = {(1, 3), (−1, −3), (−1, 2), (1, −2), (−3, −2), (3, 2)}.

For (𝑑, 𝑒) ∈  , set

𝑄𝑑,𝑒 =
Λ𝑡

𝐹𝑑𝐹𝑒𝐹𝑑+𝑒𝐸𝑑𝐸𝑒
.

These quotients belong to ℤ[𝑡, 𝑤,𝑤−1]. Indeed, the three indices 𝑑, 𝑒, 𝑑 + 𝑒 are distinct, nonzero, and

of absolute value at most 5. After removing the corresponding 𝐹 -factors from Λ𝑡 , cancel 𝐸𝑓 directly

when |𝑓 | = 3. When 𝑓 ∈ {𝑑, 𝑒} and |𝑓 | ≤ 2, the index 2𝑓 is not one of 𝑑, 𝑒, 𝑑 + 𝑒, and

𝐹2𝑓 = 𝐸𝑓 (1 + 𝑡2𝑤2𝑓 ).

The factors needed for the two cancellations are distinct. Since deg𝑡 Λ𝑡 = 44, it follows that deg𝑡 𝑄𝑑,𝑒 =
28; only even powers of 𝑡 occur.

Define the signed monomials 𝑚𝑑,𝑒(𝑤) by

(𝑑, 𝑒) (1, 3) (−1, −3) (−1, 2) (1, −2) (−3, −2) (3, 2)
𝑚𝑑,𝑒 𝑤18 𝑤−6 −𝑤9 −𝑤3 𝑤−9 𝑤21.
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The fixed Laurent polynomial is

𝐽 (𝑡, 𝑤, 𝑥, 𝑦) = ∑
(𝑑,𝑒)∈

𝑚𝑑,𝑒(𝑤)𝑄𝑑,𝑒(𝑡, 𝑤)(𝑥𝑑𝑦𝑒 − 𝑥𝑒𝑦𝑑) ∈ ℤ[𝑡, 𝑤±1, 𝑥±1, 𝑦±1]. (4.1)

Index its nonzero monomials by a finite set 𝐼 , and write

𝐽 = ∑
𝜈∈𝐼

𝑗𝜈 𝑡𝑎𝜈𝑤𝑏𝜈𝑥𝑐𝜈𝑦𝑑𝜈 .

Multiplication of the factors gives 136, 192, and 126 nonzero monomials in 𝑄1,3, 𝑄−1,2, and 𝑄−3,−2,

respectively, with coefficients of absolute value at most 4, 6, and 5. Moreover, 𝑄−𝑑,−𝑒(𝑡, 𝑤) =
𝑄𝑑,𝑒(𝑡, 𝑤−1). The twelve ordered exponent pairs (𝑑, 𝑒), (𝑒, 𝑑) occurring in (4.1) are distinct. Thus

𝐽 has 4(136+ 192+ 126) = 1816 nonzero monomials, with 𝑎𝜈 ∈ {0, 2, … , 28} and |𝑗𝜈 | ≤ 6. If 𝑁𝑎 denotes

their number at 𝑡-degree 𝑎, the same products give

𝑎 0 2 4 6 8 10 12 14
𝑁𝑎 12 32 84 136 152 188 196 216 𝑁28−𝑎 = 𝑁𝑎.

In particular, 𝑁𝑎 ≤ 216.

For integers 𝑋, 𝑌 and 𝑠 ∈ ℤ/𝑞ℤ, define

𝐶𝑠(𝑝; 𝑋, 𝑌 ) = ∑
𝜈∈𝐼 , 𝜖,𝛿∈{±1}

𝑎𝜈+𝑝𝑏𝜈+𝜖(1+𝑝𝑐𝜈 )𝑋+𝛿(1+𝑝𝑑𝜈 )𝑌 ≡𝑠 (mod 𝑞)

𝜖𝛿𝑗𝜈 . (4.2)

It depends only on the residue classes of 𝑋 and 𝑌 modulo 𝑞. The full sum over 𝑠 has 4 ⋅ 1816 = 7264
indexed summands before equal residues are combined.

Theorem 4.2. For 𝑝, 𝑢, 𝑣 as above, write 𝜆𝑗 (Δ±
𝑢,𝑣) for the complete eigenvalue sequences in nondecreasing

order, with multiplicities. The following conditions are equivalent:
(1) For every 0 ≤ 𝑟 < 𝑝, the 𝑝 integers 𝐶𝑟(𝑝; 𝑋, 𝑌 ), 𝐶𝑟+𝑝(𝑝; 𝑋, 𝑌 ), … , 𝐶𝑟+(𝑝−1)𝑝(𝑝; 𝑋, 𝑌 ) are equal.
(2) sup𝑗≥1 |𝜆𝑗 (Δ+

𝑢,𝑣) − 𝜆𝑗 (Δ−
𝑢,𝑣)| < ∞.

(3) There is a bounded self-adjoint operator 𝐾 on the space 𝐿2(𝐸𝜏𝑢,𝑣 ,𝐿+𝑝 ) such that

Spec(Δ+
𝑢,𝑣 + 𝐾) = Spec(Δ−

𝑢,𝑣),

including multiplicities; the sum has domain (Δ+
𝑢,𝑣).

(4) The operator 𝐾 in condition 3 can be chosen to commute with every spectral projection of Δ+
𝑢,𝑣.

If these conditions hold, then

|𝜆𝑗 (Δ+
𝑢,𝑣) − 𝜆𝑗 (Δ−

𝑢,𝑣)| ≤ 𝐻 (𝑗 ≥ 1),

and 𝐾 can be chosen with ‖𝐾‖ ≤ 𝐻 . The same conditions characterize the existence of bounded self-adjoint
corrections on both spaces of sections that make the corrected spectra equal, including multiplicities.

4.2. Reduction from spectra to one Fourier coefficient. Let Γ±𝑝 be the cyclic groups defining 𝐿±𝑝 .

Their rotation weights 1 ± 𝑝𝑎𝑗 , where (𝑎1, 𝑎2, 𝑎3) = (0, 1, 3), are units modulo 𝑞 = 𝑝2
. Thus both

groups have order 𝑞 and act freely on 𝑆5. Fix a primitive 𝑞-th root 𝜉 , put 𝜂 = 𝜉𝑝 , and write

𝑧±ℎ,𝑗 = 𝜉2ℎ(1±𝑝𝑎𝑗 ), 𝑧±ℎ = (𝑧±ℎ,1, 𝑧
±
ℎ,2, 𝑧

±
ℎ,3) (ℎ ∈ ℤ/𝑞ℤ).

Since 2 is a unit modulo 𝑞, these are the rotation coordinates of all powers of a generator of Γ±𝑝 .

For 𝓁 = (𝓁1, 𝓁2, 𝓁3) ∈ ℤ3
and 𝑧 ∈ (ℂ×)3, put

𝐶𝓁(𝑧) = det(𝑧𝓁𝑖𝑗 + 𝑧−𝓁𝑖𝑗 )3𝑖,𝑗=1, 𝑈𝓁(𝑧) = det(𝑧𝓁𝑖𝑗 − 𝑧−𝓁𝑖𝑗 )3𝑖,𝑗=1, 𝐷(𝑧) = 𝐶𝜌(𝑧), 𝜌 = (2, 1, 0).

For the representations 𝜋𝑟,𝑘,𝑐 of subsection 1.2, equations (1.1) and (1.2) give the eigenvalue

𝑟(𝑟 + 4) + 𝑘(𝑘 + 2) + 𝑐2
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and the branching condition 𝑟 ≥ 𝑢 ≥ 𝑘 ≥ 𝑣 ≥ |𝑐|. The type-𝐷3 character formula in the proof of

Lemma 1.2 is

𝜒𝑟,𝑘,𝑐(𝑧) =
𝐶(𝑟+2,𝑘+1,𝑐)(𝑧) + 𝑈(𝑟+2,𝑘+1,𝑐)(𝑧)

𝐷(𝑧)
(𝐷(𝑧) ≠ 0).

Changing 𝑐 to −𝑐 fixes the cosine determinant and negates the sine determinant.

If 𝑝 ∣ ℎ, then 𝑧+ℎ = 𝑧−ℎ , so these terms cancel in the two character averages, including ℎ = 0. If ℎ is a

unit modulo 𝑞, the coordinates are regular. Indeed, the differences between distinct 𝑎𝑗 are ±1, ±2, ±3,

and

1 ± 𝑝𝑎𝑖 ≢ 1 ± 𝑝𝑎𝑗 (mod 𝑞) (𝑖 ≠ 𝑗), 1 ± 𝑝𝑎𝑖 ≢ −(1 ± 𝑝𝑎𝑗 ) (mod 𝑞).

The first assertion follows since 𝑝 ≥ 5, and the second follows by reduction modulo 𝑝. Multiplication

by 2ℎ preserves these inequalities. Thus 𝐷(𝑧±ℎ ) ≠ 0 for every unit ℎ.

For integers 𝑎, 𝑏, 𝑐, define

𝑇𝑝(𝑎, 𝑏, 𝑐) =
1
𝑞

∑
ℎ∈(ℤ/𝑞ℤ)×

(
𝐶(𝑎,𝑏,𝑐)(𝑧+ℎ )
𝐷(𝑧+ℎ )

−
𝐶(𝑎,𝑏,𝑐)(𝑧−ℎ )
𝐷(𝑧−ℎ ) ) .

Write

𝛿𝑝(𝑟, 𝑘, 𝑐) = dim𝑉
Γ+𝑝
𝜋𝑟,𝑘,𝑐 − dim𝑉

Γ−𝑝
𝜋𝑟,𝑘,𝑐 .

The character formula and the cancellation of the nonunit powers give

𝛿𝑝(𝑟, 𝑘, 0) = 𝑇𝑝(𝑟 + 2, 𝑘 + 1, 0), 𝛿𝑝(𝑟, 𝑘, 𝑐) + 𝛿𝑝(𝑟, 𝑘, −𝑐) = 2𝑇𝑝(𝑟 + 2, 𝑘 + 1, 𝑐) (1 ≤ 𝑐 ≤ 𝑘).

The function 𝑇𝑝 is 𝑞-periodic and even in each variable, and alternating under interchange of two

variables. Its sum over a full period in any variable is zero: each row entry has frequency ±2ℎ(1±𝑝𝑎𝑗 ),
which is a unit modulo 𝑞, and the determinant is linear in each row.

The total multiplicity discrepancy in the block with first shifted coordinate 𝑎 = 𝑟 + 2 is therefore

𝐵𝑢,𝑣(𝑎) =
𝑢+1
∑

𝑏=𝑣+1

𝑣
∑
𝑐=−𝑣

𝑇𝑝(𝑎, 𝑏, 𝑐).

The square −𝑣 ≤ 𝑏, 𝑐 ≤ 𝑣 contributes zero by alternation, and the two remaining strips in the

𝑏-variable agree by evenness. Hence

2𝐵𝑢,𝑣(𝑎) =
𝑢+1
∑

𝑏=−𝑢−1

𝑣
∑
𝑐=−𝑣

𝑇𝑝(𝑎, 𝑏, 𝑐). (4.3)

Define 𝐵𝑢,𝑣 for all 𝑢, 𝑣 ≥ 0 by (4.3). Increasing either parameter by 𝑞 adds two strips of width 𝑞, whose

sums vanish. Thus this extension is 𝑞-periodic in 𝑢, 𝑣.
For independent variables 𝑡, 𝑤 and integers 𝑑, 𝑋 , put

𝑆𝑑 = 𝑡𝑤𝑑 − 𝑡−1𝑤−𝑑 , 𝑧𝑑 = 𝑡2𝑤2𝑑 , 𝑐𝑑 = 𝑧𝑑 + 𝑧−1𝑑 , 𝑅𝑋 (𝑑) =
𝑡𝑋𝑤𝑑𝑋 − 𝑡−𝑋𝑤−𝑑𝑋

𝑆𝑑
.

For every positive odd integer 𝑋 , the Dirichlet identity is

(𝑋−1)/2

∑
𝑏=−(𝑋−1)/2

(𝑡2𝑏𝑤2𝑑𝑏 + 𝑡−2𝑏𝑤−2𝑑𝑏) = 2𝑅𝑋 (𝑑).

At (𝑡, 𝑤) = (𝜉, 𝜂), the denominator 𝑆𝑑 is nonzero, since 1 + 𝑝𝑑 is a unit modulo 𝑞. At these roots,

𝑅𝑋+𝑞(𝑑) = 𝑅𝑋 (𝑑), 𝑅−𝑋 (𝑑) = −𝑅𝑋 (𝑑).

The quotients for the rotation coordinates 𝑧±ℎ are obtained by taking 𝑑 = ±𝑎𝑗 and replacing (𝜉 , 𝜂) by

(𝜉ℎ, 𝜂ℎ). Apply the Dirichlet identity to the last two rows in (4.3), with 𝑋 = 2𝑢 + 3 and 𝑌 = 2𝑣 + 1.
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The resulting expression depends only on 𝑋, 𝑌 modulo 𝑞; changing the sign of either variable negates

it, and interchanging 𝑋, 𝑌 interchanges two determinant rows. Consequently the condition 𝐵𝑢,𝑣 = 0
is invariant under signed permutations of (𝑋, 𝑌 ).

For (𝑑, 𝑒) ∈  and integers 𝑋, 𝑌 , put

𝑓𝑑,𝑒(𝑋, 𝑌 ) =
𝑅𝑋 (𝑑)𝑅𝑌 (𝑒) − 𝑅𝑋 (𝑒)𝑅𝑌 (𝑑)
2(𝑐0 − 𝑐𝑑)(𝑐0 − 𝑐𝑒)(𝑐𝑑 − 𝑐𝑒)

.

Define the rational function

𝑋,𝑌 (𝑡, 𝑤) = ∑
(𝑑,𝑒)∈{(1,3),(−1,2),(−3,−2)}

(𝑓𝑑,𝑒(𝑋, 𝑌 ) − 𝑓−𝑑,−𝑒(𝑋, 𝑌 )). (4.4)

For each of these six pairs, 𝑑, 𝑒, 𝑑 − 𝑒 are nonzero modulo every prime 𝑝 ≥ 5. The triples with rotation

weights 1, 1 + 𝑝𝑑, 1 + 𝑝𝑒 are therefore regular. It follows that every denominator in (4.4) is nonzero at

(𝑡, 𝑤) = (𝜉, 𝜂).

Lemma 4.3. The vector (𝐵𝑢,𝑣(𝑎))𝑎 mod 𝑞 is zero if and only if 𝑋,𝑌 (𝜉 , 𝜉𝑝) = 0.

Proof. Write the finite Fourier expansion in the form

𝐵𝑢,𝑣(𝑎) = ∑
ℎ mod 𝑞

𝐵(ℎ)𝜉2ℎ𝑎, 𝐵(ℎ) =
1
𝑞

∑
𝑎 mod 𝑞

𝐵𝑢,𝑣(𝑎)𝜉−2ℎ𝑎.

Expansion of the first row gives 𝐵(ℎ) = 0 for 𝑝 ∣ ℎ.

To compute 𝐵(1), expand the first row after summing the last two rows in (4.3). The two Dirichlet

sums contribute a factor 4, and the factor 2 on the left leaves 2/𝑞 in the character average. For the

𝑗th rotation coordinate in the plus family, the required power of the generator is ℎ = ±(1 + 𝑝𝑎𝑗 )−1.
Simultaneous inversion of the rotation coordinates fixes the cosine determinant and the Dirichlet

quotients, so these two powers contribute equally.

For the positive choice of ℎ one has

(1 + 𝑝𝑎𝑘)(1 + 𝑝𝑎𝑗 )−1 ≡ 1 + 𝑝(𝑎𝑘 − 𝑎𝑗 ) (mod 𝑞).

Move the 𝑗th column to the first position, preserving the relative order of the other two columns.

The signs of this permutation cancel between numerator and denominator. For 𝑎𝑗 = 0, 1, 3, the other

two normalized weights give, respectively,

(𝑑, 𝑒) = (1, 3), (−1, 2), (−3, −2).

The minus family gives (−𝑑, −𝑒). If 𝛾𝑗 = 𝑧𝑗 + 𝑧−1𝑗 , then

𝐷(𝑧) = 2 det(𝛾 3−𝑖
𝑗 )3𝑖,𝑗=1 = 2∏

𝑖<𝑗
(𝛾𝑖 − 𝛾𝑗 ).

Thus the normalized cofactor divided by its denominator is exactly 𝑓𝑑,𝑒(𝑋, 𝑌 ). Including both signs of

ℎ gives

𝐵(1) =
4
𝑞
𝑋,𝑌 (𝜉 , 𝜂).

