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We classify the geometric Dirichlet kernel on every compact truncation and prove that the reduced
Morse index counts the preceding umbilic orbits. Every negative L? Lichnerowicz eigentensor is
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1. MAIN RESULTS

The existence of negative Lichnerowicz eigenvalues does not determine whether an unstable
Ricci-flat metric has symmetry-breaking negative modes. If a compact group acts isometrically, the
Lichnerowicz operator commutes with its action. Each isotypic subspace is therefore preserved,
but a negative eigenvalue may still occur in a nontrivial representation. The question considered
here is whether this occurs for the complete Ricci-flat metrics constructed by Bohm on RP*! x S9.
Angenent-Knopf proved that these metrics have infinitely many negative eigenvalues in the sign
convention used below, and proved simplicity within the invariant sector [6, Main Theorem II]. We
prove that there are no negative eigentensors outside that sector.

The proof uses compact truncations with geometric Dirichlet data. The boundary condition fixes
the induced metric; it does not set every component of a symmetric tensor equal to zero. Infinitesimal
coordinate changes and conformal variations must therefore be removed before the corresponding
Hessian can be compared with the complete Lichnerowicz operator. We construct this reduced form,
identify its kernel with the geometric Dirichlet kernel, and prove convergence of its counts below
each fixed negative threshold. The resulting absolute index is the number of umbilic principal orbits
preceding the boundary.

There are three principal conclusions. Theorem A classifies all geometric Dirichlet degeneracies
and their folds. Theorem D determines the full negative spectrum and the reduced index. Theorem F
gives coercivity on the non-invariant homogeneous-energy space. Theorems B and C supply the oper-
ator realization and crossing form used in this classification. The filling and nonlinear consequences
are Theorems E, G, and H; Theorem I concerns the associated full-tensor boundary problem. The
proof dependencies, including the order of the representation and radius quantifiers, are explained in
Section 1.6.

The full spectral symmetry theorem concerns a complete metric with specified behavior at infinity.
The filling theorem concerns compact manifolds with perturbed boundary metrics. Thus the absence
of non-invariant negative modes on the complete space is compatible with families of nonsymmetric
compact Ricci-flat fillings. The finite collections in the latter theorem vary over neighborhoods
depending on their cardinality and index bounds. No fixed neighborhood carrying infinitely many
simultaneous filling branches is asserted.

1.1. The metric and geometric boundary deformations. Fix integers p,q > 2, putm = p + g and
d = m+ 1, and assume m < 8. The metrics y,, y, have sectional curvature one. Let

g=dt* + a(t)zyp + b(t)zyq, Ricg =0, (1.1)

be the complete noncompact B6hm metric on X = RP*! x §9. We fix its scale by prescribing b(0) > 0.
At the singular orbit,

a(t) = ta(t®), b(t) =p(*), a(0)=1, p(0)>0, (1.2)
where a, ff are smooth. For R > 0, the set Mg = {t < R} includes the singular orbit. It is a smooth
compact manifold with boundary 3y = {t = R} and is diffeomorphic to DP*! x §9.

All boundary metrics in the spectral statements are induced by the unscaled restrictions of g.
Write h' for the restriction of a symmetric two-tensor to TZ. Let

{h € C*(S’T*Mg) : Ricy(h) =0, hT =0}

= 1.3
: {Lyg : Y e C(TMg), Y5, = 0} (13)
The group & = O(p + 1) x O(q + 1) acts by pullback.
Theorem A (Geometric Dirichlet deformations). For every R > 0, Kz = Ky . More precisely,
0, da'(R R) # b’(R)/b(R),
dimice = |0 @ @®/alR) = b ®)/b(R) ”
1, d(R)/a(R)=b'(R)/b(R).
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At a radius in the second case, the induced-metric map on the full smooth Ricci-flat moduli space, modulo
diffeomorphisms equal to the identity on the boundary, is a fold. In smooth tame local coordinates it has
the form

(3, 8) — (3, %). (1.5)

The geometric existence and conical-limit result is Bohm’s theorem [7, Theorem 6.1 and Sections
10-11]. The deformation and boundary-moduli results used for the fold conclusion are stated in
Section 9. The two-factor scalar estimate is proved in Section 8. Its higher-harmonic and exceptional
coefficient identities are given in full in Sections F to I. The algebraic inequalities hold for all real
P, q > 2 in their stated spectral ranges. The geometric theorems retain the dimensions fixed above.

1.2. The reduced Hessian, index, and full negative spectrum. For a compact Ricci-flat manifold
(M, g) of dimension d, define
WM, g) ={T € C°(S*T*M) : §T=0,trT =0, (T"), = 0}. (1.6)

The subscript 0 denotes the trace-free tangential part. If T € W, let fr be the harmonic function
determined by

T(v,v
M=o, frlow= 20" (1.7
Thus T = —fry, where y = g" and v is the outward unit normal. Put
qu(T) = /(LT —(d -2V fr, T)dvg,  L=V'V-2R (1.8)
M

This is twice the Hessian of the negative Einstein-Hilbert action after eliminating the zero-boundary
conformal factor; see Section 10. The Hilbert norm used for this form is the L2 norm of the TT
representative, not the L? norm of T + frg.

Theorem B (The reduced self-adjoint realization). For every R > 0, qu, is closable and bounded below
on

LZ
Hr=W(Mg. g) -
Its closure defines a self-adjoint operator Agr with compact resolvent. Its eigentensors are smooth up to
the boundary, and
kerAR = KR. (1'9)
Let Lx be the Friedrichs realization of L on all symmetric tensors on the complete manifold X. For ¢ > 0
with —¢ ¢ o(Lx),
#Aeo(Ar) : A< —e}=#{Aeo(lx): A<—¢} (1.10)
for all sufficiently large R. Multiplicities are included.

Every negative L? eigentensor of Ly is TT. The count on the right of (1.10) is finite. The negative
eigenvalues of Ly, arranged increasingly with multiplicity, are therefore limits of the correspondingly
numbered eigenvalues of Ag. No monotonicity of these latter eigenvalues is asserted.

Theorem C (The geometric crossing form). Let R, be an umbilic radius. For the geometric Hessian
B = q/2, its crossing form under outward displacement of the boundary with normal speed v, > 0 is

rB([h],[k])z—zé v*(<A;(h),A’g(k)>—trA;(h) trA;_(k)) dA. (1.11)

%

It is negative definite on Kg,. The fold has one-dimensional kernel by Theorem A.

Let P be normalized group averaging on the tensor spaces. It is an orthogonal projection commut-
ing with the relevant forms and operators.
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Theorem D (The full negative spectrum and absolute index). The closed cap forms have smooth local
Hilbert form domains on (0, o). Every negative eigentensor of Ag, for every R > 0, is invariant under &.
Moreover,

- a(t) _b'@®
d"Ag=#{t€(0,R): =—=7. 1.12
At a degenerate endpoint the zero eigenvalue is not counted. On the complete manifold,
ran 1(_a0)(Lx) € LA(S*T*X)°. (1.13)

Every complete negative eigenvalue has a one-dimensional full eigenspace. In particular,

ind” Ag = /(m _217):9 —m) log R+ O(1) (R — ).

1.3. Filling multiplicity and nonlinear symmetry.

Theorem E (Persistence of filling multiplicity). Set M = DP*'xS% and y. = (p—1)y,+(q—1)yq on oM.
For every N, k > 1 there is a C*-open neighborhood U i of y. such that every metric in Uy admits
at least N pairwise nonisometric smooth Ricci-flat fillings on M, each with strictly convex boundary
and reduced Morse index at least k. The neighborhood contains a nonempty open subset on which the
boundary metrics and all these fillings have trivial isometry group.

The initial-index calculation in Sections 18 to 20 uses the conformally reduced form, including
its harmonic trace. For each fixed irreducible representation @, there is R, > 0 such that the
corresponding cap form is positive for 0 < R < R,. The radius need not be uniform in ®. The full
kernel classification then transports this positivity on every nontrivial representation to all radii; the
trivial representation supplies the initial value in (1.12). Complete simplicity additionally uses the
invariant-sector theorem of Angenent-Knopf [6, Main Theorem II(f)]. Theorem E concerns a finite
collection on an open set depending on N and k, not infinitely many branches on one fixed open set.

Gibbons, Hartnoll and Pope [11, Section 6] proposed a relation between negative Lichnerowicz
modes and nonuniqueness of Einstein fillings. Their discussion concerns generic creation of pairs of
branches; it also includes infinite global filling multiplicity. Angenent and Knopf [6, Main Theorem
IT] proved infinite discrete negative spectrum for the complete metrics (1.1), in the opposite operator
sign convention, as well as simplicity in the invariant sector. Neither assertion classifies the full
kernel (1.3). For compact positive-Einstein Bohm metrics, Verger [15] proves divergence of the
negative TT index along the degenerating sequences. The compact negative-mode results in [14]
also concern closed positive-Einstein manifolds. Neither result is used here. The assertions proved
below concern complete Ricci-flat metrics, their geometric boundary kernels, and the exclusion of
non-invariant negative modes. The boundary problem in this memoir fixes the induced metric; it
is not componentwise tensor Dirichlet data and is not the mixed conformal-class/mean-curvature
problem.

Theorem D follows from Theorems 14.2, 20.1, 21.2 and 21.4; Theorem E is Theorem 22.1. All
Ricci-flat variation, gauge, and spectral arguments used in these implications are given below.

Homogeneous energy and the nonlinear equation. For the complete metric, put p = (1 + t2)'/2 and let
& be the completion of compactly supported smooth symmetric tensors in

A = [( (IVH + p~2IhP?) dog. (1.14)
For smooth tensors also put

|hl 2 = SI)l(p(Ihl + p|Vh| + p?|V2h]). (1.15)

All derivatives and norms use the fixed background g.
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Theorem F (Transverse homogeneous coercivity). There is cg > 0 such that
Qg (h) > c,lhl% (he &, Ph=0). (1.16)
In particular, a distributional solution Lgh = 0 with h € & and Ph = 0 is zero. The estimate controls
homogeneous energy; it does not assert a positive L* spectral gap.
For g = g + h, define the background DeTurck vector field by
We(®)" =8 (1@ - T()).
Its linear contribution to —2Ric(g) + Lyy,)& is —Lgh.
Theorem G (Ancient symmetry). There is e, > 0 with the following property. Let g +h(7), —c0 < 7 <0,
be a smooth solution of
2.(g+h) =—-2Ric(g + h) + L’,Wg(g+h)(g + h). (1.17)
Put w = (I — P)h and assume
e Cho((-o0, 01 I2) 1 COul(-o0, 01 H?),  suplh(Dly < g sup|w(o)ly < oo.

<0 7<0
Then h(r) is invariant for every t© < 0. No backward convergence is assumed. The invariant component
need not belong to L. The DeTurck diffeomorphisms normalized by the identity at time zero commute
with &, and the associated Ricci flow is invariant.

Theorem H (Stationary symmetry). Let h be smooth with |h
the constant in Theorem G if necessary. If

Ric(g+ h) =0, We(g+h) =0,

2 < egand(I—P)h € &, after decreasing

then g + h is invariant under &.

Theorems F-H are proved in Sections 23 to 27. Theorem F follows from exterior coercivity and
the vanishing of the finite-energy transverse kernel. The sector identities in Sections 5, 6 and 8 prove
this vanishing after the infinitesimal diffeomorphism terms have been removed. Theorem G uses the
abstract ancient-solution lemma 27.2, in addition to the nonlinear difference estimate. Theorem H
uses the same difference estimate in the energy dual. The fixed background gauge and all global
norms in these statements are hypotheses. No assertion is made for arbitrary pointed ancient limits.

Angenent-Knopf [6, Main Theorem I] construct finite-dimensional ancient families after a positive
spectral threshold has been chosen. Theorem G concerns every existing solution in its stated global
class and requires no temporal rate. These are different hypotheses: the little-Holder spaces in [6]
are not identified here with the weighted spaces used above. Homogeneous coercivity and nonlinear
estimates for linearly stable ALE Ricci-flat metrics are developed in [10]. The present metrics are
asymptotically conical and have infinitely many negative eigenvalues. The cone indicial theory of
[12] gives the corresponding indicial roots.

1.4. A consequence for the full-tensor boundary operator. For the next statement, the boundary
datum is a section of S?T*X]s,, not merely a tensor on TZ. Let Tz = ker P n HY/2(s? T*X|s,). For
A >0, let Mg(A) be the sum of the interior and exterior Dirichlet-to-Neumann maps for L + A. The
interior solution is smooth at the singular orbit; the exterior solution has finite homogeneous energy
and also finite L? norm when A > 0. The variational construction is given in Section 28.

Theorem I (A consequence for boundary traces). The operator Mr(A) is a bounded symmetric isomor-
phism Tp — Ty for every R > 0 and A > 0. There are c, Ry > 0 such that

(MR, f) > e® + VDI flosy  (R>Ro, 22 0).

For each f € Tg, a positive measure v on (0, 0) satisfies

@f ) =060r. s [ ano, [

dvs(§)
1+ ¢

< 00
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Theorem I is a consequence of transverse coercivity and the spectral theorem. It concerns the
finite-energy realization on the fixed exterior. General Dirichlet-to-Neumann coupling formulas
are studied in [2]. An ancient solution on an unspecified exterior is not identified here with that
realization.

1.5. Organization and dependence of the results. The boundary conditions in this memoir define
four distinct objects:

Object Space Boundary condition or realization
Kr Infinitesimal Ricci-flat met- A" = 0, modulo Lie derivatives of vector fields vanishing on 3.
rics
Ag Closure of W(Mg, g) in L?  The conformally reduced form qmy» With its harmonic trace cor-
rection.
Lx LA(S?T*X) The Friedrichs realization on the complete manifold.
Mg(A) T = T3 All tensor components prescribed on Xg; finite homogeneous

energy on the exterior.

In particular, the form defining Ag is not the componentwise Dirichlet form of L. Its kernel is identified
with Kg only after the conformal and infinitesimal-diffeomorphism terms have been eliminated.

1.6. Structure of the proofs. Fix a nontrivial irreducible representation @ of &. The harmonic
decomposition reduces the Dirichlet kernel to tensor, vector, and scalar systems. Their boundary
conditions are derived from A" = 0 before an auxiliary gauge is chosen. In the two-factor scalar
system, the elimination of the constraints gives a positive leading matrix and a completed quadratic
form. Its derivative term has zero limits at the singular orbit and at the Dirichlet boundary. The
remaining coefficients are positive, so the two gauge-invariant unknowns vanish. The low scalar
degrees and the vector and tensor systems are treated separately. This proves Kz, = 0 for every
R > 0; the invariant calculation gives the one-dimensional kernel precisely at the umbilic radii.

The kernel calculation alone does not determine a negative index. The reduced form must first be
realized on its own constrained domain. In the compatible-pair coordinates of Sections 12 and 13, its
mass is the norm of the TT representative. The right inverse of the divergence constraint gives exact
projections and local identifications of these domains. The flat normal model is strictly positive. After
@ has been fixed, its angular derivatives are bounded operators on the finite angular spaces, and the
rescaled constrained form converges in bilinear-form norm to that model. Thus

Vo#1 3R, >0 qgrlo >0 (0 < R<Rp).

The vanishing of Kg, makes the negative index locally constant on (0, o). It is therefore zero at
every radius. A negative cap eigenspace is finite-dimensional; any non-invariant vector in it would
generate a nontrivial irreducible summand with negative form, a contradiction. This argument does
not require a radius uniform in ®. The trivial representation gives the initial index zero, and each
umbilic crossing increases that index by one. Equivariant spectral exhaustion then gives the complete
negative spectral classification.

For homogeneous coercivity, three separate assertions are needed: nonnegativity on the transverse
space, a coercive estimate outside a compact set, and vanishing of its finite-energy distributional
kernel. The cone angular calculation proves the exterior estimate, including the critical indicial value.
The sector identities, evaluated in the original smooth gauge, exclude finite-energy zero modes. A
compactness argument and the localization identity then give Q > c¢,| - |% on ker P. The nonlinear
difference estimate is bounded by Ce|w|s|v|s. Choosing Ce < ¢, gives transverse dissipation. The
ancient-solution lemma uses the spectral square-function identity, not an L? spectral gap, to conclude
that a bounded ancient transverse component vanishes.

Finally, the curvature boundary coordinates identify the full induced-metric degeneracies with
folds of an elliptic map. The regular normalized truncations give local inverses on unrestricted
smooth boundary data. A finite intersection of their neighborhoods preserves strict convexity, the
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chosen finite-dimensional negative subspaces, and distinct values of fz H dA. This proves pairwise
nonisometry and the precise quantifiers in Theorem E.

Conclusion Inputs used in its proof
Geometric kernel and folds Sections 4 to 6, 8 and 9.

Reduced form and index Sections 10, 12 to 14 and 17 to 20.
Complete spectral symmetry Sections 16 and 21.

Finite filling multiplicity Sections 9 and 22.

Homogeneous coercivity Sections 23 to 25.

Nonlinear and boundary conse- Sections 26 to 28.
quences

1.7. The case p = q = 2. Here X = R® x §2, Mg = D?® x 5%, and the principal orbit is $? x §?. Write
¥p, Yo for its two curvature-one factor metrics. The limiting cone and the normalized boundary metric
are, respectively,

12
ge=dt* + S0rtvo =ty
They are different normalizations. In particular, A;(y,) = 2 > 4/3, whereas the first positive eigenvalue
of the cone link is 6.
The scale and shape coordinates for a scaled truncation c?gly, are
N log a(R) + log b(R)
2

, z = log a(R) — log b(R),

s=logc

and its boundary metric is
ezs(ezyp + e_zyQ).
The umbilic condition is z/(R) = u(R) — v(R) = 0. At such a radius,
Z’(R)=a(R)* - b(R) 2 % 0.

Indeed, equality would make the Ricci-flat Cauchy data those of a shifted cone, contrary to a(0) = 0
and b(0) > 0; this is the uniqueness argument in Proposition 9.1. Theorem A therefore gives the fold
and the one-dimensional geometric kernel there. A representative is Lyg — 2g, where Y is a smooth
radial vector field with Y]y, = x™'v and u(R) = v(R) = «.

By contrast, the normalized fillings of y. occur when z = 0, not when z’ = 0. At a zero of z, one
has z’ # 0 by the same uniqueness argument. Taking ¢ = (a(R)b(R))~"/? gives s = 0 and boundary
metric y.. These regular normalized truncations are the starting points for the filling branches in
Theorem E.

Here a = 3/2 and = /15/2 in Lemma 3.3. Substitution in Theorem D gives

ind” Ag = #{t € (O,R) : u(t) =v(t)} = f log R + O(1).

The group in the spectral and nonlinear statements is O(3) x O(3). Theorem E gives, for every N, k,
an open neighborhood of yp + yp with at least N pairwise nonisometric fillings of reduced index at
least k. No numerical location of an umbilic radius is needed for any of these conclusions.

1.8. Principal notation. The following symbols retain these meanings throughout the memoir. A
scalar letter explicitly redefined inside a matrix calculation is local to that calculation. The notation Ag
refers to the reduced operator; IIg denotes the second fundamental form in the boundary displacement
calculation. Irreducible representations are denoted by @, and the global energy weight by p.

Symbol Meaning Definition

X, g Complete Ricci-flat Bchm manifold and fixed metric (1.1)

Mg, 2R, Yr Truncation, its boundary, and induced metric Section 1
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Symbol Meaning Definition
p.q.m,d Factor dimensions,m = p+¢q, d=m+1 Section 1
u,u,H W a/a, b’ /b, pu+ qu, a’ bl (3.1)
rp, 70, Do (p—1)/a* (g —1)/b% prp + qrg (3.4)
A, Ap;1Ig Shape operator, its trace-free part, and the second fundamental (3.2)
form on Xy
B, P Compact isometry group and normalized group average Section 1
Kr Geometric Dirichlet kernel modulo boundary-fixing Lie deriva- (1.3)
tives
L, Ly Lichnerowicz expression and complete Friedrichs realization (1.8)
6,6%, B Divergence, symmetrized derivative, Bianchi operator Section 2
K Trace-free symmetrized covariant derivative (10.9)
W, fr TT representatives and harmonic trace correction (1.6)-(1.7)
qrs AR Reduced quadratic form and its self-adjoint operator Section 13
B Geometric Hessian, with gz = 2B on representatives (10.2)
PR Compatible-pair Hilbert form domain Section 13
Nz Scalar Dirichlet-to-Neumann operator on Mg Section 11
IIp, ©, B, Induced-metric map, curvature boundary coordinates, elliptic Section 9
boundary map
F Full Bianchi-gauged interior and boundary map (9.8)
0, EX Weight (1 + t2)'/2, homogeneous energy, weighted C?> norm  (1.14)—(1.15)
Wy, F?D, N DeTurck vector, Ricci-DeTurck expression, nonlinear remain- Section 26
der
Tr, Mr(1) Full transverse trace space and sum of the two conormal maps Section 28
ey Scalar gauge-invariant coefficient functions Lemma 4.4
D,G,N,V Constraint determinant and scalar quadratic-form matrices Sections 7 and 8
IL, F; Dimension polynomials with exact integer coefficients Sections G and I

The scalar weight g9 = W /J, in Section 6 and the auxiliary derivative v = s’ in Section 7 are distinct
from the global weight p.
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I. Geometric Dirichlet deformations

2. VARIATION FORMULAS AND BOUNDARY GAUGE

Our curvature convention is
R(U, VYW =VyVy W —VyVyW — VivvW, sec(UAV)=(R(U,V)V,U)

for an orthonormal pair. The curvature action is

(RR)(U, V) = Y h(R(e;, UV, &).

Thus R g = Ric. The nonnegative scalar Laplacian, divergence, and symmetrized covariant derivative
are

A =—divV, (5]’1)1 = —Vihij, (5*w)ij = %(Via}j + Vja),-).
The operators § and §* are formal adjoints in the absence of a boundary term. All integrals use the
Riemannian density. The second fundamental form is A(U, V) = g(Vyv, V).

Lemma 2.1. On a Ricci-flat manifold,

2Ric’(h) = Lh — 26" 6h — V*tr h, (2.1)
r(h) := DR(h) = 66h + Atrh, (2.2)
trLh = Atrh, SLh = V*Véh, (2.3)
L w) = 8"(VVe),  L(fg) = (M. (2.4)
Furthermore,
266w =V'Vo + déw. (2.5)

Proof. Differentiation of the Levi-Civita connection gives
~k k k k . ~k ~k
ZFU = V,hj + th, -V I’lij, RIC/(I’l)ij = Vkrij - le“lk
Commuting the derivatives yields
2 RiC/(h)ij = —kakhi]‘ + vivkhkj + Vjvkhki - V,-Vj trh — Z(éh)lj,

which proves (2.1). Its trace is (2.2). Direct contraction of 6w gives (2.5); the Ricci commutator term
is zero. Naturality gives Ric/(§*w) = 0. Insert this identity and (2.5) in (2.1), and use tr §*w = —dw,
to obtain the first equation in (2.4). The second follows from Vg = 0 and R g = 0. Formal adjoints
of these local identities give (2.3); equivalently they hold as identities of differential expressions on

every interior coordinate chart. ]
Let ph = Sh + %dtr h. Then
2Ric’(h) = Lh — 26™Bh, B(Lyg) =VVY". (2.6)

Lemma 2.2. Every smooth tensor h on a compact connected Ricci-flat manifold with nonempty boundary
has a unique boundary-fixing correction Lyg such that f(h + Lyg) = 0. If a compact group preserves
the metric, the correction commutes with its action.

Proof. Solve
V*VY® = —Bh, Y|om = 0.
For Y € H}(TM), the scalar Poincaré inequality and |d|Y|| < |VY] give
1Y} < CIVYIE,  [YIE: < (14 OVY..

The functional Z — —(Bh, Z") is bounded on H,. The coercive variational theorem therefore gives a
unique weak solution. Dirichlet regularity gives a smooth solution for smooth A. If two corrections
satisfied the equation, their difference Z would obey fM [VZ]> = 0 and Z|yn = 0, hence Z = 0.
Equation (2.6) proves the assertion. Pullback by an isometry preserves the equation and its boundary
data; uniqueness proves equivariance. ]
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We shall use the following precise external uniqueness statement [5, Theorem 2.2 and Corollary
2.4]:

Ric'(h) =0, h'=0, A, (W)=0, m(MM)=0 = h=~Lyg Ylu=0. (2.7)

For the present truncations, Mg = DP™! x $7 and ¥ = SP x S9 are simply connected, since p, g > 2,
and X is connected. The relative homotopy sequence therefore gives 71(Mg, Xg) = 0. The metrics
and variations are smooth, so they also satisfy the C>* hypothesis in the quoted uniqueness result. In
the Bianchi representative of Lemma 2.2, the conclusion of (2.7) is h = 0. For the finite angular sums
used in the kernel calculation, Lemma 4.6 gives an independent proof of this uniqueness conclusion.

3. THE BOHM EQUATIONS

Write
a b’ p—1 qg—1
=—, v=—, H=put+q, W=albl, = ) = . 3.1
u=", w=", H=putg b, 1y ro =15 ()
Here primes denote t derivatives. In a radially parallel orthonormal frame, the orbit shape operator is
A = uldp +v1dp. Its tangential trace-free part is

a

A= Lw-odp-Lu-vuy, A =PI (3:2)
m m m

We identify endomorphisms and covariant tensors using the current orbit metric when taking con-
tractions.

Lemma 3.1. The equations (1.1) imply

u =rp—Hu, v =ro — Hy, W/ =HW, (3.3)

rp = —2urp, ro = —2vrg, Dy := prp+qrg = H? — pu® — quv*. (3.4)
Ont>0,

0<d(t)<1, 0<b(t)<1. (3.5)

Proof. In orbit coordinates the nonzero Christoffel symbols, in addition to those of the two unit
spheres, are
0 _ /7 i j 0 _ / _
Iy = —ad'ypij, Toj=ubj, Tap=—bb"yeap Tgp=05p.
Contraction gives

Ricgo = —p(v’ + u®) — q(v" +v?), Richp = (rp — v/ — Hu)Idp,
and
Ric?gQ =(rg—v' —Hv)ldg.
These yield (3.3)-(3.4). Put by = b(0) and vy = (¢ — 1)/((p + 1)bZ) > 0. The initial equations give
a:t—%t3+0(t5), b =bo(1+ tvet* + O(tY).
In particular both slopes lie in (0, 1) for small positive ¢. At a first zero of &/,

-1
a//:P >0,
a

contradicting first contact from above. At a first contact of @’ with 1 from below,

/
V4
a =—-qg— <0.
£

For b’ the corresponding second derivatives are b”/ = (¢ —1)/b > 0at b’ = 0and b” = —pa’/a <0
at b’ = 1. Consider the first contact of the pair (a’, b”) with the boundary of (0, 1)?. A zero coordinate
is excluded by the first inequalities. If neither coordinate is zero, a coordinate equal to one is excluded

by the second inequalities. Thus no first contact occurs on a compact regular interval, proving (3.5)
for all ¢ > 0. g
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Lemma 3.2. Define

X
_ _ — _ -2 _ 2 _ 0
Xo=plp—1)(a?-u?), Yy=gqlqg—1)(b v°), 0 Xo+ Yo
Then
p-1 a+1
2 <0< 2q (t > 0). (3.6)

Proof. The two quantities are positive by (3.5); the constraint gives X + Yy = 2pq uv. Differentiation
by (3.3) gives

=—u2pf—p+ 1)1 —-0)+v(qg+1-290)0. (3.7)
Put 0_ = (p—1)/(2p) and 6, = (g + 1)/(2¢q). At the two endpoints it has the values
0o =v(g+1—2q6-)6_ >0, 0o, = —u2pb, — p+1)(1 - 0,) <0.
The initial expansions give

vob_(q+1—2q0-) >0
p+3

0 =0_+ ct? + O(t"), c=

The coefficient is obtained by substituting the expansion in (3.7): its terms of order t give 2¢ =
—2p(1—0_)c+vo6_(g+1—2qg0_),and 2+ 2p(1 — 6_) = p + 3.

At a first contact with either endpoint at positive time, the derivative has the sign opposite to that
required for exit. Thus there is no exit from (6_, 6..). O

3.1. The conical end. B6hm’s existence theorem gives the conical asymptotics

ao_,ﬁ—%t+dn mo_,ﬁ—%t+do (3.8)

The first-derivative convergence is given in [6, Section 6.4]. All higher derivatives on rescaled
compact annuli follow from the Ricci-flat equations. Indeed, on a fixed interval [ag, a;] C (0, o), put
agr(x) = R'a(Rx) and bgr(x) = R™'b(Rx). Their C! limits are positive multiples of x, and

) (ar)») qaizb{q pr — a— D - (br)>) pafzbfe
R ar bR ’ R bR ag ’

The denominators are uniformly bounded away from zero on this interval. The right sides are smooth
functions of (ag, bg, ag, by). Convergence in C/, for j > 1, therefore gives convergence of the right
sides in C/~! and hence convergence of (ag, bg) in C/*1. Induction proves convergence through every
finite order. The decay estimate below is derived from the equations. Define

L (p log S log ) z = log 2 —log b w= dz
m Jp—1 1 Jq Jp—1 NS ds
Then ds/dt = H/m > 0. Set

co = m, K(w)=m(m—1)—cw?, V(z)= pe_zqz/m + qesz/m.
m

The constraint and the difference of the tangential equations give

dt\®  , K(w)
(w)‘” V() ()
Zs =W, ws = —K(w) <Z + 22:‘(/2)) , (3.10)

d V(z) _2pq

ds gK(w) m?

(3.11)
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Lemma 3.3. Puta = (m—1)/2 and f = \J(m — 1)(9 — m)/2 > 0. In radial parallel identification, there
are a nonzero constant multiple D of (q/m)1dp —(p/m)1dg and a real number § such that

Aty =t717¢ (D cos(flogt+ 9) + 0(1)), IV, Ag| < Ct 272, (3.12)

In particular, for all sufficiently large R,
R
/ ™2 Ag(1)|* dt > cR?. (3.13)
R/2

There are infinitely many umbilic radii, with no finite accumulation point.

Proof. Equation (3.8) gives (z, w) — (0, 0). The linearization of (3.10) is

d [z 0 1 z
ds <w> - (—Z(m -1) —(m- 1)) <w> + 00 + ).

After a real linear change of variables the polar equations are

0s = —ap + 0(0%), s = B+ 0(p).

Choose sy so large that the error in o;/p has absolute value at most «/2 for s > sp. The orbit

is nonstationary, so o(sy) > 0, and uniqueness prevents p from vanishing at a finite parameter.
Integration gives

0 < o(s) < o(s0)e 012, / o(s) ds < o,

There are functions ey, e;, with |e;(s)| < Co(s), such that

eaSQ(S) — eaSoQ(so) exp</s el(v) dv) s 19(8) - ﬁs = 19(80) - ﬁso + /s ez(v) dv.

Both integrals converge. The first formula gives a finite strictly positive limiting amplitude; the second
gives a limiting phase. The two formulas first give o(s) = O(e™**). Hence fs “ ) dv = O(e™®).
Replacing the amplitude and phase by their limits therefore changes (z, w) by O(e™2%%). Differentiating
its autonomous equation proves the same remainder bound for each fixed number of s derivatives.
Equation (3.9) gives t = Ym — 1e* + t, + O(e"?*7V%). Since u — v = wH/m, (3.12) follows. The

continuous function
1

¢ +— x cos’(Blog x + @) dx
1/2

is strictly positive for every ¢, and has a positive minimum on a period. Rescaling the integral proves
(3.13). For large s, &5 > /2 > 0 and 9(s) — +oo. The invertible linear change to polar coordinates
maps the line w = 0 to a line through the origin. Its two directions have arguments ¢y and 9, + 7.
Thus w = 0 exactly when J(s) € 9y + 7Z, and there are infinitely many such parameters. At a zero
of w, (3.10) makes w; # 0, since V/(z) = 0 only at z = 0 and the orbit is not stationary. Thus all zeros
are isolated. O

4. HARMONIC DECOMPOSITION AND THE SINGULAR ORBIT
For a unit sphere S", let H/(S™) be the real eigenspace
AY = 66+ n—1)Y.

A one-form is a sum of an exact form and a coclosed form. A symmetric tensor is a sum of a trace, a
trace-free Hessian, a symmetrized derivative of a coclosed one-form, and a TT tensor. The trace-free
Hessian of Y € H, is
df+n—1
VY + Aetn=1) Y

Yn-

It vanishes when £ = 0 or 1.
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Lemma 4.1. These decompositions give a complete orthogonal decomposition of the tensor components
on every principal orbit into scalar-derived, coclosed-vector-derived, and factor-TT sectors. The linearized
Einstein equations preserve the resulting finite systems of radial coefficient functions. The equations for
the scalar degrees 0 and 1 are obtained after removing their zero or repeated tensor components.

Proof. On S" put Kw = §*w + (§w/n)y,. Its adjoint on trace-free tensors is §. The symbol of 6K is
1

1, 1

Jerue (3-1) ot
which is positive for & = 0. If k is trace-free, then dky is orthogonal to ker K, by integration by
parts. Solving §Kw = Jky on the orthogonal complement of this finite-dimensional kernel gives
ko = ktt + Kw. The Hodge decomposition of « has no harmonic summand, since H!(S";R) = 0.
The exact and coclosed summands give the asserted scalar and vector terms. The TT summand is
orthogonal to im K because (krr, Kw) = (Skrr, @) = 0. The trace is orthogonal to every trace-free
summand. If o is coclosed and V*Vw = pw, the curvature-one commutator gives sKw = (p—n+1)w/2.
Hence

—n+1
(K(dY), Ko) = EF—=——(dY, 0) = 0.
The last equality follows from d«w = 0. In particular, for a scalar eigenfunction of eigenvalue A,
V*VdY = (A —n+1)dY, SVAY =(A—n+1)dY.

The corresponding contractions of symmetrized coclosed derivatives are multiples of the original
one-form. Round curvature acts algebraically on the trace-free tensor summands. Expansion in the
scalar, coclosed-one-form, and TT eigenspaces is complete by the compact elliptic spectral theorem.
Apply these decompositions to each factor; use the one-form decomposition for mixed components.
Covariant differentiation and contraction preserve their listed generating collections. The Christoffel
symbols in the proof of Lemma 3.1 have no angular dependence except that of the two sphere
connections. Hence the Ricci variation preserves each radial system. The first-harmonic identity
V2Y = —Yy, explains the repeated components which must be removed. O

Lemma 4.2 (Normal gauge). A smooth tensor on Mg can be changed by a smooth Lie derivative, not
necessarily boundary-fixing, so that

hoo = hoa =0 (4.1)
on the regular part. The construction is equivariant under &. The resulting tensor remains smooth at the
singular orbit.

Proof. Extend the tensor to Mgy, for some n > 0, and consider g; = g + sh. Keep the embedded
singular orbit B = {0} x S? fixed. Identify its g;-normal bundle isometrically with its g-normal
bundle by the graph projection followed by the positive square root of the induced positive bundle
endomorphism. This identification depends smoothly on s and commutes with isometries of the
initial data. Pull back g; by its normal exponential map, using this fixed normal bundle.

For a variation c¢(r, z) of unit-speed normal geodesics, let ] = 9,c and T = 9,c. Torsion-freeness
and the geodesic equation give

T, ]) =(T,V,.J) =(T,V.T) = 39.|TF* = 0.

At r = 0, this inner product is zero both for variations of the basepoint along the singular orbit and
for variations of its unit normal. Hence it vanishes for every r. The pullback metric has the form
dr? + y,(r), with no mixed radial terms. At s = 0 the normal exponential map is the original polar
parametrization. On the compact normal disc of radius R + n/2 its differential is nonsingular and
it is injective. Nonsingularity persists by a finite coordinate cover. Pairs of points outside these
coordinate neighborhoods have images a positive distance apart; sufficiently small perturbations
preserve injectivity for these pairs as well. The maps therefore give diffeomorphisms onto their
images. Their derivative in s is a smooth vector field in Cartesian normal coordinates, including at the
zero section. Differentiating the pullback gives (4.1). The construction uses only equivariant bundle
operations and the geodesic equation, proving the last assertions. ]
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Let Y € H,(S?) and Z € H;(S9). In a two-factor scalar sector, a tensor in (4.1) is written

hpp = 2a°(AYZy, + CZV?Y),
hoo = 2b*(BYZy, + DYV*Z), (4.2)
hig = 2eV; YV, Z.

The functions A, B, C, D, e depend only on ¢.

Lemma 4.3. For ¢, j > 2, the coefficients of the tangential part of a smooth tensor, written as in (4.2),
satisfy, near the collapsing S?,

A, C =001, B,D,e = O(t)). (4.3)

Each differentiation lowers the displayed power by at most one. The same bounds, interpreted for the
nonredundant combinations, hold in a degree-one sector.

Proof. Use coordinates x € RP™! normal to the singular orbit and coordinates on the singular orbit.
Taylor expansion in x has smooth coefficients on the singular orbit. Restriction of a polynomial
of degree k to |x| = t has only scalar harmonics of degree at most k, with the same parity as k.
Contracting one normal covariant index with a vector tangent to the sphere |x| = ¢ contributes one
factor ¢ and one angular vector. With two normal covariant indices the angular degree can therefore
exceed the Taylor degree by at most two. Consequently a normal-normal tensor of scalar degree ¢,
after division by a? = t?, has coefficients O(t*~%). Components with both covariant indices tangent
to the singular orbit have scalar degree ¢ first at order t’. For a normal-singular orbit component,
contraction with a sphere tangent vector contributes the additional factor t; a scalar gradient of
degree £ can first occur at polynomial degree £ — 1. Its coordinate coefficient is therefore O(t%). Taylor
remainders satisfy the corresponding estimates after any fixed number of radial derivatives. Projection
to a fixed finite harmonic space is a bounded angular integral and preserves the estimates. For degree
one, only the difference of the trace and Hessian coefficients is intrinsic, since V?Y = —Yy,; the
argument applies to that difference and to the remaining components. g

Lemma 4.4 (Scalar gauge invariants). Suppose £, j > 2. The functions
{ = uB —vA, Zy = {/u, c=2e—a’C—-b’D (4.4)

are unchanged by Lie derivatives in the same scalar representation. Consequently their singular-orbit
estimates may be obtained from the original smooth tensor. If that tensor satisfies h" = 0 on 3, then
every gauge representative satisfies

{(R)=c(R) =0. (4.5)

Ift>2and j = 1, use D = 0; the corresponding invariant is y = uZy + (Mou/q)c, with My = q/b. If
t=1andj>2,useC=0andy = uZy— (v/a?)c.

Proof. For a vector field X = £YZ9; + nZVY + wYVZ, the tangential Lie derivative gives
(A,B,C,D,2¢e) —> (A+ué,B+vE,C+n,D+ w,2e+ azry + b2w). (4.6)

Thus §¢ = c = 0. These equalities require smoothness of &, 5, @ only on the regular part. Since the
tangential generators are independent for £, j > 2, the zero boundary tensor has zero coefficients; this
proves (4.5). The estimates of Lemma 4.3 can therefore be applied before changing gauge.

For j = 1, the identity V2Z = —Zy, gives, in the convention D = 0, 6B = v — w and éc = b2w.
Hence §y = —uw + (Mou/q)b*w = 0. For £ = 1, one has §A = uf — n and §c = a’n; therefore
Sy =vn—(/a*)a*n=0. O
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The two invariants have the following quotient interpretation. At a fixed regular radius use the
coefficient vector a = (A, B, C, D, 2¢)T and the maps

u 0 0
v 0 O
v u 0 0 0
G=10 1 01, It:(o 0 —a2 —p2 1)- (4.7)
0 0 1
0 a® b?
One has I,;G; = 0, rank G; = 3, and rank I, = 2, since u > 0. Thus

0 >R LR LR o
is exact. In particular, { = ¢ = 0 is equivalent to
(A, B,C,D,2¢e) = G(A/u,C,D)T.

This assertion concerns the tangential tensor at a fixed radius. The radial equations determine whether
these boundary displacements extend to a Lie derivative of the full tensor.

When the first degree is one, the coefficient relation is rp = (1,0, 1,0, 0)T and Z,rp = (-v, —a
The quotient by this line is represented by { —vc/a?. When the second degree is one, rg = (0,1,0,1,0)7
and Z,rg = (u,—b?)"; the quotient is represented by ¢ + uc/b?. If both degrees are one, these two
image vectors are independent, since a?u + b?v > 0. This accounts for the separate low-degree
calculation in Lemma 5.3.

Z)T.

Lemma 4.5. Let S be a closed embedded submanifold of codimension at least two in a smooth Riemannian
manifold (M, g). Suppose h is a smooth symmetric tensor on M and X is a smooth vector field on M\ S
such that Lx g = h. Then X extends uniquely to a smooth vector field on M.

Proof. Put s = h/2, let X; denote the metric dual of X, and set A;; = V;X; — s;;. Then A;; = —Aj;.
Define

Cijk(X) = (ViVj = V;V) Xk.
The commutator is a smooth bundle map, linear in X. Differentiating V;X;+V;X; = 2s;; and permuting
the three indices gives

Vin = Sij +Aij>
ViAjr = Vs — Visij + %(Cijk(X) — Cixj(X) — Cjki(X))-

In fixed coordinates this is a system 9;U = B;U + F; for U = (X, A), with smooth coefficients B;, F;
across S.

Choose a coordinate product neighborhood in which S = {0} x R¥™S. On a smaller neighborhood,
any two points outside S can be joined outside S by a path of length at most C times their coordinate
distance, contained in the larger neighborhood. Indeed, a line segment meeting S is replaced, in a two-
dimensional normal plane, by a semicircle of arbitrarily small radius. The codimension assumption
supplies this normal plane. Let K bound the coefficient matrices and the inhomogeneous terms in
these coordinates. Along a path of length ¢ beginning at xj, Gronwall’s inequality gives

[UGO)| < ([UGxo)| + K0)e.

The path lengths from one fixed xj are uniformly bounded in the smaller neighborhood. Thus U is
bounded there. The equations now give |9;U| < C, and the paths of length at most Cy|x — y| give
|[U(x) — U(y)| < CCylx — y|. Consequently U has a unique continuous extension across S.
Integrate 0;U = B;U + F; along coordinate segments avoiding S, and pass to limits of translated
segments. Almost every translate avoids S, since its codimension is at least two. Continuity gives
the integral identity on every segment in the smaller neighborhood. Thus the extension is C! and
satisfies the same system. Induction using the smoothness of B;, F; gives U € C*. The extensions
agree on overlapping neighborhoods by continuity. ]
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Lemma 4.6 (Cauchy uniqueness in a finite angular sum). Let h be smooth on Mg, contained in a finite
sum of angular types. IfRicy(h) = 0, h'[s, = 0, and A(h)ls, = 0, then h = Lyg for a smooth vector
field Y with Y|z, = 0.

Proof. On (0, R] x S x S9, write g = dt? + y(t). Solve, with zero terminal values at R,
02" ==hoo, 2% =—yP(hoy + 9, 2°). (4.8)

The coeflicients are smooth on every [¢, R]. Integration gives a smooth field Z on the regular part
and commutes with the angular projections. The formulas

(Lz8)oo = 20:2°, (L78)0a = Yap0: 2" + 3,2°

show that k = h + Lz g has koo = ko, = 0. Its induced variation and its second fundamental form
variation at R are unchanged, since Z vanishes there. Hence k"(R) = 9;k"(R) = 0. In the finite
angular sum the tangential Ricci equation is a system

—%k” + Pl(l')k/ + P()(t)k =0

with smooth matrix coefficients on [¢, R]. The leading coefficient follows directly by differentiating
the normal-coordinate Ricci formula. Uniqueness for this linear system gives k = 0 on [, R]. Since
€ > 0 is arbitrary, h = —Lzg on the regular part. The preceding removability lemma extends —Z
across the singular orbit, of codimension p 4+ 1 > 3. The extension retains its zero value on . U

5. TENSOR, VECTOR, AND LOW SCALAR DEGREES
Proposition 5.1. A factor-TT sector contains no nonzero class in Kg.

Proof. Let k be TT on SP, with V*Vk = ok, o > 0, and let Z be a scalar harmonic of eigenvalue y on
§9. Normalize their squared angular norms to one. The tensor T = a*F(t)kZ is TT on the full space.

Its energy is
R
o(T) = / W (F')? + (0 b 2, ”) F2] dt. (5.1)
0 a b2

To check the constant 2/a?, the radial tensor slots in the covariant derivative contribute 2u?|T|%.
The factor curvature contributes 2(1 — a’*)a 2| T|? to —2(RT, T). Their sum is 2a ?|T|?. The other
derivative terms give exactly the displayed scalar and tensor eigenvalues. A geometric kernel in this
sector satisfies LT = 0 by (2.1); its induced boundary condition gives F(R) = 0. To justify the inner
endpoint, integrate first on {¢ < t < R}. Smoothness gives bounded | T| + |V T| near the singular orbit,

while Area(3,) = O(&P). Therefore
/ (V,T,T)dA
e

Hence (5.1) is zero and F = 0. Interchanging the factors proves the other case. g

< Cef — 0.

Proposition 5.2. Every sector containing a coclosed-vector type on either sphere has zero geometric
Dirichlet kernel.

Proof. Regard the metric as gz + r°y,, with the selected sphere as fibre. Let  be a coclosed one-form
on this unit sphere, with V*Va = k% . Write the vector-type coefficients as

hai = rzBaa)i, h,’j = ZFZCV(i(x)j).

A fibre vector field ¢o* changes B to B+ d¢ and C to C + ¢. Thus A = B — dC is invariant. In the
Killing case, the second tensor is zero; .A = B is then defined modulo exact forms.
The Christoffel symbols involving the fibre are

Ty = =rD®r Ynijs F’;lj =r'D,r 5}
The complete covariant calculation in Lemma E.1 gives the necessary mixed-component equation

Sp(r"*dA) + (k3% —n+1)r"A = 0. (5.2)
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The angular contraction is V/(V;w; + V;w;) = —(k% — n + 1)w;; the base and fibre divergences are
displayed separately in Section E.1. Their sum, after use of the vertical Ricci-flat equation, gives (5.2)
with the indicated sign and weight. The other Ricci components are included in (E.1). The same
equation is the zero-source specialization of [8, Section IV.B] (equation (4.9) in arXiv:1306.4927v1),
with positive-definite base metric and F, = r A,.
Integration on the unit sphere gives
(ki = n+ D]ol?. = 25" ol > 0.

For a non-Killing harmonic, h" = 0 gives C = 0 and B" = 0 at the outer boundary, hence A" = 0. In
the Killing case this condition follows directly from the mixed components. Pairing (5.2) with A gives

/r"J’ZIdA|2 dvg + (k¥ —n+1) / r"| Al dvg = 0. (5.3)
B B

The boundary integrand, up to its orientation sign, is r"**(1, d.A, A). The one-form 1, d.A annihilates
v because dA is alternating. Thus it pairs only the tangential component of A, which is zero at
the outer boundary. If the fibre collapses, smooth tensor coefficients give the sufficient estimates
A =0(t"") and dA = O(t™?); the inner flux is O(t""!) and tends to zero for n > 2. These estimates
follow directly from hy = r?B,w;, r < t, and the normal Taylor expansion in Lemma 4.3. If the base
itself closes at the singular orbit, no inner boundary is present.

If k% > n—1, then A = 0. Otherwise d.A = 0. The base is simply connected, so .A = d¢; the outer
condition makes ¢ constant on its connected boundary, and that constant can be subtracted. In both
cases the deformation is boundary-fixing pure gauge near the outer boundary. Apply Lemma 4.6. [

Lemma 5.3. The scalar sectors of degrees (1,0), (0, 1), and (1, 1) have zero geometric kernel.
Proof. Put a, = A’g(h). For a geometric kernel, the linearized Gauss and Codazzi equations are
divs(ay — (trap)y) =0,  (Hy— A ay) = 0. (5.4)

In degree (1,0), the first-harmonic Hessian is —Yy,, so a, = Y(ayp + fyo). The two equations in
(5.4) become

(p—Da+gqgp=0, p(H—u)a+q(H—-v)p =0.
They imply (m — 1)va = 0. Since v > 0, a; = 0. In degree (0, 1) the equations are
pa+(g—1)p =0, p(H—u)a+q(H—-v)p =0.

Eliminating « gives (m — 1)uff = 0; hence @ = = 0. In degree (1, 1), the additional component is
(an)ie = cV; YV, Z. Let Ap = p/a® and Ao = q/b?. The momentum equations are

(p—Da+qf+clp=0, pa+(g—1)f+cAp=0.

Multiply the first by pu and the second by qu, add, and use the second equation of (5.4). This gives
c(pulg + quip) = 0. Thus ¢ = 0, and the remaining matrix has determinant 1 —m # 0, so a = 0. In
all three cases Lemma 4.6 gives the assertion. ]

6. SCALAR HARMONICS ON ONE FACTOR
Let Z € H;(S%), j > 2, with eigenvalue ;1 = j(j + ¢ — 1). A normally gauged tensor in this sector is
h=2a*AZy, + 2b*(BZy, + CV*2). (6.1)
Write
v
Zy=B—-—A d=pu—q>0, so=pu+(qg—1o,
u

F = p(m-— Du® + 338, Jo=F/u*, 00=W/J, o= ro/ o (6.2)

All these denominators are positive.
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Lemma 6.1. Every geometric deformation in (6.1) satisfies

_2 _1 4
(QOZ(;)/ _ QOVIJZO = 0, V/l = rQ <H(q) + JO> )

qg—1 soJo

Its induced-metric boundary condition is Zo(R) = 0.

Proof. Put 2 = pA’ + qB’ — uC’. The PP equation, the radial-Q momentum equation, and the
Hamiltonian equation are, respectively,

A" + HA + uZ = (u/b? — 2rp) A, (6.4)
pA +(q—1)B —(qg—1)C" + p(u—v)A=0, (6.5)
p(u/b* = rp)A+ (u— @QroB = p(H — WA + (H —v)(gB" — pC"). (6.6)

These are the constant-first-factor specialization of the intrinsic coefficient table and the Codazzi and
Gauss contractions proved in Lemma E.2. In particular the pure Hessian is a tangential Lie derivative
and has zero intrinsic scalar-curvature variation. Set y = A/u. Eliminate C’ from (6.5)—(6.6), using
(3.4). The result is

/ -1)d /
Yy = —%(SOZO + roZ). (6.7)

Substitution in (6.4) gives

The two coefficient identities in (E.11), obtained by differentiating (6.7), give (6.3). The leading
coefficient used in that elimination is strictly negative and hence nonzero. At the boundary a radial
displacement changes (A, B) by (ué,v¢), while an angular gradient changes only C. Thus Zy(R) = 0
follows from the original zero induced variation. g

Proposition 6.2. Every scalar sector constant on one factor and nonconstant on the other has zero
geometric kernel.

Proof. Degree one was treated in Lemma 5.3. For degree at least two, the exact identity is

/
F
Vu+0’+@ 0—02:7@ 7 >
Qo (¢ —1s;
Indeed, sq = prp+(q—1)ro—Hsy, ré = —2vrg, and F = psi —(q—1)Dy. Also ¢} /0o = H—J; /Jo. The
J§ terms cancel in the left side of (6.8); the remaining expression is ro[p/(q — 1) — Do/ s§]. Equation
(6.3) therefore gives

0. (6.8)

rof
CENE: zZy| . (6.9)
When the a factor collapses, gy = t*, 0 = O(t), and smoothness gives Z, = O(1), Z; = O(t). The inner
flux is zero. In the exchanged case the sufficient estimates are oy = t9*%, 0 = O(t™1), Z, = O(t72),
and Z§ = O(t3); the flux is O(¢97!) and again tends to zero. These estimates follow from Lemma 4.3
and the factors v/u at the singular orbit. The quantity Z; is unchanged by scalar Lie derivatives, so
the estimates may be computed from the original smooth tensor; see Lemma 4.4. The outer flux is
zero by Zy(R) = 0. Integrating (6.9) gives Z, = 0. Equation (6.7) implies y” = 0, hence A = cu, B = cv.
Equation (6.5) then gives C’ = —c/b?. Thus the deformation is the Lie derivative of ¢Zd; + CVZ on
the regular part. After undoing the auxiliary normal gauge, the zero induced boundary variation
forces its normal coefficient, and then its gradient coefficient, to vanish at R. It is boundary-fixing
pure gauge in an outer collar. Apply Lemma 4.6. g

d
E [QOZO(Z(; + O'Zo)] = Qo (Z(; + O'Zo)2 +
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7. THE TWO-FACTOR SCALAR SYSTEM
Lett,j>2,A=t+p—1), u=j(j+q—1), and use (4.2). Set
Loy z)t/az, M, z,u/bz, sp=H-u, so=H-uv,

Zy=B—(v/u)A, c¢=2e—a’C-b’D, Z:<ZO>’ y:<§>=<uzo)'
c ¢ ¢

The letters Ly, My in this section are scalar coefficients, not differential operators. Put
s=A/u, v=y¢, U=s+a’C/, V=s+b’D, w:(v,U,V)T.

Lemma 7.1. The momentum and Hamiltonian constraints are

Aw = Ty7' + Tyz, (7.1)
where
sp Mo/2—r1p  —My/2
A= SQ —L0/2 L0/2—rQ s (7.2)
Do —L()Sp —MOSQ
—-q —M,/2 q(u—v) Moyu
hi=|-(g-1) -Lo/2|, Ty = 0 Lov |. (7.3)
—qsQ 0 qLlo +(q— DM — qro LoMo

The determinant D = det A is positive. Withx = (A—p)rp = (p— 1)Ly —prpandy = (u— q)rg =
(q — 1)M, — qry, its factorization is
2pgD = (m — 1)(qLov + pMou)?

+ (gDoLg + 2p(m — 1)Myu*)x

+(2q(m — 1)Lov* + pDoMy)y + 2Doxy. (7.4)
Proof. For g = dt* + y(t) the coordinate expressions are

Ricyy = —% tr, vy’ + %tr(yfly/yfly/),
Ricy, = %(Vb Yop — Va tr, Y,
Ricap = (Ricy)ab = 5¥ap = 5Ctry ¥ v + 3 v ¥ Dab-

The coeflicients of the independent angular one-forms Z dY and Y dZ in the two mixed components
of the linearized Ricci tensor are

0=—(p—-1)A"—gB +(p—1)C" + uD’ — Mye’ + 2Myue + (u — v)(gB — uD),
0= —(qg—1)B — pA"+(q—1)D" + AC’ — Lye’ + 2Lgve + (v — u)(pA — AC). (7.5)
The coefficient of 2YZ in the scalar constraint is
[(p— DLo + pMy — prp]A+[qLo + (g — 1)My — qrg]B + LoMyc
= sp(pA’ — AC’) + so(qB’ — puD"). (7.6)
To verify its left side, use DR, (h) = 66h+ Atr h—(Ric,, h) on the product orbit. The two pure Hessian
terms cancel their factor-curvature terms, leaving the combination 2e — a*C — b%D = ¢. The right

side is HH — (A, A), where A is the variation of the shape endomorphism and H = tr A. The normal
Ricci component itself is

Ric/(h)oo = [-E” — 2u(pA’ — AC") — 2v(qB’ — uD")| Y Z, 2= pA+gB—AC—puD.

Now replace B = Zy + vs, A = us, a>’C’ = U —s, b>D’ = V — s, and 2e = ¢ + a®°C + b%D. The
coefficients of (v, U, V) in these three equations are the rows of (7.2); the terms containing Zj, ¢’, Zy, ¢
are the rows of (7.3). The contractions used here are AY = 1Y, divV?Y = —(1 — p + 1)dY, and the
corresponding identities on the other sphere. All terms containing the undifferentiated s cancel by
(3.3)-(3.4). Expansion of the 3 x 3 determinant, replacement of (p — 1)Ly by x + prp and (¢ — 1)M, by
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¥ + qro, and use of (3.4) give (7.4). Each term is nonnegative; the first is positive. This also proves
invertibility when exactly one of x, y is zero. g

Lemma 7.2. Let = = pA+ gB — AC — uD. The tangential equations are
A" + HA + u=" = (Lo + My — 2rp) A,
B” + HB' +vE" = (Ly + My — 2rg)B,
C” + HC' = (My — Ly)C + (2A — E — 2Mye)/ d®, (7.7)
D” + HD' = (Ly — My)D + (2B — E — 2Lge)/b?,
e’ + (H —2u— 2v)e’ +4uve = —(p — 1)(A— C) — (¢ — 1)(B - D).
Together with (7.1) they imply
Zy + HZy = (Lo + Mo — 2r9)Zo + 2(vrp/u — ro)v, (7.8)
¢’ +(H=2u-2v)c’ = (Lo + My — 4uv)c — 2(u—v)(U = V). (7.9)

Proof. Write y = y(t) for the orbit metric and k for its variation in normal gauge. Differentiating the
tangential Ricci formula in the preceding proof gives

(Ric(’g Kap = (RiC;, Kap — % = i(try kK —(k, Y/>)/) Yop — i(tr), YK,
+ %(k/yflyl T Y’Yﬁlk}’il)’/)ab-
The intrinsic term is determined by
2Ric), k = ViV, k + Ricy ok + k o Ric, —2R k — 2838,k — V2 try k.

The trace and divergence coefficients are (E.4); substituting them in the displayed intrinsic variation
gives the five rows of (E.5), as proved in Lemma E.2. The two Ricci endomorphism eigenvalues of
the orbit are rp and rg. The coefficients of the radial second derivatives are —a?, —b?, —a?, —b?,
and —1, respectively; dividing by these nonzero factors gives (7.7). Its terms proportional to =’
arise from the differentiated orbit mean curvature. The first two equations and A = us give (7.8).
Differentiate ¢ = 2e—a®C—b?D twice, substitute the last three equations of (7.7), and use (a%)’ = 2ua?,

(b2) = 2vb?. The terms containing C, D, e combine to (Ly + My — 4uv)c; the remaining terms are
—2(u —v)(U — V). This proves (7.9). O

7.1. The constraint adjugate. In the following identity only, write sy = sp, to = sg, Po = rp, Qo = 1o,
and Fy = Lysy + Myty. Then

Lo (Fo — 2Q050) Mo(Fo—2Pots)  PoQo — 3(PoLo + QoMo)
ad_] A = (L0/2 — Qo)Do + Mgtg MO(DO/Z — Sot()) QOSO — F0/2 . (710)
Lo(Do/2 = sotp) (Mo/2 — Po)Dy + Los? Poty — Fo/2

Each entry is its transposed signed 2 x 2 minor. Expansion along a row gives A adj A = DI;. The
relation spsg = Dy — (m — 1)uv follows from (3.4); it will be used in the matrix products below.

7.2. A symmetric form for the system. Set

0 0 1
P=|-L 0 0f, C=PA, B =PT; (i=0,1).
0 My, O

The matrix C is symmetric and invertible. Define

G- (~2ag=1) 0
0 0 LoM, |’

_— (2[—q(q — DL — (¢ = 1)(q—2)Mo + q(q - 2)ro] —2(q - 1)L°M°> (7.11)
0= —2(q — DLoMo —4wloMy ) .
Put

G=Gy+2BIC'B;, N=2BIC'By,, V=V,+2BlC"B,. (7.12)
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Since z = Ty, with T = diag(u™!, 1), define
G=T'GT,
N=T'GT' + T'NT, (7.13)
V=T"6T +T'NT+T'N'T'+ T"VT.
The matrices above also follow from an algebraic elimination. Set b = B;z’ + Byz and define
L(z,7,w)=2"TGyz +2"Voz — 2w Cw + 4w .
Its derivative in w is 4(b — Cw). Thus its stationary equation in w is precisely (7.1), and
L =716 + 24Nz + 2" Vz
—2(w—C'b)’C(w - C'b). (7.14)

Indeed, expansion of the last term leaves 2b” C~!b; its three coefficients are those defining G, N, V.
No sign of C is assumed in this elimination. Its relation to the reduced field equations is the pair of
coefficient identities (7.19)—(7.20) below.

Lemma 7.3. Every solution of (7.1), (7.8), and (7.9) satisfies

Gy” + (G’ + HG+N—NT)y’ + (N’ + HN — V)y = 0. (7.15)
Furthermore,
—1)(gLox + pMyy + 2
Gy = (m — 1)(gLox + pMoy +2xy) 0, (7.16)
D
2Ly M, -1
detG = 2LoMolm = Dxy (7.17)
D
Proof. Put U; = A™'T; fori = 0,1, and set
b (H 0 D, = (Lot Mo —2rg 0
1"\o H-2u-20)’ 2= 0 Lo+ My—4w )’
B = 2(vrp/u —rg) 0 0
0= 0 —2(u—-v) 2(u-v))"
Elimination of w gives
Z” + Flz/ + F(]Z = 0, Fl = D1 - E()Ul, F() = —Dz - E()U(). (718)
The two identities needed for its symmetric form are
G +HG+N-N' =GR, (7.19)
N’ + HN -V = GF,. (7.20)

In every occurrence of A~! substitute (7.10) divided by D, and use C! = A~'P~!. Differentiate
products entry by entry, with

(A7YY =-A7TA’ATY Ly =—2uly, Mj=-20My, sp=H'—u/, sp=H —v.

Replace u',v’, rp, 1), H' using (3.3) and H” = pu’ + qv’. The first-derivative terms in the Euler
expression then have coefficient G(D; — EgA™!T;), and the zeroth-order terms have coefficient
—G(D; + EgA™'Ty). These are precisely the right sides of (7.19)—(7.20); the scalar reduction in
the products is spsg = Dy — (m — 1)uv. Multiplying (7.18) by G now gives the Euler equation of
[ W(Z'TGZ' + 22/TNz + 2 Vz) dt. Substitute z = Ty and expand its two derivatives. The three
resulting coefficients are (7.13), which proves (7.15).
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The cofactor products also give

DGy; = (m — 1)(qLox + pMyy + 2xy),
DGz = (m — 1)LoMy(ux —vy), (7.21)

LoM,

DGy, = 7 ((m - 1)(pMou’x + qLov*y) + Doxy). (7.22)

Expansion of G1;Gy, — G2, and (7.4) give (7.17). The quantities x, y, Ly, Mo, D are positive, so (7.16)
and (7.17) imply G > 0. g

8. POSITIVE DECOMPOSITIONS OF THE SCALAR FORM

In this section write L = Ly, M = My, G =G, N = N, and V = V. The determinant is still D. These
letters denote the matrices and coefficients in (7.2)-(7.13), not geometric differential operators. The
background identities used below are (3.3)—(3.4) and the interval in Lemma 3.2. The scalar quadratic
form is

Quclyl = / W(y"Gy’ +2y""Ny +y'Vy) dt. (8.1)
For the algebraic assertions, p, ¢ > 2 may be real. Besides (3.3)—(3.4), their hypotheses are

rp=(p— Du? + 2quuv0, ro=(q- Do? + 2puv(1 —0),
-1 +1 8.2
u,v,7rp,rg >0, 0_:=L<9<q7=:0+. ®2)
2p 29
For the Bohm background these relations follow from the definition of # and Lemma 3.2. The geometric
applications retain the integral dimension hypotheses in Section 1.
For a symmetric matrix S(t),

(Wy'SyY = w2y’ TSy +y' (S + HS)y}. (8.3)

Consequently subtraction of such a derivative changes only the symmetric part of the mixed coefficient.
Positivity of G alone does not control either N — N or the zeroth-order term.
Suppose G = Y; w;b,! b;, where w; > 0 and b; are rows. Given real functions o;, put d; = b/ + o;b;
and N, = Y, w;b d;. Then
N. = NI =" (b b — b/ by).

1

Thus the skew identity in (8.7) is exactly the condition that S, = N — N, be symmetric. Formula (8.3)
then reduces the form to four derivative squares and the matrix R = V — Y, w;d! d; — S, — HS... The
rows and weights below are obtained by separating the three terms in the numerator of Gy; and the
remaining ¢’? term. Their moving coefficients Mu/q and —Lv/p also give the required skew part.
The choices 01 = v, 02 = u, 03 = 04 = 0 are used throughout; positivity of the resulting residual is
proved rather than assumed.

In the variables F; = b1y, F> = byy, the sufficient sign conditions are

(Ri)12 <0, (R)11 + (Riiz > 0, (Ri)22 + (Ri)12 > 0.

They give precisely the three remaining squares in (8.10). The higher-degree proof establishes these
inequalities on the whole parameter region. If a degree is one, the exact quotient in (4.7) has dimension
one; the independent scalar equation is therefore treated separately in Lemma 8.8.

8.1. Rank-one decompositions and skew parts. Put A, = v(H + 2u) — rp and B, = u(H + 2v) — rp.

Lemma 8.1. The skew matrix ] = (N — NT)/2 satisfies

(m—-1)LM

Jiz = T(AH/ — Byx). (8.4)
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Proof. The homogeneity of both sides reduces the identity to u = 1. In the remaining algebra put
r=v,P=rp, Q=rpand H = p + qr. Substitution of (7.10) gives the following identity before
imposing the scalar constraint:

D(Ni2 — Nay) — (m — 1)LM(A4+y — By x)

=—LM(pP+qQ—-H*+p+qr*) T, (8.5)
where
T =(H-P)((g—1DP+qQ—qL—(g— 1)M)
+2r((g— 1P —qL) +2(qQ — (g — DM). (8.6)
The first factor on the right is zero. Division by 2D proves (8.4). O
Proposition 8.2. Ifx,y > 0, define positive weights
(m—1)qLx (m—-1)pMy 2(m— Dxy LMDyxy
(01:?; 0)22#, 0)32?, ZW,

and row vectors

by =(1,Mu/q), by=(1,-Lv/p), b3=(1,0), by=(0,1).

Then
4

4
1 1
G= Zl wibini, E(N _ NT) - 5 Z @i(bini’ _ bi,Tbi)- (87)

i=1

Proof. The coefficients of the first identity are exactly (7.16)—(7.22). The background equations imply
(Mu/q) = -MB, /q, (=Lv/p) = LA, /p.

Since b}, b; = 0, the upper-right entry in the second identity is

m—1)LM
%(AW — B, x).

Apply Lemma 8.1. The diagonal entries of both skew matrices vanish. ]

1
5 (_(A)lMB+/q + a)zLA+/p) =

The four weights are positive. Thus (8.7) proves positivity of the leading coefficient for real
p.q=2.
8.2. The residual form. Choose
o1 =V, 03=1uU, 03=04=0, di:bi/-i-O'ibi.

Put
N. =Y wibld,  S.=N-N,
i

R=V-) wd'd—S,—HS. (8.8)
i

Proposition 8.2 makes S, symmetric. Thus R is symmetric.
Proposition 8.3. For every smoothy one has the pointwise identity
W(y’TGy’ + Zy'TNy + yTVy)
d 2 2
= E(WyTS*y) + W Z wi((biy)/ + U,-biy) +y Ry !. (8.9)
i=1

Proof. Expansion of the four squares gives the leading coefficient G, the mixed coefficient N,, and the
zeroth-order coefficient Y w;d d;. The remaining mixed coefficient is symmetric and satisfies

2wy''S.y = (Wy'S.y) — Wy (S, + HS,)y.
Substitution proves (8.9). ([l
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Set ky = Mu/q, ko = Lv/p and

1 ko Kk T
C = s R* = C RC
k1 + kz ( 1 _1>

Theny = C(F,,F,)T, where F; = biy for i = 1,2. Define
r = (R + (Roz, ry = (Ri)2z + (Ri1z, riz = —(Ro)1z.
The exact identity

Y Ry = rF} + ryFf + rip(Fy — F)? (8.10)

reduces residual positivity to the next theorem.

Theorem 8.4 (Positivity for higher scalar harmonics). Let p, g > 2 be real and let the positive background
quantities satisfy (3.3), (3.4), and (8.2). If A > 2p and u > 2q, then

r >0, V2>O, 7"12>0.

In particular R is positive definite. The inequalities include continuous spectral parameters in these
half-lines.

An exact specialization. Consider the Ricci-flat product cone dt? + (t?/3)(y2 + y2), and degree two
on both factors. At ¢ = 1 the coefficient data are

p=q=2 u=v=1 rp=rp=3, A=p=6, L=M=18, 0=%.
The background derivatives, taken before evaluation, are v’ = v = -1, 1} = ré =—6,and L =M =
—36. The formulas in Section 7 give

B _(4/5 0 _ (-236/5 -—324 _ (-1076/5 —648
D = 4320, G‘(o 81)’ N‘<—324 —1701)’ V‘( —648 4293)' (811)

In particular, the sign of V is not the required positivity assertion. The four weights are
(w1, wa, w3, wg) = (3/10,3/10,1/5,162/5), and by = (1,9), b, = (1,—9). The prescribed completion

gives
_(3/5 0 _ (116/5 0
N = ( 0 —486/5)’ R= ( 0 12474/5)‘

Since { = (F; + F;)/2 and ¢ = (F; — F,)/18, one obtains
58 58 19
y' Ry = ?Fiz + ?Fzz + E(Fl - R)%. (8.12)

This specialization is an identity on the cone, not an assertion that a smooth Béhm filling passes
through these cone Cauchy data. The argument for arbitrary p, g and all regular radii uses the
coeflicient identities below, not this single specialization.

8.3. The residual numerators. Under
(u,v,rp, o, L, M) > (cu, cv, rp, cer, L, ¢*M), ¢>0,
the degrees of the entries of G, N, V, R are, respectively,
-2 1 -1 2 0 3 0 3
1 4)° 2 5)° 3 6)° 3 6/°

Since ki, k; have degree three, the functions ry, 72, 112 have degree zero. We may normalize u = 1 at
the point in question. Write r = v/u and set

P=p—1+2qrb, Q=(q—-1Dr*+2pr(1-0), (8.13)
H=p+qr, D = pP +qQ, ay=P—H, (8.14)
x=(p—1L-pP, y=(qg—- 1M - qQ, (8.15)
T =pM+qlLr. (8.16)
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The normalized background derivative on functions of (r, 6, L, M) is
2 =(Q—rP)a, + [-(2p0—p+1)(1— 0) + r(qg + 1 — 2q0)0] 3¢
—2(ag + 1)La; — 2(ag + r)Mayy. (8.17)

For an expression of degree e, the normalized radial derivative is eag + 2. This follows from v’ = u?a,,
L’ = —2uL,and M’ = —2vM.

Lemma 8.5. There are polynomials a,b,c in Q[p, q, r, 0, L, M] such that
_ (m—1)qlx (m—1)pMy b,

nE oy ® Y (8.18)
LMx
riz = pgDzisz (8.19)
They satisfy
bpq(r,0,L, M) = r'ag ,(r 1,1 - 0,M/r* L/r%), (8.20)

¢pq(r, 0, L M) = r'q,(r ', 1—0,M/r* L/1?).
The total degrees in (L, M) of a and ¢ are four and three.

Proof. The following formulas specify the polynomials without a choice of normalization of factors.
In the normalized variables, form R by (8.8), using (7.10) and (8.17). Then set

2D?
= m(quRu + qulz), (821)
o 2D?
= m(PMRn - pqR12),
L )
Xy Pq Pq

Substitution of (7.10) clears the denominators in these expressions. A coefficient form of the first and
third expressions is given in (8.22) and Appendices F-G. It verifies their polynomial character as well
as their degrees. The formula for b is obtained by the indicated exchange. To check the exchange
directly, replace each monomial p®q® r¢6¢LeM/ by

q pb 11—c—2e— Zf(l Q)dMeLf

in a, and use degree ten for ¢. Collecting gives precisely the second and third expressions of (8.21).

The factor formulas follow by multiplication with the displayed C in (8.10). O
Put .y
2pP 2 -0
L LA S VI L > 0.
p—1 q—1 0,—6
Thus
0_+6,s
0=0(s) := ——.
() 1+s

Letng = a,n¢c = ¢, and d4 = 4, dc = 3. The two rational identities used in the proof are

i (row. 206 208y

§"n" > chip—2.q-2)r's! (8.22)
(i)l
= s He {A, C}.
kitedy (P — D¥*(q - D)da=t(2pq)Pe(1 + 5)Pke

Here P, Q on the left are evaluated at 6§ = ©(s). The indices Dk[, sets Ig, and all coefficients are
printed in Appendix F. There are 341 nonzero coefficient functions for H = A and 210 for H = C.
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8.4. Finite coefficient comparison. Write

ng= Y, nh(p.q.rOLM,

a+b<dy

where the coefficients nfb are obtained from (7.10), (8.17), and (8.21). Matrix products use

(AB); = Y AuBy;,  (F/GY =F/G-FG /G
k

For fixed k, £, the numerator of the (£*5°) coefficient after clearing (p — 1)% (g — 1)% ! is exactly

b
Fie= 2 (Z) ( ,3> nap(2pP)**(29Q)"~(p = (g - )", (8.23)
bty

Its degree in 0 is the tabulated integer D, If FIL =¥ £.(p, q, )67, then its cleared interval substitu-
tion is
Dy

> £p.q.(g(p - D+ plg+ Ds) (2pg(1 + 5))
z=0

H
Dz

(8.24)

For each z, the coefficient of s/ in the two powers in (8.24) is

min(z,)

() (50 a0 -0 tota + or@pa =i e29

e=max(0,j—D+z)

Collecting powers of r gives the coefficients in Appendix F. Each is factored into polynomials printed
in Appendix G; the convention for every row is stated there. Equations (8.23)-(8.25), together with the
full coefficient tables, are finite rational coefficient-comparison identities. All indices and coefficient
polynomials in these two identities are specified in Sections F and G.

Lemma 8.6. Foreveryreal p,q >2,r,s> 0, and &, > 0, both expressions in (8.22) are strictly positive.
More precisely,

S 4mpiq(p—1)° r

> T (8.26)
40, 113
> ‘m. (8.27)

Proof. Every II; in Appendix G is a polynomial in a = p — 2, b = g — 2 with nonnegative coefficients.

Hence both IT;(a, b) and I1;(b, a) are nonnegative. Every rational multiplier in Appendix F is positive,

and all denominators in (8.22) are positive. Thus every summand in that identity is nonnegative.
For the A identity, the coefficient at (k, ¢, 1, j) = (0, 0, 1,0) before division by the denominator is

128(q — D°¢°m(p - 1)°p’.
Its denominator is (p — 1)*(q — 1)*(2pq)°>(1 + 5)°. Their quotient proves (8.26). For the C identity, the
coefficient at (0,0, 0, 0) is
64(q — 1°q'(p - 1)°p°.
Division by (p — 1)*(q — 1)*(2pq)*(1 + s)* proves (8.27). Both lower bounds are strictly positive. [

Proof of Theorem 8.4. The spectral bounds give x > pP > 0 and y > qQ > 0. Therefore every
prefactor in (8.18)—(8.19) is positive. Lemma 8.6 proves r; > 0 and ryz > 0.

The transformation (p, ¢, 7, 0,L, M) — (g, p,r"*,1— 0, M/r?,L/r?) preserves the hypotheses. The
interval coordinate changes from s to s™1, and the excess parameters change from (£, ) to (n/r%, £/r?).
The first identity in (8.20) therefore makes b positive. This proves r; > 0.

Since k; + k; > 0, the matrix C is invertible. Formula (8.10) now shows that y’ Ry > 0 for every

nonzeroy. g
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Reading the coeflicient data. In the dimension-polynomial tables write a = p — 2, b = g — 2. The
notation a'b’/[cy, ..., ¢;], means

S
a'b’ Z cbt.
=0

These two letters are local dimension shifts, not the warping functions. A table factor IT;(b, a) is
obtained by interchanging the two shifts in the entire polynomial. All factors and their multiplicities
in a coefficient row are multiplied before the spectral and interval monomials are attached.

For example, the higher-mode row (k, £,i, j) = (0,0, 1,0) in the H = A table contributes exactly

128(qg — 1)’¢°(p + 9)(p — 1)°p’
(p — D*(q - D*2pg)>(1 + s)°

_4p+piqlp-1 1
B qg-1 (1+s)5

(8.28)

All remaining summands are nonnegative, which gives the first explicit lower bound. The second
lower bound uses the H = C row (0,0, 0,0) in the same manner. In the exceptional table the row
@G, j, k) = (8,0,0) contributes (g — 1)?(q + 1)(g + 2)*r® to (1 + s)*Z.

Each displayed coefficient identity is an equality in a rational polynomial ring. After multiplying
by its stated denominator, one compares the coefficient of every monomial in the union of the two
supports. A monomial absent from either side has coefficient zero on that side. This rule verifies both
the printed coefficients and the absence of any additional terms.

8.5. Reconstruction of the coeflicient identities. The tables encode exact rational functions, not
values sampled from the parameter region. For each identity, the following algebraic operations specify
an independent reconstruction. Form the constraint matrix and its adjugate from (7.2) and (7.10); form
G, N,V from (7.12)—(7.13); apply the homogeneous derivative (8.17); and form the three numerators
in (8.21). The divisions are identities in a rational polynomial ring. The resulting numerators are then
subjected to the spectral shift and interval substitution in (8.23)—(8.25). Their coefficients must equal
the expanded table factors, with zero coefficients at every omitted monomial. Comparing only the
listed nonzero coefficients would not suffice.

The first-harmonic calculation is separate. It starts from the independent second-factor equation
in Lemma 8.8, verifies its three multiplier identities, and forms (8.39). The interval substitution is
(8.41). The exceptional table is compared after multiplication by its positive dimension denominator.
In both calculations the variables p, g remain symbolic. Positivity on the closed dimension faces
p = 2 or q = 2 follows from the shifted integer coefficients and the explicit strictly positive terms,
not from a continuity argument that could lose strictness.

The accompanying verification directory contains a generator that reads no coefficient table,
a separate checker of the generated polynomials against the typeset data, and checks of the
omitted monomials, denominator signs, and strictly positive terms. The command python
verification/run_all.py regenerates the expressions from their matrix definitions before
comparing them. The differential geometric reductions, the boundary conditions, and the functional
analytic arguments remain the mathematical proofs of the corresponding sections; they are not
assertions proved by a coefficient comparison.

8.6. A monotone boundary expression. For every smooth y, (8.9) and Theorem 8.4 give the exact
identity
W(y"Gy +2y'"Ny +y'Vy)

4
2
= (WyTS*Y), + W { Z wi((biy)’ + O'ibiy) + r1F12 + rngz + r12(F1 - Fz)z] . (829)

i=1
All seven weights on the right are strictly positive. In particular the form is positive on nonzero
compactly supported smooth y.
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If y solves the Euler equation of (8.1), then
(W(GY +Ny)) = WNTy + Vy).
Multiply by y7, use the product rule, and subtract the derivative term in (8.29). The resulting flux is
F. = Wyl (Gy’ + N.y), (8.30)
not merely Wy” Gy’. It satisfies

4
7‘:: =W [ Z a)i((biy)/ + O'ibiY)z + V1F12 + r2F22 + rlz(Fl - Fz)z} . (831)

i=1
Proposition 8.7. Every two-factor scalar sector with ¢, j > 2 has zero geometric Dirichlet kernel.