For any unit ℎ, the same calculation with 𝜉ℎ in place of 𝜉 gives

𝐵(ℎ) =
4
𝑞
𝑋,𝑌 (𝜉ℎ, 𝜂ℎ) = 𝜎ℎ(𝐵(1)), 𝜎ℎ(𝜉) = 𝜉ℎ.

Here 𝜎ℎ is the automorphism of ℚ(𝜉) given by [21, Lemma 5.9 and Theorem 5.10]; it satisfies

𝜎ℎ(𝜂) = 𝜂ℎ since 𝜂 = 𝜉𝑝. All other Fourier coefficients vanish. Fourier inversion now proves the

equivalence. □
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4.3. Clearing denominators and the cyclotomic criterion. For (𝑑, 𝑒) ∈  , put

𝐴𝑑,𝑒 = (1 − 𝑤2𝑑)(1 − 𝑤2𝑒)(𝑤2𝑑 − 𝑤2𝑒).

For integers 𝑎, 𝑏 , the identities

𝑐𝑎 − 𝑐𝑏 = −𝑡−2𝑤−2(𝑎+𝑏)(𝑤2𝑎 − 𝑤2𝑏)𝐹𝑎+𝑏 , 𝑆𝑑 = −𝑡−1𝑤−𝑑𝐸𝑑

give

2(𝑐0 − 𝑐𝑑)(𝑐0 − 𝑐𝑒)(𝑐𝑑 − 𝑐𝑒)𝑆𝑑𝑆𝑒 = −2𝑡−8𝑤−5(𝑑+𝑒)𝐴𝑑,𝑒𝐹𝑑𝐹𝑒𝐹𝑑+𝑒𝐸𝑑𝐸𝑒 . (4.5)

For (𝑑, 𝑒) = (1, 3), (−1, 2), (−3, −2), respectively,

𝐴(𝑤)
𝐴𝑑,𝑒

= −𝑤−2, 𝑤4, −𝑤16, 𝐴−𝑑,−𝑒 = −𝑤−4(𝑑+𝑒)𝐴𝑑,𝑒 .

Hence, for these three pairs,

𝑚𝑑,𝑒 = −𝑤5(𝑑+𝑒) 𝐴
𝐴𝑑,𝑒

, 𝑚−𝑑,−𝑒 = 𝑤−5(𝑑+𝑒) 𝐴
𝐴−𝑑,−𝑒

.

The second formula includes the subtraction of the minus family in (4.4).

For integers 𝑋, 𝑌 , expansion of the numerators gives

𝑆𝑑𝑆𝑒(𝑅𝑋 (𝑑)𝑅𝑌 (𝑒) − 𝑅𝑋 (𝑒)𝑅𝑌 (𝑑))

= ∑
𝜖,𝛿=±1

𝜖𝛿 𝑡𝜖𝑋+𝛿𝑌 (𝑤𝜖𝑑𝑋+𝛿𝑒𝑌 − 𝑤𝜖𝑒𝑋+𝛿𝑑𝑌 ).

Define

𝑋,𝑌 (𝑡, 𝑤) = ∑
𝜖,𝛿=±1

𝜖𝛿 𝑡𝜖𝑋+𝛿𝑌 𝐽 (𝑡, 𝑤, 𝑤𝜖𝑋 , 𝑤𝛿𝑌 ).

Substitution into (4.4) now yields the identity in ℚ(𝑡, 𝑤)

𝑋,𝑌 (𝑡, 𝑤) =
𝑡8

2𝐴(𝑤)Λ𝑡(𝑡, 𝑤)
𝑋,𝑌 (𝑡, 𝑤). (4.6)

Let 𝜉 be a primitive 𝑞-th root of unity, with 𝑞 = 𝑝2
. At (𝑡, 𝑤) = (𝜉, 𝜉𝑝), the exponents in the

factors 𝐸𝑑 and 𝐹𝑑 are congruent to 2 and 4 modulo 𝑝, respectively. These factors are nonzero. Since

𝜉𝑝 has order 𝑝 ≥ 5, 𝐴(𝜉𝑝) ≠ 0 as well. Thus (4.6) gives

𝑋,𝑌 (𝜉 , 𝜉𝑝) = 0 ⟺ 𝑋,𝑌 (𝜉 , 𝜉𝑝) = 0.

In the Laurent polynomial ring ℤ[𝑡, 𝑡−1], reduction modulo 𝑡𝑞 − 1 gives

𝑋,𝑌 (𝑡, 𝑡𝑝) ≡ 𝐶(𝑡) ∶=
𝑞−1

∑
𝑠=0

𝐶𝑠(𝑝; 𝑋, 𝑌 )𝑡𝑠 (mod 𝑡𝑞 − 1).

Indeed, the term indexed by (𝜈, 𝜖, 𝛿) has coefficient 𝜖𝛿𝑗𝜈 and exponent

𝑎𝜈 + 𝑝𝑏𝜈 + 𝜖(1 + 𝑝𝑐𝜈 )𝑋 + 𝛿(1 + 𝑝𝑑𝜈 )𝑌 .

Every Laurent polynomial has a unique representative of degree less than 𝑞 modulo 𝑡𝑞 − 1, and

evaluation at 𝜉 is unchanged by this reduction.

By the irreducibility of cyclotomic polynomials [21, Theorem 5.10, p. 66], the minimal polynomial

over ℚ of 𝜉 is

Φ𝑝2(𝑡) =
𝑡𝑝2 − 1
𝑡𝑝 − 1

= 1 + 𝑡𝑝 + ⋯ + 𝑡(𝑝−1)𝑝 .

Since deg𝐶 < 𝑝2
, one has 𝐶(𝜉) = 0 if and only if 𝐶 = 𝑈Φ𝑝2 for a polynomial 𝑈(𝑡) = ∑𝑝−1

𝑟=0 𝑏𝑟 𝑡𝑟 ∈
ℚ[𝑡]. The exponents 𝑟 + 𝑗𝑝, with 0 ≤ 𝑟, 𝑗 < 𝑝, are distinct and range from 0 to 𝑝2 − 1. In this
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factorization, comparison of coefficients gives 𝐶𝑟+𝑗𝑝 = 𝑏𝑟 = 𝐶𝑟 . Conversely, these equalities give

𝐶(𝑡) = (∑𝑝−1
𝑟=0 𝐶𝑟(𝑝; 𝑋, 𝑌 )𝑡𝑟)Φ𝑝2(𝑡). It follows that 𝑋,𝑌 (𝜉 , 𝜉𝑝) = 0 is equivalent to condition (1) of

Theorem 4.2. Let

𝑊 = {𝑘(𝑘 + 2) + 𝑐2 ∶ 𝑘, 𝑐 ∈ ℤ, 𝑣 ≤ 𝑘 ≤ 𝑢, |𝑐| ≤ 𝑣} = {𝑤1 < ⋯ < 𝑤𝑠}.

For 𝑟 ≥ 𝑢, put

𝑝𝑟,𝑖 = ∑
(𝑘,𝑐)∈𝑢,𝑣(𝑤𝑖)

dim𝑉
Γ+𝑝
𝜋𝑟,𝑘,𝑐 , 𝑞𝑟,𝑖 = ∑

(𝑘,𝑐)∈𝑢,𝑣(𝑤𝑖)
dim𝑉

Γ−𝑝
𝜋𝑟,𝑘,𝑐 ,

where 𝑢,𝑣(𝑤𝑖) is defined after Lemma 2.8. The branching and multiplicity formulas of subsection 1.2

give the complete eigenvalue multisets, with parameters

𝜎 = 1, 𝛽 = 2, 𝑐 = 4, 𝑟0 = 𝑢, 𝑃 = 𝑄 = ∅.

Indeed, 𝑡2𝑟 + 𝑤𝑖 − 4 = 𝑟(𝑟 + 4) + 𝑤𝑖, and no representation occurs with 𝑟 < 𝑢. The least and greatest

offsets are

𝑤1 = 𝑣(𝑣 + 2), 𝑤𝑠 = 𝑢(𝑢 + 2) + 𝑣2, 𝑤𝑠 − 𝑤1 = 𝐻.

In particular, 𝑡𝑢 = 𝑢 + 2 > 0 and 𝑡2𝑢 + 𝑤1 > 0.

For 𝑎 ∈ ℤ/𝑞ℤ, define

𝛿𝑖(𝑎) = ∑
(𝑘,𝑐)∈𝑢,𝑣(𝑤𝑖)

𝑇𝑝(𝑎 + 2, 𝑘 + 1, 𝑐).

The set 𝑢,𝑣(𝑤𝑖) is invariant under 𝑐 ↦ −𝑐. The cosine-character identities therefore give

𝑝𝑟,𝑖 − 𝑞𝑟,𝑖 = 𝛿𝑖(𝑟 mod 𝑞),
𝑠
∑
𝑖=1

𝛿𝑖(𝑎) = 𝐵𝑢,𝑣(𝑎 + 2).

Each 𝛿𝑖 is integer-valued: every residue class contains an integer 𝑟 ≥ 𝑢, where its value is a difference

of multiplicities. The period sums of 𝑇𝑝 also give ∑𝑎 mod 𝑞 𝛿𝑖(𝑎) = 0. Both groups have odd order 𝑞
and act freely, so the estimate following Lemma 2.8 applies at every attained offset:

min(𝑝𝑟,𝑖, 𝑞𝑟,𝑖) =
𝐶𝑢,𝑣(𝑤𝑖)

𝑞
𝑟4 + 𝑂(𝑟3), 𝐶𝑢,𝑣(𝑤𝑖) > 0.

Thus both complete lists are infinite. Since the prefixes are empty, Theorem 2.4 gives

sup
𝑗≥1

|𝜆𝑗 (Δ+
𝑢,𝑣) − 𝜆𝑗 (Δ−

𝑢,𝑣)| < ∞ ⟺ 𝐵𝑢,𝑣 = 0.

When these conditions hold, the absolute difference is at most 𝐻 for every index. Lemma 4.3 and the

preceding coefficient equalities give the equivalence of conditions 1 and 2 in Theorem 4.2.

The Casimirs Δ±
𝑢,𝑣 are nonnegative self-adjoint operators with compact resolvent on their infinite-

dimensional separable complex 𝐿2 spaces of sections. Proposition 2.7 applies to 𝐴 = Δ+
𝑢,𝑣 and the

complete ordered eigenvalue sequence of Δ−
𝑢,𝑣. It gives conditions 3 and 4 and a correction of norm at

most 𝐻 , diagonal in an eigenbasis of Δ+
𝑢,𝑣. Such a correction commutes with every spectral projection,

and the perturbed operator has domain (Δ+
𝑢,𝑣).

Finally, if bounded self-adjoint corrections 𝐾+, 𝐾− give a common ordered eigenvalue sequence

(𝜇𝑗 ), then (2.18) gives

|𝜆𝑗 (Δ+
𝑢,𝑣) − 𝜆𝑗 (Δ−

𝑢,𝑣)| ≤ |𝜆𝑗 (Δ+
𝑢,𝑣) − 𝜇𝑗 | + |𝜇𝑗 − 𝜆𝑗 (Δ−

𝑢,𝑣)| ≤ ‖𝐾+‖ + ‖𝐾−‖.

Conversely, a correction on the plus side gives such a pair with 𝐾− = 0. This proves the last assertion

and completes the proof of Theorem 4.2.

At roots of unity, write 𝑡 = 𝜉 and 𝑤 = 𝜉𝑝 .
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4.4. Universal families and two uniform obstructions.

Proposition 4.4. For every prime 𝑝 ≥ 7, bounded correction is possible on 𝑝2 ∪ 𝑝 ∪ 𝑝2 . This union
has 5𝑝2 − 4𝑝 + 40 elements. For every prime 𝑝 ≥ 7, the types 𝜏3,0 and 𝜏2,2 admit no bounded self-adjoint
correction. At 𝑝 = 5, an orientation-preserving isometry identifies the two natural operators for every
type, so the zero correction is possible.

Proof. At (𝑡, 𝑤) = (𝜉, 𝜉𝑝), the Dirichlet quotients satisfy𝑅0(𝑑) = 0, 𝑅−𝑋 (𝑑) = −𝑅𝑋 (𝑑), and𝑅𝑋+𝑝2(𝑑) =
𝑅𝑋 (𝑑). Hence the numerator of every 𝑓𝑑,𝑒(𝑋, 𝑌 ) vanishes when 𝑋 = 0, 𝑌 = 0, or 𝑋 = ±𝑌 modulo 𝑝2

.

Lemma 4.3 and Theorem 4.2 give bounded correction on the four walls. If 𝑝 ∣ 𝑋, 𝑌 , then 𝑤𝑋 = 𝑤𝑌 = 1.

Each skew difference in (4.1) therefore vanishes after every sign substitution, so 𝑋,𝑌 (𝜉 , 𝜉𝑝) = 0 on

𝑝 .

For the five remaining pairs, expansion in the two independent Laurent variables 𝑡, 𝑤 gives

3,1 = 5,1 = 5,3 = 7,1 = 7,3 = 0.

These are identities in ℤ[𝑡±1, 𝑤±1]. Indeed, a monomial 𝑗𝑡𝑎𝑤𝑏𝑥𝑐𝑦𝑑
of 𝐽 contributes 𝜖𝛿𝑗 at the

exponent

(𝑎 + 𝜖𝑋 + 𝛿𝑌 , 𝑏 + 𝜖𝑐𝑋 + 𝛿𝑑𝑌 ) (𝜖, 𝛿 ∈ {1, −1});

the sums at equal exponents vanish at each displayed pair. The signed-permutation invariance proved

in subsection 4.2 gives the assertion on 𝑝2 .

The same substitutions for (𝑋, 𝑌 ) = (9, 1) and (7, 5) give

9,1(𝑡, 𝑤) =
(𝑡4 − 1)(𝑤2 − 1)(𝑤8 − 1)(𝑤10 − 1)

2𝑡2𝑤10 , (4.7)

7,5(𝑡, 𝑤) = −
(𝑡8 − 1)(𝑤2 − 1)(𝑤8 − 1)(𝑤10 − 1)

2𝑡4𝑤10 . (4.8)

If 𝑡 has order 𝑝2
and 𝑤 = 𝑡𝑝 has order 𝑝 ≥ 7, all the numerator factors are nonzero. The two pairs

correspond to 𝜏3,0 and 𝜏2,2, respectively. Their obstructions follow from Lemma 4.3 and Theorem 4.2.

The four walls meet pairwise only at the origin, since 2 is a unit modulo 𝑝2
. Their union has

4𝑝2 − 3 elements. Their intersection with the grid has 4𝑝 − 3 elements, so the grid adds (𝑝 − 1)(𝑝 − 3)
elements. For 𝑝 ≥ 7, the five small orbits are disjoint from the walls and grid and each has eight

elements. The union thus has

4𝑝2 − 3 + (𝑝 − 1)(𝑝 − 3) + 40 = 5𝑝2 − 4𝑝 + 40

elements.

Finally, modulo 25,

21(1, 6, 16) = (21, 1, 11).

Multiplication by 21 changes the generator of the same cyclic group. Interchanging the first two

complex coordinates gives the minus triple (1, 21, 11). This permutation has real determinant 1, so

the two groups are conjugate in SO(6). The induced unitary maps on their natural bundles intertwine

the Casimir operators. □

4.5. Vanishing in the cyclic group algebra. Let

𝐶(𝑡) =
𝑝2−1

∑
𝑠=0

𝐶𝑠(𝑝; 𝑋, 𝑌 )𝑡𝑠 .

In ℤ[𝑡, 𝑡−1]/(𝑡𝑝 − 1), the substitution 𝑤 = 𝑡𝑝 gives 𝑤 = 𝑤𝜖𝑋 = 𝑤𝛿𝑌 = 1. Since 𝐽 (𝑡, 1, 1, 1) = 0, the

definition of 𝑋,𝑌 gives

𝐶(𝑡) ≡ 𝑋,𝑌 (𝑡, 𝑡𝑝) ≡ 0 (mod 𝑡𝑝 − 1).
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Thus, for every 0 ≤ 𝑟 < 𝑝,

𝑝−1

∑
𝑗=0

𝐶𝑟+𝑗𝑝(𝑝; 𝑋, 𝑌 ) = 0.

By Theorem 4.2, bounded correction is equivalent to equality of the 𝑝 coefficients in each such sum.

Their common integer value must then be zero. Hence

sup
𝑗

|𝜆𝑗 (Δ+
𝑢,𝑣) − 𝜆𝑗 (Δ−

𝑢,𝑣)| < ∞ ⟺ 𝐶𝑠(𝑝; 𝑋, 𝑌 ) = 0 (𝑠 mod 𝑝2). (4.9)

These are equalities of integers.