Proof. The spherical eigenvalues satisfy A > 2(p + 1) > 2p and g > 2(qg + 1) > 2q. Thus every
coeflicient on the right of (8.31) is positive. At the singular orbit, (1.2) and Lemma 4.3 give

u=t"1+0(), v=0(), rpLx=1t72 ro.M,y=<1, D= £ W =1tP,

=0, c=0(h), =00t"?, =o001.
Equations (7.16), (7.21), and (7.22) imply
G- (O(tz) O(t)>.
o) 0(@)
The rank-one weights and their differentiated rows satisfy

(Cl)l, w2, W3, (‘)4) = (O(tz)’ O(té)’ O(t4)! O(l))a
bi.by = (1,0(t™Y), di=(0(1),0(:7%), dy=(0(™"), 0.
Since ds = d4 = 0, these estimates give

3
N, = (88% 0(21(2)) , F. = O(tP™1) — 0. (8.32)

At the outer endpoint y(R) = 0 by (4.5), so Fx(R) = 0. Integrating (8.31) over [¢, R] and letting
¢ | 0 makes the integral of its nonnegative right side zero. The strict inequalities ry, 7, > 0 imply
F; = F, = 0. The change of variables in (8.10) is invertible, so y = 0.
The constraints now give v = U = V = 0. Thus s is constant, C’ = —s/a? and D’ = —s/b?. The
tensor is the Lie derivative of
sYZo; + CZVY + DYVZ

on the regular part. Undo the normal gauge. At R, the independent trace-free Hessians force the two
angular coeflicients of the total vector field to vanish, and the traces force its normal coefficient to
vanish. Thus the original tensor is boundary-fixing pure gauge in a collar of Zz. Lemma 4.6 gives the
global assertion. g

8.7. A degree-one factor. If 1 = p and p > 2(g + 1), adding the same function k to A and C does not
change (4.2). It changes (¢, ¢) by (—vk, —a*k). The nonredundant variable is

x={-—c (8.33)
a

Choose the representative ¢ = 0. If 4 = g and A > 2(p + 1), the corresponding variable is y =
¢ + (u/b?)c, and again one may take ¢ = 0. In either case y(R) = 0 follows from the geometric
boundary condition.

Lemma 8.8. In either exceptional family the geometric equation implies
~(Wgix) + WPy=0,  g=G;; >0, P=Vy—Nj;—HNp. (8.34)

The matrices are evaluated at the exceptional spectral value.
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Proof. 1t suffices to consider A = p; the other case follows by interchanging the two factors. The
variable c is set to zero by the trace-Hessian redundancy. Put

(ag, a1, )" = AT'Ty <(1)>, (Bo. B1.B2)" = AT Ty <(1)>
Then (v, U, V)T = (a,Z}+BiZo)%,. The YZ ¥q equation is independent of the first-factor trace-Hessian
relation, because j > 2. Substituting A = us, B = vs + Z in that equation, and using s’ = v, gives
Zy +(H+ qu)Zy — (L+ M — 2rg)Zy + vv’ + 2rgv —vLU —vMV = 0.

Thus its three coefficients in (Z{/, Z{, Z,) are

a, =1+vay,

ay = H+ qu+v(a + o) + 2roag — vLay — vMasy,

ap=—(L+M~—2rg) + vy + 2rgfo — vLpy — vMpB,.
Writing Zy = u™!y gives coefficients
—1y

er=ay/u, e =2a,(u) +ai/u, e =axu +a(u™tY + ag/u.

The adjugate (7.10), prp = (p — 1)L, and (3.4) give the following identities:

M
e, = m<(q —1)(m—1Lv + pysg + p(m — 1)rQu) >0, (8.35)
gier = ex(g] + Hgy),
g160 = ez(Nil + HN11 - Vll)- (836)

For the first equality, expansion of the first row of adj A T yields
2D(1 + vy) = uM((m —DLv + p(Msg — rQSP)).

Use (g —1)(Msg — rosp) = ysg + (m — 1)rou. For the other two equalities, differentiate the displayed
expressions for a;, f; by the quotient rule and substitute the background identities. The first coefficient
reduces to e,(g] + Hg;) and the second to e;(N}; + HNy; — Vyq;). Division by e,/g; > 0 proves (8.34).
No dependent first-harmonic Hessian equation was imposed. O

Suppose first that
A=p, pu=2(q+1)+h, h > 0.
Let gy = G11, ny = Nqij and vy = Vqy, specialized at these spectral values. Define
Puzvl—n{—Hn1+(g1u)’+Hg1u—g1u2. (8.37)
Since x = 0 and y > 0, (7.4) and (7.16) give D > 0 and g; > 0.

Theorem 8.9. Under (3.3)—(3.4) and (8.2), P, > 0. This holds for all real p, q > 2, without a restriction
on p + q. The exchanged assertion, with yp = q, A > 2(p + 1) and completion by v, also holds.

Proof. Normalize u = 1 and write r = v/u. Then
Rp=p—1+2qrd, Ro=(q-Dr*+2pr(1—-0), H=p+qr, ay=Rp—H.
For a normalized function define
D = (R — rRp)d,
+ [-@2po—p+1)(1—0)+r(q+1—2q0)0] . (8.38)

An expression homogeneous of degree e has radial derivative eay + D after this normalization. In
particular the degrees of gy, ny, vy, D are respectively —2,—1,0, 6.
Define the rational expression

D
Z= E [1)1 - (H - ao)n1 —Dny + Dgl + (H — ag — l)gl] . (839)
1
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The derivative rule and (8.37) give

DP
Z=—"" (8.40)
81 |u=1
All entries in this expression are defined by (7.12)-(7.13).
Put
0_ + 9+S
® = ), = - 2, b = - 2.
() == a=p q
The complete polynomial identity used in the proof is
1+ Z(r,0(s)h) = Y, cjla b)r's’h*. (8.41)
(i,j,k)eT

The set T and every coefficient are specified in Sections H and I. There are 135 entries. The coeflicient
convention is ascending powers of r, s, h.

Identity (8.41) is checked as follows. Substitute (7.10) into the entries defining gy, ny, v;. Differenti-
ate each rational entry by (8.39). Replace Rp, Rp, H by their displayed polynomials, and use A = p,
u = 2(q + 1) + h. After cancellation of all factors depending on r, 8, h, the expression belongs to
Q(p, @)[r, 0, h]. Its remaining denominator depends only on p, g and is nonzero for p,q > 2. The
degrees in 0, r, h are at most four, eight, and three, respectively. For a monomial r*6/h* of that
quotient, the substitution in (8.41) replaces its 6 part by

(0_ 4 0,5V (1 + s)*.

The binomial formula gives the coefficient multiplying s’ as

min(j,t) . .
JN(4—7\ .i_
> ( )(t ) )01_ €pe. (8.42)
e=max(0,t—4+j) € €

Expansion and collection by (8.42) give exactly the printed coefficient table. The coefficient table is
the finite expansion determined by (7.10), (8.39), and (8.42).

All factors in the table are polynomials in a, b with nonnegative coefficients and strictly positive
constant term. All denominators have the same property. Thus every c;ji is positive for a, b > 0. In
particular,

es00 = (g = D*(q+ (g +2)* > 0.
Since r, s > 0 and h > 0, the right side of (8.41) is strictly positive even for h = 0. Equations (8.40)
and g;,D > 0 prove P, > 0.

For the other exceptional family exchange (p, u, rp, 1) with (g, v, rg, it). The scalar variable changes
sign, which leaves its form unchanged, and the completion changes from u to v. In normalized variables
the corresponding numerator is

r8Zq)p(r71, 1 - 0, h)

The power eight is the degree of DP,/g;. The interval for 1 — 0 is precisely the exchanged interval,
so the preceding positivity applies. |

For later use, write both conclusions as

u, A=p,
v, p=gq.

Py =P+ (gio) + Hgio — gi02 >0, az{ (8.43)

Proposition 8.10. The scalar sectors (1, j) and (£,1), with the other degree at least two, have zero
geometric kernel.

Proof. Equation (8.34) gives

d
E[ng)(()(’ +o)]=Wlg(x +ox)* + Pex*l. (8.44)
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When the collapsing factor has degree one, the intrinsic combinations in Lemma 4.3 give y = O(1),
X =0(™), g1 = O(t?),and o = O(t™1). The inner flux is O(¢?*1) and tends to zero. If the collapsing
factor has degree £ > 2 and the other factor has degree one, the intrinsic coefficients give

X = o™, Y = o(t"?), &= o(t?), o =v=0(1).

Thus Wg1x(x’+0oy) = O(tP*21) — 0. The outer flux is zero. Thus y = 0. Choose the representative
¢ = 0. The constraints give v = U = V = 0, so s is constant, C’ = —s/a%, and D’ = —s/b?. The tensor
on the regular part is the Lie derivative of sYZ9; + CZVY + DYVZ. When A = p, independence of the
trace and Hessian on the g factor forces the normal and g-gradient boundary coefficients to vanish;
the remaining p-gradient coefficient then vanishes. The argument is interchanged when p = q. Apply
Lemma 4.6. (]

9. THE FULL KERNEL AND THE INDUCED-METRIC MAP
Proposition 9.1. For every R > 0, the kernel in (1.3) is invariant and satisfies (1.4).

Proof. The harmonic decomposition in Lemma 4.1 is exhausted by Propositions 5.1, 5.2, 6.2, 8.7
and 8.10 and Lemma 5.3 and the invariant sector. Whenever a cited sector calculation gives h = Lx g
on the regular part, Lemma 4.5 extends X across the singular orbit, whose codimensionis p +1 > 3.
This does not change its prescribed outer boundary value. To pass to an arbitrary smooth deformation,
use its unique Bianchi representative from Lemma 2.2. The gauge projection commutes with &. Each
non-invariant harmonic component is boundary-fixing pure gauge by the cited propositions. Its
Bianchi representative is zero, since its gauge field solves a zero-boundary connection-Laplacian
equation. Completeness of the angular expansion therefore leaves an invariant tensor. No summation
of separately chosen gauge fields is required.

An invariant infinitesimal deformation is

h=2cg+ L& (9.1)

To prove this, put it in radial Gaussian gauge and write h = 2aa®y, + 2b®y,. The two tangential
equations are

o’ + Q2pu+ qu)a’ + qup’ + 2rpa =0,
B’ + (pu+2qu)p’ + pva’ +2rof = 0.

Scaling ay(t) = sa(t/s), bs(t) = sb(t/s) gives the solution (a, f) = (1 — tu,1 — tv). Subtract 5(0)
times this solution. Smoothness gives a residual @, § = O(t?). For Y = (a, to’, p, tB)T, its equation is

0 1 0 0
, 2 _|=2(p-1) 1-2p 0 —¢q

tY’ = MY + O(#3)Y, M= . R
0 0 0 1-p

The characteristic polynomial is z(z + 1)(z + p — 1)(z + 2p — 2). Its zero root is simple and all other
roots are negative. Each negative Jordan block contributes a polynomial times a decaying exponential.
Thus |eM?] < C for v > 0. Write the differential equation as tY’ = MY + E(t)Y, where |E(t)| < Ct2.
Variation of constants gives

V0= /v + [ /9 BT L

The first term tends to zero because Y(¢) = O(e?). The integral is absolutely convergent at zero.
Hence |Y(1)| < Cfots|Y(s)| ds. If F(t) = fots|Y(s)| ds, then F(0) = 0 and F/ < CtF,so F = 0.
Uniqueness for the ordinary differential equation extends this vanishing along the regular interval.
Undoing the radial gauge proves (9.1).

Modulo boundary-fixing radial fields, only ¢ and F = f(R) remain. The boundary equations are

c+ u(R)F =0, c+v(R)F =0. (9.2)
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They give dimensions zero and one as stated, except that the latter class must be shown nonzero.
Suppose u = v = k at R. Then rp # rg. If they were equal, (3.4) would give rp = rg = (m — 1)x?, and
the Cauchy data (a, b, a’, b”) would be those of the shifted product cone

ac®= [P t) b= \[A ), =Rk

Uniqueness for the regular ordinary differential system identifies the solutions while both warping
functions are positive. If ¢, > 0, this contradicts b(t,) > 0; if t, = 0, it contradicts »(0) > 0; if t, < 0,
it contradicts a(0) = 0.

Choose a smooth radial field X with X|5, = k™'v and put hy = Lxg — 2g. Then h{ = 0, and the
normal variation of the second fundamental form gives

Afg(ho) = Kﬁl(RicY —(m — 1x?y) £ 0. (9.3)

Indeed, for constant normal speed f the variation is f(A* - R,), and R, = HA — A* — Ric,. The
constant rescaling —2g contributes —A. This proves (9.3). A boundary-fixing Lie derivative has zero
variation of the induced second fundamental form, so [hy] # 0. U

9.1. Boundary coordinates near an umbilic metric. The nonlinear conclusion uses two external
boundary-moduli results. Under 7;(M, 9M) = 0, the space of Einstein metrics with fixed Einstein
constant, modulo boundary-fixing diffeomorphisms, is a smooth Banach manifold in cke k> 3,
0 < a < 1, with tangent space the infinitesimal Einstein deformations. The mixed map

¥ [g]l— ([g"]. Hy) (9.4)

is Fredholm of index zero; its gauge-fixed linearized boundary problem is elliptic. These are [4,
Theorems 1.1-1.2] and [5, Section 3]. The relative fundamental-group hypothesis holds for the
present caps. We give the boundary change of coordinates needed below; in particular, we do not
treat the induced-metric map as Fredholm in unchanged finite-regularity Holder spaces.

Lemma 9.2. Let y be a smooth metric on a closed m-manifold, m > 3, with scalar curvature m(m — 1)K?,
K > 0. Assume
mi? ¢ a(hy). (9.5)
On smooth metrics near y, the map
®: y— ([¥].Rp)
is a local smooth change of coordinates. It and its inverse satisfy the elliptic estimates with the two-
derivative shift in the scalar-curvature coordinate.

Proof. Represent a conformal class by the unique metric y with volume density equal to that of y.
Write y = e 7- The scalar-curvature equation is

Rery = e % (Ry +2(m = DAy f — (m— 1)(m —2)|df[2) . (9.6)

Its derivative in f at (7, f) = (y,0) is 2(m — 1)(A, — m«x?). By (9.5), this is an isomorphism from cka
to Ck2¢ with elliptic inverse estimates. The Banach implicit function theorem therefore solves (9.6)
uniquely for f, depending smoothly on (7, R;). Differentiating that equation and applying its elliptic
estimates gives the same construction at each higher regularity. Smooth data give smooth f. The
inverses agree wherever both are defined, by uniqueness in the lowest fixed regularity. The scalar
instance of the product and inverse-derivative formulas in Section E.5 gives the estimates at each
order, with conformal data in C*® and scalar data in C¥=>%_ Their estimates give the stated smooth
coordinate change on the intersection of these Holder scales. g

Lemma 9.3. At a Ricci-flat metric with A = ky, k > 0, the map
By : [g]— ([g"]. Hy — |Aglio) (9.7)

from the C*® Einstein moduli space to Conf®*(2) x C¥=1%(2) is a smooth Fredholm map of index zero.
Its gauge-fixed boundary problem is elliptic near this metric. On smooth Einstein metrics, By = © o IIp.
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Proof. The second component of (9.7) is a first-order expression in the interior metric, so the indicated
map is smooth. At A = ky, its variation is

(H? — |APY = 2(m - 1)kH’.

Indeed H = tr A’ — xtrh" and (JA?) = 2xtr A’ — 2x?trh" = 2xH’. Thus DB, is D¥ followed
by multiplication of the scalar target by the nonzero constant 2(m — 1)x. It is Fredholm of index
zero. Its gauge-fixed boundary symbol is the mixed symbol of (9.4) with this same invertible row
operation. Here is its complementing-condition calculation. Use an inward normal coordinate x, and
an orthonormal tangential coordinate system at the boundary point. Put 7 = |£| > 0. A decaying
solution of the interior principal equation has the form e{&X)~™¢_, The zero trace-free boundary
data give ¢;; = ¢6;; for 1 < i, j < m. Write C = cgo. The tangential Bianchi equations and the normal
Bianchi equation are

Tc0j+i7§j(c+(m—2)¢) =0, g(C—mqﬁ)—irfjcoj:O.

The first equations imply i&/cy; = 7(C + (m — 2)¢); the last then gives (m — 1)r¢ = 0. Thus ¢ = 0.
Since the outward normal is —dy,, the principal mean-curvature variation is

m .
Hp/)r = 7¢ + l§]C()j.

Its zero boundary value gives C = 0, and the tangential Bianchi equations give ¢y; = 0. All components
vanish. The number of scalar boundary conditions is (m+ 1)+ (m(m+1)/2—1)+1 = (m+1)(m+2)/2,
the rank of the interior symmetric-tensor bundle. This verifies the complementing condition. The
complementing condition and the associated boundary estimates [1] persist under sufficiently small
perturbations of the coefficients. This proves ellipticity in a neighborhood. Finally the Ricci-flat Gauss
constraint is R,r = H* — |A]?, giving the last identity. g

9.2. The full elliptic map and its inverse. The following construction is used for Proposition 9.5
and Lemma 22.3. Constants in this subsection depend on the fixed compact cap and its fixed smooth
background metric gy. No estimate uniform in a sequence of normalized caps is asserted. Fix 0 < o < 1,
and write | - |; for C/* norms in fixed finite interior and boundary atlases. Fix a low order ry > 4.

Let By(q) denote the conformal-class boundary coordinate, using the representative with the
volume density of g7, and let B;(q) = H; — |A,|*. Define the full gauged map

F(q) = (2(q), Byals> Bo(q): Bi(q)),  ®(q) = Ricg+8,fy,q. (9.8)

Its natural target norm at order r > ry is

(. b, e DIy = I flr—2 + [b]r—1 + lelr + [Al-1. (9.9)

Conformal-class coordinates are local coordinates in the bundle of positive definite forms modulo
positive scalar multiplication. Thus By is a pointwise smooth algebraic map.

At an umbilic background the last boundary derivative is 2(m — 1)xH’. The full linearized system
in (9.8) is therefore the Bianchi, conformal-class and mean-curvature system, with one boundary row
multiplied by a nonzero constant. It is elliptic of index zero by [4, Proposition 3.1]. On a sufficiently
late fixed normalized cap, the scalar principal row is a sufficiently small perturbation of this row
and is joined to it through elliptic rows. Thus the same assertion holds there. This concerns the full
interior and boundary operator, not an unchanged-regularity Dirichlet map.

Proposition 9.4 (Elliptic coordinates on smooth scales). Suppose D.%, is completed to an isomorphism
by a finite number of smooth target vectors and continuous finite-rank source coordinates. The resulting
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nonlinear bordered map has a local inverse . on a fixed C"™* neighborhood. It maps smooth data to
smooth metrics. For every r > ry and everyn > 1,

ID".Z (WY1 eees Yullr < Crn| Y 91l [ T 195110

i=1 J#i
n

+ @+ 1y = yol) [ T 1yl |- (9.10)
i=1

Finite-dimensional parameters are included in both norms. Moreover

|7 ) = Zolr < Crly = yolr- (9.11)

The neighborhood is restricted only in the fixed low norm; its smooth elements need not be small in all
higher norms.

The proof, with estimates for each derivative of the inverse, is in Section E.5. In the fold application
the source has one kernel coordinate and the target one cokernel coordinate; in the regular filling
application neither is needed. The scalar curvature change of boundary coordinates loses two
derivatives, and the resulting filling map retains the one-derivative shift in (E.32).

9.3. The fold of the induced-metric map.
Proposition 9.5. At every umbilic radius the full smooth induced-metric map is a fold.

Proof. Let u(R) = v(R) = k > 0. The curvature-ratio bounds in Lemma 3.2 give

% szZ+ﬁK29>mK2, 4 > m?.

a p—1 b?

These are the lowest positive scalar eigenvalues on the two factors. The product spectrum consists
of their sums, including zero on either factor. Hence (9.5) holds; the constant eigenfunction has
eigenvalue zero, not mk?. By Lemmas 9.2 and 9.3, the full induced-metric map in smooth boundary
coordinates has the same local singularity as ;.

The kernel of DB, is K, since DO is injective on smooth data. Weak kernel vectors are smooth
by the elliptic boundary estimates for 53,5. By Proposition 9.1, the kernel is one-dimensional. Index
zero makes the cokernel one-dimensional as well.

Consider the invariant family of scaled truncations cg|y,. On the boundary use scale and shape
coordinates

1 a b
=—(»pl
so(R) - (p og

a b
+ glog —log .
vp—1 Vvg—1 vp—1 vg-—1
Replacing log ¢ by s = log ¢ + so(R) makes the invariant induced-metric map (s, R) — (s, z(R)). At
the umbilic radius,

) , z(R) = log

Z=u-v=0, 2/ =rp—rg#0 (9.12)
by the cone-uniqueness argument in Proposition 9.1. The resulting second derivative is nonzero in the
full cokernel of DIIp: if an invariant boundary tensor were in its image, averaging a preimage would
give an invariant preimage. The invariant image at the umbilic point has only the scale direction,
whereas (9.12) has a nonzero shape component. The same statement holds for 3, because DO is
invertible and the kernel’s first boundary derivative is zero.

Use the full gauge-fixed operator (9.8) and its bordered map (E.31). The source projection is pairing
with the smooth kernel vector, and the target border is the smooth nonzero cokernel vector supplied
by (9.12). The derivative of the bordered map is an isomorphism. By Proposition 9.4, its inverse
satisfies (9.11) and (9.10) on a fixed low-order neighborhood, with every finite-dimensional projection
bounded in the indicated scales. Setting the interior and Bianchi data to zero gives Ricci-flat metrics,
as verified in Section E.5. The resulting smooth tame coordinates write 3, as

(7, 8) — (¥, 0(y, 9)), ¢5(0,0) =0, @4(0,0) = 0.
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The regularities of the conformal and scalar components are those in (9.9); no unchanged-Holder
Dirichlet inverse is used.
Solve ¢(y, s«(y)) = 0. Taylor’s integral formula gives

1
0(3.9) = (3, 5:(3) = (s = s.(M)c(y. 5), c(y,5) = /0 (1= Dess(y, s:(¥) + t(s — s.(y))) dt.

Put a. = |¢s(0,0)| > 0. By continuity, choose the neighborhood so that |¢ss(y, s) — ¢s5(0,0)| < a./2.
Taylor’s integral then gives |c(y, s)| > a./4, with constant sign. At s = s.(y),

35((s = s, ) = Jle(y, s. ()] = yax /2.

The scalar inverse function theorem therefore applies. Replacing s — s.(y) by (s — s.())/|c(y, s)|
gives (1.5), after a sign change in the last target coordinate. Differentiation of the scalar critical-point
equation and of this square-root change gives the tame estimates stated at the end of Section E.5, since
their scalar denominators stay nonzero. The coordinate change ©~!, with its retained two-derivative
scalar shift, transfers the normal form to the full induced-metric map. ]

Remark 9.6. The boundary coordinates used in Lemma 9.2 are compatible with smooth boundary
metrics but distinguish the regularities of their conformal and scalar-curvature components. This
is necessary: the Einstein Dirichlet problem is not Fredholm between unchanged finite-regularity
Holder spaces. A general smooth tame formulation under definiteness of Hy — A is discussed in [3,
Section 1]. The fold proof above uses the explicit elliptic map (9.7) near its umbilic point.

Remark 9.7. The normal form counts fillings in one neighborhood of one moduli point, with fixed
boundary markings. It gives two, one, or zero nearby fillings according to the sign of the last target
coordinate. It is not a global bound. In particular, the oscillations in Lemma 3.3 give infinitely many
scaled truncations with the fixed boundary metric (p — 1)y, + (g — 1)y,; this phenomenon is already
discussed in [11, Section 6].
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II. The reduced Hessian and its index

10. CONFORMAL REDUCTION OF THE DIRICHLET HESSIAN

In this section (M d &) is compact, Ricci-flat, connected, and has nonempty smooth boundary;
d>3. Let

S(g) = —/ Rg dvg — 2/ Hg dAg, E(g) = Ricg —1R,g.
M oM

For variations fixing the induced metric, integration of the scalar-curvature variation gives

DSg(h) = /M<E(g), h) dv,. (10.1)
Here is the boundary calculation, with all normal derivatives taken in radial parallel identification.
Put k=h', s = h(v,v),and n = h(v,-)". The boundary term obtained by integrating DR,(h) is
(thij —~Vitrh)v! = divs n+ Hs — (A, k) =V, trs k.
Differentiating the unit normal and the second fundamental form gives
1'/=—77”—%sv, 2H =V, trs k — 2divs n — Hs.

Also D(dAg)[h] = % trs k dAg. Thus the boundary contribution to DS,(h) is

/ (divs n+(A—Hy, k) dA, = / (A—Hy,h") dA,.
oM oM

The divergence integrates to zero on the closed boundary. This proves (10.1) when h" = 0. At the
Ricci-flat metric, the Hessian is

B(h,k) = A (E'(),Kydo,, K =K =o. (10.2)

It is symmetric, since it is the second derivative of (10.1) on the affine space of fixed tangential
boundary values.
Put
V={heC(S’T*M) : h" =0}, Z={heV:r(h)=0}, Gy ={Lyg: Y|om =0}

LetD = ABI be the scalar Dirichlet inverse.

Proposition 10.1. The map

1

is a projection from V onto Z. Moreover,
d-2
B(Ph,Pk) = B(h,k) + ———
(Ph.PI) = BB + s
The radical of B|z, modulo Gy, is precisely the geometric Einstein Dirichlet kernel.
Proof. Equation (2.2) gives r(fg) = (d—1)Af. Thus r(Ph) = 0, and Ph has the same induced boundary
variation as h. The trace of E’(h) is —(d — 2)r(h)/2, whence

B g =-2 [ frwan, Bre g9 =~ [ (ag.ap) ao,

for zero-boundary f, {. Expansion of B(Ph, Pk) proves (10.4). In particular,

B(Ph,Ph) = sup B(h+ fg,h+ fg). (10.5)
flam=0

More precisely, for every f with zero boundary value,

(r(h), Dr(k));. (10.4)

2

B(h+fg,h+fg)=B(Ph,Ph)—(d_l)z(d_z)Hd <f+ dil

Dr(h))

2
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The last term is nonpositive and vanishes for f = —(d — 1)"!Dr(h), proving (10.5).

If h € Z annihilates B on Z, it also annihilates every zero-boundary conformal variation by the
first displayed formula. Every k € V is a sum of Pk and such a conformal variation. Hence B(h, k) = 0
for all compactly supported k, so E’(h) = 0. Since r(h) = 0, this is Ric’(h) = 0. Conversely such an h
is in the radical. Naturality gives E’(Lyg) = 0 and r(Lyg) = 0, proving the quotient statement. [J

10.1. The nonlinear reduction. For a metric g close to g, with the same induced boundary metric,
solve

4(d-1)

d—2

At (g, u) = (g, 1) the derivative in the zero-boundary unknown is an invertible positive multiple of Ap.
The implicit function theorem and elliptic regularity give a unique nearby positive smooth solution.
The metric u*/(4~2F is scalar-flat and induces the same boundary metric. The differential of this
operation is (10.3). Let g be any nearby scalar-flat metric, not assumed Ricci-flat. For a fixed-boundary
variation v put

Agu+ Rzu =0, ulom = 1. (10.6)

1
Py =0v— ﬁﬂq})(DRq(v))q

Since Ry = 0, the conformal variation formula gives DRy(fq) = (d—1)A, f. Consequently DR, (Pgv) =
0, (Pgv)" =0,and v — P = fq with flsy = 0. Moreover DSy(fq) = —(d — 2) fM fRgdvg/2 =0.1If
q is a critical point on the scalar-flat fixed-boundary metrics, then DS (P,v) = 0, so DS,(v) = 0 for
every fixed-boundary v. Testing compactly supported v gives E(q) = 0. Its trace, —(d — 2)R;/2, and
d > 3 imply Ricy = 0. Conversely a Ricci-flat metric annihilates the first variation. This proves the
critical-point assertion without applying a Ricci-flat Hessian formula at a non-Ricci-flat point.

Proposition 10.2. Each class in Z /Gy has a unique representative of the form
h=T+ fg, T e W(M, g), Af =0, " = —fy. (10.7)
The representative is linear in the class, and
2B(h,h) = /(LT —(d=2)V*f, T) dvy = qu(T). (10.8)
M
Proof. Define the conformal-Killing operator
dw
Kw=058w+—g.
® Ot
On Ricci-flat M,
26Kw =VVo+(1-2/d)déw. (10.9)
For wlyy = 0, its energy is
2Kwl?; = Vol + (1 - 2/d)|dw?..
The Dirichlet Poincaré inequality gives coercivity. If hy = h — (tr h/d)g, solve §Kw = dhy with zero
boundary values. Then

trh+6
T = hy — Ko, f:%,
The tensor T is TT. Naturality and r(h) = 0 give Af = 0. The tangential part of 5" w is zero at the
boundary, so TT = —fy. Subtracting §*  is a boundary-fixing gauge change. For two representatives,
write Ty — To + (fi — f2)g = 6" n, with 5|y = 0. Pair this identity with T; — T, and integrate. Its trace
vanishes, and integration by parts gives

ITi — Tl = (8(Ty — T), n)pz = 0.

h=T+58w+fg.

Thus T; = T,. Their boundary conditions imply f; — fo = 0 on dM; uniqueness for the scalar
Dirichlet problem gives f; = f, on M. The tensor 2E’(T + fg) = LT — (d — 2)V2f is trace-free and
divergence-free by (2.3); pairing it with fg gives zero. This proves (10.8). ]
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Lemma 10.3. For a smooth trace-free tensor U compactly supported in the interior of M, let T(U) be the
TT representative of PU. Then

d
gu(T(U)) < Om(U) - ﬁ”(SU”iz < Qum(U), 1Tz < U L. (10.10)

Proof. Since U is compactly supported and trace-free, integration of (2.1) gives 2B(U, U) = Qu(U) —
2||(5U||1242 and r(U) = 66U. If z = Dr(U), then

ldzl?. = (r(U), z) = (8U, dz) < |6U]2|dz]ye.
Thus (r(U), Dr(U)) < ||5U||i2. Apply (10.4). The TT representative is U — Kw, with o solving the

vector Dirichlet equation in Proposition 10.2. Integration by parts makes U — Kw orthogonal to Kw;
hence its norm is at most |U];z. O

11. CONFORMAL-KILLING ESTIMATES ON EXPANDING CAPS

The estimates in this section concern arbitrary smooth vector fields, not Einstein deformations.
The operator on vector fields is
div X
d
We use the same symbol for the operator on one-forms under metric duality. Set Ag = A — (H/m)y
on an orbit. The tensors A, Ay and the function H are parallel along that orbit.

1
KX = Eﬁxg—

11.1. Coercivity on every cap.

Lemma 11.1. For every R > 0, a conformal Killing field on Mg whose tangential boundary value is zero
vanishes. Consequently,
IX 15ty £ CRIKX | 22(00) X5, = 0. (11.1)

After smooth radial identification of the caps, Cr is bounded on each compact subinterval of (0, o).

Proof. Suppose Lxg = 20g. By (2.1), or by its pure-trace specialization, Ricci-flatness gives
0=—(d - 2)V?c + (Ao)g.

Taking the trace gives 2(d — 1)Ac = 0, and hence V?¢ = 0. Thus Vo is parallel.

Let B = {t = 0} be the singular orbit. Its tangent and normal spaces have dimensions g and p + 1.
Write

— q-1
T G nboy

The singular orbit expansions give sectional curvature —v, on every mixed plane spanned by a normal
vector N and a tangent vector U. In the orthogonal splitting T, X = N,B & T,B, the full mixed
curvature operator is the corresponding multiple of N A U. This follows either from the warped
connection or by taking the limit of the radial and mixed factor curvature formulas. There are no
additional mixed components: the isotropy group O(p + 1) x O(q) fixes the two summands and
acts independently on them. Choose orthonormal bases (Na)‘sil1 of NyB and (U;){L, of T,B. For
V = Vn + V3, the mixed curvature formula gives

p+l q
D IRWNG UDVIEE = v (glVl® + (p + DIVsP).

a=1i=1
A vector annihilated by every R(N,, U;) is therefore zero. The identity R(N, U)Vo = 0 therefore gives
Vo = 0 at x, and parallelness gives Vo = 0 everywhere.

The singular orbit is totally geodesic. Restriction of the homothety equation to TB gives

£XT‘BgB = 208B.

Its trace integrates over the closed singular orbit to 0 = 2qo Vol(B), so o = 0. Therefore X is Killing.
On 3, the tangential Killing equation and X' = 0 give 2X, A = 0. Both principal curvatures u,v are
positive; hence X, = 0. Tangential derivatives of X vanish at the boundary, and the remaining Killing
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equations give V, X = 0. Along a normal geodesic, a Killing field is a Jacobi field. Uniqueness gives its
vanishing on a collar. The same Jacobi identity along successive geodesic segments in the connected
interior gives X = 0 on Mp.
Dain’s inequality [9], applied in finitely many interior and boundary charts and summed with a
partition of unity, gives
X1 < Cr(IKXTyz +1X152).

If (11.1) failed, there would be fields of H! norm one, with zero tangential boundary value, whose
conformal strains tend to zero. A weakly convergent subsequence is strongly convergent in L2. Its
limit is a weak conformal Killing field with the same boundary condition. Interior elliptic regularity
gives smoothness away from the boundary. Its divergence has zero Hessian, so the preceding singular-
orbit argument makes it zero. The resulting Killing field satisfies the first-order system for (X, A) in
Lemma 4.5, with s = 0. Its coefficients are smooth up to the boundary. Solving this linear system along
the inward normal geodesics extends (X, A) smoothly to the boundary. Its trace has the prescribed
zero tangential value, and the first part of the proof applies. The preceding argument gives zero limit.
The displayed inequality then contradicts the normalization.

For local uniformity, pull Mg to M; by (r, w, y) = (Rr, w, y). In Cartesian normal coordinates this
map is (z, y) = (Rz, y), so the pulled-back metrics are smooth up to the singular orbit and smooth in
R > 0. On a compact interval of radii the chart inequalities are uniform. A contradicting sequence
of radii has a positive limiting radius; the preceding compactness argument at that radius gives the
same contradiction. O

Lemma 11.2. The problem
Kw = f, w' =0, (Kw),, =0 (11.2)
has a unique solution w € H? for each f € L?. It satisfies

lolrzo) < Crllflrza)-

The solution operators, after radial pullback, depend smoothly on R > 0 between these Sobolev spaces.
Smooth data give smooth solutions.

Proof. The weak problem is

/ (Ko, Kn) dvg = / (fsm dug, n'lsg = 0.
MR MR

The coercivity in Lemma 11.1 and the Hilbert-space variational theorem give existence and uniqueness
in H'. Compactly supported tests give the interior equation. Allowing arbitrary normal boundary
values gives the natural condition (Kw),, = 0.

The complementing condition is checked as follows. Fix a boundary point, replace the principal
coefficients by their values there, and take the tangential Fourier transform with nonzero frequency ¢&.
A decaying solution of the homogeneous principal equations in the half-space, with zero tangential
Dirichlet data and zero normal traction, has zero energy by integration by parts. Its principal conformal
strain therefore vanishes. Its divergence is an affine function by the flat version of the pure-trace
Ricci identity. Decay forces this divergence to vanish, and the remaining Killing equations force the
solution to vanish. The system has d scalar boundary conditions, one for each component of the
second-order strongly elliptic system

26K = V'V + (1 — 2/d)ds.

The boundary estimates for elliptic systems [1] consequently give ||z < Cr(|flz + |@|g). Coer-
civity removes the last term. The same estimates at every order give smoothness.

The pullback operators and boundary data are smooth in R. Trivialize the tangential Dirichlet
subspace by the smooth positive square root of the boundary metric. In the weak problem the
remaining boundary condition is natural and the domain is fixed. The inverse identity

ARl — AT = AR (AL - ARAL!
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is understood on the variational space
Yy ={w e H(T*M) : o'|op = 0}.

After pullback, Ag : #5 — 7 is the operator of the displayed coercive bilinear form. The inverse
identity gives continuity from ¥ to ¥5; differentiation gives (Az') = —Ax'ARAg' and smooth
dependence. Here 75 is the dual of the mixed test space, not a notation for the dual of H;. The H?
estimates applied to the differentiated equations give smoothness in L? — H?. All bounds are local in
R >0. O

Lemma 11.3. On a collar of the cone over

p—1 q-1
h= +
m—lyp m-—1

Yq>
every conformal Killing field whose tangential part is zero on the outer boundary is a multiple of rd,.

Proof. Suppose Lygc = 20 gc. Differentiating the Ricci tensor and using Ricg. = 0 gives
0=—(d—2)V?c + (Ao)gc.

Its trace first gives Ac = 0, and then V2o = 0. The radial and mixed components imply o = r¢/(z) + b,
with b constant. The tangential component is V2 + /h = 0. Thus A,y = my. The first positive
scalar eigenvalue of the product link is

min{(m— Dp (m~ 1)61} o m
p—1 q-1

Therefore ¥ = 0, and o is constant. The field Z = Y —ord, is Killing and has zero tangential boundary

value. The tangential Killing equation on the outer boundary is 2Z, A = 0. Since A = r~!y, its normal

value is also zero. Tangential derivatives of Z vanish there. The remaining Killing equations give

V,Z = 0 there. Along each radial geodesic a Killing field satisfies the Jacobi equation; uniqueness

with zero Cauchy data gives Z = 0 on the collar. g

Let X be the average of X under &. It is radial, and X* = X — X has zero group average. If X" = 0
at 3, put ¢ = X, |5, and ¢+ = ¢ — @. The average ¢ is constant on Zg.

Proposition 11.4. There are Ry, C, ¢ > 0 such that, for R > Ry and every smooth X with X" = 0 on 3,

/ (VX2 + R2XH?) dog < c/ X duy, (11.3)
R/2<t<R R/2<t<R

1671725,y < CRICX 7z, (11.4)

(¢ NrpH e < CIRXH L, (11.5)

X2 > ¢’ (11.6)

Here Ny is the scalar Dirichlet-to-Neumann operator of Mg; the norms without a specified domain are
on Mg.

Proof. The trace-free Korn inequality [9, Theorem 1.1 and Corollary 1.2] on a fixed smooth collar is
1Ylg < COIKCY Iz +1Y]52).

On the rescaled collars R™?g, these constants can be chosen uniformly. To see this, use one finite
chart cover of the limiting cone collar and a partition of unity. The principal coefficients converge in
C! and the zeroth-order coefficients remain bounded. Differences of the principal parts are absorbed
in the left side of the inequality; derivatives of the fixed partition are bounded zeroth-order terms.
If (11.3) failed, there would be fields of zero group average on the rescaled collars, with tangential
boundary value zero, unit H! norm, and conformal-Killing norm tending to zero. Rellich compactness
gives a subsequence converging strongly in L? and weakly in H' to a conformal Killing field on
the cone collar. The uniform inequality makes the limit nonzero. Its boundary trace is tangentially
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zero and its group average is zero. This contradicts Lemma 11.3. Rescaling gives (11.3). The trace
inequality on the same collar gives

1X; 1o < C / (RIVX*HP + R XH?) duy,
R/2<t<R
which proves (11.4).

Choose a smooth radial cutoff which is zero near R/2, one near R, and has derivative bounded
by C/R. For e = y(X*,v) on the collar, extended by zero, els, = ¢*. Since |dy| < C/R and
[Vv| = |A] £ C/R there,

de| < C(IVX*| + R7'XY).
Integration and (11.3) bound the Dirichlet energy of this extension by C|KX*|%. The harmonic
extension minimizes the scalar Dirichlet energy. This proves (11.5).
For the radial estimate write

X = ¢(t)oy, o=wim ¥ = ovo.
The radial eigenvalue of KX is -”-(1// — (H/m)). Its tangential trace part is the negative of this

m+1
eigenvalue divided by m, and its tangential trace-free part is i/ Ay. Since ¢’ /o = H/m,

R
12 2 m 2 2 2
IKX]7. = Cp,q/0 o (rﬂ(vé) + [ Aol Uo) dt, (11.7)

\Lvhere cpg = Vol(S?, y,) Vol(SY, y4) > 0. On [R/2,R], o is comparable to R, and vy(R) = $/0(R). If
¢ = 0, the right side of (11.6) is zero and the left side is nonnegative. Otherwise, if [vo(¢) — vo(R)| >
[vo(R)|/2 somewhere in this interval, weighted Cauchy-Schwarz gives

R
/ Qm+2(l)6)2dt > cR™ o (R))? > cRm_laz.
R/2

If there is no such point, then [vp| > |vo(R)|/2 throughout the collar. The oscillatory lower bound in
Lemma 3.3 gives

R
[ ettt > cRln(®F > "
R/2
These alternatives prove (11.6). ([l
Corollary 11.5. For R > Ry, a conformal Killing field on Mg with zero tangential boundary value is
zero. For each such fixed cap,

IXIin gy < CRIKX]z, Xy, = 0. (11.8)

Proof. If KX = 0, averaging commutes with X, and the two averaged summands are orthogonal.
Equations (11.4) and (11.6) give X, = 0 on the boundary. Thus X has full zero boundary value. The
energy identity (10.9) gives VX = 0, hence X = 0. The fixed-cap Korn inequality with an L? remainder,
compactness, and this vanishing result give (11.8) by the same normalized contradiction argument
used above. O

12. A MIXED DECOMPOSITION OF THE BOUNDARY HESSIAN
Fix R > 0. All traces and normal components below are at 3 unless specified otherwise.
Proposition 12.1. For every T € W(Mg, g) there is a unique smooth vector field X satisfying
SKX =0, X" =0, (X)(v,v) = T(v, v). (12.1)

If
S=T-KX, $ = Xyls, n=25,)", (12.2)
then
5§=0, trS=0, S,, =0, S =-¢A, (12.3)
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and
ITIZ. = ISI2: + 1CXIZ.. (12.4)

Moreover, with h = T + frg, there is a harmonic function F such that
* b H
h=S+6X" +Fg, Flz, = ——¢. (12.5)
m
Proof. On the space of H! vector fields with tangential boundary value zero, solve

(KX, KY) dug = / (T.KYydo, (Y75, = 0). (12.6)
Mg Mg

Coercivity follows from (11.1); the right side is continuous. The Hilbert-space variational theorem
gives a unique weak solution. Integration by parts first with compactly supported Y, and then with
arbitrary normal boundary value, gives (12.1).

The principal symbol of 26K is |£]*1d +(1 — 2/d)¢é ® &, which is positive definite. The mixed
boundary conditions satisfy the complementing condition. Indeed, in the constant-coefficient half-
space problem, tangential Dirichlet data and zero normal traction make the boundary term in the
energy identity vanish. A decaying Fourier solution consequently has £X = 0. Take its nonzero
tangential frequency along the first coordinate. A second tangential coordinate exists since d > 3.
The (2, 2) equation gives div X = 0, the (1, 1) equation gives X; = 0, the (1, j) equations give the other
tangential components zero, and the (1, v) equation gives X, = 0. Thus there is no nonzero decaying
solution. The elliptic boundary estimates for this verified symbol [1], followed by differentiation and
interior regularity, make the weak solution smooth.

The tensor S is TT, and its normal component is zero by (12.1). Put ¢ = div X /d. The equation
SKX = 0 and (10.9), followed by divergence, give Ao = 0. Since X' = 0,

divX =v,X, + Hp,  (KX)yy =V, X, — 0.

Using T,, = mfr gives

O'|2R = fT + %QS, (]CX)T = _fT)’ + ¢A0.

This proves (12.3) and (12.5) with F = fr — ¢. Finally,

(5. KX) dvg = <5s,x*’>dug+/ S(v,X)dA, = 0,
Mg Mg 2R

since X" = 0 and S,, = 0. This proves (12.4). O
Set
H
Vi =(V, A, Ag) + —| A%, I[I=Hy—- A (12.7)
m
The normal derivative of a tangential tensor is taken in radial parallel identification.

Proposition 12.2. In the notation of Proposition 12.1,

ar(T) = Qx(S) + /Z

R

[2(Hy + A )

+2 ((m_ml)HY - 2Ao> (n,ds¢)

(m—1)H?
m

+11(dsp, ds$) = Vad?| dA, - (6, Ned)12sp)- (12.8)

Here qr = qu-
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Proof. The tensor 2E’(h) = LS — (m — 1)V?F is TT. Pair it with (12.5), integrate by parts, and use
X" =0andS,, = 0. This gives

4r(T) = Qx(S) - L (7,5.5) dA, — (m—1) /Z (n.dsF) dA,

+ ¢(LS)VV dAy - (m - 1)/ ¢Fvv dAy. (12.9)
R >R

For the component calculation write s = S,,,, K = ST, and use a prime for V,,. In a radial parallel
frame the two components of §S = 0 are

s’ +Hs+divsp—A: K =0, n +(Hy+ An+divs K = 0.
At the boundary, s = 0 and K = —¢A,. Since A, is parallel along the orbit,
s = —divs n — @lAo|%, n = Avds¢p — (Hy + A)n. (12.10)
The normal component of LS is
(LS)y, = —s" —Hs' + Ass +4A : Vs +2|A*s + 24" : K.

In obtaining this identity, the two tangential slots produced by differentiating the normal vector
contribute 4A : Vyp; the Ricci-flat radial equation replaces the remaining curvature contraction
by 2A” : K. The three first-derivative component formulas in (E.12) give the full rough normal
Laplacian (E.13); its A% : K term cancels the radial curvature term. This proves the displayed identity
independently of the subsequent boundary substitutions. The term 2(divy A)-  vanishes on a product
orbit. Differentiate the first divergence equation and use

(divy 77)’ = divy q/—A 1 Vo, trK = —¢.
Substitution of (12.10) gives

—-1)H
udinU-FZAO : Vsp
m

(LS)yy = A : v%gb -

—Vrop— A : K. (12.11)

The term —¢p Ay : K’ in (12.11) cancels the tangential part of —(S’, S) in (12.9). The remaining mixed
part is —2(n’, n). Since F is harmonic,

H
Fyy = AsF —HNRF,  Fly, = -—¢.

Substitute these identities in (12.9). Integrating the divy 1 and V4@ terms by parts on the closed orbit
gives respectively the mixed coefficient in (12.8) and the coefficient ((m — 1)H/m)y — Ao = Hy — A of
|ds ¢|%. The scalar normal derivative gives the final Dirichlet-to-Neumann term. The four remaining
groups and their coeflicients are written separately in Section E.3; their sum is (12.8). O

Proposition 12.3. Let R > 0. Denote by Bg(1, {) the quadratic part of (12.8) in n and { = ds¢. Then

1 2 1
Br(n, ) = cnH(Inl* + 1), em=- (1 -2 ) > 0. (12.12)
Consequently, for every fixed R > 0,

qr(T) > Qr(S) + cmH (71325 + ldslios)) — CRIKCX[Z2(p1,- (12.13)
The constants Cgr may be chosen locally bounded on (0, o).

Proof. Diagonalize A in the orthogonal product splitting. If k € {u, v} is its eigenvalue in one direction,

put z = k/H. Since p,q > 2 and u,v > 0, one has 0 < z < 1/2. In this direction the coefficient matrix
of H'Bg is

B 2(1+2) (m+1)/m-2z

Mn(z) = ((m+1)/m—22 1—2z :
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Its determinant has the positive decomposition

det M,,(z) = (1 — 22) <1 - % - n’112> +2z (z - n;) + 62z <; - z) . (12.14)

Expansion proves the identity. The first two coeflicients form a convex combination of two positive
numbers, whose smaller value is 1 —2/m — 1/m?. Also tr My,(z) = 3 + z < 4. The larger eigenvalue is
at most the trace, so the smaller eigenvalue is at least det M,,(z)/ tr M,,(z) > ¢;,. Summing over the
orthogonal directions proves (12.12).

For the vector Dirichlet solution with value ¢v, Lemma 11.1 and the trace estimate give

[Pz < CrRIKX L2(aty)-

The scalar Dirichlet-to-Neumann map is bounded from H'/2 to H!/2: extend its boundary value in
H', use the minimizing property of its harmonic extension, and use the weak Green identity to bound
the conormal derivative. Hence the absolute value of the final term of (12.8) is at most Cg|KCX|?. The
bounded function Vi gives the same estimate for its term. This proves (12.13). Smooth radial pullback
and compactness of a radius interval make all coefficients and elliptic constants locally uniform. [

Theorem 12.4. There are constants Ry, C, ¢ > 0 such that, for R > Ry and every T € W(Mg, g),

c C
ar(T) 2 Ox(®) + 3 (InlExisy) + ldslEsis)) = 2z VX, (12.15)

Proof. In radial orthonormal identification, RA — y, RH — m, and RA; — 0. Multiplying the
quadratic part of (12.8) in (7, ds@) by R gives in the limit

2m + D|yl* + 2(m — 1), ds @) + (m — 1)|ds B|*.

Its coefficient matrix has positive diagonal entries and determinant (m — 1)(m + 3) > 0. Thus it is
bounded below, for all sufficiently large R, by c(|]?> + |ds ¢|*)/R before multiplication by R.
The estimates for Ay in Lemma 3.3 give

|Vr| < CRT™2, [Vr| Vol(Zg) < CR™2. (12.16)

Indeed (A’, Ay) = (A}, Ap), and both summands in (12.7) have order R™372% = R™™"2, Constants are
annihilated by Ny, and H = O(R™!). Equation (11.5) therefore bounds the absolute value of the last
term in (12.8) by CR™|KX™*|%,. The function Vg is constant along 3. Its mean-zero contribution is
bounded using (11.4); its constant contribution is bounded using (11.6) and (12.16). This gives

[ v | < RN + 1EXIE).

>R

Averaging is an orthogonal projection and commutes with &, so the parenthesis equals [KX]?,. These
estimates prove (12.15). O

13. THE CLOSED REDUCED FORM

The quadratic form will be closed in the norm of its TT representative. No norm on the unreduced
trace component is added.

Theorem 13.1. For each fixed R > 0, qg is closable and bounded below on 7#%. Its closure has compact
embedding of its form domain into 7 and therefore defines a self-adjoint operator Ag with compact
resolvent.

Proof. Consider smooth pairs (S, ¢) satisfying
85=0, trS=0, S,, =0, S"=-¢A,. (13.1)
For each such pair solve the vector Dirichlet problem

SKX =0,  Xls, = ¢v, (13.2)
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and put T = S+ KX. The full Dirichlet energy identity gives uniqueness and existence by subtracting
an H'! extension of the boundary data and solving in Hj. Elliptic regularity makes X smooth. The
tangential trace-free part of XX is A, so T € W. Conversely, Proposition 12.1 gives this pair for
every T € W, and uniqueness in (13.2) recovers the same X.

For this fixed cap, (11.1) and the trace theorem give

1plEr1/2csg) < CrRIKX 2. (13.3)
A bounded H! extension of ¢v, followed by energy minimization for (13.2), gives the reverse bound
X2 < CrlGliz(sy- (13.4)

The potential —2R is bounded on the fixed cap. The lower estimate (12.13), the mass identity (12.4),
and (13.3) imply, for a sufficiently large fixed cg,

QR(T) + CR”T”%Z > CJ/Q (||S||§{1(MR) + ”d’”?{l(zR)) .

For the reverse inequality use (12.8), the trace bound |S|s,[;2 < Cg|S|g, the bounded map Nk :
H'Y? - H7'/2 and (13.4). Enlarging the constants gives

qr(T) + crI Tl =g ISIEn (e + 19105y (13.5)

Define 7y to be the closure of the smooth compatible pairs (13.1) in the product norm on the
right. The identification with all weak compatible pairs and the local dependence on R are proved
in Section 14. For (S, ¢) € S, solve (13.2) weakly and define T = S + XX. The map into L? is
continuous. The identity (12.4) passes to the closure. If its image is zero, then S = 0 and KX = 0.
Equation (13.3) gives ¢ = 0. Thus the map is injective.

The form-norm completion is consequently a subspace of .7%, not a completion with an additional
null component. For closability, let T, — 0 in L? and suppose that (T,,) is Cauchy in the shifted form
norm. Equation (13.5) makes the associated pairs converge in &g to a pair (S, ¢). Continuity of the
map (S, §) — S + KX gives image zero. Injectivity, proved above, implies (S, ¢) = 0. The same norm
equivalence therefore gives convergence to zero in the shifted form norm. This is closability. The
extension on the complete space Py, is closed. It also proves a finite lower bound in the L? norm.

Finally, a sequence bounded in this form norm has S precompact in L(Mg) and ¢ precompact in
H'?(3g). The latter follows from compactness of H'(Sg) = H'/?(3z). Equation (13.4) then makes
KX precompact in L2(Mg). Thus T = S + KX is precompact in .7#3. The representation theorem for
closed lower-bounded symmetric forms gives Ag; compactness of the shifted resolvent follows from
this compact embedding. ]

Proposition 13.2. Every eigentensor of Ag is smooth up to Xg. Its zero eigenspace is canonically
isomorphic to Kg.

Proof. Let T be an eigentensor with eigenvalue A. Its eigenspace is finite-dimensional and invariant
under &. The decomposition T +— (S, ¢) is linear, continuous in the form norm, and equivariant. The
boundary function ¢ therefore belongs to a finite-dimensional &-invariant subspace of H!(Zg). Such
functions are smooth: the orbit is homogeneous, and the matrix coefficients of a finite-dimensional
continuous representation of the compact Lie group are smooth. Equivalently, convolution with the
smooth character projections identifies this subspace with finitely many spherical representation
types.

The vector field X in (13.2) and the harmonic function F with boundary value —H ¢/m are smooth.
In the interior, the eigenvalue equation implies

LS — (d — 2)V*F = A(S + KX). (13.6)

For the distributional identity, let k be a compactly supported smooth symmetric tensor. Project it to
the scalar-flat fixed-boundary space by (10.3), and then take its TT representative by Proposition 10.2.



DIRICHLET DEFORMATIONS AND RICCI-FLAT BOHM METRICS 47

Call that representative V. It is an admissible smooth form test. For smooth compatible pairs, the
variation formula and integration by parts give

qr(T, Vi) = (LS — (d — 2)V*F, k).

The trace and the boundary-fixing gauge terms introduced by the two projections pair to zero.
The same equality passes to the form closure, since S € H! and k is compactly supported. Also
(T, Vkx) = (T, k): T is distributionally TT, and the discarded vector field has zero boundary trace.
Approximation of that field by Hy fields justifies the pairing. The form eigenvalue identity proves
(13.6).

Interior elliptic estimates for L make S smooth away from the boundary, including at the singular
orbit, which is an interior submanifold. In a collar of X, S belongs to finitely many angular represen-
tation types by equivariance of the decomposition. In radial parallel identification, (13.6) is then a
finite system of ordinary differential equations with leading term —d? times the identity and with
smooth coefficients up to t = R. Starting with H! regularity, the equation gives second derivatives in
L?, then all higher radial derivatives successively. Thus S, and hence T, is smooth up to the boundary.

At A =0, (13.6) is precisely Ric’(T + frg) = 0. Conversely a smooth geometric kernel class lies
in the radical of the Hessian by Proposition 10.1; its TT representative lies in the operator kernel
by the definition of the associated operator. Uniqueness of the representative proves the asserted
isomorphism. g

14. LOCAL FORM DOMAINS AND THE RELATIVE MORSE INDEX

All local trivializations in this section commute with &. Sobolev orders are taken on a fixed
pulled-back cap; no assertion is made that their constants remain bounded as the radius tends to zero.
Lemma 14.1. Let Y% be the space of pairs (S, ¢) € H(S?T*Mg) x H'(ZR) satisfying

trS =0, S,y =0, ST = —@A,.
The map
Cr : Vg — L*(T"Mg), Cr(S. ¢) = 65,
has a bounded right inverse which is smooth in R after pullback. Its kernel is exactly the closure of the
smooth compatible pairs in (13.1).
Proof. For f € L*(T*Mp), let w solve (11.2) and set
Brf = (Ko, _wv|ZR)' (14.1)

The trace and normal-normal conditions follow from the definition of K and the natural boundary
condition. Since w' = 0,

divw =V,w, + Hw,.
The equation (Kw),, = 0 gives V,, ©w, = Hw, /m, and therefore

H
(KO))T = Wy (A_ my) = CL)VA().

Thus Brf € #; and CgBgf = f. The estimates in Lemma 11.2 give Kw € H' and w, |5 € H*? c H',
with the required norm bound and parameter dependence.

Here is a precise density construction before imposing divergence. If n = S(v,-)", the full boundary
trace of S is

br(n, ) =v" @ n+n®@v’" — PA,.

It is trace-free. Choose a bounded right inverse &3 of the trace map from trace-free H! tensors
to trace-free H'/? boundary tensors, taking smooth data to smooth tensors. Such an extension is
obtained in a collar by the Fourier multiplier e~* \W, followed by a collar cutoff, a partition of unity,
and the pointwise trace-free projection. For ¢(¢) = (1 + |E[2)1/2,

[0 08 & o7l OF) dr = o(0),
0
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Plancherel’s identity gives the H'/? — H! bound; the collar cutoff and the finite partition of unity
preserve it. The boundary trace is the identity. To ensure equivariance, replace the extension by

EF = / a*&(a ) da,
()

where da is normalized Haar measure. The trace map commutes with pullback, so Tré&P = I.
Compactness of & gives the same boundedness, and differentiation under the integral preserves
smoothness. Haar invariance proves that &Y commutes with the action. We use this averaged
extension below. Consequently

S =Sy +Ebr(n, ¢),  So € HY(SET*Mg).

Approximate S, by compactly supported smooth trace-free tensors, 5 by smooth one-forms in H'/2,
and ¢ by smooth functions in H'. Their displayed reconstructions converge in the product norm and
satisfy all boundary constraints exactly.
The bounded projection
IIg = I — BRCg (14.2)

onto ker C takes smooth pairs to smooth pairs by elliptic regularity. Applying it to the preceding
approximants proves density of the smooth compatible pairs in ker Cg. The reverse inclusion follows
by continuity of divergence and the trace maps. ]

Theorem 14.2. For every a > 0 there is an interval I about a and a fixed Hilbert space ¥ on which the
closed forms qg, R € I, are represented by a smooth family of bounded symmetric forms bg. Their mass
forms mpg are smooth, positive definite, and compact on V. For constants c, C > 0 independent of R € I,

br(v,v) + Cmg(v,0) > clv]%. (14.3)

The corresponding bounded self-adjoint operators representing bg on ¥ are Fredholm. Their kernels and
negative indices agree with those of Ar. The same assertions hold after restriction to the kernel of group
averaging.

Proof. Pull every cap to the fixed manifold M, by radial dilation. The positive square root of the
metric change identifies the trace-free bundles and their normal and tangential slots smoothly. The
reconstruction in the preceding proof identifies the spaces before imposing the divergence constraint
with the fixed Hilbert space

HYU(S2T*M,) @ HY*(T*S,) @ H'(S,).

After the bundle identification, choose the averaged fixed collar extension from Lemma 14.1 and
conjugate it back to define &%. Radial dilation and the positive bundle identifications commute with
®, so the resulting family is equivariant and smooth in R. The coefficients of bz depend smoothly
on R. The reconstruction and its inverse therefore depend smoothly on R in the indicated operator
norms. The projection (14.2) becomes a smooth family of bounded projections on this space.

After shrinking I, the operator

Ug =R, + (I —Tg)(I = 11,) = T + (TIg — I1,)(2I, — I) (14.4)

is invertible by its norm-convergent Neumann series. The identity I[IgUg = Ugll, shows that it maps
ker C, onto ker Cg. Take ¥ = ker C,. The density statement in Lemma 14.1 identifies these kernels
with the closed form domains constructed in Theorem 13.1.

Pull the form and its mass back by Ug. In compatible-pair coordinates the mass is

mg(S, ) = ISIZ. + ICrXR (P)I7z, (14.5)

where X2 (¢) solves the vector Dirichlet equation with boundary value ¢v. The Dirichlet solution
operators and the scalar harmonic extensions depend smoothly on R, by the inverse identity and
the boundary estimates. Formula (12.8) consequently gives bounded smooth bilinear forms on the
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common Hilbert space. The mass is positive definite by (12.4) and (13.3). Its compactness follows
from

H'(M,) € L'(Mo),  H'(2,) € H/*(2),
and the bounded Dirichlet extension H/2(2,) — H'(M,).

The locally uniform form-norm estimates in Theorem 13.1 give (14.3). Choose the fixed Hilbert
scalar product to be G-invariant by Haar averaging. Relative to it, let Qg and Mg represent bg and
mpg. Then Qr + CMg is boundedly invertible and My is compact. Thus Qg is Fredholm with finite
negative index. Its radical is the radical of the closed form, and hence equals ker Ag. The negative
index is the same variational index in either realization, since the transformation of form domains
is bijective. Every construction commutes with the group action, so the invariant subspace and its
averaging-zero complement are preserved. g

Theorem 14.3. Let 0 < a < b be nonumbilic radii. Then
ind” Ay, —ind” A, =#{R € (a,b) : u(R) =v(R)} (14.6)
There is an integer k, > 0, independent of R > 0, such that

ind“(Agherp) = k1, PT = / UT dU. (14.7)
&
Here dU is normalized Haar measure. Moreover,
ind Ap = Y™ 2)( m) logR+0(1) (R —> o). (14.8)
T

Proof. In the local form chart of Theorem 14.2, a radius with zero kernel is represented by an
invertible bounded self-adjoint Fredholm operator. Its spectrum has a gap about zero, and norm-small
perturbations preserve its negative index. At a radius R, with one-dimensional kernel, choose a unit
kernel vector e and write the bounded form operator in the splitting Re @ e* as

_(ar b
QR - (bR CR) .

The operator Cg, is invertible. Continuity and the Neumann series make Cg invertible nearby.
Completing the square gives

(Qr(se +v),se+v) =(Cr(v+ sCIEle), v+ sC}}le) + (ag — (C}}le, br))s?.

At R., ag, = 0 and bg, = 0. The derivative of the last scalar coefficient is consequently (Qz e, €), the
crossing form on the kernel. Theorem C makes that derivative negative. Thus one positive direction
becomes negative as R increases through R, and the total negative index increases by one.

The umbilic radii are simple zeros of u — v, since at such a zero (u —v) = rp —rg # 0 by
Proposition 9.1. They cannot accumulate in a compact subinterval: an accumulation would give both
u—v=0and (u—v) =0 at its limiting point. Cover [a, b] by finitely many of the local form charts.
Summing their index changes proves (14.6).

The averaging-zero restriction has zero kernel at every radius by Theorem A. Its negative index is
locally constant by the first paragraph and is finite by Theorem 14.2. The connectedness of (0, o)
proves (14.7). The value x; = 0 is proved in Theorem 21.2 by an initial-index calculation in the same
form domain.

For (14.8), the polar angle of the autonomous system in Lemma 3.3 has derivative  + O(e™*%),

where
a=m-1)/2, p=+J(m—-1)(9—-m)/2.

The integral of the angular error converges. For some fixed ), the condition w = 0 is equivalent to
9(s) € 99 + nZ. On a sufficiently late interval, 9 is strictly increasing and 9(s) = fs + 9o + O(e™*°).
Counting integers between its endpoint values gives s/ + O(1) zeros up to s. Also s = log R+ O(1)
on the asymptotically conical end. Apply (14.6) from one fixed nonumbilic radius. At an endpoint
crossing the strict negative index differs from either neighboring index by at most one, which does
not change the error term. g
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15. NEGATIVE SPECTRUM ON THE COMPLETE METRIC

This section records the analytic facts needed for comparison, independently of the compact
negative-mode manuscript. The infinite negative spectrum for the particular B6hm metrics is already
established in [6]; the proof of its existence given below is included to identify the operator and
threshold.

Proposition 15.1. Let (X, g) be complete, Ricci-flat, and without boundary. Assume that curvature
is bounded and tends to zero at infinity. The Friedrichs realization of L = V*V — 2R is bounded below
and has no negative essential spectrum. There are finitely many eigenvalues below each fixed negative
threshold. Every negative eigentensor is smooth and TT.

Proof. Let A = V*V be the nonnegative Friedrichs realization and let V = —2R. The bundle endo-
morphism V is bounded and tends to zero. Multiplication by a compactly supported smooth cutoff,
followed by (A + 1)7!, is compact as an operator into L?: interior elliptic estimates give local H?
bounds, and the compact Sobolev embedding on a fixed compact set gives compactness. The omitted
tail in V(A + 1)~! has norm bounded by the supremum of | V| there. Hence V(A + 1)"! is compact.
The resolvent identity, or the compact-perturbation theorem for a self-adjoint operator, gives equality
of the essential spectra of A+ V and A. Since A > 0, negative spectrum is discrete. The lower bound
L > —| V| then makes the count below each negative threshold finite.

Let LH = pH, p < 0, H € L% The form domain gives VH € L?, and elliptic regularity gives
smoothness. The identities (2.3) imply

AtrH = ptrH, V*VSH = udH.

Both unknowns are in L% If u denotes either one, test its equation with yZu, where y,(x) =
x(d(x,%0)/s), x = 1on [0,1] and y = 0 on [2,00). Completeness makes its support compact.
This cutoff is Lipschitz and satisfies |dy;| < C/s almost everywhere; it is an admissible compactly
supported H' test multiplier. Integration gives

VOl — plyeul? = [( (s Pluf do,.

The right side tends to zero. Since —p > 0, this forces u = 0. Thus H is TT. This test uses local
smoothness and does not presuppose a global H! bound on §H. (]

Lemma 15.2. On the cone gc = dr? + r?h over the product link in Lemma 11.3, let
1 1
k=—hp——hy,
p q
where hp, hg are its two factor metrics. For compactly supported smooth f,

Qc(r® fk) = Iklzzq /Ooo (Fm(f ) = 2(m = 1)r" 2 %) dr, (15.1)

Proof. The tensor k is parallel, trace-free, and divergence-free on the link. Its curvature contrac-
tion is Ryk = (m — 1)k, separately on each factor. In a radially parallel orthonormal cone frame,
the tangential components of r? fk are fk. Radial differentiation contributes (f’)?|k|>. Tangential
covariant differentiation into a radial slot contributes 2r~2 f2|k|?. The cone curvature contraction
on a tangential trace-free tensor is r2(Ryk + k). Its k contribution cancels the preceding 2r~2 term
after multiplication by —2. The remaining potential is —2(m — 1)r~2 f2|k|. Multiplication by the cone
volume density r™dr dvy, gives (15.1). O

Corollary 15.3. For the metrics (1.1), Lx has infinitely many negative eigenvalues, counted with
multiplicities. They can accumulate only at zero.

Proof. Set a = (m—1)/2and % = (m—1)(9—m)/4 > 0.If s = log r and f = r % y(s), integration of
the cross term gives

Qc(r k) = [KE2 A (G = fox) ds.
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Choose an interval of length greater than n/f. The first Dirichlet sine has negative value of the
displayed form; approximation in H} gives a compactly supported smooth function with the same
strict sign. It defines a negative tensor supported in a fixed compact cone annulus. Smooth conical
convergence transfers this strict inequality to every sufficiently distant dilate of the annulus in X.
Choose disjoint such dilates. Their tensors have zero mutual form and L? pairings, so every finite
span is negative definite. The variational principle and Proposition 15.1 give infinitely many discrete
negative eigenvalues. The same proposition excludes every other negative accumulation point. [

16. SPECTRAL EXHAUSTION OF THE REDUCED FORM

For £ > 0, put
Nx (&) = dim 1(_00)_8)(Lx)L2.

As an auxiliary comparison, let LY be the operator of the symmetric-tensor form Qg on the whole
space H!(S?T*Mp), with no trace or divergence constraint. Its natural boundary condition is the
connection-Neumann condition. Denote its count below —¢ by Nfz‘] (¢).

Proposition 16.1. For ¢ > 0 with —¢ ¢ o(Lx),
NR'(e) = Nx(e) (16.1)
for all sufficiently large R.

Proof. For the lower bound, choose a basis of the finite-dimensional global spectral subspace below
—e&. Smooth compactly supported approximation in the form norm makes the matrix of Q + ¢| - |3
converge to a negative-definite matrix. The approximants therefore span a negative subspace of
dimension Nx(¢), supported in a fixed cap. They are admissible Neumann form tests on every larger
cap.

For the upper bound we prove tightness at a fixed negative threshold. Let Hg be a normalized
Neumann eigentensor with eigenvalue Ag < —¢. Since V = —2R is bounded,

IVHRI; = Az = (VHg, H) < [V]e.

Take s large and a radial cutoff y; which is zero for t < s, one for ¢ > 2s, and satisfies |[d | < C/s. If
R > 25, testing the Neumann form equation by yZHp gives

O0rCreHr) = Alys HelZ + / ldxsPIHR[? do.

Mg

For sufficiently large s, V > —¢/2 on the support of y;. Consequently

£ C
EHXSHR”% <5 (16.2)

uniformly in R. This is a bound on the entire exterior ¢t > 2s, not only on the cutoff annulus.

If (16.1) failed in the upper direction along R; — oo, choose Nx(¢) + 1 orthonormal eigentensors
with eigenvalues below —¢ on each cap. Their eigenvalues lie in the fixed interval [—| V|, —¢]. Pass
to a subsequence for which every eigenvalue converges. On each compact subset, the gradient bound
and Rellich compactness give strong L? convergence after diagonal extraction. Let H; denote extension
by zero as an L? section, and let H be one of the local limits. Fatou’s lemma and (16.2) give the same
tail bound for H. Splitting the difference at t = 2s yields

. =5 2 C
lim sup |5, — HZ < —.
—00 ES

Letting s — oo proves global L? convergence. It preserves norms and pairwise inner products. On
every fixed compact subset the gradient bounds pass to the limit weakly; exhaustion gives H € H!(X).
For ¢ € C?, passage in the weak equation gives Q(H, ¢) = A(H, @) at the limiting eigenvalue. Both
sides are continuous in the H! form norm, so density extends this identity to the form domain. By the
definition of the associated operator, H € D(Lx) and LyH = AH. Each limiting eigenvalue is at most
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—e and belongs to the global spectrum. By the hypothesis on the threshold it is strictly less than —e.
The resulting Nx(¢) + 1 orthonormal negative eigentensors contradict the definition of Nx(¢). [

Proof of Theorem B. The realization, compact resolvent, regularity, and kernel statement are Theo-
rem 13.1 and Proposition 13.2. For the count, write Ng(¢) = #{A(Ag) < —¢}. Equations (12.15) and
(12.4) give

C
a0+ Il > 0u(s) + sl + (e = ) ey (163)

The inequality extends to the closed form domain. If R* > C/e, projection T ~ S is injective on every
negative subspace of the form on the left, and its image is negative for Qg + ¢| - |3. Hence

Ng(e) < N (e). (16.4)

For the reverse inequality choose smooth compactly supported trace-free tensors spanning a
negative subspace of Qy + €| - |2 of dimension Nx(¢). Such tensors are obtained by cutting off a basis
of the global negative eigenspace, whose members are TT by Proposition 15.1, and approximating the
cutoffs if necessary. Fix these tensors before increasing R. For all sufficiently large caps, Lemma 10.3
gives

qr(To(U) + el Te(U)Iz < Qx(U) + e Uz- (16.5)

The map to the reduced TT representative is injective on this negative subspace: a zero image would
contradict strict negativity in (16.5). Therefore Ng(¢) > Nx(¢). Combine this inequality with (16.4)
and Proposition 16.1 to obtain (1.10). O

Corollary 16.2. Let ji; < pip < -+ < 0 be the complete negative eigenvalues with multiplicities. Let A;(R)
be the eigenvalues of Ag, arranged increasingly. For every fixed j,

Moreoverind™ Agp — +oo.

Proof. Choose negative numbers a < p; < b < 0 outside the global spectrum, as close to y; as desired.
The count below a is less than j, and the count below b is at least j. Eventual equality of these two
counts on the caps gives a < A;(R) < b. This proves (16.6). For every positive integer k, Corollary 15.3
supplies a negative threshold with at least k eigenvalues below it. Theorem B gives ind™ Ag > k on
every sufficiently large cap. ]

17. THE GEOMETRIC CROSSING FORM

We compute the variation on the kernel of the Hessian. This calculation does not replace the
separate operator construction of Section 13.

Proposition 17.1. Let a smooth boundary in a fixed Ricci-flat manifold move with outward normal speed
vs > 0. At a parameter where h is an infinitesimal Ricci-flat deformation with h' = 0, set aj, = Ag(h).
The crossing form of B on the geometric kernel is

I'g(h, k) = —2/1)* ((ah, ay) —tray tr ak) dA,. (17.1)
b
It descends to the boundary-fixing gauge quotient.

Proof. A boundary-fixing infinitesimal diffeomorphism puts h in Gaussian gauge in a collar: h(v,-) = 0.
Since h" = 0 at the boundary, all components vanish there, and a; = %VV h™. Choose a family of
fixed-induced-metric variations on the moving domains. Differentiating its boundary condition gives

h" = -V, h" = —2v,4a). (17.2)
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At the crossing E’(h) = 0. Differentiation of B(h,h) = [ (E/(h),h) therefore gives T'5(h,h) =
[ (E’(h), hy; the integrand in the domain-variation term is zero. Green’s identity for the linearized
Einstein tensor, with A in the preceding boundary gauge, is

A4<E/(k)’ h) dvg — /M(E’(h), k) dvg = /Z(kT, ap — (trap)y) dA,.

Its normal second-derivative part on tangential components is —%ai h' + %ya% tr, h'; integration
of these two terms gives the displayed boundary expression. All other boundary terms contain a
boundary value of h and vanish. Substitute (17.2) to obtain the quadratic case of (17.1); polarization
gives the bilinear case.

The conformal correction in (10.4) has zero first derivative at the crossing, since r(h) = 0. Thus
the same form is obtained from the conformally reduced Hessian. Boundary-fixing diffeomorphisms
do not change either linearized Cauchy datum, so the form descends to the quotient. |

Lemma 17.2. Suppose R, > 0 and the infinitesimal Cauchy uniqueness conclusion (2.7) holds. Then
(17.1) is negative definite on every nonzero geometric kernel.

Proof. The Gauss constraint is R, = H 2 —|AJ2. Its derivative in a geometric kernel direction, whose
induced metric variation is zero, is H tr a;, = (A, ap). Decompose

A— A —
+ Ay, a + ayp.
Y 0 h Y 0

Since R, > 0, H # 0. The constraint gives mT_lHr = (Ay, ag). Hence

m—1
@ - (@ @) =laoft = T2
mR
Y 2
SCER e

Equality at zero forces ay = 0 and then 7 = 0. If the integral in (17.1) were zero, a; would vanish
everywhere. Cauchy uniqueness would make h boundary-fixing pure gauge. Thus every nonzero
quotient class has a strictly negative crossing value. g

Proof of Theorem C. For each Bohm orbit,

_plp-1)  qlg-1)
' a(R)? b(R)?

By Theorem A, each geometric kernel class has an invariant Bianchi representative. Lemma 4.6
therefore gives the required Cauchy uniqueness on this kernel. Apply Proposition 17.1 and Lemma 17.2.
At an umbilic orbit the linearized constraint also gives tr a; = 0, so the quadratic value is —2 [ v.|az|*.
Theorem A gives the one-dimensional kernel and the full fold statement. H

> 0.

Remark 17.3. The geometric kernel is the kernel of the induced-metric differential. The reduced
self-adjoint form has this kernel at every radius and recovers the complete negative-threshold counts
at infinity. Its crossing sign, together with the local form domains of Section 14, gives the relative
index formula (14.6). The initial-index calculation in Sections 18 to 20 gives the absolute count in
Theorem 21.4. The filling count in (1.5) remains local in the boundary-marked moduli space.

18. THE REDUCED FORM ON THE FLAT NORMAL MODEL

In this section and the next two sections, let p, ¢ > 2 be arbitrary, put N = p+1,m = p + g, and
d = N + q. No assumption m < 8 is needed for the model or its fixed-representation perturbation. Set

B=BNcRN,  My=BxTY,

where T is a fixed flat torus and M, carries the product metric g.
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Theorem 18.1 (Flat normal-model positivity). The form (1.8) on My, restricted to tensors invariant
under translations of TY, has a closed lower-bounded realization with compact resolvent. This realization
is strictly positive: for some cp 4 > 0,

qo(T) > cp gl TIZ (18.1)

on its closed form domain.

The form realization is proved below. Its nonpositive spectrum is excluded in Section 19. All
tensors in this section are invariant under translations of TY. Dividing every integral by its volume,
one may regard them as tensors on B with values in the constant bundle RN @ RY. Derivatives occur
only in the RY directions. Greek capital indices I, J refer to RY; indices A, B refer to RN,

Set

Wy ={T € C(S*T*(BxT?) : T=0,trT=0, (T"), =0}

For T € Wy, put f; = T, /m. Then

TT = —fa Y.
Let f be the harmonic extension of f;. Define
q(T) = /(LT —(m—1)V*f,T). (18.2)
B

By Section 10, this is twice the Hessian of — f Rdv—-2 f H dA on scalar-flat fixed-boundary metrics,
modulo boundary-fixing diffeomorphisms. In the present notation, if r(h) = DR(h) and D = A7',
then

1
Ph=h— —Dr(h)g, r(Ph) = 0,
m

and the scalar Schur complement is

m—

B(Ph, PK) = B(h, k) + "L (r(h). Dr(k)).

2m
The vector Dirichlet York decomposition gives a unique representative h = T + fg, with T TT and f
harmonic. Since
2E'(T + fg) = LT — (m — 1)V*f, E =Ric—1Rg,

formula (18.2) follows. All operations commute with torus translations.

18.1. The form realization. For a vector field Y define

divY
IC()Y = %Eyg() - d 8o-

On fields with YT = 0 at 9B x T4, there is a coercive estimate
1Ylesy < CIKoY | L2(m).- (18.3)

To verify the absence of a kernel, suppose KoY = 0. The IJ components give divgy Ygv = 0, since
q > 0. The Al components give d4Y; = 0. The AB components give the Euclidean Killing equation.
Differentiating it and permuting indices shows that all second derivatives of Yy~ vanish, so

Ygv = a+Bx, B! =-B.

For each unit vector x, tangential vanishing gives (I — x ® x)a + Bx = 0. The equation at —x gives

(I — x ® x)a — Bx = 0. Subtraction yields Bx = 0 for every unit x, so B = 0. The remaining equations

force a to be parallel to every unit vector, hence a = 0 because N > 3. The vertical constants vanish

by the tangential boundary condition. The trace-free Korn estimate with an added L? term, applied

on this fixed flat product, and Rellich compactness now imply (18.3): a normalized contradicting

sequence would converge to a nonzero kernel field. The underlying Korn estimate is the one in [9].
The mixed vector problem

5]COY =0, Y' = 0, (ICOY)VV =Ty
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has a unique solution. Its variational form is

/ (KoY, KoZ) = / (T, KoZ), Z'=o.
B B

The energy estimate (18.3) gives existence. Its boundary symbol has no nonzero decaying Fourier
solution: the zero tangential data and zero normal traction give zero Ky energy, and the preceding
component equations at a nonzero tangential frequency force the solution to vanish. Elliptic boundary
estimates give smoothness for smooth data.

Put S=T—-KyY and ¢ = Y, |,. Then

§S=0, trS=0, S, =0, S' =-9A, |TI=ISI" +ICYI*. (18.4)

Here A has eigenvalues 1 in the p sphere directions and 0 in the g torus directions, H = p, and
Ay =A—-(p/m)y.
For n = S(v,-)", integration of the Ricci variation gives

a1 = [ st o+ [ [ttty + A+ 252y —20) . dg)

(m—1)H?
+(Hy - AXdg.dg) - Vo?| - (g Nog) (185)
where N is the ball Dirichlet-to-Neumann map and V, = —pqg?/m?. This follows from (12.8):
here (V, A, Ay) = —pq/m and H|A¢*/m = p?q/m?, whose sum is Vy = —pgq®/m?. The boundary
derivatives have no vertical component.