4.6. Affine cancellations over the prime field. Write 𝐽0(𝑤, 𝑥, 𝑦) for the coefficient of 𝑡0 in 𝐽 . Each

𝑄𝑑,𝑒 has constant term 1 in 𝑡. Expansion of the six skew differences in (4.1) gives

𝐽0(𝑤, 𝑥, 𝑦) = 𝑤6𝐷(𝑤3𝑥, 𝑤3𝑦),

𝐷(𝑧, ℎ) =
(𝑧 − 1)(𝑧 − ℎ)(ℎ − 1)(𝑧ℎ − 1)(𝑧ℎ2 − 1)(𝑧2ℎ − 1)

𝑧3ℎ3
.

(4.10)

Here 𝐷 is the Weyl denominator of 𝐺2, with the convention 𝑒(𝑎,𝑏) = 𝑧𝑎ℎ𝑏 ; see [8, §19.2 and Corol-

lary 25.5]. The simple roots are (1, −1) and (0, 1) for the inner product with matrix (
1 −1/2

−1/2 1 ). The

positive roots are

(1, −1), (0, 1), (1, 0), (1, 1), (1, 2), (2, 1),

their half-sum is (3, 2), and 𝐷 = 𝑒−(3,2)∏𝛼>0(𝑒𝛼 − 1).
Suppose that 𝐶𝑠(𝑝; 𝑋, 𝑌 ) = 0 for every 𝑠 mod 𝑝2

, and set 𝑥 = 𝑋 mod 𝑝, 𝑦 = 𝑌 mod 𝑝. For 𝑝 > 28,

two distinct affine functions

𝑎 + 𝜖𝑥 + 𝛿𝑦, 𝑎 ∈ {0, 2, … , 28}, 𝜖, 𝛿 ∈ {1, −1},

can have the same value only on one of the 116 lines

𝑥 = 𝑘, 𝑦 = 𝑘, 𝑥 + 𝑦 = 𝑘, 𝑥 − 𝑦 = 𝑘, −14 ≤ 𝑘 ≤ 14. (4.11)

Assume that (𝑥, 𝑦) lies on none of these lines. The four first-residue groups with 𝑎 = 0 are then

separate from one another and from every other group. Evaluating each zero group at a primitive 𝑝th

root 𝑤 gives

𝐽0(𝑤,𝑤𝜖𝑥 , 𝑤𝛿𝑦) = 0 (𝜖, 𝛿 ∈ {1, −1}).

For (𝜖, 𝛿) = (1, 1) and (−1, −1), the first four factors of 𝐷 are nonzero: their vanishing would put

(𝑥, 𝑦) on 𝑥 = ±3, 𝑦 = ±3, 𝑥 = 𝑦, or 𝑥 + 𝑦 = ±6. The last two factors therefore give

(𝑥 + 2𝑦 = −9 or 2𝑥 + 𝑦 = −9), (𝑥 + 2𝑦 = 9 or 2𝑥 + 𝑦 = 9).

Since 18 ≠ 0 in 𝔽𝑝, the two chosen equations involve different linear forms. Adding them gives

3(𝑥 + 𝑦) = 0, contrary to the assumption 𝑥 + 𝑦 ≠ 0. Thus (𝑥, 𝑦) lies on (4.11).

The minors of orders one and two of the augmented coefficient matrix of (4.11) have absolute

values at most 14 and 28, respectively. For any three normals from (1, 0), (0, 1), (1, 1), (1, −1), the sum

of the absolute values of their three pairwise determinants is at most 4. Expansion in the constant

column therefore bounds each minor of order three by 4 ⋅ 14 = 56. For 𝑝 > 56, reduction preserves the

ranks of all coefficient and augmented submatrices. It therefore preserves the nonempty intersections

of the lines and all their incidences.

Over ℚ, the arrangement has 2101 intersection points. Indeed, for an integer 𝑁 ≥ 1 and the range

−𝑁 ≤ 𝑘 ≤ 𝑁 , the coordinate lines give (2𝑁 + 1)2 points in the square [−𝑁 , 𝑁 ]2. On 𝑥 = 𝑘, there

are 2|𝑘| diagonal intersections outside the square. The vertical–diagonal intersections therefore give

2∑𝑁
𝑘=−𝑁 |𝑘| = 2𝑁(𝑁 + 1) further integral points. The horizontal–diagonal intersections give the same

number, in a disjoint region. Diagonal lines with constants of opposite parity give 2𝑁(𝑁 + 1) points
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in (ℤ+ 1
2 )

2
; their remaining intersections are integral points of the square. The total is 10𝑁(𝑁 +1)+1,

which is 2101 for 𝑁 = 14. There is one signed-permutation orbit of size 1. The orbits of size 4
have 14 representatives on 𝑦 = 0 < 𝑥 and 21 on 𝑥 = 𝑦 > 0: the latter have 𝑥 ∈ {1, … , 14} or 𝑥 ∈
{1/2, 3/2, … , 13/2}. All remaining orbits have size 8. Hence there are 1+35+(2101−1−4⋅35)/8 = 281
representatives, chosen with 𝑥 ≥ 𝑦 ≥ 0. The open line strata have the 30 representatives

𝑥 = 𝑘 and 𝑥 + 𝑦 = 𝑘, 0 ≤ 𝑘 ≤ 14,

with all intersection points removed.

On an open representative line, write

(𝑥, 𝑦) = (𝑎𝑥𝑧 + 𝑏𝑥 , 𝑎𝑦𝑧 + 𝑏𝑦), 𝑧 ∈ 𝔽𝑝 ,

where (𝑎𝑥 , 𝑏𝑥 , 𝑎𝑦 , 𝑏𝑦) = (0, 𝑘, 1, 0) or (1, 0, −1, 𝑘). Choose a lift 𝑧 ∈ ℤ/𝑝2ℤ of 𝑧 and write, with

𝑈, 𝑉 ∈ 𝔽𝑝 ,

𝑋 ≡ 𝑎𝑥𝑧 + 𝑏𝑥 + 𝑝𝑈, 𝑌 ≡ 𝑎𝑦𝑧 + 𝑏𝑦 + 𝑝𝑉 (mod 𝑝2).

For a monomial 𝑗𝑡𝑎𝑤𝑏𝑥𝑐𝑦𝑑
of 𝐽 and a sign pair (𝜖, 𝛿), put

𝐿(𝑧) = (𝜖𝑎𝑥 + 𝛿𝑎𝑦)𝑧 + 𝑎 + 𝜖𝑏𝑥 + 𝛿𝑏𝑦 .

Its exponent modulo 𝑝2
is 𝐿(𝑧) + 𝑝𝑀(𝑧, 𝑈 , 𝑉 ), where

𝑀(𝑧, 𝑈 , 𝑉 ) = (𝜖𝑐𝑎𝑥 + 𝛿𝑑𝑎𝑦)𝑧 + 𝜖𝑈 + 𝛿𝑉 + 𝑏 + 𝜖𝑐𝑏𝑥 + 𝛿𝑑𝑏𝑦 . (4.12)

Within one first-residue group, the functions 𝐿 agree identically. Their carries are therefore common

and do not affect equality of the second residues. Distinct functions 𝐿 do not meet on the open stratum.

Changing 𝑧 merely changes 𝑈, 𝑉 in the same fiber.

At a rational intersection point (𝑥, 𝑦), both coordinate denominators divide 2. Regard 𝑥, 𝑦 as

elements modulo 𝑝2
and write 𝑋 ≡ 𝑥 + 𝑝𝑈 , 𝑌 ≡ 𝑦 + 𝑝𝑉 (mod 𝑝2), with 𝑈, 𝑉 ∈ 𝔽𝑝 . Group the terms

by the rational value 𝑎 + 𝜖𝑥 + 𝛿𝑦. The second-residue forms, after removing the common carry, are

𝜖𝑈 + 𝛿𝑉 + 𝑏 + 𝜖𝑐𝑥 + 𝛿𝑑𝑦. (4.13)

Multiplication by 2 makes their coefficients integral. For 𝑝 > 56, distinct first-residue groups remain

distinct at each point stratum, since any new equality would give a new incidence with a line of

(4.11).

For a field 𝐾 , a finite family 𝐺 of affine forms on 𝐾𝑛
with integer weights 𝑛𝑓 has the zero set

𝑍𝐾 (𝐺) =

⎧⎪⎪⎪⎪
⎨⎪⎪⎪⎪⎩

𝑣 ∈ 𝐾𝑛 ∶ ∑
𝑓 ∈𝐺
𝑓 (𝑣)=𝑐

𝑛𝑓 = 0 in ℤ for every 𝑐 ∈ 𝐾

⎫⎪⎪⎪⎪
⎬⎪⎪⎪⎪⎭

.

Here 𝑛 = 3 on a line stratum and 𝑛 = 2 on a point stratum. The forms are those of (4.12) or (4.13), and

their integer weights are the corresponding sums of 𝜖𝛿𝑗 . For linear congruences with a parametric

prime, extended quantifier elimination gives solvability conditions and rational sample solutions; see

[7, Sections 4–6, pp. 153–160].

The following recursion is over ℚ. Represent an affine subspace by reduced row echelon equations,

with variable order (𝑧, 𝑈 , 𝑉 ) on a line and (𝑈 , 𝑉 ) at a point. Write an affine form as its coefficient

tuple, with the constant coefficient last, and order these tuples lexicographically over ℚ. Restriction

to a subspace means elimination of its pivot variables. For each initial stratum, identify subspaces

with the same reduced row echelon equations.

Start with 𝑆 = ℚ𝑛
. For each first-residue group 𝐺 and each affine subspace 𝑆, restrict the forms to

𝑆, combine equal forms, and add their integer weights. If a group has nonzero total weight, discard 𝑆:

the group cannot vanish at any point of 𝑆. If all weights in all groups are zero, retain 𝑆. Otherwise,

for each nonzero group 𝐺, write 𝐹+(𝐺, 𝑆) and 𝐹−(𝐺, 𝑆) for the ordered lists of forms whose weights
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are positive and negative. Both lists are nonempty, since the total weight is zero. If |𝐹−| ≤ |𝐹+|, set

𝑓 = min 𝐹+ and  = 𝐹−; otherwise set 𝑓 = min 𝐹− and  = 𝐹+. Choose a nonzero group for which

(||, 𝑓 ,) is lexicographically least; ties are resolved by the original coefficient tuple of 𝐿 on a line

stratum, or by the original value 𝑎 + 𝜖𝑥 + 𝛿𝑦 at a point stratum. At a zero of the group, the weight of

𝑓 must be cancelled by an opposite-sign weight. Hence the zero belongs to

𝑆 ∩ {𝑓 = 𝑔} for some 𝑔 ∈ .

Apply the same rule to these intersections, omitting the inconsistent equations. Each nonempty

intersection has smaller dimension, since 𝑓 and 𝑔 have distinct restrictions to 𝑆. Induction on the

dimension shows that the union of the retained subspaces is ⋂𝐺 𝑍ℚ(𝐺). On an open line, remove the

points whose parameter belongs to an intersection of the original arrangement.

For (4.12) and (4.13), these rules give 871 distinct affine subspaces, counted separately within each

initial stratum, and 5754 inconsistent intersections. Exactly 73 subspaces have all weight sums zero.

On 𝑥 = 0, their union before removal of intersection parameters is {𝑈 = 0}∪ {𝑧 = 0}; on 𝑥 +𝑦 = 0, it is

{𝑈 +𝑉 = 0} ∪ {𝑧 = 0}. The other representative lines have no retained subspace. At the representative

intersection points, the retained subspaces give Table 4.

Every denominator in the restricted forms and equations has its prime divisors in {2, 3, 5, 11}. The

numerator and denominator of every nonzero pivot have their prime divisors in {2, 3, 5, 7, 11}. The

prime divisors of the nonzero constant equations are exactly

{2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61,
67, 71, 73, 79, 89, 97, 101, 103, 107, 109, 113, 127, 131, 157, 173}.

In particular, put

 = {𝓁 ∶ 𝓁 is prime and 𝓁 ≤ 173}. (4.14)

For 𝑝 ∉  , all these divisions remain valid and all the discarded constant equations remain inconsistent

over 𝔽𝑝 .

Table 4. Solutions on the representative strata and their reductions for 𝑝 > 173.

First-residue stratum over ℚ Second-residue solutions

Open line 𝑥 = 0 𝑈 = 0
Open line 𝑥 + 𝑦 = 0 𝑈 + 𝑉 = 0
Other open representative lines ∅
Point (0, 0) All (𝑈 , 𝑉 )
Points (𝑥, 0) with 𝑥 > 0 𝑉 = 0
Points (𝑥, 𝑥) with 𝑥 > 0 𝑈 = 𝑉
(3, 1), (5, 1), (5, 3), (7, 1), (7, 3) 𝑈 = 𝑉 = 0
Other representative intersection points ∅

Let 𝐵 be the product of the primes in  and let 𝑝 > 173. The preceding arrangement calculation

shows that the original first-residue groups obtained from 𝐽 are unchanged on the corresponding

strata. All the affine identities above hold over ℤ[1/𝐵]; their reductions therefore hold over 𝔽𝑝 . Every

retained subspace still has zero integer weight sums. Moreover, each intersection in the recursion

reduces to the intersection of its two defining affine sets. Equal reduced row echelon systems over ℚ
are equal over ℤ[1/𝐵], so their identifications remain valid after reduction.

A group of nonzero total integer weight has no zero after reduction. In every other subspace 𝑆
that has not been retained, consider a common zero of the original groups on its reduction modulo 𝑝.

The vanishing conditions are equalities in ℤ; only the affine forms take values in 𝔽𝑝. The nonzero

weight of the chosen form 𝑓 thus requires an opposite-sign form 𝑔 ∈  with the same value. This

remains true if further restricted forms become equal modulo 𝑝. The solution lies on the reduction of
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𝑆 ∩ {𝑓 = 𝑔}, which cannot be one of the discarded intersections. Induction on the dimension proves

that it lies on a retained subspace.

Each retained subspace lies either in the space displayed for its stratum or, on a line stratum,

in 𝑧 = 𝑧0 for an excluded parameter 𝑧0. Conversely, each nonempty displayed subspace occurs

among the retained subspaces. Substitution of the reduced row echelon equations into the defining

equations of these containing spaces gives identities over ℤ[1/𝐵]. The containments therefore hold

after reduction. Removing the excluded parameters gives Table 4 over every 𝔽𝑝 with 𝑝 > 173. After

signed permutations and the lift formulas, the solution set is 𝑝2 ∪ 𝑝 ∪ 𝑝2 .

4.7. The exceptional primes. The signed-permutation invariance proved in subsection 4.2 and the

criterion (4.9) give this invariance for the common zero set of the 𝐶𝑠 . Write 𝑋 ≡ 𝑥 + 𝑝𝑈 , 𝑌 ≡ 𝑦 + 𝑝𝑉
(mod 𝑝2), with 0 ≤ 𝑥, 𝑦, 𝑈 , 𝑉 < 𝑝. The base pairs have the representatives

0 ≤ 𝑦 ≤ 𝑥 ≤ (𝑝 − 1)/2.

Their orbit sizes are 1 at (0, 0), 4 when 𝑦 = 0 < 𝑥 or 𝑥 = 𝑦 > 0, and 8 otherwise. The induced maps of

full fibers are bijections. More precisely, a sign 𝜂 ∈ {1, −1} sends

𝑥 ⟼ 𝑥′ ≡ 𝜂𝑥 (mod 𝑝), 0 ≤ 𝑥′ < 𝑝, 𝑈 ⟼ 𝜂𝑈 +
𝜂𝑥 − 𝑥′

𝑝
(mod 𝑝);

a coordinate interchange also interchanges the two lift coordinates.

For a monomial 𝑗𝑡𝑎𝑤𝑏𝑥𝑐𝑦𝑑
of 𝐽 and signs 𝜖, 𝛿 ∈ {1, −1}, put

𝑟 ≡ 𝑎 + 𝜖𝑥 + 𝛿𝑦 (mod 𝑝), 0 ≤ 𝑟 < 𝑝, ℎ =
𝑎 + 𝜖𝑥 + 𝛿𝑦 − 𝑟

𝑝
.

Expanding its exponent modulo 𝑝2
gives the second-residue form

ℎ + 𝑏 + 𝜖𝑐𝑥 + 𝛿𝑑𝑦 + 𝜖𝑈 + 𝛿𝑉 (mod 𝑝). (4.15)

For each representative base pair, group the forms by 𝑟 and combine equal forms with their integer

weights 𝜖𝛿𝑗 . Apply the cancellation rule of subsection 4.6 over 𝔽𝑝. Retain the plane if all weights

vanish, and discard it if a group has nonzero total weight. Otherwise choose a form of nonzero weight

in one group and equate it to the forms of opposite sign in that group. Discard nonzero constant

equations; every remaining equality defines an affine line.

On each line, combine equal restricted forms. Retain the line if all weights vanish. Otherwise the

same rule gives finitely many candidate parameters; retain a candidate precisely when every original

group vanishes there. The completeness argument of subsection 4.6 applies over 𝔽𝑝 , since the weights

remain integers.

For the primes 5 ≤ 𝑝 ≤ 173, there are

∑
5≤𝑝≤173
𝑝 prime

(𝑝 + 1)(𝑝 + 3)
8

= 45069

representative fibers. The second-residue equations give the following complete zero sets. At 𝑝 = 5
every fiber is the whole plane. For primes 17 ≤ 𝑝 ≤ 173, the nonempty representative fibers are

(𝑥, 𝑦) solutions in (𝑈 , 𝑉 )
(0, 0) 𝔽2𝑝

(𝑥, 0), 𝑥 > 0 𝑉 = 0
(𝑥, 𝑥), 𝑥 > 0 𝑈 = 𝑉

(3, 1), (5, 1), (5, 3), (7, 1), (7, 3) {(0, 0)}.

At 𝑝 = 11 or 13, replace the last two base points (7, 1), (7, 3) by (𝑝 − 7, 1), (𝑝 − 7, 3), and replace their

lift (0, 0) by (−1, 0). At 𝑝 = 7, the fibers at (1, 0) and (3, 0) are {𝑈 = 0} ∪ {𝑉 = 0}; the fiber at (2, 0) is

{𝑉 = 0}; the fibers at (𝑥, 𝑥), 1 ≤ 𝑥 ≤ 3, are {𝑈 = 𝑉 }; and the remaining nonzero base fibers are

(2, 1) ∶ {(−1, 0)}, (3, 1) ∶ {(0, 0)}, (3, 2) ∶ {(0, −1)}.
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The fiber at (0, 0) is again the whole plane. It follows, after signed permutations and the lift formulas,

that for every prime 11 ≤ 𝑝 ≤ 173 the zero set is 𝑝2 ∪ 𝑝 ∪ 𝑝2 . At 𝑝 = 7, it consists of this union

and the four signed-permutation orbits of (14, 1), (14, 3), (21, 1), (21, 3).

Table 5. Cardinalities for primes 5 ≤ 𝑝 ≤ 173.

𝑝 Number of solutions modulo 𝑝2

5 625
7 289
11 ≤ 𝑝 ≤ 173 5𝑝2 − 4𝑝 + 40

Since  has no prime greater than 173, the two finite eliminations prove Theorem 4.1 for every

prime 𝑝 ≥ 5. The fiber orbit sizes give Table 5. For 𝑝 ≥ 11, the count is 5𝑝2 − 4𝑝 + 40, as in

Proposition 4.4. At 𝑝 = 7, the four additional eight-point orbits give 257 + 32 = 289. At 𝑝 = 5 there

are 252 = 625 residue pairs.

For 𝑝 = 7, multiplication of the generator weights by 6 sends (1, 8, 22) to (6, −1, −15) modulo

49. Interchanging the first two complex coordinates and conjugating the first and third then gives

(1, 6, 15). Conjugating the last two coordinates sends (1, −6, −20) to (1, 6, 20). A permutation of

complex coordinates preserves real orientation, and each of the two coordinate transformations

contains two complex conjugations. They therefore belong to SO(6). These identifications intertwine

the natural SO(6) operators and give the pair of [17, Section 8], treated in Section 1.

5. Polynomial counting for prime-dependent affine congruences

For fixed integral arrangements, the central and affine counting formulas are given by Kamiya,

Takemura and Terao [10, Lemma 2.1 and Theorem 2.4] and [11, Lemma 2.3 and Theorem 3.2].

Dolzmann and Sturm give solubility conditions for prime-power congruences and rational solutions

integral at 𝑝 under explicit parameter conditions [7, Sections 5–6].

Let 𝑇 be an indeterminate, let 𝑑, 𝑁 ≥ 1 be integers, and fix rows

(𝑎𝑖(𝑇 ), 𝑏𝑖(𝑇 )) ∈ ℤ[𝑇 ]𝑑 × ℤ[𝑇 ], 1 ≤ 𝑖 ≤ 𝑁 .

For a prime 𝑝 and an integer 𝑘 ≥ 1, consider the predicates

𝐻𝑖(𝑝, 𝑘; 𝑥) ∶ 𝑎𝑖(𝑝)𝑥 = 𝑏𝑖(𝑝) (mod 𝑝𝑘), 𝑥 ∈ (ℤ/𝑝𝑘ℤ)𝑑 .

Fix a Boolean function 𝐹 ∶ {0, 1}𝑁 → {0, 1}, independent of 𝑝 and 𝑘. A vector 𝑥 satisfies 𝐹 if 𝐹 takes

the value 1 on the truth values of these predicates.

For each fixed 𝑘, the analogous count for an integer parameter 𝑡 ≥ 1 is eventually a quasipolynomial

by Bogart, Goodrick and Woods [4, Property 2 and Theorem 1.15]. Indeed, on the box 0 ≤ 𝑥𝑗 < 𝑡𝑘 ,

each congruence is equivalent to

∃𝑧 ∈ ℤ ∶ 𝑎𝑖(𝑡)𝑥 − 𝑏𝑖(𝑡) = 𝑡𝑘𝑧.

The Boolean combination defines a parametric Presburger family with finite fibers. Theorem 5.1 gives

one integral polynomial on the primes, with an explicit exceptional set independent of 𝑘.

For a nonzero polynomial 𝑓 (𝑇 ) ∈ ℤ[𝑇 ], let 𝑣 = ord𝑇 𝑓 be its least exponent with nonzero

coefficient. Thus

𝑓 (𝑇 ) = 𝑇 𝑣(𝑐(𝑓 ) + 𝑇𝑔(𝑇 )), 𝑐(𝑓 ) ∈ ℤ ⧵ {0}, 𝑔(𝑇 ) ∈ ℤ[𝑇 ].

Let (𝑇 ) be the 𝑁 × (𝑑 + 1) matrix with rows (𝑎𝑖(𝑇 ), 𝑏𝑖(𝑇 )). Define the prime set

() = {𝑝 prime ∶ 𝑝 ∣ 𝑐(𝑓 ) for some nonzero square minor 𝑓 of }. (5.1)

Only minors of sizes at most 𝑑 + 1 occur, and the set is finite.
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Theorem 5.1. For every 𝑘 ≥ 1, there is a unique polynomial 𝑃𝑘(𝑍) ∈ ℤ[𝑍], of degree at most 𝑘𝑑, such
that the number of 𝑥 satisfying 𝐹 is 𝑃𝑘(𝑝) for every prime 𝑝 ∉ (). The exceptional set is independent
of 𝑘.

Proof. Fix a prime 𝑝 ∉ () and an integer 𝑘 ≥ 1. Let 𝑣𝑝 ∶ ℚ× → ℤ denote the additive 𝑝-adic

valuation, normalized by 𝑣𝑝(𝑝) = 1. For every nonzero minor 𝑓 in (5.1),

𝑣𝑝(𝑓 (𝑝)) = ord𝑇 𝑓 ,

since 𝑝 ∤ 𝑐(𝑓 ) + 𝑝𝑔(𝑝). Zero minors remain zero.

Take 𝐼 ⊆ {1, … , 𝑁 }, and write the corresponding system as 𝐴(𝑇 )𝑥 = 𝑏(𝑇 ). For 𝐺 = 𝐴 or 𝐺 = (𝐴, 𝑏),
put 𝑟(𝐺) = rankℚ(𝑇 )𝐺. The preceding identity gives rankℚ𝐺(𝑝) = 𝑟(𝐺). Put 𝜈0(𝐺) = 0, and let

𝜈𝑗 (𝐺) be the minimum 𝑇 -order of its nonzero 𝑗 × 𝑗 minors for 1 ≤ 𝑗 ≤ 𝑟(𝐺). Set

𝛼𝑗 (𝐺) = 𝜈𝑗 (𝐺) − 𝜈𝑗−1(𝐺), 𝜅𝑘(𝐺) =
𝑟(𝐺)

∑
𝑗=1

max{𝑘 − 𝛼𝑗 (𝐺), 0},

where 1 ≤ 𝑗 ≤ 𝑟(𝐺) in the first definition and an empty sum is zero. Let 𝑠𝑗 , 1 ≤ 𝑗 ≤ 𝑟(𝐺), be

the nonzero invariant factors of 𝐺(𝑝) over ℤ, ordered by divisibility. Smith normal form and the

determinantal-divisor formula [25, Theorems 2.1(4) and 2.4] give

𝑣𝑝(𝑠1⋯𝑠𝑗 ) = 𝜈𝑗 (𝐺), 𝛼𝑗 (𝐺) = 𝑣𝑝(𝑠𝑗 ) ≥ 0 (1 ≤ 𝑗 ≤ 𝑟(𝐺)).

The image of 𝐺(𝑝) modulo 𝑝𝑘
therefore has cardinality [10, Lemma 2.1]

| im(𝐺(𝑝) mod 𝑝𝑘)| = 𝑝𝜅𝑘(𝐺).

Modulo 𝑝𝑘
, the image of 𝐴(𝑝) is contained in that of (𝐴(𝑝), 𝑏(𝑝)). The system is soluble precisely

when these finite images have equal cardinality, since equality of the images is equivalent to 𝑏(𝑝)
belonging to the image of 𝐴(𝑝). Every nonempty fiber of 𝐴(𝑝) is a coset of its kernel. Thus the

number of solutions is {
𝑝𝑘𝑑−𝜅𝑘(𝐴), 𝜅𝑘(𝐴) = 𝜅𝑘((𝐴, 𝑏)),
0, otherwise.

(5.2)

Since 0 ≤ 𝜅𝑘(𝐴) ≤ 𝑘𝑟(𝐴) ≤ 𝑘𝑑, each nonzero count in (5.2) is a monomial in 𝑝 of degree at most 𝑘𝑑.

All exponents and the solubility condition in (5.2) are independent of 𝑝 outside (). For the empty

subset of predicates both matrices have rank zero, 𝜅𝑘 = 0, and the count is 𝑝𝑘𝑑
.

For 𝐽 ⊆ {1, … , 𝑁 }, let 𝟏𝐽 ∈ {0, 1}𝑁 be its indicator vector. Put

𝑐𝐼 = ∑
𝐽⊆𝐼

(−1)|𝐼 |−|𝐽 |𝐹(𝟏𝐽 ) (𝐼 ⊆ {1, … , 𝑁 }).

Möbius inversion on the Boolean lattice [24, Proposition 3.7.1 and Example 3.8.3] gives

𝐹(𝑒) = ∑
𝐼⊆{1,…,𝑁 }

𝑐𝐼 ∏
𝑖∈𝐼

𝑒𝑖 (𝑒 ∈ {0, 1}𝑁 ),

with empty product equal to 1. Substitution of the predicate indicators expresses the count as an

integral linear combination of the intersection counts (5.2). This gives 𝑃𝑘 ∈ ℤ[𝑍] of degree at most

𝑘𝑑. Its uniqueness follows from the infinitude of primes outside the finite set (). □

For each fixed prime 𝑝, the counting series is rational by a theorem of Denef [6, Theorem 4.1].

Corollary 5.2. Let 𝑈 be an indeterminate. In the formal power series ring ℤ[𝑍][[𝑈]], the polynomials
of Theorem 5.1 satisfy

∑
𝑘≥1

𝑃𝑘(𝑍)𝑈 𝑘 ∈ ℤ[𝑍, 𝑈 , (1 − 𝑈)−1, (1 − 𝑍𝑈)−1, … , (1 − 𝑍𝑑𝑈)−1].

For every prime 𝑝 ∉ (), substituting 𝑍 = 𝑝 gives the counting series for all moduli 𝑝𝑘 .
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Proof. Choose an integer ℎ ≥ 0 bounding the degrees of the nonzero entries of (𝑇 ), and put

𝑀 = (𝑑 + 1)ℎ. For a subset of the predicates, write its system as 𝐴𝑥 = 𝑏 and put 𝐴′ = (𝐴, 𝑏). For

𝐺 = 𝐴 or 𝐺 = 𝐴′
of rank 𝑟 > 0, every nonzero 𝑟-minor has degree at most 𝑟ℎ. Hence

0 ≤ 𝛼𝑗 (𝐺) ≤ 𝜈𝑟(𝐺) ≤ 𝑟ℎ ≤ 𝑀 (1 ≤ 𝑗 ≤ 𝑟).

It follows that

𝜅𝑘(𝐺) = 𝑘𝑟 − 𝜈𝑟(𝐺) (𝑘 > 𝑀);
this identity also holds for 𝑟 = 0 by the empty-sum convention. Put 𝑟 = 𝑟(𝐴). If 𝑟(𝐴′) = 𝑟 + 1, then,

for 𝑘 > 𝑀 ,

𝜅𝑘(𝐴′) − 𝜅𝑘(𝐴) = 𝑘 − 𝜈𝑟+1(𝐴′) + 𝜈𝑟(𝐴) ≥ 𝑘 − 𝑀 > 0,
so there are no solutions for 𝑘 > 𝑀 . If 𝑟(𝐴′) = 𝑟 , equality of the image exponents for 𝑘 > 𝑀 is

equivalent to 𝜈𝑟(𝐴′) = 𝜈𝑟(𝐴). If these orders differ, the counts again vanish for 𝑘 > 𝑀 . If they agree,

the terms with 𝑘 > 𝑀 give

∑
𝑘>𝑀

𝑍𝑘(𝑑−𝑟)+𝜈𝑟 (𝐴)𝑈 𝑘 =
𝑍 (𝑀+1)(𝑑−𝑟)+𝜈𝑟 (𝐴)𝑈𝑀+1

1 − 𝑍𝑑−𝑟𝑈
.

The finitely many terms with 1 ≤ 𝑘 ≤ 𝑀 are polynomials in 𝑍, 𝑈 . Taking the integral linear

combination with coefficients 𝑐𝐼 gives the asserted rational form. □

For the conditions 𝐶𝑠(𝑝; 𝑋, 𝑌 ) = 0 for all 𝑠 ∈ ℤ/𝑝2ℤ, with 𝐶𝑠 defined by (4.2), Proposition A.1

bounds the exceptional primes in (5.1) by 14400. Corollary A.2 gives the corresponding five-prime

interpolation criterion.

Part 3. Flat bundles and lens orbifolds

6. Flat bundles on lens spaces with two weights

Fix an odd integer 𝑞 ≥ 3, an integer 𝑚 ≥ 2, and an integer 𝑎 coprime to 𝑞. Put 𝜁 = 𝑒2𝜋𝑖/𝑞 and let

𝐶𝑞 = ⟨ℎ⟩ act on 𝑆2𝑚+1 ⊂ ℂ𝑚+1
by

ℎ(𝑧1, … , 𝑧𝑚, 𝑤) = (𝜁𝑧1, … , 𝜁 𝑧𝑚, 𝜁 𝑎𝑤).

This action is free: a fixed point of ℎ𝑠 forces 𝑠 = 0 or 𝑎𝑠 = 0 modulo 𝑞, and 𝑎 is a unit. Equip

𝑄 = 𝐿(𝑞; 1𝑚, 𝑎) = 𝑆2𝑚+1/𝐶𝑞 with the curvature-one quotient metric. We identify 𝜋1(𝑄) with 𝐶𝑞 .

For a finite-dimensional unitary representation 𝜌 of 𝐶𝑞 , let 𝐸𝜌 be the flat Hermitian bundle with

holonomy 𝜌, and let ∇𝜌 be its flat unitary connection. Put Δ𝜌 = ∇∗
𝜌∇𝜌 . Write 𝜒𝜌(𝑔) = tr 𝜌(𝑔) and let 𝜌

denote the conjugate representation. For 𝑡 ∈ ℤ/𝑞ℤ, denote by 𝜒𝑡 the one-dimensional representation

𝜒𝑡(ℎ𝑠) = 𝜁 𝑡𝑠 . The eigenvalues of Δ𝜌 belong to {𝑘(𝑘+2𝑚) ∶ 𝑘 ≥ 0}; denote their multiplicities, possibly

zero, by 𝑑𝜌(𝑘) [12, Theorems 2.3 and 3.1]. For one-dimensional representations, isospectrality is

equivalent to equality of the one-norm counting functions of the corresponding affine congruence

lattices [12, Theorem 4.2]. Thus 𝑃𝜌 = (Δ𝜌 + 𝑚2)1/2 has frequency 𝑘 + 𝑚 with multiplicity 𝑑𝜌(𝑘). For

two such representations 𝜌, 𝜎, write 𝐸𝜂(𝑅) = 𝐸𝜂(𝑅; 𝑃𝜌 , 𝑃𝜎) for the matching defect of their frequency

multisets, as defined in Section 2.

Define

 = {𝑠 ∈ ℤ/𝑞ℤ ⧵ {0} ∶ (𝑎 − 1)𝑠 = 0 or (𝑎 + 1)𝑠 = 0},
 = (ℤ/𝑞ℤ ⧵ {0}) ⧵ .