The matrix of the quadratic part in one direction, divided by H, is

_ 2(1+2) (m+1)/m-2z
M'"(z)_<(m+1)/m—22 1-z > z€{0,1/p}

For0<z<1/2,
det Myp(2) = (1 — 22)(1 —2/m — 1/m?) + 22(3/2 — 1/m?) + 62(1/2 — z) > 0.

The trace is bounded by 4. Thus this quadratic part is positive definite. The trace theorem, (18.3), and
the minimizing property of harmonic extension give

[@lg: = ICoYlies K Nogdl < ClgIE, ..
Consequently, for a sufficiently large C,

qo(T) + CITI® = ISl ) + 16l (om)- (18.6)

Completing smooth compatible pairs gives a closed form. The mass embedding is compact by
H'(B) € L*(B) and H'(aB) € H'/%(2B). The mixed inverse also gives density in the weak constraint
space: solve §Kow = 8S with " = 0 and (Kyw),, = 0, and subtract (Kyw, —w,) from smooth
approximants. This proves closability, compact resolvent, and the asserted form domain.

18.2. A necessary eigenvalue equation. If T is an eigenvector with eigenvalue —x, x > 0, its interior
equation is

(~Ae +x)T = (m—1)V%f, Af=0 6T=0, trT=0, T =-—fy. (18.7)

Here A = Y, 4 9% is the Euclidean, nonpositive Laplacian. To obtain the interior equation, test
the eigenvalue equation against the TT representative of Pk for an arbitrary compactly supported
symmetric tensor k. The conformal and boundary-fixing gauge corrections pair to zero against
both T and 2E’(T + fg). This yields (18.7) distributionally. Interior regularity and the finite angular
decomposition of an eigenspace give smoothness up to the boundary. Alternatively, in each spherical
type the equation is a radial elliptic system with smooth coefficients near r = 1.

It suffices below to show that (18.7) has no nonzero smooth solution. No converse sufficiency of
these boundary conditions is used.
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19. EXCLUSION OF NONPOSITIVE MODEL EIGENVALUES

Suppose (18.7) holds. The vertical components satisfy
(=Ae + x)T1y =0, Tijly=1 = —fé1y.

Hence Tj; = —vdy, where (—=Ac +x)v = 0 and v|,—; = f. For each I, the vector Uy = Ty is divergence-
free, solves (—Ae + x)U = 0, and has zero tangential boundary value. Its divergence equation gives
d, U, = —pU, at the boundary. Therefore

0= / (VU +x|UP) + p / L,
B oB
so U =0.

If f = 0, the remaining normal block S is Euclidean TT and satisfies (—A¢ + x)S = 0. At the
boundary ST = S,,, = 0. With n = S(v,-)7, its tangential divergence equation gives V,n = —(p + 1)n.
Integration by parts gives

0= / (VS + xIS) + 2(p + 1) / Inf.
B JB

It follows that S = 0. Thus any nonzero solution must have f # 0.
Decompose under O(N) and select a nonzero boundary scalar harmonic Y of degree £ > 0. Write

A=t+p-1), f(r,w) = r'Y(w).

All equations preserve its scalar-derived tensor type. Other angular types have zero scalar boundary
value and vanish by the preceding energy argument.

19.1. The regular scalar solution.

Lemma 19.1. Let £ > 0 and x > 0. The regular solution of (19.1), normalized by v,(1) = 1, is analytic
in x. Its boundary logarithmic derivative satisfies (19.3).

Proof. Let vy be the radial solution normalized by v,(1) = 1:

A
U)/C, + gv:c - ﬁvx = XUy, Ux(r) = rfwx(r)3 WX(O) > 0. (191)

Its power series, up to normalization, is
xk r2k

[ (o]
’ ,Z;) 4kRIC+ (p+ 1)/2)

It is analytic in x > 0. Put
z=zx) =0vl(1) - ¢ (19.2)
Since
(FPEP WY = xr?t Py,
positivity and monotonicity of w, give

1

_x S0 pa——
0 < z(x) < (x>0)  2(0) =0, Zf(o)_2f+p+1'

20+ p+1 (19.3)

The strict upper bound follows by replacing wy(r) by w,(1) in the integral from zero to one; the
series gives the derivative at zero. ]
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19.2. The normal TT homogeneous solution.

Lemma 19.2. For each fixed scalar harmonic Y of degree £ > 2, the regular solutions of (—A. + x)Z =0
in the Euclidean TT scalar type generated by Y form a one-dimensional space. A generator has the
coefficients (19.4), with A = r2v,, and trace-free tangential coefficient (19.5). For £ = 0,1 the regular
scalar-derived TT solution space is zero.

Proof. For £ > 2, set Hy = V4,Y + (A/p)Yy,. A scalar-type Euclidean TT tensor has the form
Z = A(r)Y dr* + 2rB(r)dr dY + r*(C(r)Yy, + D(r)Hy).

Here 2drdY = dr ® dY + dY ® dr. Trace and divergence give

rA +(p+1)A P

C=-A/p, B= , = (rB'+(p+1)B-A/p). 19.4
/p N (p—l)(A—p)( p /p) (19.4)
The normal-normal component of (—A, + x)Z = 0 is
A”+p+4A/—A_2(p+1)A:xA
r r '

Its regular solution is A = r~2v,. Formulas (19.4) determine a tensor Z,. The remaining equation
components vanish: their residual is TT, is scalar-type, and has zero normal-normal component; (19.4)
then forces every component to vanish.

The resulting tensor is smooth at zero. Here is an explicit check. For the term r2k=2 of A, set

h=¢+2k,b=(h+p—-1)/A and

_pth+p—-12-A
T -DAA-p)

Let P; = r’Y be the harmonic homogeneous polynomial. The tensor term is a combination of

r*kv2p,, er_z(xb ® dP;+ dP; ® x"), er‘szge, r2k_4P[xb ® x°.

The coefficients in this order are

de.  b—(f—1)ds —; L=, pp“ — 20 + (2 — A/ p)dy.

Atk =0,b =1/fand dy = 1/(&£ — 1)); hence the second and third coefficients vanish. The last
coeflicient is
4k(k —1)
(+p)e+p—1)
so it vanishes at k = 0, 1. All remaining powers are nonnegative even integers. The convergent series

therefore gives a smooth tensor.
Atr=1,A=1,C=-1/p,and

A+pl+z+p—-1)+px/(p—1) K+ pz+px/(p—1)
AA - p) - (t— 1K

P; L 20h + (8~ A/p)dy =

D =d(x) =

, K={+p)(t+p-1).

(19.5)
In particular d(x) > 0. For £ = 0, the divergence equation is rA” + (p + 1)A = 0,50 A = cr P! and
regularity forces ¢ = 0. For ¢ = 1, the trace-free Hessian vanishes and A = p. The two divergence
equations become

pB=rA"+(p+ 1A, rB +(p+1)B=A/p.
Eliminating B gives
rPA” + 2p +3)rA" + p(p +2)A=0.

Its indicial polynomial is (z + p)(z + p + 2). Both powers are negative, so regularity gives A = B =
C=0. O
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19.3. The boundary residual for positive x.
Proposition 19.3. The boundary system (18.7) has no nonzero smooth solution when x > 0.

Proof. The normal block of (18.7) is divergence-free and has trace quv, Y. A particular solution is

m

rt q q -1
Thy = —p—vavB(vx Y)+ ;va Sap + " VaVa(r'Y). (19.6)
The trace and divergence identities follow from A.(vxY) = xv,Y and A.(r’Y) = 0. Every other
scalar-type solution differs by a multiple of Z, when ¢ > 2, and agrees with (19.6) when £ = 0, 1.
For £ =0, 1, the boundary coefficient of Yy, is

Cxy = 9 - D),
p px
The required value is —1. But (19.3) gives
q

m
C +1>——— > 0.
dx)+1z p plt+p+1)
Let ¢ > 2. The trace-free tangential coefficient of (19.6) is ¢/x, where ¢ = (p — 1)m/p. The zero
trace-free boundary condition therefore forces addition of —cZ, /(xd,(x)). The residual in the scalar
tangential boundary equation is

(19.7)

g -Dx+(p-12)
~z-— :
m K+ pz+px/(p—1)
Puta,=2¢+p+1and D, =K + pz + px/(p — 1). Using z < x/a, gives

oy, l(@c—a/mDe =22+ p)te— 1]

S m(t+ p)3t+p—1) o
a[Dg

Clx)+1= "2 |x— (19.8)
px

Cg(x) +12>
p

(19.9)

The second inequality uses g¢/m < 1, D, > K, and the identity

(2¢+ p)K —2(¢+ p)t(t—1) = p(£+ p)(3L+ p — 1).
Thus the boundary equation cannot hold for x > 0. ]

19.4. The value x = 0.
Proposition 19.4. The boundary system (18.7) has no nonzero smooth solution when x = 0.

Proof. Put f = r'Y and ¢ = (m—1) — q/p = (p — 1)m/p. The normalized radial solution v, is analytic
at x = 0 by Lemma 19.1. The tensor Z, and its boundary coefficient d¢(x) are consequently analytic
there. For ¢ > 2, the formulas at zero give

2
= =

0(r—1) 0(t—1)
Thus the analytic tensor x TP¥* — ¢Z, /d,/(x) vanishes at x = 0. It equals xUy for an analytic tensor
family Uy, for example by integrating its x derivative from 0 to x. For x > 0,

c
xd(x)
Passage to x = 0 in the component equations shows that Uj solves the zero-parameter interior system,
has the prescribed trace, and has zero trace-free tangential boundary value. It is the unique regular
scalar-type solution with these properties: the difference of two such solutions is a multiple of Zj,
and its trace-free boundary coefficient is that multiple times d,(0) # 0.

For £= 0,1, V2f = 0 and V(v Y)|x=¢ = 0. The numerator of the apparent pole in (19.6) therefore
vanishes at zero. The same integral argument removes it. Uniqueness follows from the absence of a
regular TT homogeneous solution in these degrees, proved in Lemma 19.2.

: X TP = ov2f,

U, = TP — Z.
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For £ = 0,1, (19.7) has a strictly positive limit. For £ > 2, use z,(0) = 0 and z,(0) = (2¢+ p + 1)!

in (19.8). The remaining scalar boundary residual at zero is
3¢p+36q+t+p*+pg—q—1

+p-1DC2t+p+1)

> 0.

Its numerator equals

Bt+p-Dp++(+p-1)>0  (p,g=2, £>2).
Thus the final boundary equation cannot hold at x = 0. g
Proof of Theorem 18.1. The realization in Section 18 is lower bounded and has compact resolvent.
Every nonpositive eigenvector would be a smooth solution of (18.7). Propositions 19.3 and 19.4

exclude all such solutions. The lowest eigenvalue is therefore positive, which proves (18.1). If
qo+ Cmy > |- ||2@0 is (18.6) and ¢ > Agmg with g > 0, then

qo 2 (19.10)

4”'”2'
1+C//10 P

Thus the gap is also coercive in the compatible-pair form norm. g

20. THE FIXED-REPRESENTATION LIMIT AT THE SINGULAR ORBIT

Let g satisfy (1.1) and (1.2) near its smooth singular orbit. In this section p, g > 2 are unrestricted.
For an irreducible real representation @ of &, the @-isotypic subspace is the closed sum of all
subrepresentations isomorphic to ®.

Theorem 20.1 (Initial positivity in a fixed representation). For each @ there is R, > 0 such that
qr(T) >0 (0<R<R,, 0=TeD(qr)o) (20.1)

No uniformity in @ is asserted.

Proof. Pull Mg to BY x S9 by t = Rr, and put

R ~ a(Rr)\? b(Rr)\?
gR:R2g:dr2+< R ))/p-i-(R yq.

Multiplication of the volume density by (R/by)? does not change the form index or generalized
eigenvalues. In Cartesian normal variables its resulting density is

p
(a(zfrr)) ( b(lir)>q dx dvy, = (1+ O(R"))dx dvy,. (20.2)

Smoothness at the singular orbit makes this an estimate with any fixed finite number of derivatives.

Identify the tangent bundle isometrically with E = TBN & TS? equipped with its fixed product
fibre metric, using the positive square root in the normal block and multiplication by R/b(Rr) in
the vertical block. The normal metric coefficients differ from the Euclidean coefficients by O(R?) in
Cartesian coordinates. In this identification,

R
Vi) =04+ ORI+ OR), V¥ = -vj" + O(R®),  |Rmg, | = O(R?). (203)
0

For example, the mixed connection coefficient is 9, log b(Rr) = Rb’(Rr)/b(Rr) = O(R?); the other
statements follow by differentiating the displayed metric. Write Ag and Hp for the second fundamental
form and mean curvature of gg at r = 1. Then

Ag = diag(1- y,,0-y,) + OR?), Hg=p+O(R?), V,Ag=diag(~y, 0+ O(R?).  (20.4)

There is no assertion that gz converges as a nondegenerate metric on the whole product. Under a
constant metric scaling § = c?g, the tangent scaling T +— ¢ T satisfies

CIE(CZ T)= Cd_zf]g(T), ||C2T||123(§) = Cd”THiZ(g)' (20.5)
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Indeed fe217 = fr,g, the Levi-Civita connection is unchanged, and each contraction in the operator
contains one inverse metric. Multiplying both integrals by the positive normalization factor in (20.2)
leaves their signs and generalized Rayleigh quotients unchanged.

20.1. Bounded angular derivatives. Fix an irreducible &-type ®. For each of the finitely many tensor
bundles used below, its angular isotypic space on S? x S9 is finite-dimensional. For the multiplicity
bound, evaluate an equivariant map from the finite-dimensional representation at one point of the
homogeneous space; its values are constrained by the isotropy representation in the finite-rank fibre.
Differentiation in S? therefore satisfies

IV Ullzz < Co j1UN: (20.6)

for every fixed j. Normal derivatives retain the prescribed O(q + 1) type. For each normal derivative
order, apply the same finite-dimensional estimate to the resulting tensor bundle. Hence, for integer

s > 0, the anisotropic norm
S
Ws=Y, [ wur
=0 BxS4

is equivalent on this fixed type to the full reference-product H®* norm. The boundary norms are
obtained in the same manner. Constants may depend on ® and s, but not on R.

By (20.3), the first-order operators g and Ky converge, in H) — L% norm, to the operators &
and KCy which differentiate only in BY. Their second-order mixed and Dirichlet operators converge
in H2 — L% norm. Their boundary operators converge in the corresponding trace norms. Every
difference is O,(R). The limiting operator acts fibrewise over S7 as the product-model operator in
the preceding sections, with the vertical space T,,57 in place of RY.

20.2. Uniform inverses and exact constraints. For the limiting mixed vector problem, (18.3) holds
pointwise over S?. Integrating it and using (20.6) gives coercivity in H}. Equation (20.3) permits
absorption of its O,(R) perturbation, proving the same estimate uniformly for small R. The full
Dirichlet and tangential-Dirichlet/normal-traction inverses consequently converge in norm. More
explicitly, regard a second-order operator together with its boundary operator as a map

Lr:H:— Lo H;/ ?(Dirichlet data) @ H é/ ?(traction data).

The limiting constant-coefficient system on the normal ball is elliptic and invertible, by the energy
and boundary-symbol verification in Section 18. It has a bounded inverse. Since | £z — £o| = Op(R),

S5t = S [+ (8 - L0085

converges by its Neumann series. For H'/? Dirichlet data, subtract the solutions with the same
boundary trace. Their difference has zero trace and satisfies the variational difference equation in
Section E.4. Coercivity gives (E.22), for both the vector Dirichlet solution and the scalar harmonic
extension.

The divergence constraint can be trivialized without an approximate projection. Let #% consist of
pairs (S, ¢) € HL x H1(9) satisfying

r$=0, S, =0, ST =—¢(Ag)o.
A fixed normal-collar extension of the boundary tensor
v @n+n® v - ¢(Ar)

identifies these spaces by norm-continuous bounded maps. Average the extension over ®; its boundary
trace remains the identity and its operator bounds remain finite. All resulting maps preserve the
specified isotypic subspace. For h € L2 (E) solve

5RKRCO = ha wT = 05 (KRQ))VV = 09

and put
Brh = (Krow, —wyly), Cr(S, ¢) = 6rS.
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The boundary divergence formula gives (Krw)" = a)V(A\R)O, hence CrBr = I. The inverse estimates
just proved show norm convergence of Bg. Thus

Pr =1— BrCp
is a norm-continuous family of projections, including at R = 0. The operator
Ur = PrPy + (I — PR)I — Po) = I + (Pr — Po)(2Py — I)

is invertible for small R and maps ker Cy onto ker Cr. Smoothing the free interior and boundary data,
followed by Pg, proves that these kernels are exactly the completed smooth compatible-pair domains.

20.3. Convergence of the forms. Pull the rescaled form and mass to the fixed space % , = ker C,
using Ug. The mixed boundary identity (18.5), with its R-dependent coefficients, gives

16k = bol (4 0.27;,) — 0 (20.7)

Indeed the interior derivative coefficients and densities converge by (20.2)-(20.3); the boundary shape
coefficients by (20.4); the boundary derivatives by (20.6); and both the scalar Dirichlet-to-Neumann
and vector Dirichlet solution operators by the preceding inverse identities. For v, w € &, the
contributions satisfy

|(br = bo)int(v, W)| < CoRlpl 2, , | Wl 2,
|(bR - bO)boundary(va W)| < C(DR"v"??g@ ”W”ﬁ(),m

§, (Nr = No)Y)| < CoRIGlya ¥ lge-

The first two bounds use the H! — H/? trace map, the coefficient estimates, and Ug — I = Op(R).
For the third bound, the weak scalar Dirichlet inverse gives |[Hgr — Ho|1/2_, 1 = Op(R) for harmonic
extension. Insert these extensions in the polarized Dirichlet-energy identity defining Nz. The
triangle inequality and the uniform energy bound give the displayed estimate. For each of these
contributions, and for the mass form, Lemma E.3 proves the full estimate (E.23) on a specified common
compatible-pair space. The inverse estimates, the exact projections and every boundary term are
given in Section E.4. This proves convergence in bilinear-form norm, not only coefficient convergence
on individual smooth tests.

The limiting form is the integral over S? of the product-model form. Its energy is unchanged under
orthogonal changes of frame in T),59, so this description is globally well-defined. By Theorem 18.1,
by > c¢p qmo. Combining this with (18.6) and (20.6) gives

bo(v, U) > CfD"U",Z%@

for some ¢, > 0. Equation (20.7) gives br(v,v) > (c»/2)|v|? for all sufficiently small R. Normal
rescaling and the density normalization multiply forms and masses by positive factors; they do not
change the sign index. This proves Theorem 20.1. g

21. THE INITIAL INDEX AND THE FULL NEGATIVE SPECTRUM

We return to p,q > 2 and p + q < 8. All operators and group actions in this section are those
defined in Section 1. Let P be normalized averaging under ®. Isometric pullback preserves the
closed cap forms and the complete form and commutes with their resolvents. It therefore commutes
with every spectral projection. The invariant subspace and its orthogonal complement are reducing
subspaces.

Proposition 21.1. The negative-threshold equality in Theorem B holds separately on ran P and on ker P.

Proof. The mixed vector problem, the scalar Dirichlet projection, the boundary harmonic extension,
and the radial cutoff functions commute with P. The comparison T +— S in (12.15) therefore takes
averaging-zero tensors to averaging-zero tensors, and invariant tensors to invariant tensors. The
same upper-bound proof compares with the corresponding restriction of the tensor Neumann form.
In the Neumann compactness argument, a strongly L? limit retains either averaging condition, since
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P is a bounded orthogonal projection. The lower bound uses cutoff global eigentensors in the
chosen subspace, followed by the same equivariant conformal and York projections. Every dimension
inequality in the proof of Theorem B consequently holds in each reducing subspace. The resulting
equalities are the asserted ones. (]

Theorem 21.2 (Vanishing of the non-invariant index). For every R > 0,
K =0, gr(T) >0 (T € D(qr), PT =0). (21.1)
Every negative cap eigentensor is invariant. Moreover,
ran 1(_a)(Lx) € LA(S*T*X)°. (21.2)

Proof. Fix a nontrivial irreducible real representation @ of &. The constructions of Theorem 14.2
commute with &. They restrict to local Hilbert form charts on the ®@-isotypic subspaces. In such a
chart the form is represented by a bounded self-adjoint Fredholm operator: its shift by a sufficiently
large multiple of the compact mass form is coercive.

Its radical is zero at every radius. Indeed Proposition 13.2 identifies it with the ®-part of Kz, and
Theorem A makes that part zero. A self-adjoint Fredholm operator with zero kernel is invertible. Its
negative index is locally constant: if its inverse norm is C, a perturbation of operator norm smaller
than 1/C remains invertible; a homotopy in this ball has no zero eigenvalue, and its finite-dimensional
negative spectral projection has constant rank. Connectedness of (0, o) makes this index independent
of R.

Theorem 20.1 gives zero index for this fixed @ at small positive radii. Therefore the o-index is
zero at every radius. This argument fixes @ before sending R to zero.

If a cap eigenspace at a negative eigenvalue had a non-invariant vector, its finite dimension and
compact-group invariance would give a nontrivial irreducible summand. The form is negative definite
on that summand, contradicting the preceding conclusion. Thus every negative cap eigentensor is
invariant. The spectral theorem for the compact-resolvent operator now gives (21.1) on its entire
closed form domain.

For ¢ > 0 with —¢ ¢ o(Lx), Proposition 21.1 on ker P gives

dimran 1(—oo,—5)(LX|kerP) = #H{A(ARlkerp) < —€} =10

for all sufficiently large R. Choose a sequence of such ¢ decreasing to zero. The associated spectral
projections increase strongly to 1(_e 0)(Lx|ker 7). Each is zero; hence their limit is zero. This proves
(21.2). O

Corollary 21.3 (Complete simplicity). Every negative L* eigenvalue of Lx has a one-dimensional full
eigenspace. The spectrum in (—oo,0) is an infinite sequence of simple eigenvalues accumulating only at
zero.

Proof. Every negative full eigenspace is invariant by Theorem 21.2. Angenent-Knopf’s invariant-
sector simplicity theorem [6, Main Theorem II(f)], with the opposite operator sign, gives its dimension
one. Discreteness and the location of accumulation follow from Proposition 15.1; infinitude is
Corollary 15.3. O

Theorem 21.4 (Absolute fold count). For every R > 0,
ind” Ag = #{t € (0O, R) : u(t) = v(t)}. (21.3)

In particular ind™ Ag = 0 for all sufficiently small positive R. If R is umbilic, its one-dimensional zero
eigenspace is not included in (21.3).

Proof. Apply Theorem 20.1 to the trivial representation. Its restricted form has zero negative index
on some interval (0, Ry). Every other representation has zero negative index at every radius by
Theorem 21.2. Thus the full initial index is zero on (0, Ry); a radius uniform over the nontrivial
representations is not needed.
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The singular orbit expansion gives u —v = ¢! + O(t) > 0 near zero. Each later zero is simple
by Proposition 9.1, and the zeros cannot accumulate in any compact subinterval of (0, o). For a
nonumbilic endpoint R, choose a € (0, min{Ry, R}) before the first zero and apply (14.6) on [a, R]. This
gives (21.3).

At an umbilic endpoint, the complementary form to the one-dimensional kernel is invertible. Its
negative index is constant nearby. The scalar Schur complement vanishes at the crossing and has
negative derivative by theorem C. It is positive immediately before the crossing, zero at the crossing,
and negative immediately after it. The negative index at the crossing therefore equals its left limit,
proving the strict endpoint convention. g

Proof of Theorem D. The local form statement is Theorem 14.2. Theorems 21.2 and 21.4 give invariance
and the absolute count; Corollary 21.3 gives complete simplicity. The logarithmic asymptotic follows
from (14.8). O

Remark 21.5. The index in (21.3) is the index of the same closed form used in the spectral exhaustion
theorem. No estimate for componentwise tensor-Dirichlet data is substituted. The geometric folds
are local in the boundary-marked moduli space. Neither a bound of two on the global number of
fillings nor a fold theorem for arbitrary Einstein manifolds follows from these statements.

22. OPEN SETS OF BOUNDARY DATA WITH MANY FILLINGS

For a compact Ricci-flat metric h, let m..q(h) be the variational negative index of its scalar-flat,
fixed-induced-metric Einstein—Hilbert Hessian, modulo boundary-fixing diffeomorphisms. This
definition is the supremum of the dimensions of negative-definite subspaces. It does not require a
spectral realization for a nearby metric with no symmetry.

Theorem 22.1. Set
M = DP* x 89, ¥ =5 x84, Y« =(p— Dy, + (g — Dy,

For every pair of positive integers N, k, there is a C*-open neighborhood Uy k of y. such that every
Y € Un has at least N pairwise nonisometric smooth Ricci-flat fillings h1(y), ..., An(y) on M, satisfying

D' =y, Awp >0 mrea(hi(y)) > k. (22.1)

These finite collections of branches depend smoothly on the boundary data in local smooth boundary-
moduli charts. The neighborhood contains a nonempty open subset of metrics with trivial isometry group.
For every boundary metric in that subset, all the displayed fillings also have trivial isometry group.

Lemma 22.2. There are parameters s; — oo and radii Rj — oo for which the normalized caps

A

g =gl (22.2)

satisfy
g=r. K@)=0 Ay —kp x=m-D7"

Their boundary mean curvatures are pairwise distinct. Their reduced negative indices tend to infinity.

Proof. Use s, z, w from the autonomous system of Lemma 3.3. The polar angle in Lemma 3.3 is
eventually strictly increasing and unbounded. The line z = 0 corresponds under the fixed invertible
linear change of variables to arguments ¢; + 7Z. Choose the successive parameters s; — oo attaining
those arguments and put R; = t(s;). Then z(s;) = 0. The normalized boundary metric is then y..
If w(s;) = 0, the trajectory reaches the equilibrium (z, w) = (0, 0) at finite time; uniqueness would
make it stationary, contrary to the singular orbit behavior. Thus u(R;) # v(R;) and Theorem A gives
K(:g‘\j) =0.

Write Ny = dt/ds. The Ricci-flat constraint gives N* = ¢**K(w)/V(z). The two normalized
principal curvatures at z = 0 are

(
I‘g((‘(i))(l+’iw), I‘(/(E)))<1_PW)‘
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Since w(s;) — 0, both tend to k.. The normalized boundary mean curvature is

~ V(z(s))
H(s) =m | ——-.
K(w(s))
The autonomous equations give
d 5 rq 2
e log H(s) = —?w(s) ) (22.3)

The integral of w? on any nontrivial interval is positive; otherwise the trajectory is stationary on that
interval and hence everywhere. Therefore His strictly decreasing, proving distinctness.

The index divergence follows from (14.8). It is unchanged by constant scaling: the negative
Einstein-Hilbert action with its boundary term scales by ¢~ > 0 under g — c?g. This multiplication
preserves the signature of its reduced Hessian and its boundary-fixing gauge quotient. (]

Lemma 22.3. For every sufficiently large j, the induced-metric map at [g;] has a local smooth inverse on
all smooth boundary metrics near y.. The target is not restricted to invariant metrics.

Proof. Consider the elliptic boundary coordinates

Bo(h) = (W] Hy = A, ©(y) = ([y]. Ry)
from Section 9. Fix a Holder exponent 0 < ¢ < 1 and an integer r > 3. The map 5, is smooth from
the C" Ricci-flat moduli space to Conf”*(2) x C"14(%).
The highest-order part of its scalar boundary derivative is

AHy — A, A'(h)).

At the normalized caps, its coefficient tends to 2(m — 1)« yx. The boundary metric is exactly y., and
both normalized principal curvatures tend to k.. The principal boundary problem is therefore a
small perturbation of the conformal-class/mean-curvature problem, with its scalar row multiplied by
2(m — 1)k,. The complementing condition is open in its coefficients. A straight homotopy of these
scalar principal rows stays in that open set for sufficiently large j. The interior principal operator
is unchanged in this homotopy. The boundary estimates [1] give a continuous path of Fredholm
operators, so its index agrees with the index zero of the mixed problem [4]. These are boundary-
symbol assertions on each fixed cap; they require no uniform curvature bound at the normalized
singular orbit.

One has R,, = m. On pure conformal boundary variations, the scalar derivative of @ is an invertible

multiple of
A m
om—1
Indeed

R P q m
Al(y*)—mm{p_l,q_l}>m_1, (22.4)

and the constant eigenvalue is zero. The boundary coordinate lemma consequently applies. The
identity By = © o IIp shows that the smooth kernel of DB, is K(g;) = 0. Its weak kernel is smooth
by elliptic boundary regularity. Index zero therefore makes its differential an isomorphism.

Apply Proposition 9.4 to the full unbordered operator (9.8). Its derivative is invertible by the
preceding kernel and index calculation. Set the interior and Bianchi data to zero and substitute the
boundary data ©(y). The inverse gives a smooth Ricci-flat metric; the scalar coordinate inverse
identifies its induced metric with y. For a fixed low order ry > 4, smallness in C"*¢ of y — y, defines
the required C™-open neighborhood. At every higher order the derivatives of the filling map satisfy
(E.32); the map has the displayed one-derivative shift from boundary metric to interior metric. All
higher-regularity inverses agree by uniqueness in the first Banach chart. Constants may depend on
this fixed normalized cap, and no uniformity in j is asserted. |

Lemma 22.4. If meq(ho) > k at a compact Ricci-flat metric hy, then myeq(h) > k for every sufficiently
nearby smooth Ricci-flat metric on the same manifold.



DIRICHLET DEFORMATIONS AND RICCI-FLAT BOHM METRICS 65

Proof. By the definition of the variational index, choose smooth representatives vy, ..., v of a reduced

negative subspace at hg, with v = 0. For a nearby Ricci-flat metric h, define
1
Pw=v- ﬁA;}D(DJR;,(U))/1.
The Dirichlet solution vanishes on the boundary, so (P,v)" = 0. The identity DRy(fh) = (d —
1)An f gives DRy(Ppv) = 0. In fixed charts the scalar Dirichlet inverse depends continuously on the

coefficients, by its inverse identity and elliptic estimates. Hence the matrix
(Br(Phvi, Prv)) o, i
is continuous in h. Denote this matrix by C(h). Choose ¢ > 0 such that
c'Clhy)e < —2¢lc)>  (c € RF).

Restrict the neighborhood until |C(h) — C(ho)|op < €. Then cTC(h)c < —¢lc|? for every c. In particular,
the vectors Pyv; are independent. Their span maps injectively to the quotient by boundary-fixing
gauge, since a pure gauge vector belongs to the radical. Thus the variational index is at least k; no
spectral realization for the nonsymmetric metric is required. g

Proof of Theorem 22.1. By Lemma 22.2, choose N sufficiently late caps with index at least k. For each
cap, Lemma 22.3 gives a local filling branch over a neighborhood of .. Shrink these finitely many
neighborhoods so that all second fundamental forms stay positive and the index bound persists by
Lemma 22.4.

At the chosen caps the real numbers

J@:/mmm
>

are distinct, because their common boundary metric is y. and their mean curvatures are distinct.
Choose pairwise disjoint intervals around these N numbers. The functional J is continuous on
smooth metrics, so each branch can be restricted further until its values remain in the designated
interval. Isometries of compact manifolds with boundary preserve .J. Hence no two of these fillings
are isometric, even after their boundary markings are forgotten. The finite intersection of the resulting
neighborhoods is U k.

Metrics with trivial isometry group form an open dense set in the smooth metrics on the closed
manifold %, by the Riemannian genericity theorem recalled in [13]. Since dim ¥ > 4, the dimension
hypothesis is satisfied. Its intersection with Uy contains a nonempty open set. Every isometry of
a filling restricts to a boundary isometry. If this restriction is the identity, its derivative fixes the
tangent space and also the inward unit normal, so its derivative is the identity at every boundary
point. The isometry then fixes all sufficiently short inward normal geodesics, and hence a collar. At
an interior point of that collar its value and derivative determine it along geodesics; connectedness
gives the identity everywhere. Thus restriction to the boundary is injective, and trivial boundary
isometry group implies trivial filling isometry group. g

Remark 22.5. The quantifiers in Theorem 22.1 are VN, k AUk Vy € Un k. No single open neighbor-
hood carrying infinitely many simultaneous branches is asserted. The symmetric infinite fibre at y. is
already part of the phenomenon discussed in [11, Section 6]; the conclusion here is persistence of
each arbitrarily large finite collection, together with arbitrarily large reduced index, under arbitrary
sufficiently small boundary perturbations.
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III. Symmetry on the complete metric

23. HOMOGENEOUS ENERGY AND A COERCIVITY CRITERION

Fix the scale of the complete metric (1.1). In the remainder of the memoir, ¢ is the distance to the
singular orbit and 7 is a time variable. Put

p=(+AY b= /X (IVA2 + p~2|hf2) dog. (23.1)

The function t? is smooth at the singular orbit, so p is a smooth proper invariant function with |dp| < 1.
Let & be the completion of C2(S*T*X) in (23.1), and let &, = ker P n &. Conical convergence and
compactness of the interior give

|Rmg | < Cgp 2. (23.2)
The form

O(h, k) = [( ((Vh, Vk) — 2(Rh, k)) dv,

is consequently bounded on & x &. On each compact set the energy norm controls the H' norm.
Group averaging is an orthogonal projection for the energy inner product as well as for the L? inner
product. On the energy dual, averaging is defined by (P¢,v) = (£, Pv). A functional on &) is extended
to & by composition with I — P; this identifies &} with the averaging-zero functionals.

Lemma 23.1. Every smooth tensor with finite norm (23.1) belongs to &. Multiplication by a smooth
bounded function with |dy| < Cp~! is bounded on &. If y* + n? = 1, then

Q(h) = Q(xh) + Q(nh) — /X(Id)(l2 +|dn*)|hl® dvg. (23.3)
The identity holds whenever the multiplications are bounded on &.

Proof. Choose yg = y(p/R), where y = 10on[0,1], y =0 on [2,0), and |y’| < C. Then
@ = xnls < c [

(IVA* + p~2|h)%) dvg — 0.
{p>R}

A compactly supported H' tensor is approximated by smooth tensors using convolution in a finite
coordinate cover and a partition of unity. This proves the first assertion, also for locally H' tensors
with finite energy. The product rule proves the multiplier assertion. Expanding the two gradient
squares in the right side of (23.3), the mixed terms cancel because y dy + ndn = 0. The curvature
terms use y? + n? = 1. Approximation extends the identity from smooth compactly supported
tensors. (]

By Theorem 21.2, the spectral measure of Lx on ker P C L? is supported in [0, o). Hence
Qh)=o0 (h e &)). (23.4)
Indeed it holds first on compactly supported averaging-zero tensors, and then by energy completion.
It implies
0h, BF < QWQ(K)  (hk € &), (23.5)
by considering Q(h + sk) > 0 for real s.

Proposition 23.2 (Coercivity criterion). Suppose (23.2) and (23.4) hold. Suppose that for some invariant
compact set K and cs > 0,

Q(h) > cwolhlZ (he CX(X\K;S*T*X), Ph =0). (23.6)
If
he &, Lh=0indistributions = h=0, (23.7)
then there is cg > 0 such that
Q(h) > colhly (R e &L). (23.8)
Conversely, (23.8) implies (23.7).
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Proof. If (23.8) fails, choose h; € C;° n &, with |h;|¢ = 1 and Q(h;) — 0. A subsequence converges
weakly in & to h and strongly in L? on each compact set. The latter follows from the compact
embedding of H! into L? in finitely many relatively compact coordinate charts and a diagonal
subsequence. Equation (23.5) implies Q(h;, ¢) — 0 for every ¢ € C;° n ker P. Boundedness of the
form gives Q(h, ¢) = 0. For an invariant test tensor the same pairing is zero by averaging. Thus
Lh = 0 distributionally and h = 0 by (23.7).

Choose a smooth invariant function J equal to zero on a neighborhood of K and equal to 7 /2
outside a larger compact set. Set y = cos ¢ and n = sin J, taking the transition in the exterior region
of (23.6). Both multipliers preserve averaging-zero tensors. Equations (23.3), (23.4), and (23.6) give

colnhilly < Q)+ [ 1a9FIh do, — o,
X
Local L? convergence then gives [p~ A, — 0. By (23.2),

Vil = Q) +2 / (Rhy, hs) dog — 0,
X

contradicting |k s = 1.
Conversely, let h satisfy the hypotheses in (23.7). Pair Lh = 0 first with compactly supported tests
and then with energy approximations to A. This gives Q(h) = 0, and (23.8) gives h = 0. g

The proposition applies without a cohomogeneity assumption. Its proof requires a complete
manifold, a compact isometric group action, a proper invariant weight with bounded gradient, the
curvature bound, exterior coercivity, nonnegativity, and the stated distributional kernel condition.
The next two sections verify its last two geometric hypotheses for (1.1).

24. A sTRICT HARDY GAP ON THE NON-INVARIANT CONE TENSORS

Let
p-1 qg-1 2 2 m-—1

+ , =dr® + r°hg, = — 24.1
el (Rl gc=dr"+r°hyz a 5 (24.1)
All angular bundles in this section are identified by radial parallel transport. An angular symmetric
tensor is a triple in

ROTZOST'Z;,  (a,0.k) « adr +rdr®o+o®dr)+rk

hz =

The notation r°7 uses this identification, so its pointwise norm is r*¢*|z|.

Lemma 24.1. There are self-adjoint elliptic angular operators B, on the preceding bundle and B, on
R & T*Z such that

m
Le=-9%— —or+ r 2By,  ViVe

m
e =—3%——d,+r ’B. (24.2)
r

They have compact resolvent, commute with &, and B; > 0. There are angular maps Py, Qo, independent
of s, for which

Sc(r’t) = r* 1(sPyt + Qo1). (24.3)
Here Pyt is minus contraction with the radial vector. If Pyt = 0 and © = k is tangential, then Qyk =
(trhz k, 5}12 k).

Proof. Choose an hz-orthonormal frame é4 and put ey = ,, e4 = r~'é4. The cone connection satisfies

Ve,€a =0, Vee0 =T ‘ea, Veep=1" Z ISzec — r 1ape.
c
Consequently radial differentiation of tensor components is ordinary differentiation, and angular
differentiation is '@ 4 for a first-order operator D 4 on the angular bundle. The connection energy
is the sum of the radial derivative square and r 2 , |D o7|*. Cone curvature is r~2 times an angular
endomorphism. Polarization and integration with density r™ dr dvp,, give (24.2). The one-form angular
formis Y, 4 [D a7|3, proving its nonnegativity. The angular principal symbols are |£]* Id. Compactness
of Z gives self-adjoint elliptic realizations with compact resolvent. The displayed connection formulas
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also give (24.3): only the radial derivative differentiates r*, with coefficient minus radial contraction.
For a tangential tensor, the radial divergence component is tr k, and the tangential component is Jk.
Every operation commutes with isometries of the link. ]

The cone indicial decomposition for general Einstein links is treated in [12]. The threshold
exclusion needed here follows from the preceding formulas.

Lemma 24.2. Every eigentensor Byt = vt with v < —a? is tangential TT. On tangential TT tensors,
By =Ly, —2(m—1), Ly, =V} Vp, +2(m—1) - 2Ry,. (24.4)

Proof. Complexify the bundles. If v < —a?, put b = Y—a? — v and s, = —a + ib. Equation (24.2)
gives Le(r*+7) = 0. By (2.3) and (24.3),

Bi(s:Po7 + Qo7) = (52 — D(sx + m = 2)(s:Po7 + Qo7).

The scalar coefficient equals v + 1 F 2ib, which is nonreal. Self-adjointness gives s. Py + Qo7 = 0.
Subtraction gives Pyt = 0, and then Qy7 = 0.

If v = —a?, both r 7 and r~% log r 7 solve the cone equation. The divergence of the first would be
a one-form eigenmode with angular eigenvalue 1 — a? < 0, unless —aPy7 + Qp7 = 0. Nonnegativity
of B; gives this equality. The divergence of the logarithmic solution is now r~*"' Py, with the same
negative angular eigenvalue. Thus Pyt = Qy7 = 0. The last assertion of Lemma 24.1 proves the TT
condition.