Let 𝑑 be the round distance on 𝑆2𝑚+1. An isometry 𝑔 is a Clifford translation if 𝑥 ↦ 𝑑(𝑥, 𝑔𝑥) is

constant. The elements ℎ𝑠 with 𝑠 ∈  are exactly the nonidentity Clifford translations in 𝐶𝑞 . Indeed,

for (𝑧, 𝑤) ∈ 𝑆2𝑚+1,

cos 𝑑((𝑧, 𝑤), ℎ𝑠(𝑧, 𝑤)) = cos(2𝜋𝑠/𝑞)
𝑚
∑
𝑗=1

|𝑧𝑗 |2 + cos(2𝜋𝑎𝑠/𝑞)|𝑤|2.

This is independent of (𝑧, 𝑤) precisely when 𝑎𝑠 = ±𝑠 modulo 𝑞.
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Remark 6.1. Put 𝐴± = ker(𝑎 ± 1 ∶ ℤ/𝑞ℤ → ℤ/𝑞ℤ). An element of 𝐴− ∩ 𝐴+ is killed by 2, hence is

zero. Writing 𝑔± = gcd(𝑞, 𝑎 ± 1) gives 𝐴± = {𝑗𝑞/𝑔± ∶ 0 ≤ 𝑗 < 𝑔±}. Thus

 = (𝐴− ∪ 𝐴+) ⧵ {0}, 𝐴− ∩ 𝐴+ = {0}, | | = gcd(𝑞, 𝑎 − 1) + gcd(𝑞, 𝑎 + 1) − 2.

The union of two subgroups is a subgroup if and only if one contains the other. Since 𝐴− ∩ 𝐴+ = {0},
the set  ∪ {0} is a subgroup precisely when one of 𝐴− and 𝐴+ is trivial. For 𝑞 = 15 and 𝑎 = 4, these

kernels are {0, 5, 10} and {0, 3, 6, 9, 12}; their union omits 3 + 5 = 8.

Theorem 6.2 (Flat spectral rigidity). Let 𝜌, 𝜎 be finite-dimensional unitary representations of 𝐶𝑞 , and
put

𝑐𝑠 = Re 𝜒𝜌(ℎ𝑠) − Re 𝜒𝜎(ℎ𝑠) (𝑠 ∈ ℤ/𝑞ℤ), 𝑐 = (𝑐𝑠)𝑠∈ℤ/𝑞ℤ.

The following conditions are equivalent:
(1) There exist 𝜂 ∈ [0, 1) and a sequence 𝑅𝜈 → ∞ such that 𝐸𝜂(𝑅𝜈 ; 𝑃𝜌 , 𝑃𝜎) = 𝑜(𝑅𝑚

𝜈 ).
(2) 𝑐𝑠 = 0 for every 𝑠 ∈ ℤ/𝑞ℤ.
(3) 𝜌 ⊕ 𝜌 ≅ 𝜎 ⊕ 𝜎.
(4) Δ𝜌 and Δ𝜎 are isospectral.
Suppose that dim 𝜌 = dim𝜎 and 𝑐 is not identically zero. Set

𝑟 =

{
𝑚 + 1, 𝑐𝑠 ≠ 0 for some 𝑠 ∈ ,
𝑚, 𝑐𝑠 = 0 on .

Then, for every fixed 𝜂 ∈ [0, 1),

𝐸𝜂(𝑅; 𝑃𝜌 , 𝑃𝜎) = 𝜅𝑟𝑅𝑟 + 𝑂(𝑅𝑟−1), 𝜅𝑟 > 0,

where 𝜅𝑟 is given by (6.6). For representations of equal dimension and each fixed 𝜂 ∈ [0, 1), 𝐸𝜂(𝑅) =
𝑜(𝑅𝑚+1) if and only if 𝑐𝑠 = 0 on . If the dimensions differ, then 𝐸𝜂(𝑅) = Θ(𝑅2𝑚+1).

Proof. For 𝑘 ≥ 0, let 𝑘 be the complex homogeneous polynomials of degree 𝑘 on ℝ2𝑚+2
. In the

standard coordinates 𝑥 = (𝑥1, … , 𝑥2𝑚+2), put  = ∑2𝑚+2
𝑖=1 𝜕2𝑥𝑖 , and let 𝑘 = ker(|𝑘 ). For 𝜙 ∈ 𝓁,

(|𝑥|2𝑗𝜙) = 4𝑗(𝓁 + 𝑚 + 𝑗)|𝑥|2𝑗−2𝜙 (𝑗 ≥ 1).

The O(2𝑚 + 2)-equivariant harmonic decomposition is

𝑘 =
⌊𝑘/2⌋

⨁
𝑗=0

|𝑥|2𝑗𝑘−2𝑗 ;

see [9, (1.1)]. For |𝑧| < 1, the character-weighted Molien formula [23, Theorem 2.1], applied to this

decomposition, gives

∑
𝑘≥0

𝑑𝜌(𝑘)𝑧𝑘 =
1 − 𝑧2

𝑞

𝑞−1

∑
𝑗=0

Re 𝜒𝜌(ℎ𝑗 )
(1 − 𝑧𝜁 𝑗 )𝑚(1 − 𝑧𝜁−𝑗 )𝑚(1 − 𝑧𝜁 𝑎𝑗 )(1 − 𝑧𝜁−𝑎𝑗 )

. (6.1)

The irreducible representations of 𝐶𝑞 are the 𝜒𝑡 . Their multiplicities add under direct sums, and the

terms indexed by 𝑗 and −𝑗 have equal denominators and conjugate numerators. Consequently, (2)

implies (4).

Distinct frequencies 𝑘 + 𝑚 are separated by one. Hence, for 0 ≤ 𝜂 < 1,

𝐸𝜂(𝑅) = ∑
𝑘≥0

𝑘+𝑚≤𝑅

|𝑑𝜌(𝑘) − 𝑑𝜎(𝑘)|. (6.2)

Put 𝐷(𝑧) = ∑𝑘≥0(𝑑𝜌(𝑘) − 𝑑𝜎(𝑘))𝑧𝑘 . Since 𝑐0 = dim𝜌 − dim𝜎, the identity contribution to 𝐷(𝑧) is

𝑐0
𝑞

1 + 𝑧
(1 − 𝑧)2𝑚+1

.
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Since 𝑞 is odd, 𝜁 𝑗 ≠ 𝜁−𝑗 for 𝑗 ≠ 0. Every nonidentity summand has poles of order at most 𝑚 + 1 and

hence coefficients 𝑂(𝑘𝑚). Therefore

𝑑𝜌(𝑘) − 𝑑𝜎(𝑘) =
2𝑐0

𝑞(2𝑚)!
𝑘2𝑚 + 𝑂(𝑘2𝑚−1).

If 𝑐0 ≠ 0, (6.2) gives

𝐸𝜂(𝑅) =
2|𝑐0|

𝑞(2𝑚 + 1)!
𝑅2𝑚+1 + 𝑂(𝑅2𝑚).

In particular, (1) implies 𝑐0 = 0. Suppose now that 𝑐0 = 0 and 𝑐 ≠ 0.

The rational function 𝐷 is proper, since each summand in (6.1) is 𝑂(𝑧−2𝑚) at infinity. For 𝑠 ≠ 0, let

𝑞𝑠 be the order of ℎ𝑠 ; it is odd and at least three. On the complexification of ℝ2𝑚+2
, the eigenvalues of

ℎ𝑠 are 𝜁±𝑠 and 𝜁±𝑎𝑠 , and 𝜁 𝑠 is a primitive 𝑞𝑠-th root of unity. Thus [9, Lemma 2.6] applies with root 𝜁 𝑠 ,
by cyclotomic conjugation, and local coordinate 1 − 𝑧/𝜁 𝑠 . For 𝑠 ≠ 0, only the indices 𝑗 = ±𝑠, ±𝑎−1𝑠
can contribute a pole at 𝑧 = 𝜁 𝑠 . If 𝑠 ∈  , these four indices are distinct. The first pair has poles of

order 𝑚, and the second pair has simple poles. Since 𝑚 ≥ 2 and 𝑐−𝑠 = 𝑐𝑠 , the coefficient of (1−𝑧/𝜁 𝑠)−𝑚
is

𝐶𝑠,𝑚 =
2𝑐𝑠

𝑞(1 − 𝜁 2𝑠)𝑚−1(1 − 𝜁 (𝑎+1)𝑠)(1 − 𝜁 (1−𝑎)𝑠)
. (6.3)

The denominator is nonzero by the definition of  and the oddness of 𝑞.

If 𝑠 ∈ , the two pairs of indices coincide. Their denominators are (1 − 𝑧𝜁 𝑠)𝑚+1(1 − 𝑧𝜁−𝑠)𝑚+1, so

the coefficient of (1 − 𝑧/𝜁 𝑠)−(𝑚+1) is

𝐶𝑠,𝑚+1 =
2𝑐𝑠

𝑞(1 − 𝜁 2𝑠)𝑚
. (6.4)

It is nonzero if and only if 𝑐𝑠 ≠ 0. If 𝑐𝑠 = 0 on , all summands indexed by  vanish identically. Thus,

when 𝑐 ≠ 0, the largest pole order of 𝐷 is the integer 𝑟 in the statement.

Put 𝑆𝑚+1 =  and 𝑆𝑚 =  , and define

𝜏𝑠,𝑚+1 =
2𝜁 𝑠𝑚

𝑞 𝑚!(1 − 𝜁 2𝑠)𝑚
(𝑠 ∈ ),

𝜏𝑠,𝑚 =
2𝜁 𝑠𝑚

𝑞(𝑚 − 1)!(1 − 𝜁 2𝑠)𝑚−1(1 − 𝜁 (𝑎+1)𝑠)(1 − 𝜁 (1−𝑎)𝑠)
(𝑠 ∈  ).

𝛾𝑏 = ∑
𝑠∈𝑆𝑟

𝜏𝑠,𝑟𝑐𝑠𝜁−𝑠𝑏 (𝑏 ∈ ℤ/𝑞ℤ). (6.5)

Write 𝜇 = 𝑘 + 𝑚. The coefficient of 𝑧𝑘 in (1 − 𝑧/𝜁 𝑠)−𝑟 is 𝜁−𝑠𝑘(𝑘+𝑟−1𝑟−1 ). Partial fractions therefore give

𝑑𝜌(𝜇 − 𝑚) − 𝑑𝜎(𝜇 − 𝑚) = 𝛾𝜇 mod 𝑞𝜇𝑟−1 + 𝑂(𝜇𝑟−2) (𝜇 ∈ ℤ, 𝜇 ≥ 𝑚).

The set 𝑆𝑟 is stable under sign, 𝜏−𝑠,𝑟 = 𝜏𝑠,𝑟 , and 𝑐−𝑠 = 𝑐𝑠; hence 𝛾𝑏 ∈ ℝ. For every 𝑏 ∈ ℤ/𝑞ℤ,

∑
𝑚≤𝜇≤𝑅
𝜇≡𝑏 (𝑞)

𝜇𝑟−1 =
𝑅𝑟

𝑟𝑞
+ 𝑂(𝑅𝑟−1).

Since 𝑟 ≥ 2, the sum of the 𝑂(𝜇𝑟−2) errors is 𝑂(𝑅𝑟−1). The inequality
|||𝑥 + 𝑦| − |𝑥||| ≤ |𝑦| and (6.2) yield

𝜅𝑟 =
1
𝑟𝑞

𝑞−1

∑
𝑏=0

|𝛾𝑏 |. (6.6)

For 𝑠 ∈ 𝑆𝑟 , finite Fourier inversion [8, Corollary 35.12] gives

𝜏𝑠,𝑟𝑐𝑠 =
1
𝑞

𝑞−1

∑
𝑏=0

𝛾𝑏𝜁 𝑠𝑏 .
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Every 𝜏𝑠,𝑟 is nonzero, and 𝑐𝑠 ≠ 0 for some 𝑠 ∈ 𝑆𝑟 . Thus some 𝛾𝑏 is nonzero, and 𝜅𝑟 > 0.

Since 𝑟 ≥ 𝑚, lim inf𝑅→∞ 𝐸𝜂(𝑅)/𝑅𝑚 > 0. Hence (1) implies (2). Since 𝜒𝜌⊕𝜌 = 2Re 𝜒𝜌, the character

criterion for finite-dimensional representations [8, Corollaries 35.6 and 35.12] gives (2)⟺(3). Finally,

(4) implies (1), which proves the equivalence. □

6.1. Two discrepancy orders. Let 𝑞 = 15, 𝑚 = 2, and 𝑎 = 4. Then 𝑄 = 𝐿(15; 1, 1, 4), and  =
{3, 5, 6, 9, 10, 12}. For 𝜌 = 𝜒1 and 𝜎 = 𝜒2, the nonzero Fourier coefficients in (6.5) are

𝜏3,3𝑐3 = 𝜏12,3𝑐12 =
1 −

√
5

60
, 𝜏6,3𝑐6 = 𝜏9,3𝑐9 =

1 +
√
5

60
.

Thus 𝛾𝑏 is 5-periodic, with

(𝛾0, … , 𝛾4) = (1/15, −1/10, 1/15, 1/15, −1/10).

It follows that ∑14
𝑏=0 |𝛾𝑏 | = 6/5 and

𝐸𝜂(𝑅) =
2
75

𝑅3 + 𝑂(𝑅2) (0 ≤ 𝜂 < 1).

Let

𝜌 = 𝜒⊕4
0 ⊕ 𝜒2 ⊕ 𝜒7 ⊕ 𝜒8 ⊕ 𝜒13,

𝜎 = 𝜒⊕2
3 ⊕ 𝜒⊕2

12 ⊕ 𝜒⊕2
5 ⊕ 𝜒⊕2

10 .

Both representations have dimension 8, and

𝑐𝑠 = (2 − 2 cos(2𝜋 ⋅ 3𝑠/15))(2 − 2 cos(2𝜋 ⋅ 5𝑠/15)).

This vanishes on . For 𝑠 ∈  ,

𝜏𝑠,2𝑐𝑠 =
2
15

𝜁 2𝑠(1 − 𝜁 3𝑠)
4
∑
𝑗=0

𝜁 2𝑗𝑠 .

The expression on the right vanishes also for 𝑠 ∈  ∪ {0}. Fourier inversion gives 𝛾𝑏 = 2 for

𝑏 = 2, 4, 6, 8, 10, 𝛾𝑏 = −2 for 𝑏 = 5, 7, 9, 11, 13, and 𝛾𝑏 = 0 at the other residues modulo 15. Thus

∑14
𝑏=0 |𝛾𝑏 | = 20, and

𝐸𝜂(𝑅) =
2
3
𝑅2 + 𝑂(𝑅) (0 ≤ 𝜂 < 1).

7. The three-dimensional flat-bundle kernel

Let 𝑞 ≥ 3 be an integer, let 𝑎 be a unit modulo 𝑞, and put 𝜁 = 𝑒2𝜋𝑖/𝑞 . Let 𝐶𝑞 = ⟨ℎ⟩ act on 𝑆3 ⊂ ℂ2

by

ℎ(𝑧, 𝑤) = (𝜁𝑧, 𝜁 𝑎𝑤).

Equip 𝐿(𝑞; 1, 𝑎) = 𝑆3/𝐶𝑞 with the curvature-one quotient metric. For a finite-dimensional unitary

representation 𝜌 of 𝐶𝑞 , let Δ𝜌 be its nonnegative flat connection Laplacian. Its eigenvalues belong

to {𝑘(𝑘 + 2) ∶ 𝑘 ∈ ℤ≥0}; write 𝑑𝜌(𝑘) for their multiplicities, possibly zero [12, Theorems 2.3 and 3.1].

Thus 𝑃𝜌 = (Δ𝜌 + 1)1/2 has frequency 𝑘 + 1 with multiplicity 𝑑𝜌(𝑘). Ranks and multiplicities are taken

over ℂ. Write 𝜒𝜌 = tr 𝜌 and 𝜒𝑏(ℎ𝑠) = 𝜁 𝑏𝑠 for 𝑏, 𝑠 ∈ ℤ/𝑞ℤ. For two such representations 𝜌, 𝜎, put

𝑐 = Re 𝜒𝜌 − Re 𝜒𝜎 , 𝑐𝑠 = 𝑐(ℎ𝑠), 𝑡𝑠 = cos(2𝜋𝑠/𝑞),
𝑏𝑘 = 𝑑𝜌(𝑘) − 𝑑𝜎(𝑘) (𝑘 ≥ 0).