For a tangential TT tensor k, dc(r°k) = 0 for every s. Applying the divergence commutation to
Lc(r®k) shows

(s = 2)Py(Bok) + Qo(B2k) =0 for every s.

Hence the tangential TT subspace is invariant. The angular derivative into the two radial tensor slots
contributes 2|k|? to the connection energy. On a tangential trace-free tensor the cone curvature action
is Ry, k + k at radius one. The two identity terms cancel in the Lichnerowicz form. The remaining
angular form is ((V}_Vp, — Zli’hz)k, k). Polarization on the invariant subspace gives (24.4). O

Lemma 24.3. The kernel of L, on all symmetric tensors is the span of its two parallel factor metrics.
Every nonzero eigenvalue is at least

¢z = min { (rr;—_ll)p’ (’1;__11)61} >m (24.5)
Moreover,
(m— 11(9—m). (24.6)

Proof. The product connection preserves the two factor-trace subbundles, their trace-free comple-
ments, and the mixed subbundle. On the trace subbundles Ly, is the scalar product Laplacian on
the coefficients. Its first positive eigenvalue is (24.5), from the spherical eigenvalues #(¢ + p — 1) and
j(j + q—1) and the two metric scales. Since p, ¢ < m, each number in the minimum is greater than m.

Set Kp = (m—1)/(p — 1) and Ky = (m — 1)/(q — 1). For a trace-free tensor supported in the
first factor the operator is V*V + 2pKp; for the second it is V*V + 2gKp. On a mixed tensor it is
V*V + 2(m —1). These terms are positive and at least ¢z, because p/(p —1), q/(q— 1) < 2. This proves
the kernel and spectral assertions. For 5 < m < 8 the right side of (24.6) is at most m — 1. For m = 4
one has p = q = 2, ¢z = 6, and the right side is 15/4. O

Proposition 24.4 (Exterior transverse coercivity). There are Ry, co > 0 such that

Q(h) > clhly  (h e CP({t > Ro}: S*T*X), Ph =0). (24.7)
Proof. If a non-invariant eigenvector of B, had eigenvalue at most —a?, Lemma 24.2 would give a
non-invariant tangential TT eigentensor of L, with eigenvalue at most

2 _ (m—l)(9—m)'

2m—-1)—«a .
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This contradicts Lemma 24.3; the TT part of its zero eigenspace is the invariant relative-factor line.
Compact resolvent of B, therefore gives some 1 > 0 with

By +a*>nld  on ker P. (24.8)

For a compactly supported radial coefficient f,

oo m| ¢/ ® m— _ i as s
[oreEar—at [Ceipear= [ e e

Applying this identity to angular coefficients and then using (24.8) gives Qc(h) > 1 / r?|h|%. Since
|Rmc | < Cr72, the identity defining Qc also bounds / [VCh|? by a constant times Qc(h).

Identify the bundles of g and gc on the end by the positive square root of gz'g. This is an
equivariant fibre isometry. Differentiated conical convergence gives, beyond a sufficiently large
radius, a bound ¢ for the relative metric error, er~! for the connection error, and £r~2 for the curvature
error. For the induced tensor identification I,

2
ds > 0.

10¢(h) — Qc(Ih)| < Ce / (VCIRE + r 2 TH2) doc.

The same estimates compare the two homogeneous energy norms. If Qc(v) > cc||v||iac and the
displayed error bound has constant Cy, choose Cye < cc/2. Then Qg(h) > (cc/2)|1 h||26mc. Equivariance
preserves Ph = 0, and p = r on the end. This proves (24.7). g

25. FINITE-ENERGY SOLUTIONS AT ZERO

Lemma 25.1. Suppose h € & and Lh = 0 distributionally. Then h is smooth and TT. For each integer
j=0,

1/2
sup R*[V/h| < C; </ t72|h|? dvg> — 0. (25.1)
{R<t<2R} {R/2<t<4R}

Proof. Local elliptic regularity for L applies because h € H}. ; it gives smoothness. Set u = tr h. The
commutation (2.3) gives Au = 0. Testing against y7u, with the cutoffs in Lemma 23.1, yields

/)(}%|du|2 < 4/ |dyrl*u? < C/ p%h* — 0.
{R<p<2R}

Thus u is constant. The conical volume growth gives [, p~?dvg = o0, s0 u = 0. Next & = 6h belongs
to L%, and V*Vw = 0. Testing with yZw gives

C
[ xivof <4 [ laxfiof < glolk — o

Thus w is parallel. Its pointwise norm is constant; infinite volume and w € L? force that constant to
be zero.

Pull {R/2 < t < 4R} to a fixed cone annulus and multiply the metric and covariant two-tensor
by R72. The tensor’s pointwise norm is unchanged. The operator is uniformly elliptic in a finite
collection of charts, with all fixed-order coefficients uniformly bounded by differentiated conical
convergence. The interior H/*S estimate, followed by Sobolev embedding for s > d/2, gives

1/2
sup R/|V/h| < C; <Rd/ |h|* dvg> .
{R<t<2R} {R/2<t<4R}

Since d — 2 = 2 and t < R on this annulus, this is (25.1). The tail integral tends to zero by finite
energy. g

The next estimate concerns only boundary tensors that are in the image of a boundary displacement.
It is not a surjectivity assertion for the induced-metric map.
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Lemma 25.2 (Boundary displacements at large radius). For sufficiently large R, let
Dr(&,Y) = 2Ll + Lyyr, YR =& I5k0

where Y is tangential. If b € im ©g, a preimage can be chosen so that, for every fixed integer s > m/2,

N

sup|£v + Y| < CR ZRj sup [V by, (25.2)
>R j=0 >R

A preimage of data in a fixed nontrivial angular representation can be chosen in that representation,

with a constant allowed to depend on it.

Proof. On the fixed product Z, set yg = R™%yg, Ig = R"'Ig, Hg = try, g, b = R"?b, and f = £/R.
Then
b=265Y" +2fllg,  (yr.Ir Hg) — (hz,hz,m)

in every C*® norm. Write K, Y = %Eyh — (divy, Y/m)h.

Every conformal Killing field of hy is Killing. Indeed, if Lyh; = 20h, differentiation of Ricp,, =
(m — 1)hz and the conformal variation formula give Ap,0 = mo. Equation (24.5) implies o = 0.
Denote the space of Killing fields by €. For Y 1 €in L2(hyz), ellipticity of §K and its kernel ¢ give

[Ylgser < Col oy Y- (25.3)

The elliptic estimate with an additional |Y], term follows by applying the second-order elliptic
estimate to K. Suppose the L? term could not be removed on . There would be Y; 1 ¢ with
Y|z = 1 and |[KY], — 0. A subsequence converges weakly in H' and strongly in L? to Y. Then
KY =0and Y 1 & so Y = 0. The elliptic estimate with the L? term now implies |Y;|;1 — 0, a
contradiction. For s > 1, the second-order elliptic estimate gives

1Yl < Cs(IBKY [t +1Y]2) < CH(ICY Las + 1Y ]2).

The estimate just proved absorbs the last term.
All fields in £ are sums of Killing fields of the two factors. To see this, decompose Y = Yp + Yp.
The pure-factor Killing equations say that Yp is Killing on the first sphere for each point of the
second, and conversely for Yy. Take the first-factor divergence of the mixed Killing equation. Since
divp Yp = 0, this gives the scalar equation Ap(Yp)s = 0 for each second-factor covariant component.
Compactness of the first sphere makes Yy independent of that factor. The mixed equation then makes
Yp independent of the second. Such fields preserve every product metric yg. Subtracting one of these
fields from a chosen preimage changes neither b nor £. Arrange Y L €. Taking trace and trace-free
parts gives
try, b —2divy, Y
B 2Hp ’
Ky Y = % <Bo - t;I-Il:HR,o) + Wi Vi

f

Equation (25.3), convergence of jg, and Ilg g — 0 imply
[Ylgsr < Collblrs + o(DIY -
Write the coefficient of the last term as eg, with eg — 0. For R large enough that eg < 1/2,
[Y [ < 2Cs]Bls.

The trace equation, Hr — m > 0, and boundedness of divergence from H**! to H® give | f|gs <
C!|b|gs. Sobolev embedding on the fixed compact link proves (25.2); a tangential vector has g-norm
R times its yg-norm. Isotypic projection commutes with ®g and preserves the estimate up to a fixed
representation-dependent constant. O

Proposition 25.3 (Vanishing of the finite-energy transverse kernel). Ifh € &, and Lh = 0 in distribu-
tions, then h = 0.
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Proof. By Lemma 25.1, h is smooth and TT and therefore Ric’(h) = 0. Project onto a fixed nontrivial
angular representation. The projection is bounded on &, preserves the equations, and has the decay
(25.1). We retain the notation h for this projection. The harmonic decomposition of Lemma 4.1 has
only finitely many tensor generators in the chosen representation. We first prove that

h'ls, € imDpg for every sufficiently large R. (25.4)

Two scalar degrees at least two. The quantities { = uB —vA and ¢ = 2e — a>C — b?D depend only
on tangential coefficients and are invariant under every infinitesimal coordinate change (4.6). They
can therefore be estimated in the original TT gauge and can be substituted in the equations obtained
in normal gauge. Equation (25.1), applied to tangential components and their derivatives, gives

C=o(t™ ), =o(t"?), c=0(t"%), ¢ =o(t'™). (25.5)

In fact A, B, C,D = o(t™%) in each fixed angular basis and e = o(t*~%). The connection coefficients
are O(t™!), which gives the differentiated bounds.
The entries of the leading coefficient matrix in Section 7 satisfy

G11 = O(tz), GlZ = O(t_l), Gzz = O(t_4). (256)

To verify the orders, use Ly, Mo, rp, rg = O(t™%), u,v = O(t™!), and D < ¢ in the explicit matrix

formulas. The coefficient of t~® in D is positive by (7.4). Equations (7.16) and (7.21) give G;; = O(t%)

and Gy, = O(t™1). For Gy, use its explicit numerator rather than dividing an upper bound by Gy;. In

(7.22), LyMy = O(t™*), and each term inside the parentheses is O(t7®). Since D = 7%, Gy, = O(t™*).
The same rank-one formulas give

(01 o™
N, = <O(t—2) O(t_5)>. (25.7)

Indeed w1, Wy, w3 = O(t?), while by, by = (1,0(t™%)) and d;, d; = (O(t™1), O(t™*)); the other two
differentiated rows vanish. Hence

F. = Wyl (Gy’ + N.y) = o(1), y = (). (25.8)

For example W{2%(N,)1; = o(t™2%71) and W c?(N.)z2 = o(t™ 2¢71); the mixed and derivative terms
have the same exponent, which is zero. The identity (8.31) is valid on every finite interval. Its inner
flux tends to zero by (8.32), using a smooth normal gauge and the intrinsic character of ¢, c. Its outer
flux tends to zero by (25.8). Integration makes its nonnegative right side zero. Since ry, r, > 0, one
has F; = F, = 0, and hence { = ¢ = 0. At a fixed outer radius, the equations

&E=A/u, n==C, w=D

then solve (4.6) for the tangential tensor. This proves (25.4) in this case.

One scalar degree equal to one. Use the intrinsic scalar y of Section 8.7. Its definition and (25.5) give
x =o(t™* Y and y’ = o(t~*2). Its leading coefficient is g; = O(t?), and its completion coefficient is
o = O(t™1). Hence the outer flux in (8.44) is o(1). Its inner flux is zero by Proposition 8.10. Integration
gives y = 0. Choose the redundant trace-Hessian representative so that ¢ = 0; then { = 0 as well,
and (4.6) again generates the tangential tensor. Equivalently, when the first degree is one, use the
intrinsic first-factor coefficient A — C, take ¢ = B/v, w = D, and n = ué — (A — C). The equation
X = 01is exactly the remaining mixed-component equation. Interchange the factors for the other
exceptional case.

One nonconstant scalar factor. The scalar invariant of Section 6 satisfies Zy = o(t™%), Z§ = o(t~*1).
Its weight g, is comparable to ™, and its completion coefficient is O(t™*). Therefore poZo(Z + 0 Zy) =
0(1). The singular orbit calculation and (6.9) imply Z, = 0. The boundary traces and Hessian are then
generated by a normal displacement and a tangential scalar gradient.

Factor-TT tensors. For the radial coefficient in (5.1), F = o(t~%) and F/ = o(t~%"1). Thus WFF’ =
0(1). Integration of its radial equation from the singular orbit to infinity makes the positive energy
(5.1) zero. Hence F = 0.
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Vector tensors. Use the fibre notation gp + rjzc ¥n and the coefficients of Proposition 5.2; ry = t at
infinity. For a non-Killing harmonic, A = B — dC satisfies

Al =o(t*),  |dA| = dB| = o(t™*7?).

These estimates follow from |B| < Ct!|h|, |C| < C|h|, and the first two derivative bounds in (25.1). In
the Killing case take A = B; the same bounds hold. The area of the base boundary is O(t™"). The
flux from (5.2) is bounded by
Ct™ ™" Al|dA| = o(1).

Its inner flux is zero by the smoothness estimates in Proposition 5.2. The weighted energy is nonnega-
tive. It follows that .4 = 0 for a non-Killing harmonic and d.A = 0 in the Killing case. In the first case
B = dC, so the tangential tensor is generated by the fibre field Cw*. In the second case the restriction
of A to the remaining sphere is closed and therefore exact, since that sphere has dimension at least
two. Its scalar potential generates the tangential mixed tensor. This proves (25.4).

The degrees (1,0),(0,1),(1,1). In degree (1,0), write the tangential tensor as 2AY yp + 2BY yp. It
is generated by ¢Yv + pVY with € = B/v, n = u& — A. The other single degree is interchanged. In
degree (1, 1), with mixed coefficient 2e, solve

_ 2e+d*A+b’B
&= a’u+ b%
The denominator is positive. These formulas follow from V2Y = —Yy, and V?Z = —Zy,. Thus every
tangential tensor in these three sectors belongs to the image in (25.4); no field equation or decay
assertion for a redundant coefficient is used.

The preceding cases exhaust every nontrivial angular representation. By Lemma 25.2, (25.1), and
the identities converting ambient to tangential derivatives, choose a boundary vector V§ in this
representation with

, n=ué— A, w=v¢—B.

Dr(VE) =h", sup |VE] = o(R"™%) — 0. (25.9)
2R

Extend it smoothly into Mg by a collar cutoff, and project the extension onto the same angular
representation. The tensor h — Ly g fixes the induced boundary metric. Its class is non-invariant, so
Theorem A makes it boundary-fixing pure gauge. There is therefore a smooth vector field Vg on Mg
such that
h= EVRg, VR|2R = Vg

The TT condition and (2.6) give V*VV} = 0. The function |Vg|* is subharmonic for div V; hence

sup |Ve| < sup V] — 0.

Mg 2R
On a fixed relatively compact set, interior estimates for this vector equation give VVz — 0. Thus
h = 0 there. The set was arbitrary. Every nontrivial angular projection of the original tensor is zero;
completeness of the harmonic decomposition and Ph = 0 give h = 0. (|

Theorem 25.4 (Transverse homogeneous coercivity). There is cg > 0 such that

A (VAP — 2(Rh, b)) dvg > ¢ [{ (VAR + p2hP) oy (he &), (25.10)

Consequently L : & — &) is a bounded isomorphism, in the weak energy sense.

Proof. Equations (23.2) and (23.4), Proposition 24.4, and Proposition 25.3 verify every hypothesis of
Proposition 23.2. This proves (25.10). The form is bounded and coercive on the real Hilbert space
&) . For ¢ € &, minimization of %Q(h) — #(h), or the Riesz representation theorem applied to the
equivalent inner product Q, gives a unique h with Q(h, k) = #(k) for every k. Its norm is at most
Cglnf & O

Inequality (25.10) is not an L? spectral gap. Its lower-order term has the inverse-square weight
p~2. The finite-energy condition at zero is used in Proposition 25.3; absence of negative spectrum
alone would not imply this inequality.
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26. THE Ricci-DETURCK NONLINEAR REMAINDER
For a smooth tensor A, put

|

7 = sup(|h| + p|Vh| + p2|V2h|). (26.1)
X

Norms, covariant derivatives, and integrals in this section use the fixed background g. If |h|; < 1/2,
then § = g + h is positive definite. Let G denote its inverse, and define

CE(h) = 1GM(Vihje + Vhig — Vohyy), W(h)* = GYclih. (26.2)
The Ricci-DeTurck expression is
FeP(h) = —2Ric(g + h) + Ly (g + h), N(h) = F{P(h) + Lh. (26.3)
Thus Ricci-DeTurck flow is 9,7 = —Lh + N'(h). The sign of W in (26.2) is fixed by this identity.
Lemma 26.1. The expression T’;}D is equivariant under isometries of g, DT‘gD(O) =-L, and
N(h) = a(h)**V,Vyh + B(h)(Vh,Vh) + C(h)(Rm,),  a(h)® = G — g*. (26.4)

Here B(h) is a fibrewise bilinear map on the two first-derivative tensors and C(h) is a fibrewise linear
map on curvature tensors. They are smooth algebraic functions of h on |h| < 1/2, with bounds

la(h)| < Clhl, IDa(h)| + [DB(h)| + |B(h)| < C, (26.5)
IC(R)| < ClAP, IDC(h)| < Clh.
The constant depends only on the dimension and the fixed tensor norm convention.

Proof. All expressions in (26.2) are natural with respect to background isometries, proving equivari-
ance. The exact identities from the difference of two connections and the Lie derivative are

Ric(g + h)ij = Ric(g)ij + VkCf — V;Cl + C5,CF = Ch,Cl, (26.6)
(Lw(g +h))ij = WrVihij + (g + R)igViWF + (g + h)av, Wk, (26.7)
V.G = —=G*(V,hy)GY. (26.8)

Inserting the first derivatives in (26.2), the second-derivative terms in the sum (26.3) reduce to
G,V h; j» apart from commutators of two covariant derivatives. Each commutator is the curvature
action on one of the two tensor slots of h. Every other term from (26.6)-(26.8) contains two first
derivatives of h, with coefficients that are products of inverse metrics and g + h.

At h =0, (2.1) and DW,(h)" = —5h — %dtrh give DFED(O)[h] = —Lh. The linear curvature term

after the preceding commutations is therefore 2Rh. Subtracting it leaves a curvature-linear coefficient
whose value and first derivative at h = 0 are zero. Define BB by collecting the two-first-derivative
terms, and C by collecting these remaining commutator terms. The full cancellation and quadratic
expression are displayed in Section D. This defines the maps in (26.4) without a choice of coordinates.
The inverse-metric entries and their first two h-derivatives are uniformly bounded for |h| < 1/2. The
derivative formula for an inverse is DG(h)[v] = —GvG. Taylor’s formula gives (26.5). O

The connection formulas in Lemma 26.1 also fix the relation with the Ricci-DeTurck convention
in [6, Section 2]. Homogeneous-energy estimates in the dynamically stable ALE case are developed
in [10]. No nonlinear stability theorem from that setting is assumed here.

Lemma 26.2 (Difference estimate). There are Cg > 0 and &1 > 0 such that, for smooth h, k with
lhlz +lkla < e <e, w=h—-keé&,
the difference N'(h) — N (k) extends to an element of &* satisfying
KN (R) = N (K),0)| < Ceelwlslvls (e &). (26.9)

sl
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Proof. For a compactly supported smooth test v, separate the difference in (26.4) into
a(WV?w + (a(h) — a(k))V?k,
B(h)(Vw, Vh) + B(h)(Vk,Vw) + (B(h) — B(k))(Vk, Vk),
(C(h) — C(k))(Rmyg).

The order of the two arguments of 3 is retained, so no symmetry of that bilinear map is required. For
the principal term, tensor contraction and compact support give

/X<a(h)“bvav,, w,0) dvg = — /)((a(h)“bvb w, Vav) dvg — /}(((vaa(h)“”)v,, w,0) dvg.
By (26.1), (23.2), and (26.5),
la(h)| < Ce, [Va(h)| < Cep?,
and all terms other than a(h)V?w are bounded by
Cgs(p_1|Vw| + p_2|w|).

The two integrands in the preceding integration-by-parts identity are bounded by

Ce|Vw| Vo] + Cep [Vl |u.
Cauchy-Schwarz and (23.1) give (26.9). Every term is now a bounded linear functional of v in
the energy norm. Density proves the claimed extension. This also justifies the calculation when
we L2 U

27. ANCIENT AND STATIONARY SYMMETRY RIGIDITY
The metric g and the DeTurck vector field are fixed as in (26.2). Put

H, =ker P n L*(S*T*X).

In this section L, denotes the restriction of the Friedrichs realization of L to J4].

Theorem 27.1 (Transverse dissipation). There are ¢, cé, > 0 with the following property. Let I be a
time interval and let g + h(t) be a smooth Ricci-DeTurck solution. Suppose that w = (I — P)h satisfies

w e Co(L) n Clp (L HY),  sup |h(n)l o < & (27.1)
T€el
Then, for tq < 7y in1,
T2
ol + ¢, [ WOl dr < w(ro)l (27.2)
T1

Only the component w is required to belong to the indicated Sobolev spaces.

Proof. Set k = Ph. Invariance of g and p gives |k| 2~ < |h| 2. Equivariance of N and commutation
of L with P give

9:w=—-Lw+ f, f=U-P)N(H) - N(k)). (27.3)
For w € H?, the differential expression Lw belongs to L2. The integration-by-parts identity against
compactly supported tensors extends to H' tests by approximation. Thus w belongs to the operator
domain of L, , and its operator value is the displayed differential expression. The pointwise bounds in
the proof of Lemma 26.2 also give f € L?. The same lemma gives

Kf. o)l < 2Cgeg|wlelols (v e ).

Pair (27.3) with w and apply Theorem 25.4:
1d
2dr
Choose 2¢, < &1 and 2Cgey < cg/2. Integration gives the assertion with c"g = cg. All pairings are
between the energy space and its dual; no integrability of k is used. ]

[wly < —(cg = 2Cgelwl.
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Lemma 27.2 (Bounded ancient solutions of a dissipative equation). Let A be a nonnegative self-adjoint
operator on a real Hilbert space H with ker A = 0. Let V be the completion of D(AY/?) in the norm
[oly = 1A 20l Suppose

uce Clloc((_oo5 0]’ H) n Cﬁ)c((—oo’ 0]:D(A)), u/ + Au = f,

where D(A) has its graph norm. Assume that, for fixed constants C, ¢ > 0,

Kf(@®),0)| < Clu®lylvly, v € D(AY?), (27.4)

d
Z @Ol + clu®ly <o, (27.5)
sup lu(®)lz < oo. (27.6)

Then u = 0.

Proof. Put M = sup ., |u(s)[z < e0. For a < t < 0, integration of (27.5) gives

t
e [ T ds < luC@l = JuCo)l < M

Monotone convergence as a — —oo gives

t

[ okds<es <o (27.7)

Let E4 be the spectral resolution of A. For ¢ € H,
e TAgl, = /[ T AE Dl — 0 (27.8)

0,00
o0 _ (o] B 1

|1 as - /( | ( [ ae ds) Dol = Ll (27.9)

0 0,00 0

The first limit is dominated convergence; the second identity is Tonelli’s theorem. Both use E4({0}) = 0.
For a < t, the variation-of-constants identity gives

(u(t), ) = (u(a), e D4 p) + / t<f(s), e 740) ds. (27.10)

One may first take ¢ € E4([0, n])H, differentiate (u(s), e =94 ¢), and integrate. The limit n — oo
follows from (27.4), Cauchy-Schwarz, and (27.9). These estimates also show absolute convergence of
the integral in (27.10) as a — —oo. The first term tends to zero by (27.6) and (27.8). Therefore
C t 1/2
[(u(t), @)I < 7 </m lu(s)I d5> Il

Taking the supremum over unit vectors yields

2 t
(ol < 5 [ TGl ds @27.11)

(s}

Its right side tends to zero as t — —oo, by (27.7). Equation (27.5) makes |u(t)|; nonincreasing. For
s < t, u(t)ln < |u(s)|z; letting s - —oo proves u(t) = 0. O

Theorem 27.3 (Ancient symmetry under a bounded transverse norm). Let g + h(7), —c0o < 7 < 0,
satisfy (27.1) with the constant in Theorem 27.1. If

sup [(I = P)h(7)]2 < e, (27.12)
7<0

then h(t) is invariant for every T < 0. No backward convergence or prescribed temporal rate is assumed.
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Proof. Take H = %, and A = L, in Lemma 27.2. The form domain of L is H!, because its potential is
bounded. The completion of D(Li/ %) in the form norm Q%2 is &, : compactly supported tensors are
dense in that space, and Theorem 25.4 makes Q'/? equivalent to its energy norm. The same estimate
gives ker L, = 0. Equation (27.3) and Lemma 26.2 verify (27.4); Theorem 27.1 verifies (27.5) after
changing its constant by the equivalence of the two form norms. The remaining hypothesis is (27.12).
Thus (I — P)h = 0 in L?. Smoothness gives pointwise equality. O

Remark 27.4. The condition liminf,,_« |[(I — P)h(7)|, = 0 also implies symmetry, directly from
(27.2). Indeed, for fixed 7, choose s; < 7 with the norms at s; tending to zero and apply that inequality.
In particular, backward L? convergence of the whole perturbation implies symmetry. The preceding
theorem does not require such convergence, or finite energy of the invariant component.

Corollary 27.5. For an ancient solution in Theorem 27.3, the equations

d
—®, = —W(]’l(’[')) o d, @, =1d,
dr
define diffeomorphisms for every finite r < 0. They commute with &, and (g + h(r)) is a B-invariant

Ricci flow.

Proof. By (26.2), [W| < Cegp™" and [VW| < Cegp . An integral curve on a finite time interval
has bounded g-length. Completeness and local existence for the vector-field equation extend it to
the whole interval. Solving the reversed equation gives the inverse map. For a € &, naturality
and invariance give W(ax) = da,W(x). Uniqueness of integral curves implies &, ca = a o ®,.
Differentiating the pullback gives

aT(CD’;(g + h)) = <I>’T’(—2Ric(g +h)+ Lw(g+h)—Lw(g+ h)) =-2 Ric(CD;’(g + h)).
No limit of ®; as 7 — —o0 is needed. O

Theorem 27.6 (Stationary symmetry). Let h be smooth, let |h| 2~ < &g, and suppose w = (I — P)h € &.
After decreasing ¢, if necessary,

fwls < fgn(z — PYFRO() . (27.13)
The projected expression on the right is defined distributionally and belongs to & In particular, F‘ED(h) =
0 implies h = Ph. This applies when Ric(g + h) = 0 and W(h) = 0.
Proof. Put k = Ph. Equivariance gives, in distributions,
(I -P)FP(h) = —Lw + (I = P)(N'(h) - N'(K)).
Both terms on the right belong to &7, by boundedness of Q and Lemma 26.2. Pairing with w gives
(cg = 2Cgeplwle < KU = PYFLP (), w)| < T = PIF(Wlsz I wls-

Choose 2Cgeg < ¢ /2 and divide when w = 0. When w = 0, its left side is zero and its right side is
nonnegative. ]

Corollary 27.7 (Other Ricci-flat backgrounds). Let a compact group act isometrically on a complete
Ricci-flat manifold. Let p > 1 be a smooth proper invariant function with bounded gradient. Assume
|Rm | < Cp~2, nonnegativity of the Lichnerowicz form on the averaging-zero energy space, coercivity
outside a compact set, and vanishing of the distributional kernel in that energy space. Then Theorems 27.1,
27.3 and 27.6 hold for this background, group, and weight.

Proof. Proposition 23.2 gives global energy coercivity. The connection identities (26.2), (26.6)—(26.8)
and the proof of Lemma 26.2 then give the same dual estimate. The form completion, kernel assertion,
and three proofs above use exactly these hypotheses. (]

Proofs of Theorems F-H. Theorem F is Theorem 25.4. Theorem G is Theorem 27.3, followed by Corol-
lary 27.5. Theorem H follows from Theorem 27.6. ]
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28. BOUNDARY TRACES OF THE TRANSVERSE OPERATOR
Fix R > 0 and write
X_ = Mg, X, = X \int Mp, > =23k

The boundary bundle in this section is By = S?T*X]s. A boundary value specifies every component
of a symmetric tensor, including its normal components. It is not the induced-metric boundary datum
in Eq. (1.3). Put

Tk = ker P n HY?(By), Yo = &L, V=& nL? (A>0),

with squared norm |u|% + A|ul3 in the last space. For A > 0 set

O (u,v) = Q(u,v) + Au, v)2;

the second term is absent when A = 0.

Lemma 28.1 (Prescribed trace). For f € Tg and A > 0, there is a unique minimizer u} of Q;(u, u) in

fue” :uls=f)

It depends linearly and continuously on f. Iis restrictions to X_ and X, satisfy (L + A)u = 0 weakly. For
smooth f, both restrictions are smooth up to 3.

Proof. The trace theorem on a fixed collar of ¥ gives

lulslg2 < Crlulls.

A bounded H'/? extension into that collar, followed by a cutoff and averaging, gives a compactly

supported H! extension er with Pey = 0, trace f, and |ef|g < Cr|fl/2. Here averaging means

application of I — P; it commutes with trace. The affine space is therefore nonempty and closed.
By Theorem 25.4,

Qau, u) > cglulfs + Alul.

On the zero-trace subspace this is a coercive bounded bilinear form. There is a unique v in that

subspace such that Q,(v, w) = —Q,(ey, w) for every zero-trace w. Then u} = es + v is the unique

minimizer. This construction also gives linearity and boundedness. For a test tensor ¢ supported
in either open side, (I — P)g is supported in that side and has zero trace. The minimizing equation
vanishes on this test; its pairing with P¢ is zero by invariance of the form and Pu} = 0. Thus the
field equation holds for all compactly supported tests, not only the averaging-zero ones. Dirichlet
elliptic regularity on a collar, and interior regularity elsewhere, prove the smoothness assertion. [J

Define Mg(4) : Tg = T3 by
(MR(V f, k) = QA(H}, u}). (28.1)
If f is smooth, weak Green identities identify it with
Mg f =V, uflx + Vo, uflx,,  vo=0d, vi=-0. (28.2)

For the exterior conormal derivative, the weak definition in (28.1) replaces a boundary integration at
infinity.

Theorem 28.2 (Coercivity of the boundary form). For every R > 0 and A > 0, the operator Mgr(A) is a
bounded symmetric isomorphism from Ty to its dual, and

(MRS, f) = Q(u}) + Au}l. (28.3)

In (28.3) the L* term is omitted when A = 0; no finite L* norm is asserted at that parameter. There are
Ry, ¢ > 0, independent of R and A, such that

(MDf, ) > (R + VD)Iflhsy  (R>Ro, 120). (28.4)
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Proof. The trace inequality and Theorem 25.4 give, for each fixed R,
(MRS, f) = erlfIFe-

The collar extension in Lemma 28.1 is an admissible competitor, so the reverse upper bound holds
with a constant depending on R and A. Cauchy-Schwarz for Q, gives boundedness of the polarized
form. The Hilbert-space variational theorem gives the asserted isomorphism. Equation (28.3) is the
definition.

For the uniform estimate, set

¢ = min{R/2, \"/%}
when A > 0, and £ = R/2 when A = 0. Identify tensor fibres along radial geodesics by parallel
transport. The one-dimensional trace inequality, integrated on Xy, gives

A A
"f”iZ(ZR) <C (FIH uf||1%2(R<t<R+[) + [”vuf”iZ(R<t<R+[)) : (28'5)

To see the scalar inequality, write F(0) = F(x) — fox F’(y) dy, square, and integrate in x € (0, £). The
radial volume densities at R and R + x are uniformly comparable because x < R/2 and a(t), b(¢) =< ¢
on the end. Thus the constant in (28.5) is independent of R, £. Since

2 <4R? 4 ), p2=R?* (R<t<R+0),
multiplication by £ ! bounds its right side by C(||u}||f¢ + /1||u}||§) Finally, R~ + VA < 2¢7!, and
Theorem 25.4 proves (28.4). |

Theorem 28.3 (Positive measure representation). Fix R > 0 and f € Tg. Put m¢(4) = (Mr(A)f, f).
There is a positive measure vy on (0, 0) such that

dv(&)

A
me(A)=m 0+/ —dv , / < o0, 28.6
7(A) = m(0) N £(&) 0oy 148 (28.6)
ForA>0andj>1,
(—1)f—1m§£')(/1) > 0. (28.7)

If f # 0, then m¢(0) > 0 and m}()t) > 0.

Proof. Let Ap be the self-adjoint operator associated with Q on the averaging-zero H' tensors whose
trace on Xy is zero. Equivalently, it is the direct sum of the two zero-Dirichlet realizations. The form
is nonnegative by Theorem 25.4. If Apu = 0, its form identity and the same estimate give u = 0;
hence ker Ap = 0.

Fix a > 0 and set u, = u}‘c. In the following resolvent identities assume A > 0. Since Ap > 0,

the spectral theorem gives |(Ap + A) 7|22 < A71. The difference u} — u, has zero trace. Its weak
equation gives

u} =u,—(A—a)Ap + ) u,. (28.8)
Both sides belong to the zero-trace form domain after subtracting u,, so the resolvent identity is valid
in L2. The minimizing equations imply

Qi(uf,ug) =mp(D),  Qalua, up) = my(a).
Subtracting gives
mg(A) —mg(a) = (A - a)(u}, Ug). (28.9)

Let i1 7 be the spectral measure of Ap associated with u,. It is finite and has no atom at zero. Substitution
of (28.8) into (28.9) gives

E+a
o) £+ 4

) =mi(@) = G- | dpuf(2). (28.10)

2
() = A) . Eg i ;’;z dus(2). (28.11)
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For 0 < Ag £ A < Ay and j > 1, the function (¢ + a)?(¢ + A)~/~! is bounded uniformly for £ > 0. The
measure /i is finite, so differentiation under the integral gives

; 1. (£ +a)
mS{)(/l) = (1)1 /[O’oo) W dpp(&).

This proves (28.7). The value A = 0 is obtained by the variational limit below, not by an L? inverse of
Ap.
The variational characterization gives m (1) > m¢(0). For the reverse limiting inequality, choose
a cutoff yr equal to one near Xy and vanishing outside a large compact set. Then yr uS’c - u?c in &, by
Lemma 23.1. It is an admissible finite-mass competitor, so
ms(A) < QUrru}) + Alxrujls.

Firstlet A | 0, then T — oo. This proves ms(4) — m¢(0). Integrating (28.11) from 0 to A and applying
Tonelli’s theorem yields

) [ AE+ay
@) =m0 = [T @)

Thus (28.6) holds with dv (&) = (£ + a)*& ' dps(£). Setting A = 1 proves the required integrability. If
f # 0, the trace of u, is nonzero, so uy # 0 and (28.11) is strictly positive. The inequality m(0) > 0
follows from Theorem 28.2. g

Corollary 28.4 (A temporal quadratic form). For fixed R and f, there is a nonnegative function k¢ on
(0, 00) such that

m () = m(0) + A (- k() ds, A " min{1, s}k;(s) ds < o.

Fora € CZ(R), put

Mra)(t) = mp(0)a(t) + Am kr(s)(a(t) — a(t - s)) ds.
Then

/a(t)(imfa)(t)dtzmf(o)/a(t)2 dt (28.12)
R R
+;/0 /]ka(s)(a(t)—a(t—s))z dt ds.

Proof. Take k(s) = f(o’m) Ee ts dv¢(&). The identity A/(A + &) = fom(l — e)¢Ee75 ds and Tonelli’s
theorem give the representation. For s > 0, the defining integral is finite because (1 + £)£e ¢S is
bounded. At A = 1, the representation and comparison of 1 — e~* with min{1, s} give the stated
integrability. For translation by s > 0, the fundamental theorem of calculus and Minkowski’s
inequality give

la = a(- = 9)l; < min{s|a’l>, 2lal}.
It follows that

/Rla(t)(a(t) —a(t — s))| dt < |al, min{s|a’|;, 2|al}.

The right side is at most C, min{s, 1}. The integrability of min{s, 1}ks(s) therefore justifies Fubini in
(28.12). For fixed s, translation invariance gives

1
/ a(t)(a(t) — a(t — s))dt = 2 /(a(t) —a(t—s))?dt.
R R
Integration in s proves the formula.

Proof of Theorem I. Apply Theorems 28.2 and 28.3.
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29. ANALYTIC FAMILIES AND FINITE-ENERGY COEFFICIENTS

Proposition 29.1. Let ] C R be a connected open interval containing zero. Let z — h(z) be a real-analytic
map from J to C5.(S*T*X), with h(0) = 0 and g + h(z) > 0. Suppose that, for some A > 0,

Az 9, h(z) = FgD(h(z)). (29.1)
Write h(z) = 3.5 z/h; near zero, and assume
(I-Phje& (=1.
Then h(z) is invariant for every z € J.

Proof. Put w; = (I — P)h;. Since N'(0) = DN, = 0, the coefficient of z in (29.1) gives (L + A)w; = 0.
Suppose w; = - = wj_; = 0. The coefficient of z/ in N'(h(z)) depends only on hj, ..., hj_1, and is
invariant by equivariance. Therefore

(L+ ])L)WJ =0.
Let yg be the invariant cutoffs from Lemma 23.1. Testing the equation against y3w; gives
Q)+ il = [ il dog<C [ g dog
X {R<p<2R}

The right side tends to zero. The first term on the left is nonnegative. On any fixed compact set,
xr = 1for large R, so w; = 0 there. Thus w; = 0 on X. Induction proves this for all j. Analyticity
gives (I — P)h = 0 near zero on every compact set; the identity theorem extends that equality to the
connected interval J. O

Remark 29.2. The results on ancient solutions concern an existing solution in a fixed background
gauge, with the stated global norms or coefficient conditions. They do not classify all ancient Ricci
flows having g as a pointed smooth backward limit. Pointed convergence does not specify global
diffeomorphisms or the behavior of the metric at spatial infinity. Nor does Proposition 29.1 assert
that every ancient trajectory has an analytic parameterization at its backward limit. The invariant
sector still has the infinitely many negative eigenvalues of Corollary 21.3; the symmetry assertions
are not stability assertions for the full metric.
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IV. Differential identities and coefficient data

APPENDIX A. POSITIVE IDENTITIES AND INTERVAL COORDINATES

The leading-coefficient identity and the interval basis used in the scalar estimates are recorded
here.

Use L = Ly, M = My, and A = D in the notation of Section 7, and put A = qLx + pMy + 2xy. The
leading coefficient matrix has the exact square decomposition

2
€ C)G(i ) _ (m-DA (§+ LM(”;”%) My A1)

To check it, the coefficients of {* and 2{ ¢ are the displayed entries of G. The remaining coefficient
is G2,/G1; + det G/Gy; = Gy,. Every denominator is positive. This proves positivity of the leading
coefficient directly; the restriction m < 8 is not used in this identity. The all-radius boundary principal
form has the independent positive determinant identity (12.14).

For the interval substitution, let P have degree at most D in 6, and write

(1+s)DP<9 +0+s> ZC s/,

Then

D
P(o) = >0 - 0-)(6, — 0)P. (A.2)

(0+ - 9—)D j=0
Indeed s = (0—0_)/(0+—60)and 1+ s = (04— 0_)/(0+ — 6). Substitution and cancellation give (A.2).

The coefficients may themselves be polynomials in the radial ratio and the nonnegative harmonic
shifts. Nonnegative coefficients C; therefore give positivity on the required interval as soon as one
surviving term is strictly positive.

For the higher scalar form, (8.9) and (8.10) yield the seven-square identity (8.29). Its residual signs
follow from the coefficient identities in Sections F and G. The exceptional scalar signs follow from
Sections H and I. These are finite polynomial comparisons in the positive interval basis (A.2).