In particular 𝑐0 = dimℂ 𝜌 − dimℂ 𝜎 and 𝑐−𝑠 = 𝑐𝑠 . Write 𝐸𝜂(𝑅) = 𝐸𝜂(𝑅; 𝑃𝜌 , 𝑃𝜎) for the matching defect

of Section 2. Since distinct frequencies differ by at least one,

𝐸𝜂(𝑅) = ∑
𝜇∈ℤ

1≤𝜇≤𝑅

|𝑏𝜇−1| (0 ≤ 𝜂 < 1).
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Define

 = {𝑠 ∈ ℤ/𝑞ℤ ⧵ {0} ∶ (𝑎 − 1)𝑠 = 0 or (𝑎 + 1)𝑠 = 0},
 = (ℤ/𝑞ℤ ⧵ {0}) ⧵ .

These sets are invariant under multiplication by 𝑎 and under sign. Moreover, 𝑡𝑠 − 𝑡𝑎𝑠 ≠ 0 precisely for

𝑠 ∈  . Let 𝜄 be the involution 𝑋 ↦ 𝑋−1
of ℚ[𝑋]/(𝑋𝑞 − 1), and put

R𝑞 = (ℚ[𝑋]/(𝑋𝑞 − 1))
𝜄, R0

𝑞 = {𝑓 ∈ R𝑞 ∶ 𝑓 (1) = 0}.

Evaluation gives a ℚ-algebra isomorphism

R𝑞 ⟶ 𝑞 ∶= ∑
𝑏∈ℤ/𝑞ℤ

ℚRe 𝜒𝑏 , 𝑓 ⟼ (ℎ𝑠 ⟼ 𝑓 (𝜁 𝑠)).

Indeed, (𝑋𝑏+𝑋−𝑏)/2 maps to Re 𝜒𝑏 , and evaluation at all 𝑞th roots of unity is injective on ℚ[𝑋]/(𝑋𝑞−
1). Under this identification, R0

𝑞 corresponds to 0
𝑞 = {𝑐 ∈ 𝑞 ∶ 𝑐0 = 0}, and augmentation sends

Re 𝜒𝜌 to dimℂ 𝜌.

Put 𝐷𝑠(𝑧) = 1−2𝑡𝑠𝑧+𝑧2. The harmonic decomposition on ℝ4
[9, (1.1)] and the character-weighted

Molien formula [23, Theorem 2.1] give, for |𝑧| < 1,

𝐵(𝑧) ∶= ∑
𝑘≥0

𝑏𝑘𝑧𝑘 =
1 − 𝑧2

𝑞

𝑞−1

∑
𝑠=0

𝑐𝑠
𝐷𝑠(𝑧)𝐷𝑎𝑠(𝑧)

. (7.1)

The terms indexed by 𝑠 and −𝑠 have equal denominators and conjugate character values. This gives

the real-character numerator also when 𝑞 is even, since characters are real at self-inverse elements.

For arbitrary 𝑐 ∈ 𝑞 , the coefficients on the right define a ℚ-linear map 𝑞,𝑎 ∶ 𝑞 → ℚℤ≥0
. They are

rational because 𝑞,𝑎(Re 𝜒𝑏) = (𝑑𝜒𝑏 (𝑘))𝑘≥0 and the Re 𝜒𝑏 span 𝑞 .

Theorem 7.1 (The three-dimensional spectral kernel). Suppose that 𝑞 is odd. The flat connection
Laplacians Δ𝜌 , Δ𝜎 on 𝐿(𝑞; 1, 𝑎) are isospectral if and only if their ranks agree and

𝑐𝑠 = 0 (𝑠 ∈ ),
𝑐𝑠

𝑡𝑠 − 𝑡𝑎𝑠
=

𝑐𝑎−1𝑠
𝑡𝑎−1𝑠 − 𝑡𝑠

(𝑠 ∈  ).

For each divisor 𝑑 > 1 of 𝑞, put 𝜁𝑑 = 𝑒2𝜋𝑖/𝑑 , 𝐾𝑑 = ℚ(𝜁𝑑 + 𝜁−1𝑑 ), and let 𝜎𝑎 be the automorphism of 𝐾𝑑
given by 𝜎𝑎(𝜁𝑑 + 𝜁−1𝑑 ) = 𝜁 𝑎𝑑 + 𝜁−𝑎𝑑 . Under the cyclotomic decomposition of R0

𝑞 , the kernel of 𝑞,𝑎 is the
product, over 𝑑 ∣ 𝑞, 𝑑 > 1, of

⎧⎪⎪
⎨⎪⎪⎩

{0}, 𝑎 ≡ ±1 (mod 𝑑),

(cos(2𝜋/𝑑) − cos(2𝜋𝑎/𝑑))𝐾
⟨𝜎𝑎⟩
𝑑 , 𝑎 ≢ ±1 (mod 𝑑).

For a finite group 𝐺 and 𝑔 ∈ 𝐺, write ord𝐺(𝑔) for the order of 𝑔 ; put 𝜑(𝑑) = |(ℤ/𝑑ℤ)×|. The dimension
of the kernel over ℚ is

∑
𝑑∣𝑞, 𝑑>1

𝑎≢±1 (mod 𝑑)

𝜑(𝑑)
2 ord(ℤ/𝑑ℤ)×/{±1}(𝑎)

.

For every fixed 0 ≤ 𝜂 < 1, the matching defect satisfies exactly one of the following alternatives:
(1) If 𝑐0 ≠ 0, then 𝐸𝜂(𝑅) = Θ(𝑅3).
(2) If 𝑐0 = 0 and 𝑐 is nonzero on , then 𝐸𝜂(𝑅) = 𝜅2𝑅2 + 𝑂(𝑅) with 𝜅2 > 0.
(3) If 𝑐0 = 0, 𝑐 vanishes on , and 𝑐 ∉ ker𝑞,𝑎, then 𝐸𝜂(𝑅) = 𝜅1𝑅 + 𝑂(1) with 𝜅1 > 0.
(4) If 𝑐 ∈ ker𝑞,𝑎, then 𝐸𝜂(𝑅) = 0 for every 𝑅.

In the third case 𝑏𝑘+𝑞 = 𝑏𝑘 for every 𝑘 ≥ 0, and 𝜅1 = 𝑞−1∑𝑞−1
𝑘=0 |𝑏𝑘 |. In the second case,

𝛾𝑏 = ∑
𝑠∈

2𝜁 𝑠𝑐𝑠
𝑞(1 − 𝜁 2𝑠)

𝜁−𝑠𝑏 , 𝜅2 =
1
2𝑞

𝑞−1

∑
𝑏=0

|𝛾𝑏 |.
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Here 𝑏 ∈ ℤ/𝑞ℤ, and every 𝛾𝑏 is real. Consequently, 𝐸𝜂(𝑅𝜈 ) = 𝑜(𝑅𝜈 ) for a sequence 𝑅𝜈 → +∞ if and
only if the two Laplacians are isospectral.

Proof. In (7.1), the identity term is 𝑐0(1 + 𝑧)/(𝑞(1 − 𝑧)3), whereas the nonidentity terms are regular

at 𝑧 = 1. Thus 𝐵 = 0 implies 𝑐0 = 0. Assume 𝑐0 = 0. For 𝑠 ∈ , one has 𝑎−1𝑠 = ±𝑠. Only the terms

indexed by 𝑠 and −𝑠 can have a pole at 𝑧 = 𝜁 𝑠 , and the coefficient of (1 − 𝑧𝜁−𝑠)−2 is

𝐶𝑠,2 =
2𝑐𝑠

𝑞(1 − 𝜁 2𝑠)
.

Its denominator is nonzero since 𝑞 is odd. Hence 𝐵 = 0 forces 𝑐𝑠 = 0 on . Conversely, these equalities

remove all collision summands.

Suppose that 𝑐 vanishes on , and put 𝑢𝑠 = 𝑐𝑠/(𝑡𝑠 − 𝑡𝑎𝑠) for 𝑠 ∈  . The identity

𝑐𝑠
𝐷𝑠𝐷𝑎𝑠

=
𝑢𝑠
2𝑧 (

1
𝐷𝑠

−
1
𝐷𝑎𝑠)

and the change of index 𝑠 ↦ 𝑎𝑠 give

𝐵(𝑧) =
1 − 𝑧2

2𝑞𝑧
∑
𝑠∈

𝑢𝑠 − 𝑢𝑎−1𝑠
𝐷𝑠(𝑧)

. (7.2)

Two factors 𝐷𝑠 , 𝐷𝑠′ have a common root if and only if 𝑠′ = ±𝑠. Moreover 𝑢−𝑠 = 𝑢𝑠 , and 𝜁 𝑠 ∉ {0, 1, −1}
for 𝑠 ≠ 0. Taking the coefficient of the simple pole at each 𝜁 𝑠 in (7.2) therefore gives 𝐵 = 0 if and only

if 𝑢𝑠 = 𝑢𝑎−1𝑠 on  .

The Chinese remainder theorem, applied to the distinct cyclotomic factors of 𝑋𝑞 − 1, gives

R𝑞 ≅ ℚ ×∏
𝑑∣𝑞
𝑑>1

𝐾𝑑 , 𝑓 ⟼ (𝑓 (1), (𝑓 (𝜁𝑑))𝑑∣𝑞, 𝑑>1);

inversion acts on each cyclotomic field as complex conjugation [21, Theorems 5.10 and 8.1]. The first

factor is augmentation. For 𝑓 ∈ R𝑞 corresponding to 𝑐, put 𝑓𝑑 = 𝑓 (𝜁𝑑) = 𝑐𝑞/𝑑 . If 𝑣 is a unit modulo 𝑑,

then 𝑐𝑣𝑞/𝑑 = 𝜎𝑣(𝑓𝑑), where 𝜎𝑣(𝜁𝑑 + 𝜁−1𝑑 ) = 𝜁 𝑣𝑑 + 𝜁−𝑣𝑑 . If 𝑎 ≡ ±1 (mod 𝑑), the indices of order 𝑑 lie in

, so 𝑓𝑑 = 0. Otherwise put 𝛿𝑑 = cos(2𝜋/𝑑) − cos(2𝜋𝑎/𝑑) ≠ 0. Then

𝑢𝑣𝑞/𝑑 = 𝜎𝑣(𝑓𝑑/𝛿𝑑).

The equations 𝑢𝑠 = 𝑢𝑎−1𝑠 on the indices of order 𝑑 are therefore equivalent to 𝑓𝑑/𝛿𝑑 ∈ 𝐾 ⟨𝜎𝑎⟩
𝑑 . By [21,

Lemma 5.9 and Theorem 3.17(d)], Gal(𝐾𝑑/ℚ) ≅ (ℤ/𝑑ℤ)×/{±1}. The order of 𝜎𝑎 is the order of 𝑎 in

this quotient. The degree formula [21, Theorem 3.17(b)] therefore gives the stated dimension. The

real parts of virtual characters in the kernel are precisely its intersection with ∑𝑏∈ℤ/𝑞ℤℤRe 𝜒𝑏 .

Still assuming 𝑐0 = 0, the rational function 𝐵 is 𝑂(𝑧−2) at infinity and has at most double poles at

𝑞th roots of unity. Partial fractions give the exact identity

𝑏𝜇−1 = 𝜇𝛾𝜇 mod 𝑞 + 𝛽𝜇 mod 𝑞 (𝜇 ≥ 1),

where 𝛽 is a real 𝑞-periodic sequence. The coefficient 𝐶𝑠,2 gives the displayed formula for 𝛾 ; pairing 𝑠
with −𝑠 shows that 𝛾𝑏 ∈ ℝ. Finite Fourier inversion [8, Corollary 35.12] shows that 𝛾 ≠ 0 precisely

when 𝑐 is nonzero on . For each residue 𝑏 modulo 𝑞,

∑
1≤𝜇≤𝑅
𝜇≡𝑏 (𝑞)

𝜇 =
𝑅2

2𝑞
+ 𝑂(𝑅).

The inequality
|||𝜇𝛾𝑏 + 𝛽𝑏 | − 𝜇|𝛾𝑏 ||| ≤ |𝛽𝑏 | therefore proves the second alternative and its leading

coefficient. If 𝛾 = 0, then 𝑏𝑘+𝑞 = 𝑏𝑘 for 𝑘 ≥ 0. Summing one period proves the third and fourth

alternatives. If 𝑐0 ≠ 0, the identity term has coefficient 𝑐0(𝑘 + 1)2/𝑞, while the remaining coefficients

are 𝑂(𝑘 + 1). Thus

𝐸𝜂(𝑅) =
|𝑐0|
3𝑞

𝑅3 + 𝑂(𝑅2).

These alternatives also prove the final equivalence. □
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7.1. Prime orders and Gaussian periods. Let 𝑞 = 𝑝 ≥ 5 be prime and let 𝑎 ∈ 𝔽×𝑝 ⧵ {1, −1}. Since 𝑎 − 1
and 𝑎 + 1 are nonzero in 𝔽𝑝, the collision set is empty. Theorem 7.1 shows that equal-rank twists

are isospectral precisely when 𝑢𝑠 = 𝑐𝑠/(𝑡𝑠 − 𝑡𝑎𝑠) is constant on the 𝑎-orbits in 𝔽×𝑝/{±1}. For every

equal-rank pair, 𝑏𝑘+𝑝 = 𝑏𝑘 for 𝑘 ≥ 0, and

𝐸𝜂(𝑅) = 𝜅𝑅 + 𝑂(1), 𝜅 =
1
𝑝

𝑝−1

∑
𝑘=0

|𝑏𝑘 | (0 ≤ 𝜂 < 1).

Put

𝐾 = ℚ(𝜁 + 𝜁−1), 𝑀 = (𝑝 − 1)/2, 𝜏 = ord𝔽×𝑝/{±1}(𝑎), 𝑟 = 𝑀/𝜏.

Corollary 7.2. Evaluation 𝑐 ↦ 𝑐1 = 𝑐(ℎ) identifies 0
𝑝 with 𝐾 . Under this identification the spectral

kernel is

(𝑡1 − 𝑡𝑎)𝐾 ⟨𝜎𝑎⟩, 𝜎𝑎(𝜁 + 𝜁−1) = 𝜁 𝑎 + 𝜁−𝑎. (7.3)

Its dimension over ℚ is 𝑟 . Let 𝐻 = ⟨−1, 𝑎⟩ ⊂ 𝔽×𝑝 ; then |𝐻 | = 2𝜏. For each multiplicative coset 𝑂 of 𝐻 , put

𝑉𝑂 = (𝜒1 + 𝜒−1 − 𝜒𝑎 − 𝜒−𝑎)∑
𝑏∈𝑂

𝜒𝑏 .

These 𝑟 real-valued virtual characters have rank zero and form a ℚ-basis of the spectral kernel. The real
parts of virtual characters in this kernel form its intersection with ∑𝑏∈𝔽𝑝 ℤRe 𝜒𝑏 .

Proof. For 𝑞 = 𝑝, the decomposition in Theorem 7.1 is R𝑝 ≅ ℚ × 𝐾 . Its first coordinate is 𝑐0 and its

second is 𝑐1. The theorem therefore gives (7.3) and its dimension 𝑀/𝜏 = 𝑟 .

Since𝐻 contains−1 and 𝑎, the Gaussian periods 𝜂𝑂 = ∑𝑏∈𝑂 𝜁 𝑏 lie in𝐾 ⟨𝜎𝑎⟩
. Represent each nonzero

residue by an integer 1 ≤ 𝑏 ≤ 𝑝 − 1. If ∑𝑂 𝜆𝑂𝜂𝑂 = 0 with 𝜆𝑂 ∈ ℚ, then 𝑃(𝑋) = ∑𝑂 𝜆𝑂 ∑𝑏∈𝑂 𝑋𝑏
has

degree at most 𝑝 − 1, has constant term zero, and vanishes at 𝜁 . By [21, Theorem 5.10], the minimal

polynomial is Φ𝑝(𝑋) = 1 + 𝑋 + ⋯ + 𝑋𝑝−1
. Hence 𝑃 is a scalar multiple of Φ𝑝; its constant term gives

𝑃 = 0 and every 𝜆𝑂 = 0. There are 𝑟 cosets, hence these periods form a basis of the fixed field. Each

𝑉𝑂 is real-valued, has rank zero, and evaluates at ℎ to 2(𝑡1 − 𝑡𝑎)𝜂𝑂 . Since 𝑡1 − 𝑡𝑎 ≠ 0, the virtual

characters 𝑉𝑂 form a basis. □

7.2. Isospectral twists and real holonomy. The case 𝑎 = 2 for odd 𝑞 is contained in [12, Example 4.10

and Theorem 4.2].

Corollary 7.3. For every integer 𝑞 ≥ 3 and every unit 𝑎 ∈ (ℤ/𝑞ℤ)×, the flat line Laplacians on the round
lens space 𝐿(𝑞; 1, 𝑎) twisted by 𝜒1 and 𝜒𝑎 are isospectral. If 𝑎 ≢ ±1 (mod 𝑞), their realified holonomy
representations of 𝐶𝑞 are inequivalent.