APPENDIX B. NONCONSTANT FIBRE HARMONICS IN RELATIVE-FACTOR VARIATIONS

The following identity holds in arbitrary dimensions. It concerns the indicated trace-free test
tensors, not the whole scalar-derived tensor sector.

Proposition B.1. Let (B", gg) be a smooth Riemannian manifold, n > 2, and let (F4, gr) be closed and
connected, with ¢ > 2 and Ricg, = (q — 1)gr. Suppose b > 0 and

g =g+ bigr, Ricg = 0.
Setd =n+qandv =logb. Let Y be a nonconstant scalar eigenfunction on F, normalized by fF Y2 =1,
with ApY = AY. For ¢ € CZ(int B), put
T =g (@b I = Q) - - sTP
B n®? q & ) B d-1 '

Then
2

J(T) = 2 (d 1)/bq[(n—l)‘d¢+¢dv
L @d=n- 2)((1 1))

n—

+ M- o

¢*|dvf* (B.1)

dvg, > 0.
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Neither the base nor its test function is required to be rotationally invariant.
Proof. All norms on the right are taken with respect to gg. Put Dp = divg V. The vertical Ricci
equation gives

Dpv + qldv]* = (g — 1)b 2. (B.2)
Indeed its unnormalized expression is Ricy = (bDpb + (q — 1)|db|*) gr; divide by b?.

In an orthonormal horizontal/vertical frame, the tensor eigenvalues are ¢Y /n and —¢Y /q. Thus
it is trace-free. The warped connection gives the horizontal and vertical divergence components

(6T)p = —%(dqﬁ +(n+ q)¢p dv), (86T)F = ZISdFY.

The two components are orthogonal. Since vertical covectors have squared norm b2 times their

fibre norm,
A
STI? = [ be
ottt = [ g

For the connection energy, derivatives of ¢Y multiply the diagonal relative-factor tensor. The
derivatives of that tensor are in the two mixed slots and are therefore orthogonal to those diagonal
terms. Their contribution is 2d*¢$*Y?|dv|* /(n*q). For a diagonal symmetric tensor with eigenvalues
si, Ricci-flatness gives

%|d¢ +(n+q)pdvf* + $* dvg,. (B.3)

—2RT, T) =2 Z sec(e; A ej)(si — sj)z.

i<j
Only mixed pairs contribute. Their curvature sum is —qb~'Dgb. Adding the connection and curvature
terms and integrating on F gives

o= [ [ dgf +
Subtract d/(d — 1) times (B.3). First integrate the cross term in ¢ d¢ - dv. The identity

divg(b9Vpv) = (q — 1)b97*

2d?

dA ¢2 —¢2DBU dvg,. (B.4)

ngb?

follows from (B.2); the compact support removes the boundary term. Collecting coefficients then
gives

"q(d md=1) gy / b9[(n ~ Dldgf - (d - 26" Dy

. n(q—1) (B.5)

(4= @b~ dug.
A second integration by parts gives

- / bi¢*Dpv = / b9(2¢(d¢, dv) + q¢?|dvl*).
B B
Complete the square in (B.5). The remaining coefficient is

(d —2)* (d—2)(n—2)(q—1)
n—1 n—1

q(d -2) -

which proves the identity in (B.1).
Finally, the integrated Bochner formula on F gives

2
AZ/Y2:/|v§:y|2+(q—1)a/Y22A/Y2+(q—m/y2
F F F q JF F

Since A > 0, this implies A > q. Every term on the right of (B.1) is consequently nonnegative. ]
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Remark B.2. For a Bshm metric, take n = p + 1, B = (RP*!, dt* + a*y,) and F = S9. The proposition
applies across the smooth singular orbit because b > 0 there. It rules out a negative value of the
critical divergence expression in these nonconstant-fibre relative-factor test tensors. It does not
identify every scalar-derived tensor with such a trial, and it does not bound the finite-boundary
form gqg on its entire averaging-zero domain. The full initial-index assertion is instead proved in
Theorems 20.1 and 21.2; it does not follow from this restricted family of test tensors.

APPENDIX C. THE FLAT-MODEL IDENTITIES

The proof in Sections 18 to 20 does not use coeflicient lists. Its sign assertions are (19.3), (19.9),
and (19.10).

The estimate for the radial logarithmic derivative also follows by integrating its differential
equation. Normalize the positive regular solution wy by w,(1) = 1. Integration of its equation gives

1
zd(x) = x/ r2tPay (r) dr.
0

For x > 0, the equation implies 0 < w,(r) < 1 on [0, 1), and hence
x

0< z(x) < ——.
() 20+ p+1

At x = 0, wy = 1. Differentiating the integral at zero gives z;(0) = (2¢+ p + 1)~!. These are exactly
the bounds used in the boundary residual; no numerical root exclusion is involved.

APPENDIX D. THE COVARIANT SECOND-DERIVATIVE CANCELLATION
This appendix records the exact jet calculation underlying Lemma 26.1. Put
©;j¢ = Vihje + Vjhip — Vhij, Tape = Vahpe — %thab‘
Thus Cl-kj = %ka&- je and Wk = GKGb T,,,. For a symmetric contravariant tensor A, define
Ua(h)ij = AP ([Vi,va]hbj + [V}, Valhpi + %[Vj,vi]hab)- (D.1)
The commutator acts on the two covariant slots of h; thus it is linear in Rmg and in h. Contraction
with g% gives
Ug—l(h)ij = Z(Rh)ij - RiCi khkj - RiCj khik = Z(Rh)ij.
The terms containing two covariant derivatives of h in the Ricci-DeTurck expression are exactly
G (= VoVihjp — VoV ki + VVihij + VVihgy )
+G% (Vivahbj - %Vivj'hab + Vjvahb,- - %Vjvihab).
Their sum is

GabVaVbhij + UG(h)ij. (D.Z)

For the trace term one uses the exact identity Cl.k = %G“b Vihgp.

Every remaining term is quadratic in Vh. Explicitly, their sum is
Qi; = — (VkG)®yj¢ + (V;G*)Wihg, — 2C5,Cl; + 2CK,Cl + WEVhy;

+ (g + Wi (VG )G Tape + (ViG™) Ty

+ (8 + Wi(V;G G Tape + (V;G™) T, (D3)
The derivative of G in each term is replaced by (26.8). Equations (D.2)—(D.3) give

T’§D(h)ij = GV Vphij + Ug(h)ij + Qi
Consequently one can take
C(h)(Rmy) = Ug_g-1(h), B(h)(Vh,Vh) = Q.

Since G — g~ = O(h) and U'4(h) is linear in both A and h, one has C(h) = O(h?). The coefficients of
BB are finite products of the inverse metric and g + h, and hence are smooth and uniformly bounded
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on |h| < 1/2. All contractions in this identity are with the displayed inverse metric; the calculation is
covariant and does not require coordinates normal for g + h.
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APPENDIX E. COMPONENT FORMULAS AND ELLIPTIC COORDINATE ESTIMATES

E.1. The vector equation in a warped product. We give the covariant calculation used in Proposi-
tion 5.2. Let g = gg + r?y, be Ricci-flat, with r > 0 on the regular part. Write D and ¥ for the base
and unit-sphere connections, and put ¢, = D, log r. Base indices are raised with gg and fibre indices
in this subsection with y,. For a coclosed one-form w, put

70 = Ko, Sij = @,-wj).
Subtracting the Lie derivative of Cw* reduces the calculation to
hab = ]’l,’j = O, hai = rZAawi, A =B- dC

In the Killing case take C = 0. Naturality and Ric, = 0 justify this subtraction on every relatively
compact subset of the regular part.

Lemma E.1. Set Fyp, = Dy Ap — Dy A,. The Ricci variation of this tensor has components

2r" Ric’g(h)m- = {(SB(r”+2F)a + (k%, -n+ 1)r”Aa} w;, (E.1)
RlClg(h)U = rzana(r"A“)Sij.

Proof. Let Ci~ be the variation of the full Levi-Civita connection. The nonzero first derivatives of h,
before taking their symmetric combination, are

r’(DaAp + taAp)w;,
—r*(LaAp + tp Ad)wi,
Vihgj = r* Ao,

Vihjk

vozhbi
vihab

r4fa.Aa(yija)k + Yik®;).

The other derivative types, V,hp and V,h;j, are zero. Consequently the complete list of connection
variations is

Cp. =0,
Chy = Pupo,  Pap = D Apy + e Ap + £ Ag,

2
r
Cy; = ?(Fb“ —20°Ap)wi,

R PR
Cilj = TQ(VJQ)’ - V’a)j), (EZ)

Ciaj = rzA“Sij, Cj-k = rzt’aAayjkwi.

Lower connection indices are symmetric. These formulas give C2, = C/ = 0, in agreement with
try h = 0. Hence Ric’g(h)AB =VcCSg.

At a point choose normal coordinates separately on the base and the unit sphere. The cross
connection coefficients are I, i =ta 5; and I']; = —r?t%y;;. The divergence of a (1, 2)-tensor is

C C C ~D D ~C D ~C
vCCAB = aCCAB + I‘CDCAB - I-_‘CACDB - 1—‘CB CAD'



86 ANASS NIFA

Separating its base and fibre contractions gives the six identities

Vccsb = 0,
viCt, =9,Ct, —£,Cl — £,CL =0,
VyCh = Dy Cl — g, CP

ai’
V;C) = Y;C) + nt, Ch — i’aC}} + 2yl (E.3)

VoCl = DoCli — 26,CL,

VGl = Vi Gl + ntaCF + r* (v Ch; + yiiC)-

In these formulas D differentiates only the base coefficient, and v only the displayed sphere tensors.
The equalities in the second line use V;»' = 0 and C}; = 0. In the fourth line,

qui = %(k%/ +n-— 1)Aawi, C]Jl = rszAbwi, incib = Paba)i.

The two terms in parentheses in the last line cancel, by the antisymmetry of C{jj after lowering its
fibre index. Its first term is zero by coclosedness. These formulas account for both covariant slots as
well as the contravariant slot.

The base and fibre contributions to the mixed component, with the common factor w; suppressed,
are respectively

2
.
V,Ch = = [DyF.” + &, F," — 2(Dy ") A, — 20" Dy A, — 2|07 A,

; kK +n—-1
V;Cl = %Aa + 2[R, F," + 10 (DgAp + DpAg) — (n = D]EEA,].

Here the fibre commutator is ¥ ﬁiwj = (n — 1)w;. Their sum is

1
2 {rszFab +(n+2)r2,F,> —2r(Dy & + n|e?) Aq + (K% +n — 1)Aa} .
The vertical Ricci-flat equation is
Dyt + nlt? = (n—1)r 2.

Also 8(r"*%F), = D*(r"*?F,;). These identities give the middle equation in (E.1). For the ij compo-
nent the base contribution is r2(D,.A%)S; ; and the remaining contribution is nr’¢, A%S; ;. In the ab
component all angular contractions are either Vo' or the trace of an antisymmetric fibre derivative;
both vanish. This proves the other two equations. (]

If k% > n—1, applying &5 to the middle equation gives §5(r".A) = 0, because §4 = 0 on two-forms.
Thus the last equation is then a consequence of the middle one. When k? = n — 1, integration on the
sphere gives S = 0, so the last equation is identically zero. These statements include every vector
component, not only the mixed projection.

The endpoint estimates in Proposition 5.2 can be obtained without choosing a smooth gauge
potential at the collapsing fibre. In a fixed angular type, the coefficients of a smooth mixed tensor in
Cartesian normal coordinates give B = O(t™1), dB = O(t2). If S # 0, projection of the fibre block
gives C = O(1) and dC = O(t™!). Therefore A = O(t™!) and d A = dB = O(t™?%) on the regular part.
The inner boundary integral is bounded by Ct"*2¢t71t~2 = Ct""! times a bounded base-boundary area.
It tends to zero for n > 2. If the chosen fibre does not collapse, all projected coefficients are smooth
on the base across its centre; there is no inner boundary. This proves the integration statements used
in (5.3).
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E.2. All scalar components of the Ricci variation. At a fixed regular radius put yp = a’y, and
Yo = b?y,. We use the ordered covariant basis

YZy,, YZy, 2ZV’Y, YV’Z, dY®dZ.

The last entry denotes its mixed component; the full tensor is symmetric. Its coefficient vector is
(2a?A, 2b?B, 2a%C, 2b%D, 2¢). Define

E=pA+qB—AC—uD, dp = —2A+2(A — p + 1)C + 2Mye,

dop = —2B+2(p— q+1)D + 2Lge.
Then
tr,h=2EYZ, (6yh)p = dpZ dY, (6yh)g = dpY dZ. (E.4)

Lemma E.2. In this basis the intrinsic Ricci variation has coefficients

component Ric;(h)
PP trace | a*(Ly+ My)A
QQ trace | b*(Ly + My)B
PP Hessian | (2 — p)A—gB— Myc+2(p —1)C
QQ Hessian | —pA+(2— q)B— Loc+2(q —1)D
PQ -(p-DA-C)-(g-1)(B-D)

Together with the normal-coordinate variation, these coefficients give all five equations in (7.7), as well
as the single-factor equations (6.4)—(6.6).

Proof. For a scalar eigenfunction Y on the unit sphere, commuting derivatives with its curvature-one
tensor gives

V'VdY = (A - p + 1)dY,
divV?Y = —(1 — p + 1)dY,
VV(VPY) = (A - 2p)VPY — 2AYy,,.
Writing H;; = VAV ;Y, the two successive commutations give, since the curvature tensor is parallel,
VH); = UV(AY) - 2(p — DH;; + 2((tr H)ypyj — Hyj).-

Here tr H = —AY. Substitution yields the third identity, including its scalar-metric term. After scaling
and taking products, the orbit Lichnerowicz expression

Apyh = ViVyh+Ricy oh + h o Ricy —2Ryh

is multiplication by Ly + M, on each of the five displayed generators. For the mixed generator the

rough Laplacian has coefficient Ly + My — rp — rp; the two Ricci contractions restore rp + rp, and the

product curvature action on the mixed block is zero. The factor traces have cancellation of their Ricci

and curvature terms. For a Hessian block the third identity above gives the stated coefficient.
Equation (E.4) follows by contracting each block. The coefficients of 676, h are

(0,0, dp, dg,(dp + dgp)/2),
and those of V?, tr, h are (0,0, 2, 2E, 2E). Substitution in
2Ric), h = Apyh—28,8,h—Vitr, h

gives the following coeflicient vector before collecting:

az(Lo + Mo)A

b?(Lo + Mo)B

az(Lo +My)C—dp—E . (E.6)
bz(Lo + Mo)D - dQ —-=
(L() + M())e - (dp + dQ)/Z —-=
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Equivalently, its matrix on (A, B, C, D, e)l is

a*(Ly + My) 0 0 0 0
0 b2(Ly + My) 0 0 0
2—p —q a*My +2(p — 1) b%M, —2My|. (E.7)
—p 2—q a’Ly biLy+2(q—1) —2L,
—(p-1) —(g-1) p—1 q-1 0

For the third row use a?Ly = A, b2M, = y; for the fourth use the same two identities in the opposite
order. The last row follows from

Hdp+do)+E=(p-1DA+(q—1DB—(p—1)C—(qg—1)D + (Lo + My)e.

Replacing 2e — a?C — b%D by c gives every row of (E.5).
Write k; for the five coefficients of h. Differentiating the normal-coordinate Ricci formula, the
extrinsic coefficient in a PP position is

-1k + 2u — H/2)k] — 2u°k;.

The PP trace has in addition —ua®Z’. In a QQ position replace u by v; its trace has in addition —vb?Z’.
The mixed coefficient is

—%kg’ + (u+v—H/2)ki — 2uvks = —¢”” — (H — 2u — 2v)e’ — 4uve.
For any scalar coefficient f,
—%(Zazf)” +Qu—H/2)(2a*f) — 2u*(2d*f) = —d* (f” +Hf +2(u + Hu)f).
Use v/ + Hu = rp and its exchanged identity. Adding the five intrinsic rows therefore gives the full
coeflicient vector
—a’[A” + HA” + uZ’ — (Lo + My — 2rp)A]
—b?[B” + HB' + vE’ — (Lo + My — 2r)B]
—a*(C” + HC') + (2 — p)A— qB — Myc ) (E.8)
—b*(D” + HD') — pA+ (2 — q)B — Lyc
-’/ —(H—-2u—2v)e’ —dwe—(p—1)(A-C)—(qg—1)(B-D)
The third and fourth rows use respectively 2a®rp = 2(p — 1) and 2b?rg = 2(q — 1). Setting this vector
to zero gives (7.7), with all five nonzero leading coefficients specified.
Here are the remaining constraints without a coefficient projection left implicit. Let A denote the
variation of the shape endomorphism. Its diagonal blocks have coefficients (A’, C’) and (B’, D’); the
two mixed blocks have coefficients (¢’ — 2ve)/a* and (¢’ — 2ue)/b?. In the variation of div A — dH,

the connection contribution in the first factor is (u — v)(¢B — uD)Z dY, and in the second it is
(v — uw)(pA—AC)Y dZ. Indeed, if 1'“‘,; . is the orbit connection variation, then

b, =1V, tr, h = EV,(Y2), > AN =1 APkt
b b

Here the diagonal coefficients of the background shape operator are parallel on the orbit, whereas =
is a radial coefficient. It follows that the momentum coefficients are

Mp=A"—(A—p+1)C" — My(e —2ue) — E" + (u—v)(qB — uD),

Mg =B —(u—q+1)D" — Ly(¢’ —2ve) — E' + (v — u)(pA — AC). (E.9)
These are the two rows in (7.5). Furthermore,

v = Lodp + Modg + 2(Lo + My)= — 2rp(pA — AC) — 2ro(qB — uD),

g = sp(pA’ — AC") + so(gB’ — puD’).
The full scalar identities are

DR,(h)=tYZ, HH —tr(AA) =g YZ.
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The linearized Gauss identity therefore gives v = 2g by equality of the coefficients of the nonzero
function YZ. There is no pointwise division at its zeros. Expanding this coefficient identity gives
(7.6). Finally set Y = 1, 1 = 0, and remove the vanishing first-factor Hessian and mixed components.
Renaming the second Hessian coefficient D as C gives (6.4)—(6.6). O

The remaining elimination in Lemma 6.1 can be recorded in a form with no division by a possibly
vanishing coefficient. Use the notation of that lemma and put y = A/u. The momentum equation
gives

(q—1DC" =pA +(q— 1B + p(u—v)A.
Insert A = uy, B = Z, + vy into the Hamiltonian equation, substitute this expression for C’, and use
Dy = H? — pu® — qu*. The coefficient of y is zero, and the result is

Fy' +(q— D(u— q)(s0Zy + roZo) = 0.
Since F > 0, this is (6.7). The PP equation becomes

y"+<2rP— HSo
q—1

) Y =u-q9Zi=0. (E.10)

For

(=D -9 b= _a= D —arg o o 2 B
F , 0 F , 1= g—1

substitution of y’ = by Z{ + byZ, in (E.10) has coefficients

b1:

5

b1, b{+b0+a1b1—(y—q), b6+a1b0.
Direct differentiation using (3.3) gives
b{+b0+a1b1—(y—q) _]0/ b6+a1b0
—H-2, ZoT %170
bl ]0 bl

Here b; < 0, so division is legitimate. This proves the scalar equation with exactly the weight
co = W/h.

= -V, (E.11)

E.3. The normal component of the boundary Hessian. We verify the covariant normal calculation
in Proposition 12.2. Let ey = v and let ¢; be an orthonormal frame on a product orbit, extended by
radial parallel transport. At the point of the calculation choose the tangential connection coefficients
to vanish. The full connection is

Voe; =0, Vieg = Al-jej, Viej = Vizej — Ajjep.
For s = Sg0, 1; = So; and K;j; = S;;, this gives
(ViS)oo = Dis — 2A{n;,
(ViS)j = Dinj — AFKyj + Ayjs, (E.12)
(ViS)jk = DiKj + Ajjni + Aixnj.
Contracting the derivative index once more, including its connection term, yields
(V*VS)o = —s” —Hs" + Ays +4A : Dn+ 2(divs A) - n
—2A% : K + 2|APs. (E.13)

More explicitly, at the chosen point the tangential contraction is

D (Ve Ve S —Vy,08),,

i
= Z Di(DiS - ZA,‘jl]j) -2 Z Aij(DiI]j - AikKkj + A,-js) + Hs
i ij
= —Ass—2(divs A)-n—4A : Dp+2A% : K — 2|A)*s + Hs'. (E.14)
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The last Hs” comes from ) ; V. e; = —Hv at this point. Negating this contraction and subtracting s”
proves (E.13). The normal curvature endomorphism is R, = —A’ — A?, so

—2(RS)go = 2(A” + A?) : K.
Since A is parallel on the product orbit, the divergence term in (E.13) vanishes. Therefore
(LS)go = —s”" —Hs' + Ass+4A : Dn+2|APs+2A" : K. (E.15)
The equations §S = 0 are
s’ +Hs+divsn—A: K =0, 7+ (Hy + A)n+divs K = 0.
In radial parallel identification the product connection gives
(divy n)’ =divs ' — A : Dy.
AtXg one has s =0, K = —¢Ap and tr K’ = —5’. Thus
s’ = —divs n — ¢|A%,
n = Aydp— (Hy + A,
(LS)po =divsy’ +3A : Dn+ A" : K—A: K’

_(m-DH

H
= Ay : D*¢ divs n+2Ag : Dn—Vgp— A : K’.
m

This is (12.11).
For the Green identity, put J = LS — (m — 1)V2F = 2F’(h). It is TT. Since h = S + §* X" + Fg,
X" = 0and Sy = 0 on the boundary, integration gives

[om == [.9=m=1 [mdr)+ [ §((Lsk0=m=1Fin).
The terms @A, : K’ cancel. The other terms, after tangential integration by parts, are respectively
=2(n’,n) = 2(Hy + A)(n, 1) — 2A0(n, d¢),
~m-1(nary = "M g,

m

(m—-1)

[otasm+ar: &) = [[|-antag.dg)+ D a0) ~ 2400, )~ Ve

_(m-1H (m—1)H?
1) [ gho = 2% [lag - 06 N

For the last line use F|s = —H¢/m and Fyy = AsF — HNRF. Summation gives (12.8), since ((m —
1)H/m)y — Ao = Hy — A.

For two compatible pairs (S, 1) and (S, @2), put T; = S; + KX;, n; = Si(v,-)", and Cg =
((m — 1)H/m)y — 2A,. Polarization of the preceding calculation gives

QR(TI, TZ) = QR(SI: SZ)

n A [2(Hy + A)(n1. 12) + Cr(ns, ) + Cr(nz, dd1)] dA,

N / [(Hy = A)dd1, dg) — Vg1 2] dA,
2R

_ 2
S D, Ned. (E16)

Indeed each term is obtained by subtracting the two diagonal values from its value on the sum and
dividing by two. The last term is symmetric because

<¢1>NR¢2>:A/I<dHR¢1,dHR¢2>dUg~
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Thus (E.16) contains all mixed terms required in the form-norm comparison.

E.4. Norm convergence in one fixed representation. We detail the estimates used at the singular
limit in Theorem 20.1. All operators below are conjugated by the bundle identification in (20.3); the
volume is normalized as in (20.2). Fix a representation ® before taking R | 0. We use the reference
product Sobolev norms, denoted | - | ;.

The finite-dimensional vertical angular spaces give, for every fixed j, k and each of the tensor
bundles involved,

IV Ul < Coo, el Ul (E.17)

Indeed the multiplicity of a fixed compact-group representation in sections of a homogeneous finite-
rank bundle is bounded by the dimension of the intertwining maps into its isotropy fibre. Covariant
vertical differentiation is equivariant and maps into another such finite-rank bundle. The resulting
linear maps on these finite-dimensional spaces are bounded. The assertion applies pointwise in the
normal variable and then after each normal derivative. No estimate uniform in @ follows or is used.

The Cartesian estimates follow from the smooth even expansions at the singular orbit. Set
fr(x) = a(R|x|)/(R|x|) and br(x) = b(R|x|)/bo. There are smooth functions a;, b; on a fixed interval
such that

fr(x) = 1+ R*|x[ay (R*|x]*), br(x) = 1+ R*|x[*b1 (R?|x]?).
The normal metric is
(8r)ap = Sap + R*cr(x)(|x[*6ap — xaxp), cr = 2a1(R*|x[*) + R*|x|*a; (R*|x|*)°. (E.18)

Every fixed number of derivatives of cg is uniformly bounded on the closed unit ball. The metric
inverse, density, and positive square root have the same O(R?) difference from their limiting coeffi-
cients. The vertical frame factor is R/b(R|x|) = R/by + O(R®), and d, log b(R|x|) = O(R?) in every
fixed coefficient norm.

It follows that each first-order difference is a finite sum of terms

A 5 A I
agda + RbRV; + ¢}, lagles + IcRler < Cij, Ibglci < C;.

For second-order differences the normal-normal, normal-vertical, and vertical-vertical coefficients
have orders R?, R, and R?, respectively. Coefficient differentiation preserves these bounds. The
product rule and (E.17) bound every term from H,éﬂ to H,%, or from Hf;rz to Hé, by Cp,jR. Restriction
to the fixed outer collar and the trace estimate H> — H'/? for first derivatives give the same bound
for the first-order boundary operators. No constant in these estimates is asserted to be independent
of @.

The expansions (20.2)-(20.4) and (E.17) imply, on the fixed type,

IV = Volgivispgi + 108 = Solgisiopi + 1K = Kolginipgi < Co R, (E.19)
”(SR]CR — 50]C0||Hj+2_,Hj < C@’jR. (E.20)

Here V, differentiates only in the normal ball. To verify the orders, a second-order expression has a
normal-normal part whose coefficient error is O(R?), mixed normal-vertical parts with a factor R,
and vertical-vertical parts with a factor R?. Every vertical derivative in the latter two is bounded by
(E.17). First and zeroth order connection terms have the same or higher powers of R. Differentiating
coefficients in the fixed charts preserves their displayed orders. The metric densities differ by O(R?)
in every fixed differentiability norm. The tangential derivatives on the outer boundary satisfy the
corresponding estimate

ID% — Dy Iy o) < CojR- (E.21)

Boundary traces of the first-order operators differ by O,(R) as maps H> — H'/?; the tangential
Dirichlet trace is fixed by the bundle identification.
For the mixed vector operator include the boundary operators in the map

Lr + HE — L2 @ HY*(0"]5) ® HY2(Kr@)y o).
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The R = 0 problem is the flat-ball problem with a fixed vertical vector space, fibrewise over S9. Its
solution is independent of the choice of orthonormal vertical frame, because the equations are O(q)-
equivariant. Thus it defines a global inverse on the vertical bundle, not merely in one trivialization.
Its H? estimate and the finite-type bound give |£;'| < C,. The preceding estimates give

1£5' I CaR

Lr— Lol < CoR, e -l s

This follows by factoring £r = (I +(£g — £0)£; 1) Lo. For the full vector Dirichlet problem use instead
Lro = (6rKRro, ©|5). Its domain is H2 and its target is L2 & H;/Z(a). The coefficient estimate and
the limiting Dirichlet coercivity give the same factorization and inverse bound.

We also need their weak versions. For the zero-Dirichlet scalar and vector spaces the limiting
normal-ball Poincaré inequalities give uniform coercivity. The difference of their bilinear forms is
bounded by C,R|u;|v];. Given boundary data in Hé/ 2 subtract one fixed trace extension and solve
the zero-boundary problem. Let ag be either of the zero-Dirichlet bilinear forms, and let ug, uy be its
solutions with the same prescribed boundary value f. Their difference wg = ug — uy has zero trace
and satisfies

ar(wg,v) = —(ag — ao)(uo,v) (ve H(},@)-
For a constant ¢y > 0 independent of small R, coercivity and the coefficient estimate give
colwrlf < CoRluols | wrle-

Division when wg # 0, and the bounded trace extension followed by the zero-Dirichlet inverse, give
Iwrlgr < CLR|fl1/2- The inequality is also true when wg = 0. Consequently

[ = Holggi/ein + IXK = X5 lggepn < CoR. (E.22)

All the stated maps preserve the specified representation.
Here is the precise common space for the constrained forms. In the reference bundle choose a
bounded trace extension 7 into trace-free H! tensors, and average it over &. With

¥ = Hy ,(SEE™) @ HY/*(T"3) @ HA(9),
set
RSom) = (So+T (v ®n+nev' - glan).¢).

Its inverse subtracts the same extension and reads off S(v,-)". Thus Jg and J;! are bounded, and
Jr = Jo = On(R?) in their operator norms. Define

Cr = CrJr, Bg = Ji'Bg, Pg = I — BrCr.

The construction of By in Section 20 gives 5R]§R = I exactly. Hence ﬁ}% = _FN’R and 13R - 1?0 = O,(R).
The operator

Vg = PrPy + (I — PR)(I — By)

is invertible for small R, and ﬁR Vg = VRFN’O. The actual map of constrained pairs is JgVzJ;!. This
specifies the identifications implicit in Section 20. Smoothing the free data in ¥/, then applying Pg,
proves the required density without violating a boundary condition or the divergence constraint.

Lemma E.3. On the fixed compatible-pair space &, 5, the pulled-back forms and masses satisfy
[(br = bo) (v, Wl + [(mg — me)(v, W)| < CoRlvl 7, Wl 2, (E.23)

Proof. First compare forms before applying Vg = I + O,(R); this last change adds another error of
the stated size because the forms below are uniformly bounded. Denote the normalized interior and
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boundary densities by pg and vg. They converge in every fixed coefficient norm. The identity (E.16)
consists of the following terms:

W)= [0S Tu D=2 [ (e, Do
Bun. ) =2 [ (Haye + 1), O
S 9. = [ {CanDjp) + CaE. DD} v
P 1) = | Mu(Dig. Dk v

Zr(¢, ¥) = _AVRQSEDVRs

_ 2
N 9 =~ DR Moy,

where Cgr = ((m — 1)Hg/m)yr — 2(IIg)o. This coefficient is distinct from the divergence constraint Cg.

For I, subtract the two gradient products one factor at a time. Equation (E.19), | Rmg |0 = O(R?)
and the density estimate give |(Ix — I))(S, T)| < CoR|S|1| T]:. The shape coefficients in Eg, J§, P§, Zr
differ from their limiting values by O(R?). Their arguments are bounded respectively by

||’7||L2(a), ||¢||H1(a), ||5||H1(M),

using the trace theorem and (E.21). Replacing one coefficient, one derivative, or the density at
a time therefore bounds each difference by CoR|(S, )||(T, ¢)|. For the limiting shape operator
Alim — diag(I,, 0), its radial derivative is diag(—I,, 0) and its trace-free part is diag((q/m)I,, —(p/m)I,).
Thus the zeroth-order coefficient has limit

2 2
Vo= P Pa_ _pd
m m?2 m?2
For the last term use the weak definition

(¢, NrY )y = /<dRHR¢; drHRY )R-
Let aR’? (u,v) = [ (dru, drv)pr on the fixed reference space. The exact difference is
ag(Hr, Hry) — ag (Mo, Hoy)
= (ag — ap)(Mr$, Hry) + ag (Hr — Ho)$, Hr )

+ ay (Hop, (Hr — Ho) ).

The coefficient estimate bounds the first term by CoR|Hg |1 |Hr /|51 The other two are bounded
using (E.22) and the boundedness of a. The uniform harmonic-extension bounds therefore give

Kb, Nri v = (8 NoW vl < CoRlglipelflppire.

The coefficient HZ also converges. This treats every term of the boundary form.
Finally the mass is

mr((S, §), (T, ¥)) = (S, Ty + (KrXE (), KrXE (V) -

Equations (E.19) and (E.22) give its asserted bound. Applying JrVrJ; ! changes all these bounded
forms by O,(R), proving (E.23). O

The flat normal-model coercivity in (18.6) and Theorem 18.1 gives by(v,v) > c@||v||2@0’m. Conse-
quently the explicit choice
0 < R <min{Ry, ¢r/(2Cp)}
in (E.23) proves br(v,v) > (c»/2)v]?. Rescaling multiplies the form and its mass by positive constants.
This proves the initial-index assertion in the fixed representation.



94 ANASS NIFA

E.5. Proof of the smooth boundary-coordinate estimates. We use the full map and the graded spaces
defined in Section 9.2. The constants below are allowed to depend on the fixed compact metric; no
uniform estimate along the normalized sequence of truncations is used.

Proof of Proposition 9.4. Write ¢ for the bordered map and .Z;, = D%,. Finite-dimensional source and
target variables are included in the norms. Fix finite interior and boundary atlases and a partition of
unity. All constants below are uniform when q — g is sufficiently small in C™“.
The product estimates used in the proof follow from the Leibniz rule and interpolation. For r > r,
and0 < j<r—ry,
[ullrysj < Colyy 7/ a1/, (E.24)

For nonnegative L;, H; and 0; with ), 6; < 1, weighted arithmetic-geometric mean gives

[Teomt <Y om L+ (1-X0) [T (E.25)
i i J#i i i
For positive L; this follows after division by []; L;; the general case follows by replacing each L; by
L; + ¢ and letting ¢ | 0. Applying (E.24) to each differentiated factor, then (E.25), bounds each product
by a sum with only one high norm. The Hélder seminorm satisfies [uv]y < |u|oo[v]q + [v]oo] #]4; the
same estimates therefore hold in the stated Holder norms.

In each chart the interior expression is a finite sum of terms a(q)d?q, b(q)(dq, dq), and terms
with smooth fixed coefficients of lower differential order. The boundary map B, is algebraic in g; the
Bianchi boundary operator is of first order. The scalar boundary map B; = qu — |Aql? is quadratic in
the first jet, with coefficients smooth in g. Its second differential may therefore contain dv; dvs; it is
not an expression with only one derivative in total. After r — 1 boundary differentiations, at most r
derivatives fall on any single metric argument. The other factors are estimated in the fixed low norm.
Since ry > 4, (E.25) applies to all these terms. The target orders in (9.9) are consequently the interior
order r — 2, the Bianchi and scalar boundary order r — 1, and the conformal boundary order r.

The derivatives of an inverse metric are given, for n > 1, by

D" (g lvs, s 0al = (D" Y q 0eyq ' Vemq (E.26)
e,
The case n = 1 is the derivative of g"'q = I. Differentiation of each inverse factor inserts the
next argument in each possible position, proving the formula by induction. The inverse factors are
uniformly bounded in the low neighborhood. The product estimates just proved, applied to this
identity and to the local expressions of ¥, give

ID"Gylv1, ... vl < Crn| D loille T T 0l
i

jEi
+(1+lg = gol) ] T il |- (E.27)

Smooth finite-rank bordering maps satisfy this bound because their coefficients are bounded func-
tionals in the low norm and their images are spanned by fixed smooth vectors.

We next prove the corresponding inverse estimate. The localized complementing-boundary
estimates are those of [1]. For a local coefficient a and a multi-index y with |y| < 2, the commutator is

[DP, aD¥ v = Z <ﬁ> (D¢ a)DP=57y,
0<g<p 4

For a first-order boundary term the same identity holds with |y| < 1. Apply the fixed-order estimate

to tangential difference quotients, and then to tangential derivatives. The normal principal coefficient

of the interior equation is invertible, so the equation determines the two additional normal derivatives.

The commutator terms with an intermediate derivative are estimated by (E.24) and Young’s inequality.

For every & > 0 their total bound has the form

Slolr + Crs(1 +lg = gol Dlvly,.-
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Terms in which all high derivatives fall on a coefficient already have the second form, by (E.25).
Derivatives of the fixed partition of unity have lower order and satisfy the same bound. Choose § so
that its contribution to the localized estimate is at most one half of the left side. Absorption gives

ol < C; (150l + (1 + g = gl lol,) - (E.28)

All coefficient derivatives used here have order at most r in g. In particular the first-jet dependence
of the boundary principal coefficients does not require |q|;+1.
At the low order, continuity in the operator norm permits the choice
12y = Z) 2y, Iecvy) < 3
The factorization
-1 _ o1 ~17-1
Ly =Ly 1+ (L - L)Ly ]
gives |- | YooX, < 2|Zy !|. Boundary regularity applied successively to the linear equation

upgrades this inverse on smooth data to every order. Substitution in (E.28) gives
1.Z; ol < Cr (ol + (1 + g = gol DIl ) - (E.29)

The Banach inverse function theorem gives . on one fixed low-order neighborhood. Smooth
target data give smooth solutions: tangential difference quotients of the nonlinear equation satisfy
the linearized complementing system, with lower-order terms controlled by the preceding product
estimates. The boundary estimates give one additional tangential derivative at each step; the interior
equation then determines the remaining normal derivatives. Induction proves regularity at every
order. Uniqueness in the low-order chart identifies all higher-regularity inverses on their common
domains.

Make the low target neighborhood convex and put ¢; = (o + t(y — yo)) for 0 < t < 1. Then
01qr = Zq_ll(y — o). Writing A = |y — yolr, B = |y — yoly, and F(t) = |q: — &olr, (E.29) gives

F(t) < C, /t[A © B+ BF(s)] ds.
0

The continuous inclusion of the high target space in the low one implies B < C,A. Since B is bounded
in the fixed neighborhood, Gronwall’s inequality yields

F(t) < ClAexp(C,Bt) < C/A (0<t<).

At t = 1 this is (9.11). No smallness of A is used.
For n > 2, differentiate 4 (. (y)) = y. If I1,, is the set of partitions of {1, ..., n}, then

LD"F [yt yul == Y, DG, [DP.7]y; - ieB] : Ben]. (E.30)

mell,
|7r[>2

Each block on the right has cardinality less than n. For n = 1, (E.29) and the zero-order bound prove
(9.10). Assume its bounds through order n — 1. In every term of (E.30), (E.27) places a high norm
on at most one block or on g — go. The induction hypothesis on that block places it on at most one
target argument or on y — yy; all other blocks use the low-order bounds. Apply (E.29) to the sum.
The finite number of partitions is absorbed in C, . The resulting bound is exactly (9.10). This proves
the estimate at every order. g

We specify the bordering and the use of the lemma in the two cases. At an umbilic cap let k be the
smooth Bianchi representative spanning Kg, and choose

W, k) 12(g)

K (l)) = .
IKlZzqq,

Choose a smooth boundary vector e whose class spans the cokernel of DBB;. Such a vector is supplied
by the nonzero shape second derivative in (9.12); the averaging argument there proves that its class is
nonzero in the full cokernel, not only the invariant cokernel. View e as a target vector of .%# with zero
interior and Bianchi components. It spans the cokernel of D.Z: an equation with zero interior and
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Bianchi components has an infinitesimal Einstein solution, and the remaining boundary equation is
precisely the differential of 1B,. The full index is zero and its kernel is Rk. The required bordered map
is

(¢, 2) — (2(9), By, qls. (Bo(@), B1(@) + ze, (g — &) - (E31)

Its derivative is an isomorphism: a vector in its kernel has z = 0 after projection to the cokernel,
is then a multiple of k, and is zero by 7. Its Fredholm index is zero, which proves surjectivity. A
bounded cokernel functional at the low order, normalized to be one on e, defines the target projection.
Its image is the smooth line Re, so for every r its norm is bounded by C, times the low norm. The
same assertion holds for the source projection. Thus both projections satisfy the estimates required
in the proposition.

Set the interior and Bianchi target data in (E.31) equal to zero. The resulting metrics are Ricci-flat:
for V = B, q, the contracted Bianchi identity gives

BV =0, Vz=0.