Proof. For this pair, 𝑐𝑠 = 𝑡𝑠 − 𝑡𝑎𝑠 . For every 𝑠 ∈ ℤ/𝑞ℤ,

𝑡𝑠 − 𝑡𝑎𝑠
𝐷𝑠𝐷𝑎𝑠

=
1
2𝑧 (

1
𝐷𝑠

−
1
𝐷𝑎𝑠)

.

Multiplication by 𝑎 permutes ℤ/𝑞ℤ, so summing gives zero. Equation (7.1), which is valid also for

even 𝑞, proves isospectrality. The realified holonomy representations have characters 2𝑡𝑠 and 2𝑡𝑎𝑠;
these coincide for every 𝑠 if and only if 𝑎 ≡ ±1 (mod 𝑞). □

On 𝐿(13; 1, 3), the class of 3 has order 3 modulo sign, so the kernel has dimension 6/3 = 2. One

element is Re 𝜒1 − Re 𝜒3. A second is

Re 𝜒2 + Re 𝜒3 + Re 𝜒5 − Re 𝜒1 − 2Re 𝜒6. (7.4)

Indeed,

2(𝑡1 − 𝑡3)(𝑡1 + 𝑡3 + 𝑡4) = 𝑡2 + 𝑡3 + 𝑡5 − 𝑡1 − 2𝑡6,
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by 2𝑡𝑖𝑡𝑗 = 𝑡𝑖+𝑗 +𝑡𝑖−𝑗 , and 𝜎3 permutes 𝑡1, 𝑡3, 𝑡4. The first element is nonzero; the coefficients of 𝜒2 in the

two character expansions are 0 and 1/2. Hence the elements are linearly independent. Consequently

the complex rank-three bundles

𝜌 = 𝜒2 ⊕ 𝜒3 ⊕ 𝜒5, 𝜎 = 𝜒1 ⊕ 𝜒6 ⊕ 𝜒6

are isospectral and have inequivalent realified holonomy.

7.3. Three-dimensional discrepancy coefficients. Fix 0 ≤ 𝜂 < 1. On 𝐿(9; 1, 2), the collision indices

are 3, 6. For the ordered pair of twists (𝜒0, 𝜒1), 𝑐3 = 𝑐6 = 3/2, so 𝛾𝑏 = 2 sin(2𝜋𝑏/3)/(3
√
3). Its values

modulo 3 are (0, 1/3, −1/3), and ∑8
𝑏=0 |𝛾𝑏 | = 2. Hence

𝐸𝜂(𝑅) =
1
9
𝑅2 + 𝑂(𝑅).

For the ordered pair (𝜒1, 𝜒4) on the same space, 𝑐 vanishes on . The numbers 𝑡1, 𝑡2, 𝑡4 are the roots

of 8𝑇 3 − 6𝑇 + 1, so 𝑡1 + 𝑡2 + 𝑡4 = 0 and 𝑡21 + 𝑡22 + 𝑡24 = 3/2. Consequently

𝐷1𝐷2𝐷4 = 1 + 𝑧3 + 𝑧6,

2((𝑡1 − 𝑡4)𝐷4 + (𝑡2 − 𝑡1)𝐷1 + (𝑡4 − 𝑡2)𝐷2) = 9𝑧.

Pairing the terms indexed by 𝑠 and −𝑠 in (7.1) therefore gives

∑
𝑘≥0

𝑏𝑘𝑧𝑘 =
𝑧(1 − 𝑧2)
1 + 𝑧3 + 𝑧6

=
𝑧 − 𝑧3 − 𝑧4 + 𝑧6

1 − 𝑧9
.

The multiplicity difference, indexed by the frequency 𝜇, is

(𝑏𝜇−1)𝜇 mod 9 = (0, 0, 1, 0, −1, −1, 0, 1, 0),

where the entries are ordered by the residues 0, … , 8. Thus

𝐸𝜂(𝑅) =
4
9
𝑅 + 𝑂(1).

On 𝐿(15; 1, 4), the ordered pair (𝜒1, 𝜒2) satisfies 𝑐3 = 𝑐12 =
√
5/2, 𝑐6 = 𝑐9 = −

√
5/2, and 𝑐5 = 𝑐10 = 0.

The leading sequence is

𝛾𝑏 =
√
5

15 (
sin(2𝜋𝑏/5)
sin(2𝜋/5)

−
sin(4𝜋𝑏/5)
sin(4𝜋/5) ) .

Its values modulo 5 are (0, 0, 1/3, −1/3, 0), so ∑14
𝑏=0 |𝛾𝑏 | = 2 and

𝐸𝜂(𝑅) =
1
15

𝑅2 + 𝑂(𝑅).

8. Prime-square lens orbifolds and corresponding covers

Lauret proved that scalar-isospectral lens manifolds have scalar-isospectral corresponding covers

[14, Theorem 4.3]. The extension to lens orbifolds was proposed in [14, Remark 4.4] and restated

as [18, Conjecture 7.3]. At orders 9 and 25, the corresponding proper covers of scalar-isospectral

effective lens orbifolds are isometric (Theorem 8.5). In dimension three, scalar isospectrality already

implies isometry for every group order [3, Theorem 3.1]. All metrics in this section are round quotient

metrics.
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8.1. The Molien series and the isotropy filtration. Let 𝑝 be prime, let 𝑞 = 𝑝2
, and let 𝑛 ≥ 1. For

every positive integer 𝑚, put 𝜁𝑚 = 𝑒2𝜋𝑖/𝑚. For 𝑤 = (𝑤1, … , 𝑤𝑛) ∈ (ℤ/𝑞ℤ)𝑛, let 𝐿(𝑞; 𝑤) denote the

quotient of the unit sphere in ℂ𝑛
by the cyclic action generated by

𝑔𝑤(𝑧1, … , 𝑧𝑛) = (𝜁𝑤1
𝑞 𝑧1, … , 𝜁𝑤𝑛

𝑞 𝑧𝑛).

Assume that the action is effective, equivalently gcd(𝑞, 𝑤1, … , 𝑤𝑛) = 1. Weights equal to zero are

permitted. For 𝑑 ∣ 𝑞, the subgroup ⟨𝑔𝑑𝑤⟩ has order 𝑞/𝑑 and quotient 𝐿(𝑞/𝑑; 𝑤), with weights reduced

modulo 𝑞/𝑑. For a pair of lens orbifolds, the quotients obtained with the same 𝑑 are their corresponding

covers; these are proper when 𝑑 > 1. Write

𝑏 = #{𝑗 ∶ 𝑤𝑗 = 0 (mod 𝑝2)},

𝑠 = #{𝑗 ∶ 𝑝 ∣ 𝑤𝑗 , 𝑤𝑗 ≠ 0 (mod 𝑝2)},
𝑟 = #{𝑗 ∶ 𝑝 ∤ 𝑤𝑗 }.

(8.1)

Thus 𝑛 = 𝑏 + 𝑠 + 𝑟 and 𝑟 ≥ 1. Each of 𝑏, 𝑠, 𝑟 counts complex coordinate lines; the corresponding real

dimensions are 2𝑏, 2𝑠, 2𝑟 . Put 𝔽𝑝 = ℤ/𝑝ℤ, and let 𝑈 = (𝑢1, … , 𝑢𝑟) ∈ (𝔽×𝑝)𝑟 be the reductions modulo

𝑝 of the unit weights.

The Hilbert series of invariant complex-valued polynomials on ℝ2𝑛
is

𝐻𝑤(𝑡) =
1
𝑝2

𝑝2−1

∑
𝑘=0

𝑛
∏
𝑗=1

1

(1 − 𝑡𝜁 𝑘𝑤𝑗
𝑝2 )(1 − 𝑡𝜁−𝑘𝑤𝑗

𝑝2 )
. (8.2)

By the harmonic decomposition and Molien formula [1, Sections 2.1–2.2, (2.1)–(2.3)], the scalar

multiplicities have generating series (1−𝑡2)𝐻𝑤(𝑡), where harmonic degree 𝑘 has eigenvalue 𝑘(𝑘+2𝑛−
2). Weyl’s law determines the dimension and volume, hence 𝑛 and 𝑞, since vol 𝐿(𝑞; 𝑤) = 𝑞−1 vol 𝑆2𝑛−1
[1, (1.1) and Remark 2.1]. The eigenvalues 𝑘(𝑘 + 2𝑛 − 2) are strictly increasing for 𝑘 ≥ 0. Thus scalar

isospectrality is equivalent to equality of the Hilbert series.

Define

𝑅𝑈 (𝑡) =
𝑝−1

∑
𝑎=1

𝑟
∏
𝑗=1

1
(1 − 𝑡𝜁 𝑎𝑢𝑗𝑝 )(1 − 𝑡𝜁−𝑎𝑢𝑗𝑝 )

. (8.3)

Separate in (8.2) the identity, the elements of order 𝑝, and the elements of order 𝑝2
. This gives

𝑝2(1 − 𝑡)2𝑏𝐻𝑤(𝑡) = (1 − 𝑡)−2(𝑟+𝑠) + (1 − 𝑡)−2𝑠𝑅𝑈 (𝑡) + 𝑇𝑤(𝑡), (8.4)

where 𝑇𝑤 is the sum over 𝑘 prime to 𝑝 after deleting the 𝑏 zero-weight coordinate lines. The function

𝑇𝑤 is analytic at 𝑡 = 1: for such 𝑘, every nonzero weight 𝑤𝑗 satisfies 𝑘𝑤𝑗 ≠ 0 (mod 𝑝2).
Donnelly’s equivariant heat expansion [3, Theorem 6.2], together with the multiplicity of invariant

linear polynomials, gives the following spectral invariant.

Theorem 8.1. The scalar spectrum of an effective order-𝑝2 lens orbifold determines 𝑏, 𝑠, 𝑟 . In particular,
scalar-isospectral lens orbifolds 𝐿(𝑝2; 𝑤) and 𝐿(𝑝2; 𝑤′) have equal multisets

{{gcd(𝑝2, 𝑤𝑗 ) ∶ 1 ≤ 𝑗 ≤ 𝑛}} = {{1 𝑟 , 𝑝 𝑠 , (𝑝2) 𝑏 }}. (8.5)

Proof. The coefficient of 𝑡 in 𝐻𝑤 is the dimension of the invariant linear polynomials, namely 2𝑏 .

Thus 𝑏 is determined. Remove the known identity contribution and set

𝐾𝑤(𝑡) = 𝑝2(1 − 𝑡)2𝑏𝐻𝑤(𝑡) − (1 − 𝑡)−2(𝑛−𝑏). (8.6)

By (8.4),

𝐾𝑤(𝑡) = (1 − 𝑡)−2𝑠𝑅𝑈 (𝑡) + 𝑇𝑤(𝑡).
The function 𝑅𝑈 is analytic at 1, and

𝑅𝑈 (1) =
𝑝−1

∑
𝑎=1

𝑟
∏
𝑗=1

1
4 sin2(𝜋𝑎𝑢𝑗/𝑝)

> 0. (8.7)

If 𝑠 > 0, 𝐾𝑤 therefore has a pole of exact order 2𝑠 at 1. If 𝑠 = 0, it is analytic there. This determines 𝑠,

and then 𝑟 = 𝑛 − 𝑏 − 𝑠. □
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8.2. The reciprocal residual polynomial. The order-𝑝 subgroup is generated by 𝑔𝑝𝑤. Its weight list

consists of 𝑈 and 𝑏 + 𝑠 zero weights, so the Hilbert series of its spherical quotient is

𝐻 (𝑝)
𝑤 (𝑡) =

1
𝑝 [(1 − 𝑡)−2𝑛 + (1 − 𝑡)−2(𝑏+𝑠)𝑅𝑈 (𝑡)] . (8.8)

Suppose 𝐻𝑤 = 𝐻𝑤′ . Theorem 8.1 gives common values of 𝑟, 𝑠, 𝑏 . Write Δ𝑅 = 𝑅𝑈 − 𝑅𝑈 ′ and

Δ𝑇 = 𝑇𝑤 − 𝑇𝑤′ . Equation (8.4) implies

Δ𝑅(𝑡) = −(1 − 𝑡)2𝑠Δ𝑇(𝑡). (8.9)

In particular, if 𝑠 > 0, the function Δ𝑅 has a zero of order at least 2𝑠 at 𝑡 = 1.

Theorem 8.2. Let 𝑝 be odd, and let 𝐿(𝑝2; 𝑤) and 𝐿(𝑝2; 𝑤′) be scalar-isospectral effective lens orbifolds
with 𝑠 > 0. Put Φ𝑝(𝑡) = 1 + 𝑡 + ⋯ + 𝑡𝑝−1 and

𝐸 = 𝑟(𝑝 − 3) − 2𝑠 − 4.

There is a polynomial 𝑃 ∈ ℚ[𝑡] such that

Δ𝑅(𝑡) =
𝑡2(1 − 𝑡)2𝑠𝑃(𝑡)

Φ𝑝(𝑡)𝑟
, 𝑃(𝑡) = 𝑡𝐸𝑃(1/𝑡). (8.10)

If 𝐸 < 0, then 𝑃 = 0. If 𝑃 ≠ 0, then 𝐸 ≥ 0 and deg 𝑃 ≤ 𝐸. In particular, the corresponding order-𝑝 covers
are scalar isospectral whenever

2𝑠 + 4 > 𝑟(𝑝 − 3). (8.11)

Their Hilbert-series difference is always

𝐻 (𝑝)
𝑤 (𝑡) − 𝐻 (𝑝)

𝑤′ (𝑡) =
𝑡2𝑃(𝑡)

𝑝(1 − 𝑡)2𝑏Φ𝑝(𝑡)𝑟
. (8.12)

Proof. Every root of each denominator in (8.3) is a primitive 𝑝-th root. The two roots contributed by

one coordinate line are distinct, since 𝑝 is odd and 𝑢𝑗 ≠ 0. The multiplicity at a fixed primitive root is

at most 𝑟 . Hence

𝑁(𝑡) = Φ𝑝(𝑡)𝑟Δ𝑅(𝑡)

is a polynomial. The Galois group of ℚ(𝜁𝑝)/ℚ permutes the summands of 𝑅𝑈 , so 𝑁 ∈ ℚ[𝑡]. Repeated

weights are counted with multiplicity in the bound 𝑟 .

Put 𝐷 = 𝑟(𝑝 − 3). Each summand in (8.3) is 𝑂(𝑡−2𝑟) at infinity, so

deg𝑁 ≤ 𝑟(𝑝 − 1) − 2𝑟 = 𝐷 (𝑁 ≠ 0). (8.13)

Each paired denominator is reciprocal. Consequently

Δ𝑅(1/𝑡) = 𝑡2𝑟Δ𝑅(𝑡), 𝑁 (𝑡) = 𝑡𝐷𝑁(1/𝑡).

Moreover,

𝑅𝑈 (0) = 𝑝 − 1, 𝑅′
𝑈 (0) =

𝑟
∑
𝑗=1

𝑝−1

∑
𝑎=1

(𝜁 𝑎𝑢𝑗𝑝 + 𝜁−𝑎𝑢𝑗𝑝 ) = −2𝑟. (8.14)

The same identities hold for 𝑈 ′
, so 𝑡2 divides 𝑁 .

Since Φ𝑝(1) = 𝑝, equation (8.9) implies that (1 − 𝑡)2𝑠 divides 𝑁 . The two factors 𝑡2 and (1 − 𝑡)2𝑠
are coprime, and hence 𝑁 = 𝑡2(1 − 𝑡)2𝑠𝑃 for 𝑃 ∈ ℚ[𝑡]. Substitution into the reciprocity identity for

𝑁 gives 𝑃(𝑡) = 𝑡𝐷−2𝑠−4𝑃(1/𝑡). If 𝑃 ≠ 0, let 𝑚 and 𝑑 be its least and greatest exponents with nonzero

coefficients. Comparison of the least exponents gives

𝑚 + 𝑑 = 𝐷 − 2𝑠 − 4 = 𝐸.

Since 0 ≤ 𝑚 ≤ 𝑑 = deg 𝑃 , one has 𝐸 ≥ 0 and deg 𝑃 ≤ 𝐸. This proves (8.10) and (8.11). Finally, (8.8)

gives (8.12). □
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Remark 8.3. Let 𝐿(𝑝2; 𝑤) and 𝐿(𝑝2; 𝑤′) be scalar-isospectral effective lens orbifolds, with 𝑝 odd. For

𝑐 ∈ 𝔽×𝑝/{±1}, put

𝑚𝑐(𝑈) = #{𝑗 ∶ 𝑢𝑗 ∈ 𝑐}, 𝑀 = max
𝑐

{𝑚𝑐(𝑈), 𝑚𝑐(𝑈 ′)}.

Thus 𝑚𝑐(𝑈) is the multiplicity of the nontrivial irreducible real representation indexed by 𝑐. Mul-

tiplication by 𝑎 ∈ 𝔽×𝑝 permutes these classes, so each summand denominator in (8.3) divides Φ𝑀
𝑝 .

Consequently 𝑁𝑀 = Φ𝑀
𝑝 Δ𝑅 ∈ ℚ[𝑡] satisfies

deg𝑁𝑀 ≤ 𝑀(𝑝 − 1) − 2𝑟 (𝑁𝑀 ≠ 0), 𝑁𝑀(𝑡) = 𝑡𝑀(𝑝−1)−2𝑟𝑁𝑀(1/𝑡).

Equations (8.9) and (8.14) give 𝑡2(1 − 𝑡)2𝑠 ∣ 𝑁𝑀 . Hence there is 𝑃𝑀 ∈ ℚ[𝑡] with

Δ𝑅(𝑡) =
𝑡2(1 − 𝑡)2𝑠𝑃𝑀(𝑡)

Φ𝑝(𝑡)𝑀
, 𝑃𝑀(𝑡) = 𝑡𝐸𝑀𝑃𝑀(1/𝑡),

where 𝐸 = 𝑟(𝑝 − 3) − 2𝑠 − 4 and

𝐸𝑀 = 𝑀(𝑝 − 1) − 2𝑟 − 2𝑠 − 4 = 𝐸 − (𝑟 − 𝑀)(𝑝 − 1) ≤ 𝐸.

The comparison of exponents in the proof of Theorem 8.2 gives 𝑃𝑀 = 0 when 𝐸𝑀 < 0, hence Δ𝑅 = 0.

When 𝐸 = 0 in (8.10), 𝑃 is constant.

Proposition 8.4. If 𝑠 = 0, scalar-isospectral effective order-𝑝2 lens orbifolds have scalar-isospectral
corresponding order-𝑝 covers.

Proof. Delete the 𝑏 zero weights and denote the remaining lists by 𝑣, 𝑣′. All their entries are units

modulo 𝑝2
, and

𝐻𝑣(𝑡) = (1 − 𝑡)2𝑏𝐻𝑤(𝑡) = (1 − 𝑡)2𝑏𝐻𝑤′(𝑡) = 𝐻𝑣′(𝑡).

If 𝑟 ≥ 2, the lens manifolds 𝐿(𝑝2; 𝑣) and 𝐿(𝑝2; 𝑣′) are therefore scalar isospectral. By [14, Theorem 4.3],

their corresponding order-𝑝 covers are scalar isospectral. Reinserting the zero weights gives 𝐻 (𝑝)
𝑤 =

(1− 𝑡)−2𝑏𝐻 (𝑝)
𝑣 and the same identity for 𝑤′

, so the original corresponding covers are scalar isospectral.

If 𝑟 = 1, multiplication by 𝑢1 permutes 𝔽×𝑝, so (8.3) is independent of 𝑢1. Then 𝑅𝑈 = 𝑅𝑈 ′ , and (8.8)

gives the conclusion. □

8.3. Orders nine and twenty-five.

Theorem 8.5 (Isometric corresponding covers). Let 𝑞 = 9 or 𝑞 = 25. If two effective lens orbifolds
𝐿(𝑞; 𝑤) and 𝐿(𝑞; 𝑤′) are scalar isospectral, then their corresponding proper orbifold covers are isometric.
In particular, the corresponding-cover conjecture holds for these group orders in every odd dimension.

Proof. Write 𝑞 = 𝑝2
, with 𝑝 ∈ {3, 5}. The trivial subgroup gives the common round sphere. It remains

to consider the subgroup of order 𝑝. When 𝑝 = 3, the cyclic group has only one nontrivial irreducible

real representation. Thus the order-3 representation is determined by its 𝑟 nontrivial and 𝑏 + 𝑠 trivial

complex coordinate lines. These numbers coincide by Theorem 8.1. Permute the matching coordinate

lines and conjugate any complex coordinate whose nonzero weight has the opposite sign. This real

orthogonal map conjugates the generators, and hence induces an isometry of the quotients.

Let 𝑝 = 5. Up to signs, the nonzero weights modulo 5 are represented by 1 and 2. Write their

multiplicities in 𝑈 as 𝑥 and 𝑟 − 𝑥 . Set

𝐴 = 4 sin2(𝜋/5) =
5 −

√
5

2
, 𝐵 = 4 sin2(2𝜋/5) =

5 +
√
5

2
.

The pairs 𝑎 = ±1 and 𝑎 = ±2 respectively preserve and exchange these two sign classes. Hence, as in

[1, (4.3)],

𝑅𝑈 (1) = 2(𝐴−𝑥𝐵−(𝑟−𝑥) + 𝐴−(𝑟−𝑥)𝐵−𝑥)
= 4(𝐴𝐵)−𝑟/2 cosh((𝑥 − 𝑟/2) log(𝐵/𝐴)).

(8.15)
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For fixed 𝑟 , this determines |𝑥 − 𝑟/2| and therefore the unordered pair {𝑥, 𝑟 − 𝑥}, because 𝐵 > 𝐴 > 0
and cosh is strictly increasing on the nonnegative real axis.

If 𝑠 > 0, equation (8.9) gives 𝑅𝑈 (1) = 𝑅𝑈 ′(1). If 𝑠 = 0, Proposition 8.4 gives equality of the entire

𝑅-functions. Thus in either case the unordered pairs of character multiplicities agree. Multiplication

by 2 exchanges these two classes. Replace one generator by its square if necessary. A permutation

and individual complex conjugations then match all coordinate weights, including the common 𝑏 + 𝑠
zero weights. The resulting real orthogonal map conjugates the order-5 subgroups and induces an

isometry of the corresponding covers. □

8.4. Recovery of the missing form degree. The gcd multiset in Theorem 8.1 supplies the axis data in

Lauret’s reduction [14, Remark 4.6].

Corollary 8.6. Let 𝑛 ≥ 2 and let 𝑝 be any prime. Suppose two effective (2𝑛 − 1)-dimensional lens
orbifolds of order 𝑝2 are isospectral on differential forms in every degree 0, 1, … , 𝑛 − 2. Then they are
isospectral on differential forms in every degree.

Proof. For a weight list 𝑤, let

Λ𝑤 =

{

𝑎 ∈ ℤ𝑛 ∶
𝑛
∑
𝑗=1

𝑎𝑗𝑤𝑗 = 0 (mod 𝑝2)

}

.

For 0 ≤ 𝓁 ≤ 𝑛, define the formal series

𝑍 (𝓁)
𝑤 (𝑧) = ∑

𝑎∈Λ𝑤
#{𝑗∶𝑎𝑗=0}=𝓁

𝑧‖𝑎‖1 , ‖𝑎‖1 =
𝑛
∑
𝑗=1

|𝑎𝑗 |.

The series 𝑍 (𝑛)
𝑤 equals 1. The vectors counted by 𝑍 (𝑛−1)

𝑤 are 𝑘𝑒𝑗 , with 𝑘 ≠ 0 and 𝑒𝑗 the 𝑗th coordinate

vector. Such a vector belongs to Λ𝑤 precisely when 𝑝2/gcd(𝑝2, 𝑤𝑗 ) divides 𝑘. Therefore

𝑍 (𝑛−1)
𝑤 (𝑧) = 2

𝑛
∑
𝑗=1

𝑧𝑝2/gcd(𝑝2,𝑤𝑗 )

1 − 𝑧𝑝2/gcd(𝑝2,𝑤𝑗 )
. (8.16)

Theorem 8.1, applied to the scalar spectra included in the hypothesis, proves equality of these series

for 𝑤 and 𝑤′
.

Put 𝛿𝓁 = 𝑍 (𝓁)
𝑤 − 𝑍 (𝓁)

𝑤′ . Thus 𝛿𝑛 = 𝛿𝑛−1 = 0. By the form-spectrum criterion for lens orbifolds [13,

Corollary 2.3], the assumed form-spectrum equalities imply

𝑛
∑
𝓁=0

𝓁ℎ𝛿𝓁(𝑧) = 0, 0 ≤ ℎ ≤ 𝑛 − 2, (8.17)

where the ℎ = 0 coefficient is 1 for every 𝓁. After deleting the two zero terms, this is the Vandermonde

system at 0, 1, … , 𝑛 − 2. Its determinant is ∏0≤𝑖<𝑗≤𝑛−2(𝑗 − 𝑖) ≠ 0, so every 𝛿𝓁 vanishes. For 𝑛 = 2 this

is the one-by-one matrix (1), with empty determinant product equal to 1. The criterion gives equality

of all form spectra in degrees 0, … , 𝑛 − 1. Write Δ𝑗 for the Hodge Laplacian on 𝑗-forms. The cyclic

actions lie in SO(2𝑛), so the Hodge star ∗ descends to each quotient and satisfies ∗ Δ𝑗 = Δ2𝑛−1−𝑗 ∗. It

identifies the eigenspaces in complementary degrees, giving equality of the remaining spectra. □

Appendix A. Coefficient bounds for prime-square congruences

With the notation of (4.1), write

𝐽 = ∑
𝜈∈𝐼

𝑗𝜈 𝑡𝑎𝜈𝑤𝑏𝜈𝑥𝑐𝜈𝑦𝑑𝜈 , 𝑗𝜈 ∈ ℤ ⧵ {0}.

For each prime 𝑝, let 𝐶𝑠 be given by (4.2) and put

𝑝 = {(𝑋, 𝑌 ) ∈ (ℤ/𝑝2ℤ)2 ∶ 𝐶𝑠(𝑝; 𝑋, 𝑌 ) = 0 for every 𝑠 ∈ ℤ/𝑝2ℤ}.
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The binomial factorizations preceding (4.1) give the following bounds for the 𝑤-exponents:

(𝑑, 𝑒) 𝑤-exponents in 𝑚𝑑,𝑒𝑄𝑑,𝑒

±(1, 3) [−18, 30]
±(−1, 2) [−23, 35]
±(−3, −2) [−15, 27]

Each 𝑄𝑑,𝑒 has 𝑡-degree 28, and the powers of 𝑥, 𝑦 in (4.1) are the coordinates of (𝑑, 𝑒) or (𝑒, 𝑑). Thus

every nonzero monomial of 𝐽 satisfies

0 ≤ 𝑎𝜈 ≤ 28, −23 ≤ 𝑏𝜈 ≤ 35, |𝑐𝜈 |, |𝑑𝜈 | ≤ 3.

Proposition A.1. There is a polynomial 𝑃(𝑍) ∈ ℤ[𝑍] of degree at most four such that |𝑝 | = 𝑃(𝑝) for
every prime 𝑝 > 14400.

Proof. Let 𝑇 be an indeterminate and put Ω = 𝐼 × {±1}2. For 𝛼 = (𝜈, 𝜖, 𝛿) ∈ Ω, put

𝜔𝛼 = 𝜖𝛿𝑗𝜈 , 𝐿𝛼(𝑇 ; 𝑋, 𝑌 ) = 𝑎𝜈 + 𝑇𝑏𝜈 + 𝜖(1 + 𝑇𝑐𝜈 )𝑋 + 𝛿(1 + 𝑇𝑑𝜈 )𝑌 .

The set Ω and the integer weights 𝜔𝛼 are independent of 𝑝. For distinct 𝛼 = (𝜈, 𝜖, 𝛿) and 𝛽 = (𝜇, 𝜖′, 𝛿′),
the predicate 𝐿𝛼(𝑝; 𝑋, 𝑌 ) = 𝐿𝛽(𝑝; 𝑋, 𝑌 ) (mod 𝑝2) has the form𝐴𝛼𝛽(𝑝)𝑋+𝐵𝛼𝛽(𝑝)𝑌 = 𝐷𝛼𝛽(𝑝)modulo

𝑝2
, where

(𝐴𝛼𝛽 , 𝐵𝛼𝛽 , 𝐷𝛼𝛽)(𝑇 ) = (𝜖 − 𝜖′ + 𝑇(𝜖𝑐𝜈 − 𝜖′𝑐𝜇),

𝛿 − 𝛿′ + 𝑇(𝛿𝑑𝜈 − 𝛿′𝑑𝜇),

𝑎𝜇 − 𝑎𝜈 + 𝑇(𝑏𝜇 − 𝑏𝜈 )).

Let  be the set of unordered pairs of distinct elements of Ω. Choose an orientation for each pair,

and let (𝑇 ) be the matrix with the corresponding rows. In each of its three columns, the absolute

values of the coefficients are bounded coefficientwise by

2 + 6𝑇 , 2 + 6𝑇 , 28 + 58𝑇 ,

respectively. The determinant formula therefore bounds the absolute values of the coefficients of

each 3 × 3 minor coefficientwise by

6(2 + 6𝑇 )2(28 + 58𝑇 ) = 672 + 5424𝑇 + 14400𝑇 2 + 12528𝑇 3.

For a 2 × 2 minor involving the last column, the bound is

2(2 + 6𝑇 )(28 + 58𝑇 ) = 112 + 568𝑇 + 696𝑇 2;

for one in the first two columns, it is

2(2 + 6𝑇 )2 = 8 + 48𝑇 + 72𝑇 2.

Every coefficient of a 1 × 1 minor has absolute value at most 58. Hence, for every nonzero square

minor 𝑓 (𝑇 ), the coefficient 𝑐(𝑓 ) of its least power of 𝑇 satisfies 0 < |𝑐(𝑓 )| ≤ 14400. If 𝑝 > 14400, then

𝑝 ∤ 𝑐(𝑓 ). Thus the exceptional set () of (5.1) contains no prime greater than 14400.

The pairwise equality predicates partition Ω according to the residues of 𝐿𝛼(𝑝; 𝑋, 𝑌 ) modulo 𝑝2
.

By (4.2), membership in 𝑝 is equivalent to the vanishing of ∑𝛼∈𝐵 𝜔𝛼 for every block 𝐵 of this partition.

Define 𝐹 ∶ {0, 1} → {0, 1} to have value 1 precisely on the truth assignments arising from partitions

of Ω whose blocks have weight sum zero, and value 0 on all other assignments. This function is

independent of 𝑝. On the truth values of the equality predicates, it is the indicator of 𝑝 . Theorem 5.1,

with 𝑑 = 𝑘 = 2, gives 𝑃 ∈ ℤ[𝑍] of degree at most four. □
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The same bound applies when the equations defining the walls, grid, and finite orbits of Section 4

are included. Indeed, adjoin to (𝑇 ) the rows

(1, 0, 0), (0, 1, 0), (1, −1, 0), (1, 1, 0), (𝑇 , 0, 0), (0, 𝑇 , 0).

The first four rows represent 𝑋 = 0, 𝑌 = 0, 𝑋 = 𝑌 , 𝑋 = −𝑌 ; their disjunction defines 𝑝2 . At 𝑇 = 𝑝,

the last two represent 𝑝𝑋 = 0, 𝑝𝑌 = 0 modulo 𝑝2
, or equivalently 𝑝 ∣ 𝑋 , 𝑝 ∣ 𝑌 ; their conjunction

defines 𝑝 . Let  ⊂ ℤ2
consist of (𝜖𝑟, 𝛿𝑠) and (𝜖𝑠, 𝛿𝑟) for

(𝑟, 𝑠) ∈ {(3, 1), (5, 1), (5, 3), (7, 1), (7, 3)}, 𝜖, 𝛿 ∈ {±1}.

For every (𝑟, 𝑠) ∈ , also adjoin (1, 0, 𝑟) and (0, 1, 𝑠). The conjunction of the corresponding equations

is (𝑋, 𝑌 ) = (𝑟, 𝑠) modulo 𝑝2
, and the disjunction over  defines 𝑝2 . Since |𝑟 |, |𝑠| ≤ 7, every added

row satisfies the same three column bounds. Consequently every fixed Boolean combination of the

exponent equalities and these additional equations has a counting polynomial in ℤ[𝑍] of degree at

most four for all primes 𝑝 > 14400.

Corollary A.2. For every prime 𝑝 > 14400, let 𝑆𝑝 ⊂ 𝑝. Suppose that one polynomial 𝑄(𝑍) ∈ ℝ[𝑍] of
degree at most four satisfies |𝑆𝑝 | = 𝑄(𝑝) for every such prime. If |𝑆𝑝 | = |𝑝 | at five distinct primes greater
than 14400, then 𝑆𝑝 = 𝑝 for every prime greater than 14400.

Proof. By Proposition A.1, 𝑃 − 𝑄 has degree at most four and vanishes at five distinct primes. Hence

𝑃 = 𝑄. For each prime 𝑝 > 14400, the inclusion 𝑆𝑝 ⊂ 𝑝 and equality of their finite cardinalities give

𝑆𝑝 = 𝑝 . □
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