Near gy, this vector Dirichlet operator is an invertible perturbation of %v;ovgo, so V = 0. The local
boundary-fixing gauge theorem [4, Lemma 2.9] gives a unique nearby representative with f, g = 0.
We use it to identify quotient classes with these representatives. The smooth-scale regularity of
the coordinates below comes from the displayed inverse estimates; it is not an assertion that the
diffeomorphism action defines a smooth slice on unchanged finite Holder spaces. For target boundary
coordinates y in the complementary hyperplane, the bordered inverse has metric component g(y, s)

and border component z(y, s). Hence

By(q(y, s)) = (y,—2(y, s))

in the associated target splitting. Equations (9.11)-(E.30) prove that this is a smooth tame chart.
Equation (9.12) and its averaging argument give z; = 0 and z;; # 0 at the basepoint. The scalar
implicit equation for its critical point and the subsequent square-root coordinate change have nonzero
denominators. Differentiating these scalar equations gives finite sums of products of the already
estimated derivatives and reciprocal powers of those denominators. Their reciprocals are uniformly
bounded in a low neighborhood. The same tame estimates therefore hold for the fold coordinate
changes.

For a sufficiently late normalized cap, the kernel and cokernel are zero; no border variables are
needed. Apply the proposition directly to .#, and set its interior and Bianchi target data to zero. For
smooth prescribed boundary metrics use y = ©(y). At these normalized metrics the boundary metric
is y.» and Ry, = m. The derivative of its scalar curvature in the conformal direction 2 f y. is

DR,,(2fy.) = 2((m— DA, —m)f.
This operator is invertible by (22.4); its eigenvalue on constants is —2m. At an umbilic metric the
corresponding operator is 2(m — 1)(A, — mk?), as in Lemma 9.2. Applying the product, inverse, and
partition formulas to either scalar equation gives a smooth tame inverse, with the grading
I7lre + IRl — |flra-

Finally the map y — ©(y) sends C"*1¢ into the boundary part of (9.9). Thus the actual filling map BB
satisfies, on a fixed low-order neighborhood,

ID"By [y1. ... Yullra < Cran| Y Wilrera [ [ I¥ilrosr
i J#i

+ @+ ly = pler) T T il |- (E.32)

The zero-order estimate is

”B(}/) - B(Y*)”r,a < Cr”}/ - }’*”r+1,a-

Indeed the scalar-curvature formula and the product estimates give |O(y) — O(y:)l, < Crlly — Vilr+1.0
in the target grading; apply (9.11). The one-derivative shift in this displayed filling estimate is retained.
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No inverse on unchanged finite-regularity Dirichlet spaces is asserted. These estimates complete the
smooth-scale compatibility statements in Proposition 9.5 and Lemma 22.3.

APPENDIX F. HIGHER-MODE COEFFICIENT IDENTITIES

Puta = p — 2, b = q — 2. The polynomials IT;(a, b) are defined completely in Appendix G, and
IT/(a, b) :=11Li(b, a). A row (i, j; c) in the table for (H, k, £, D) means
ckHﬁj(a, b)=c.

All omitted (i, j) have coefficient zero. The denominator and the excess-parameter powers are those
in (8.22). In a superscript Vn, the meaning is (IT)".

H=Ak=0,t=0,Dj,=5.

~

Do

128 T2 ITyY ° TIS 1T ° 11,
128 T I} IT3 I ° 11, 11,
256 T13 T1} ¢ IT3 Ty ° 11, I
256 I3 T1Y ¢ IT3 TT; * T, 11,
128 T 11y ¢ IT3 I ° 11, 1T,
128 [T} ITY ¢ IT; 1Ty ° T,
128 TI2 Y5 TIS Iy 7 11
128 TIA 11y ° IT; Iy 7 1Ty
256 TI 1} ° I3 T1y 7 T4
256 T2 11y I 1T, 7 I,
128 T2 11y ° I1; [Ty 7 113,
128 11 I1}° IT; IT; * 11},
128 1, ITY TIS Iy © 113,
128 T1, Iy IT; 1Ty © 1Y,
128 1, ITY 4 T3 0y © 1,6
128 TI ITY* TT3 Iy © 11,
128 TR ITY 4 T3 I 7 T4
128 T4 Iy * IT3 IT; 7 1T},
128 T1Y * IS Ty ° Iy,
128 I1Y3 113 1, ° 1T,
12811, I1}* IT; IT;  IT;,
128 TI2 1Y ® TT3 1T © 11,4
128 T Y3 TT3 Iy ¢ 113,
128 T4 11} IT3 IT; 7 T,
128 T, ITY * TTS 1Ty * T,
12811, ITY3 I3 Ty * 113,
128 T1, T1Y 2 TT3 Ty ® Mg
128 TIZ Y 2 T4 11y ° 113,
128 T2 ITY 2 TT3 1Ty © 11,
128 IT} I1Y 2 IT3 ITy © ITy,
128 TI ITY * TIS 1T ° 115,
128 T2 ITY3 I3 I * 1154
128 I3 T1Y 2 IT IT * Tsy
128 TI2 ITY 1T ITY 5 5
128 T2 ITy 113 1Ty 5 T,
128 14 Ty TT3 1Ty 6 T,
128 TI3 TTY * TIS 1T ® T4
128 T ITY3 TIS 1Ty 2 11,
128 T2 Iy 2 I3 1Ty * T,
128 I3 ITY IT; 10y # T
128 T IT; 1Ty ° I,
128115 IT; T3 ° 15
128 IT3 I1Y 4 TTJ T1y ® Ty
128 TI4 ITY 3 TIS 1T ® s
128 1§ ITY 2 TIS 1Ty ° TT,
128 ITH ITY IT3 10y # T,
128 TI4 ITY 115 [T * Tyg

B O N = O U RO OU R WN R OU R WN R O U R WN R O U R WN = OU R WN = O U W= O |~

P 000000 NI I NNOOONOUTUTUT UGl R R R R R R W W WW W WNDNDNDNDNDN R R
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A
C0,0,i,j

O O O O O O

10
10
10
10
10
11
11
11
11
11
11

G W N = O U W RO U R WDN RO U~

128 T1$ Ty T1; 1Ty ° Tl
128115 I} * TI5 1T, T1,
128 IT; I1Y° T1;, 1Ty * 1T,
128 115 Iy 2 TIS 1Ty 3 1T,
128 IT; T1y 2 T1§ 1T, I,
128 T Ty 2 TIS Ty * 115,
128 T15 ITy 2 TIS 1Ty 5 Ilss
128 1§ 1y * T15 IT * T,
128 TI¢ ITY® 1 IT * I,
256 1§ ITY * 1] IT; * Tsg
256 IT§ ITY * IT] ITy * Tse
128 TI¢ ITY® 1 IT * T,
128 TI8 ITY 3 1} 1Ty 5 T,
128 T17 T} * TI3 1T} ° I,
640 IT] T1} * T8 11 ° T,
1280 I17 IT}* TIS 1Ty ° T,
1280 IT] ITy* 15 1Ty ° T,
640 IT] T1}* I8 I1;° T,
128 TT7 ITY * TI8 1T 5 T,

A
Co1,i,j

NI NNy aUdl R R R R R WWWWWNNNDNDN R == =R O OO oo

N R OB WD~ O R WON PO R WNRFR, OB WNR OB WNRFRE OB WD~ O R WN R O |~

3218 11 ¢ IT, IT,
128 TI® [Ty ° IT3 I ®
192 T2 Iy ¢ T3 1T ®
128 I3 I1} ¢ IT; IT; ®
32T Iy e TI3 Iy 8

64 TI2 1Ty 5 TI3 1Ty  IT,
64 TT2 T1Y 5 T13 Ty * IT,
192 TI2 ITY 5 T3 IT © ITY;
64 TI2 ITY° TI3 ITy © IT,
64 T3 T1Y° TT3 Ty © ITy,
3211, ITY * T13 I 5 T,
3211, Iy T13 Iy 5 1T,
3210, T4 TI2 10y ° Ty
32 T4 T2 10y ° 11,
3211 Iy T2 Iy ¢ 113,
3200} I, 1T, * I,
3200} I 1Ty 4 I3,
3211, ITY 3 T2 Iy T,
32 G 13 T2 1Ty ° 1Ty,
32 [0 I3 T2 10y ° 1T,
3211 ITY 4 T15 I ® Tyg
3211, ITY3 T3 1T 3 T
3210, ITY 2 T3 10y # Ty,
32T Iy 2 T2 1Ty 113,
3211 Iy 2 T2 1Ty 5 113,
32 T2 T1Y # TT3 1y % Tgs
32112 ITY 3 15 I ® Tgy
32T T} 2 T13 1T ® Tlgs
32 T2 T} TT3 ITy * e
32T 10y TI2 ITy * T,
32T 1T} * T3 1T 2 Tgg
32 113 T1Y 3 TT3 1y % gy
32113 I 2 T13 1T ® T,
3210 Iy T3 1Ty ° T,
32 1T 11} IT3 11, * I,
32114 ITY # TIS 1Ty T,
64117 ITY* T3 Ty 2 1Ty,
3201 I} * IT, I1, * I,
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A
Co,1,i,j

O O O O O 0 0 0 0 0 I

BN R O N O W

64 T14 ITY 2 I13 I1; 3 Toe
32 T4 1Y 2 113 10y # T,
64 T TTY * TIS Ty ° Ty,
64 1L ITy3 IT; 11y 3 Tge
192113 T1Y? IT3 1Ty ® 0
64 T ITY° T Iy ® 1,
641D ITy° IT; Iy * I,
32 IS TTY * TIS I # 05
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AprPENDIX G. HIGHER-MODE DIMENSION POLYNOMIALS

Puta = p—2and b = g — 2. For a finite list write
n
[co...,cnlp = Z cjb’.
Jj=0

Each row below specifies the entire polynomial as a sum of terms a“b"[cy, ..., ¢,]p. Factors with
exponent zero are omitted. Every coeflicient is an exact nonnegative integer. Every polynomial has a
positive coefficient. A polynomial may vanish on the boundary a = 0 or b = 0; the strict inequalities
required in the scalar form follow from (8.26)—(8.27).

H,-(a, b)
[1> l]b

[576,783,391,82,6], + a'[560, 685,297, 48, 2], + a®[184, 203,75, 8], + a°[20, 19, 5],

[4856,6576,3249, 671, 48], + a'[7870,10000,4545,818,46], + a?[4616,5414,2190,313,10], + a*[1170, 1244, 427,

40], + a*[108, 100, 25],

[8080, 18528, 16391, 7006, 1449, 116], + a'[10892, 23862, 19923, 7916, 1491, 105], + a*[5315, 10968, 8445, 3000, 479,

25], + a3[1078, 2027, 1358, 386, 40], + a*[75,121, 62, 10],

11 [6624,16516,15627,7030,1509,124], + a'[8880,21218,18960,7907,1536,110], + a?[4271,9647,7955,2953,481,
25, + a3[848,1760,1272,379,40], + a*[57, 103, 58, 10],

12 [5344,7116,3366,652,42], + a'[9216,11528,5010,854,44], + a®[5594,6411,2445,332,10], + a®[1434, 1464, 458,
40], + a*[132,115,25],

13 [424,348,86,6], + a'[418,285,53,2], + a®[134,71, 8], + a*[14,5],

14 [8534,20233, 18844, 8907, 2253, 290, 15], + a'[16774,37718,32440, 13744, 2972,303,11], + a*[13474, 28762, 22786,
8592, 1548, 114, 2], + a®[5288, 10617, 7612, 2484, 350, 15], + a*[988, 1833, 1145, 301, 27], + a°[70, 117,59, 10],

15 [80212,177268,156435,70595,17112,2113,105], +  a'[216856, 459672, 383328, 160471, 35067,3740,152],  +
a?[238982, 484587, 379436, 145594, 27948, 2418, 69], + a*[136908, 264190, 192326, 66552, 10852, 694, 10];, + a*[42676,
77558, 51478, 15539, 2006, 75];, + a°[6812, 11458, 6682, 1631, 135], + a®[434, 659,315, 50],

16 [288016,990848, 1418050, 1095114, 492378, 128584, 18008, 1042], + a'[603864, 2011804, 2776997, 2057750, 881158,
216737,28121,1473], + a?[508958, 1626424, 2139467, 1498179, 598772, 134690, 15430, 670], + a°[219843, 665296,
820275, 531363, 192572, 37883, 3514, 100], + a*[51001, 143313, 161065, 92865, 28872, 4524, 270], + a°[6013, 15234,
14863,7042, 1636, 150];, + a°®[285, 629, 496, 166, 20],,

17 [495328, 1582464, 2117220, 1537576, 653938, 162606, 21846, 1222];, + a'[998240, 3085000, 3974804, 2763534, 1116211,
260611,32349,1635], + a?[809316,2397928, 2942643, 1931263, 726696, 154816, 16938,710], + a®[335676, 941468,
1082991, 657307, 223929, 41589, 3666, 100], + a*[74511, 193857, 203461, 110107, 32218, 4766, 270], + a°[8354, 19512,
17762,7914,1734,150], + a®[375, 755, 552, 174, 20],

18 [102296, 253676, 256032, 134546, 38776, 5802,352], + a'[148984,349100, 329416, 159525, 41493,5431,275], +
a?[82550, 179885, 155316, 67145, 14943, 1539, 50], + a>[21492, 42453, 32419, 11917, 2084, 135], + a*[2598, 4415, 2746,
746,75, + a®[120, 163,71, 10],

19 [16360, 23092, 12302,3059,348,15], + a'[29312,38236,18436,4013,368,11], + a®[20656,24520,10434,1914, 129,
2], + a®[7140, 7538, 2707, 387, 15], + a*[1208, 1095, 303, 27], + a°[80, 59, 10],
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20

21

22
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24

25

26

27

28

29

30

31

[79444, 188894, 186269, 98606, 30127, 5282, 488, 18], + a'[225298, 512378, 476531, 234148, 64941, 10000, 769, 21], +
a?[277740, 603053, 526074, 237733, 58924, 7748, 470, 8], + a®[191370, 395391, 320770, 131437, 28380, 3028, 131, 1], +
a*[78768, 154040, 114831, 41858, 7591, 598, 14], + a°[ 18978, 34706, 23216, 7263, 1035, 48], + a®[2408, 4009, 2274, 553,
50], + a’[122,177,75,10],

[667496, 2124460, 2824174, 2053559, 893129, 237211, 37377,3166,108], + a'[2509776,7763950, 9953159, 6918145,
2845324, 704361,101351,7602,216], + a®[4077030, 12233221, 15065789, 9948925, 3833253, 871349, 111708, 7114,
153], + a°[3732182,10838630, 12771884, 7960624, 2843623, 583182, 64505,3290,46], + a*[2096624, 5875976,
6591057, 3845602, 1256992, 227171,20623,758,5], + a°[735016, 1978464, 2095612, 1130225, 331558, 50971, 3468,
70], + a°®[155490, 398533, 392803, 191205, 48494, 5921, 240];, + a’[17930, 43096, 38413, 16004, 3185, 250];, + a®[856,
1886, 1445, 455,50],

[2348640, 6961904, 8711740, 6008516, 2492030, 633452, 95698, 7768,252],  +  a'[8558256, 24610680, 29648256,
19512227, 7636057, 1803670, 247763, 17709, 474], + a®[13445388, 37448432, 43303560, 27064948, 9918541, 2149521,
262570,15900,322], +  a®[11864372,31930543, 35305141, 20832569, 7084150, 1386517, 146089, 7079,94],  +
a*[6407730, 16601978, 17452113, 9641088, 3004088, 519497, 45008, 1572,10],  +  a°[2158436,5351645, 5299019,
2703216, 756351, 111601, 7272, 140], + a®[440156, 1034195, 949158, 435846, 105249, 12354, 480];, + a’[49344, 108164,
89388, 35020, 6610, 500];, + a®[2318,4635,3281, 970, 100],

[2079712, 7244864, 10878900, 9177236, 4744066, 1533750, 301656, 32862, 1514], + a'[4732544, 15896432, 22948156,
18530863, 9111526, 2775336, 506895, 50163, 2033], + a?[4440956, 14236668, 19525222, 14881850, 6839057, 1916599,
313536, 26456,830], + a°[2223980,6721045, 8631478, 6104237, 2567205, 643278, 89981, 5850,100], + a*[638326,
1787530,2104017, 1344271, 500131, 107041, 11906, 500], + a°[104088, 263269, 274062, 150315, 45780, 7328, 480], +
a°[8826,19468, 17025, 7405, 1608, 140], + a’[288,516, 338, 96, 10],,

[897616, 1915360, 1692168, 799264, 216427, 33249, 2655,81], +  a'[2525904, 5162244, 4322378, 1907960, 472537,
64082,4294,99], + a?[2993764,5828656,4592045, 1876411, 418966, 48706, 2585,39], + a3[1932562,3556851,
2608129, 972406, 191642, 18237,692,5], + a*[731640,1258670, 844247, 280258, 47033,3352,70], + a°[161894,
255991, 152508, 43002, 5709, 240], + a®[19322, 27381, 13728, 2945, 250], + a’[958, 1173, 445, 50],

[74664, 114388, 70278, 22019, 3635, 299, 9], + a'[160840, 228694, 128527, 35952, 5002, 317, 6], + a?[142054, 184983,
93489, 22878, 2569, 114, 1], +a®[65632, 76707, 33856, 6988, 580, 14], +a*[16674, 16945, 6181, 997, 48], +a°[2202, 1848,
493,501, + a®[118,75,10],

[283176, 691496, 711974, 399912, 131931, 25466, 2651,114], + a'[693636, 1604286, 1551456, 810358, 245185, 42540,
3860,137], + a?[722910,1574071, 1415776, 677987, 184256, 27814, 2082,54], + a>[415066,845262,698399,300741,
71130, 8835,492,7], + a*[141278,267194,199857,75540, 14864,1368,43], + a°[28050,48614,32108, 10266, 1571,
85], + a®[2896, 4425, 2395, 575,55], + a’[116, 144,51, 5],

[2629456, 8344000, 11302680, 8545112, 3941613, 1133759, 197981, 19105, 774], + a'[8447024,25935796,33795578,
24432090, 10702951, 2898213, 470812,41555,1497],  +  a?[11707332,34626412, 43114739, 29531634, 12133661,
3040269, 448299,34893,1049], +  a’[9138486, 25922089, 30626916, 19672882, 7469420, 1693629, 218849, 14188,
317], + a*[4379396, 11857008, 13189605, 7851951, 2705843, 538785, 57701, 2800,35], + a°[1309824, 3362578,
3485173, 1893542, 578672, 97031, 7793, 215], + a®[235676, 566872, 537211, 259145, 67528, 8895,425], + a’[22866,
50281, 41727, 16628, 3295, 275], + a®[900, 1732, 1143, 300, 25],

[4765088, 19314960, 34049832, 34274498, 21683082, 8913152, 2368214, 389112, 35504, 1358], +  a'[16260400,
64220688, 109946418, 107121480, 65350491, 25780612, 6526891, 1009833, 85012,2903], + a?[23432936,89695818,
148088324, 138422786, 80544533, 30081404, 7129707, 1012685, 75312, 2103], + a®[18691226, 68976988, 109028347,
96832341, 53073768, 18467743, 4011841, 506650, 31218, 590], +a*[9037996, 31978360, 48004835, 40055489, 20365410,
6469403, 1253741, 135282, 6330,50], + a°[2710166,9133251, 12890317, 9953047, 4589855, 1287932, 212200, 18170,
550], + a°[490710, 1561707, 2044353, 1429099, 576377, 134048, 16632, 850], + a’[48816,145073,172964, 106207,
35506, 6140, 430], + a®[2022, 5507, 5790, 2947, 728, 70],,

[4384416, 13759248, 18492792, 13926056, 6423853, 1853910, 325490, 31594, 1281], +  a'[14885968, 45237184,
58501888, 42113379, 18434392, 5003165, 816602, 72618,2632],  +  a*[21592968, 63286236, 78285253, 53422241,
21929119, 5500766, 813220, 63770, 1941], + a>[17458804, 49126145, 57747618, 37014164, 14059390, 3191791, 412396,
26872,612], + a*[8582016,23045767,25526235,15190868, 5252346, 1050336, 112364, 5460,70], + a*[2614100,
6639737, 6841008, 3714083, 1141384, 193312, 15558,430], + a°[478702, 1133608, 1062223, 509133, 132948, 17750,
850], + a’[47804, 103044, 84062, 32966, 6470, 550], + a®[1982, 3747, 2441, 630, 50],

[2006800, 6476224, 8966572, 6945016, 3282798, 966198, 172130, 16886, 696], +  a'[4809408, 14913492, 19730530,
14501410, 6442372, 1757106, 283780, 24360, 830], + a?[4887120, 14445620, 18080840, 12455088, 5118354, 1264685,
178296,12390,285], + a*[2731174,7628717,8931520, 5685136,2123215, 464234, 54972, 2805,25], + a*[902922,
2356447, 2538658, 1459836, 480729, 89302, 8365,275], + a°[175398,421249,407182,202977,55013,7662,425], +
a°[18426,40061,33723, 13789, 2750, 215], + a’[792, 1518, 1057,318,35],

[355088, 785984, 745268, 392020, 122816, 22748, 2300,96], + a'[910928,1917460, 1715862, 842982, 242677, 40319,
3563,125], + a2[982200, 1949356, 1628978, 737579, 191261, 27480, 1992, 52], + a*[575598, 1064861, 819151, 335986,
76550,9031,482,7], + a*[197334,334663,231695,83744,16136,1425,43], + a°[39420,59728, 35749, 10787, 1631,
85], + a®[4232, 5498, 2622, 575,55], + a’[188,196,61, 5],
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[504784, 1128696, 1045104, 518382, 148408, 24192,1976,58], +  a'[1277288, 2703932, 2346342, 1077072, 281418,
41072, 2840, 60], + a2[1372684, 2737932, 2209102, 926173, 216298, 27434, 1508, 17], + a>[810544, 1514029, 1124788,
423418, 85864, 9080, 366, 1], + a*[283222, 491225, 331363, 109165, 18275, 1476, 36], + a°[58366, 92820, 55648, 15380,
1918,90], + a°[6542, 9357, 4811, 1033, 75], + a’[306, 381, 156, 21],

[2629936, 7586792, 9339268, 6393340, 2651604, 676928, 102180, 8068, 244],  +  a'[7150408, 19808940, 23232540,
15014381, 5815829, 1367575, 185787, 12510, 282], + a?[8191832,21700730, 24081012, 14533864, 5174010, 1095409,
129504,6914,85], + a®[5125622, 12929256, 13480272, 7510708, 2412258, 447303, 44302, 1734,5], + a*[1887802,
4510068, 4378738, 2217370, 624715, 96556, 7399, 180], + a°[407906,915914, 817555, 367668, 86657, 10010, 450], +
a®[47666, 99442, 80035, 30836, 5610, 375], + a’[2308, 4386, 3066, 935, 105],,

[5187872, 16154368, 21332688, 15582770, 6860488, 1849886, 294150, 24612, 806], +a*[ 17754496, 53534992, 68005458,
47448043,19790276, 5000279, 731401, 54174, 1449],  +  a?[26116976, 75979174, 92299627, 60981344, 23810061,
5547099, 729170, 45630, 865], + a°[21585046, 60379117, 69731622, 43219481, 15579322, 3282842, 377452, 18846,
190], + a*[10954799,29356690, 32018609, 18405904, 6012794, 1114273, 107749, 3976, 10], + a°[3488934, 8916498,
9107877, 4782043, 1376241, 213151, 15916,360], + a®[678782, 1644269, 1555413,729872, 176758, 20560, 900], +
a’[73420, 167075, 143982, 58445, 11030, 750], + a8[3355, 7061, 5374, 1760, 210],

[5011936, 19516896, 32738032, 31033380, 18287202, 6921826, 1672540, 246384, 19794, 650], +a'[ 18132032, 68824560,
112005412, 102480716, 57941008, 20880021, 4749860, 646692, 46428, 1279], + a*[28081680, 103531932, 162625268,
142610576, 76642163, 25976171, 5471341, 671008, 40906, 823], + a°[24382892, 87044560, 131321152, 109572985,
55409083, 17422182, 3335417, 358257, 17406,190],  +  a*[12983428, 44743704, 64497821, 50780669, 23858434,
6833370, 1159357, 105255, 3784, 10], + a°[4332552, 14364582, 19663955, 14454156, 6196794, 1568928, 224695, 15954,
360], + a°[881608,2800510,3613635, 2446104, 932263, 198032, 21400,900], + a’[99476,301086,362731,222188,
72669, 11920, 750],, + a®[4716, 13458, 14862, 7956, 2070, 210],,

[2423056, 7730840, 10454156, 7813338, 3518396, 972182, 159696, 14108,508], +  a'[7990504, 24670124, 32078282,
22884774, 9743307, 2510142, 375821, 29070, 852], + a2[11506864, 34236460, 42550695, 28745092, 11451620, 2711851,
361634,23297,479], +  a°[9440720, 26961247, 31823876, 20172455, 7428833, 1591320, 184505, 9348,100],  +
a*[4811117, 13131357, 14606644, 8581458, 2869450, 542444, 52844,1961,5],  +  a°[1552790, 4030667, 4184059,
2238330, 659383, 104681, 7906, 180], + a°[308470,757388,725107, 344687, 85033, 10145, 450], + a’[34270,79084,
68863, 28187, 5385, 375],, + a®[1609, 3445, 2654, 875, 105],

[458480, 1376056, 1765784, 1262150, 547674, 147030, 23706, 2084,76], +  a'[1154360, 3320380, 4049638, 2722540,
1095194, 266702, 37646, 2720,72], + a?[1279700,3513972, 4052148, 2545536, 941387, 205395, 24767, 1370,19], +
a*[800264, 2086117, 2255811, 1309589, 439086, 84352, 8474,336,1], + a*[301252,740024, 740959, 389702, 114998,
18624, 1459,36], + a’[67676, 155452, 141820, 65512, 16044, 1948,90], + a°[8352,17840, 14617, 5730, 1070,75], +
a’[428, 839,599,185, 21],

[249232, 519008, 434488, 187720, 44830,5822,350,6],  +  a'[534800, 1048640, 813432, 317953, 66499, 7253, 325,
2], + a2[475856, 875900, 625909, 218612, 39046, 3449, 108], + a®[223916,385003, 251203, 76892, 11191, 732, 13], +
a*[58518, 93231, 54760, 14235, 1539, 57],, + a°[8012, 11667, 6015, 1252, 80], + a[446, 579, 248, 35],

[1420144, 3060424, 2678584, 1222528, 310666, 42982, 2778,54], + a'[4012760, 8263268, 6820180, 2883819, 663831,
80785,4245,48], + a?[4809356,9434158,7298039, 2825622, 577319, 60093, 2435,10], + a*[3165358, 5893836,
4243016, 1482063, 260794, 22170,637], + a*[1232947,2168874, 1439815, 444527, 64077,4033,65], + a°[283337,
467614, 282494, 74759, 8041, 285], + a®[35413, 54212, 29142, 6255, 400], + a’[1845, 2566, 1170, 175],,

[3055584, 8522160, 9996684, 6404318, 2430186, 551900, 71442, 4550,96],  +  a'[9235248, 24848160, 27858526,
16863163, 5957472, 1234579, 141138,7318,92], + a?[11802084,30570862, 32619562, 18514459, 6013898, 1116107,
109816,4394,20], + a*[8258150,20550701, 20774030, 10957102, 3217800, 519567, 42198, 1208], + a*[3409546,
8130843, 7745610, 3754490, 973280, 129921, 7932,130], +  a°[827758, 1884665, 1680246, 737769, 163026, 16314,
570], + a®[108826, 235023, 193866, 75379, 13400, 800], + a’[5924, 11970, 8904, 2900, 350],

[3172768, 9420256, 11714716, 7934342, 3177202, 760638, 103982, 7088,168], + a'[11789984, 33982152, 40699346,
26303265, 9934319, 2207045, 272495, 15758,260],  +  a2[18965548, 52976994, 60889716, 37325124, 13176419,
2682431, 294002, 13908,128],  +  a’[17238438, 46586893, 51184176, 29543465, 9630357, 1763578, 167373, 6186,
20], + a*[9669630, 25237786, 26391602, 14216746, 4207299, 672507, 52816, 1402], + a°[3420285, 8604454, 8523283,
4239373,1112370,147327,8678,130], + a®[742529,1795683,1675118,759118,170782,17006,570], + a’[89965,
208135, 181149, 73295, 13390, 800], + a®[4613, 10099, 8026, 2760, 350],

[1612432, 5945520, 9377488, 8286236, 4502584, 1549924, 334420, 42856, 2868, 72], + a'[6280704, 22620920, 34652644,
29544063, 15363678, 5006078, 1005756, 116651, 6650, 120], + a2[10603296, 37237452, 55235521, 45230265, 22366565,
6839511, 1264726, 130446, 6076,62], + a[10125820, 34614847, 49555386, 38764700, 18080347, 5128450, 859046,
77125, 2813, 10], + a*[5971646, 19838174, 27314325, 20279352, 8823064, 2279969, 336389, 25237, 668 ], + a°[2222412,
7164608, 9454746, 6614706, 2646897, 606390, 74816, 4272,65], +  a®[508092, 1587418, 2001146, 1309358, 473799,
92483,8619,285], + a’[64832, 195825, 234722, 142255, 45546, 7140, 400], + a®[3486, 10100, 11354, 6209, 1660, 175],
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[324336, 952168, 1180000, 802938, 325950, 80030, 11434, 848, 24], + a'[1152408, 3279756, 3907754, 2531110, 964952,
217962, 27642,1688,32];, + a*[1820460, 5012120, 5722736, 3513072, 1251241, 258414, 28837, 1410, 14], + a*[1651844,
4387963, 4777543, 2758452, 908048, 169046, 16305, 617, 2], + a*[935884, 2392639, 2469613, 1326681, 396465, 64676,
5174, 140], + a°[337880, 829816, 807135, 398023, 105098, 14248, 859, 13];, + a®[75680, 178368, 162608, 72500, 16283,
1656,57];, + a’[9556,21577, 18318, 7249, 1312, 80], + a®[512, 1097, 849, 283, 35],

[34488,50616, 26414, 6040, 638, 24], + a'[61972,83930,38974,7372,594,14], + a?[44330,55115,22503,3368, 187,
2], + a®[15708, 17769, 6257, 683, 20], + a*[2738, 2769, 808,52], + a°[186,162,35],

[416368, 824040, 642816, 249480, 50392, 5072, 192], + a'[1042136, 1976032, 1454082, 518854, 92638, 7898,232], +
a*[1069680, 1936382, 1335473, 431828, 65765, 4440, 86], + a3[576556,992986,637827,184011,22773,1091,10], +
a*[171748, 280028, 166089, 41848, 3869, 100];, + a°[26678, 40805, 21990, 4649, 260], + a®[1674, 2357,1110,175],
[951584, 3080848, 4202900, 3135542, 1381027, 358265, 50445,2949],  +  a'[1940560, 6060904, 7958786, 5703984,
2407798, 596374, 79576, 4338, +a?[ 1571268, 4673478, 5814373, 3928819, 1555291, 358523, 43888, 2120];, +a>[640010,
1778394, 2043416, 1259492, 448310, 91096, 9476,350], + a*[137188,346476,352786, 186344, 54136, 8246,520], +
a’[14730, 32870, 28344, 11898, 2454, 200];, + a®[600, 1118, 738, 204, 20],

[1051680, 2767264, 3019388, 1762484, 590870, 113104, 11394,456],  +  a'[3655520, 9349680, 9832412, 5470501,
1721712,303179,27406,938], +  a®[5334612, 13237924, 13362534, 7030358, 2046726, 322766, 25056, 670],  +
a®[4249124, 10219151, 9869688, 4874788, 1291834, 176155,11014,196], + a*[1995782, 4648184, 4283926, 1972852,
467404,52414,2366,20], + a°[551292,1241491,1088178,463551,95950,8114,200], + a°[82394, 178654, 147850,
57442, 9994, 520], + a’[5076, 10472, 8012, 2720, 350],,

[569200, 1563328, 1776956, 1080508, 377874, 75588, 7970,336], + a'[1825952,4865972, 5312850, 3065060, 1000535,
182714, 17085, 604];, + a?[2504704, 6473804, 6770276, 3680858, 1106622, 179917, 14303, 386], + a>[1906370, 4780363,
4779050, 2433537, 663942, 92967, 5915,104], + a*[867716,2111996, 2015450, 955609, 232569, 26679,1219,10], +
a°[235012, 555112, 504656, 221337, 47028, 4051, 100], + a®[34756,79444, 68418, 27421,4911,260], + a’[2130, 4661,
3728,1310,175],

[60856, 175200, 207792, 131498, 47814, 9942,1090,48], + a'[147956,411242, 464026, 274493,91171, 16753, 1547,
52], + a®[154908,416393, 446354, 245228,73296, 11531, 844, 18], + a>[88546, 230586, 234569, 118851, 31350, 4017,
211, 2], + a*[28844,72907,70361,32660,7419,705,20], + a°[4998,12258,11195,4718,895,52], + a®[348,818, 691,
252,35],

[2524, 3730, 2039, 486, 42];, + a'[2298, 3056, 1478, 303, 21], + a?[462,477,163,19], + a*[28,19,3],

[31544, 70516, 61058, 25672, 5231, 409], + a'[42824, 91870, 75639, 29962, 5676, 401], + a®[19618, 39336, 29808, 10698,
1793,105], + a®[3338, 5783, 3564, 948, 95];, + a*[196, 273,116, 15],

[148832, 453296, 556648, 353726, 122752, 21992, 1574], + a'[275024, 817328, 975966, 600832, 201082, 34485, 2325];, +
a®[194088, 557230, 639240, 375917, 119388, 19219, 1184], + a®[63790, 173324, 185876, 100818, 29072, 4142,210], +
a*[9494, 23403, 21946, 9867, 2162, 190], + a°[532, 1145, 869, 274,30],

[168928, 486288, 571976, 352178, 119540, 21096, 1494],  +  a'[314800, 880496, 1004786, 599264, 196492, 33291,
2229], + a?[225544, 605978, 661848, 376493, 117214, 18679, 1146], + a>[76186, 192356, 195400, 102304, 28964, 4108,
210], + a*[11842, 26865, 23638, 10177, 2178,190], + a®[700, 1371, 963, 286, 30],,

[46616, 88428, 64622, 22444, 3626, 224], + a'[103496, 188886, 130551, 41650, 5813, 292], + a?[91322, 160468, 104579,
30237,3425,119], + a®[39908, 67556, 41449, 10761, 907, 15], + a*[8540, 13869, 7955,1827,95], + a°[698, 1067, 554,
105],

[5036,9794,7323,2614,437,28], + a'[7866,14532,10018,3154,421,19], + a?[4814,8533,5450,1503,145,3], +
a®[1320,2247,1328, 320, 19], + a*[128, 204,107, 21],

[78,52,8], + a'[81,50,7], + a*[9, 3]s

[1012, 1406, 568, 54], + a'[1494, 2063, 804, 63], + a®[650, 870, 315, 15], + a>[84,107,35],

[1244, 1612, 641, 63], + a'[1688, 2166, 833, 66], + a*[700, 870,315, 15], + a>[88, 104, 35],

[1476,1818,714,72], + a'[1882, 2269, 862, 69], + a®[750, 870, 315, 15], + a[92,101,35],

[1708,2024,787, 81], + a'[2076,2372,891,72], + a*[800, 870, 315, 15], + a3[96, 98,35],

[194, 223, 86,9], + a'[130, 136,49, 3], + a®[20,19,7],

bl

[1],
[151,171,63,7], + a'[110,115,38,3], + a?[19,18,5],
[1084, 1225, 448, 49], + a'[1421, 1536, 529,49], + a?[596, 607,191, 12], + a®[79, 74, 20],
[480, 541,196, 21], + a'[679, 734, 251, 23], + a?[300, 305, 95, 6], + a*[41,38,10],
[836,939,336,35], + a'[1295, 1400, 475, 43], + a?[604, 613,189, 12], + a*[85, 78, 20],
[178,199,70,7], + a'[130, 134, 42, 3], + a?[22,20,5],
[6274, 13569, 11041, 4246, 769, 53], + a'[10356,21363, 16100, 5526, 837, 44], + a?[6634, 13060, 9054, 2710,313,9], +
a®[1872, 3495, 2198, 556,41], + a*[184,317,171,32],
[47616, 96556, 74722, 27516, 4788, 318], + a'[112244, 219170, 160606, 54707, 8463, 476 ], + a*[ 104164, 195642, 134907,
41789, 5466, 230], + a®[47380, 85364, 54942, 15157, 1547,36], + a*[10444,17902,10573, 2499, 164], + a°[872, 1390,
718,128],
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70

71

72

73

74

75

76

77

78

79

80

81

82

83

84

85

[131952, 404088, 501682, 323580, 114186, 20800, 1512];, + a'[253040, 753708, 908023, 566511, 192380, 33407, 2271], +
a?[186470, 534272, 615856, 365176, 116680, 18718,1128], + a’[65523, 177561, 191322, 104468, 30059, 4161, 192], +
a*[10874, 27087, 26057, 12157, 2763, 246], + a°[689, 1526, 1227, 426, 54],

[78592, 143848, 101264, 33886, 5324,318], + a'[179352,317792, 213734, 66798,9404,476], + a?[159232,271936,
173346,49751,6001,230], + a®[68676,112308,67065,17236,1645,36], + a*[14324,22180,12151,2665,164], +
a’[1144, 1640, 786, 128],,

[8388, 10628, 4723, 844, 53], + a'[12944, 15434, 6257, 943,44], + a?[7344,8143,2937,344,9], + a*[1804, 1822, 557,
41], + a*[160, 141, 32],

[75360, 162586, 141071, 62727, 14967, 1801, 84],, + a'[188622, 390331, 319931, 131767, 28278, 2919, 106], + a*[199810,
395690, 304258, 114577, 21576, 1817, 44],, + a®[ 114048, 215330, 153656, 51811, 8202, 515, 6], + a*[36792, 65910, 43001,
12574,1539,56], + a®[6250, 10515, 6115, 1468, 114], + a°[414, 630, 300, 48],

[499712, 1495304, 1824226, 1177587, 433523, 90529, 9835, 420], + a'[1691064, 4930700, 5814630, 3593086, 1250143,
242258,23745,866], + a®[2426482, 6879053, 7808177, 4585159, 1489750, 262574, 22413, 644];, + a®[1914730, 5266726,
5728161, 3170202, 947816, 147886, 10441, 206], + a*[895216, 2383280, 2470699, 1275579, 343979, 45533, 2418, 24], +
a°[246568, 632990, 620913, 294768, 69553, 7220, 224], + a®[36614,89963, 82360, 35015, 6820, 456], + a’[2206, 5088,
4190, 1476, 192],

[1292352, 3615296, 4163608, 2554688, 898196, 179632, 18680,756], +  a'[4208128,11450000, 12718792, 7450398,
2467334,456064,42578,1458], +  a?[5809816, 15355272, 16400824, 9118852, 2815349, 472331, 38330, 1032], +
a®[4400128, 11276406, 11537556, 6045688, 1717146, 254858, 17096,318];, + a*[1968108, 4877494, 4756039, 2326427,
596591,75201,3792,36], + a®[517300, 1234096, 1137592, 511850, 115000, 11406, 336], + a®[73372, 167046, 143367,
57685, 10680, 684];, + a’[4268, 9102, 7018, 2340, 288],

[379520, 801416, 671706, 285033, 64108, 7147, 294], + a'[982840,1997948, 1586336, 624461, 126487, 12158,392], +
a?[1044874, 2038447, 1523120, 549066, 97574, 7677, 170], + a>[581816, 1084103, 755085, 244679, 36615, 2142, 24];, +
a*[178112,314479, 201056, 56793, 6628, 224], + a°[28208, 46525, 26513, 6124, 456], + a®[1782, 2666, 1260, 192],
[82336, 161772, 126636, 50215, 10554, 1101, 42];, + a'[157588, 296012, 217271, 78511, 14388, 1220, 32];, + a*[118800,
212046, 144393, 46647, 7165, 451, 6], + a>[43876, 73694, 45746, 12785, 1525, 56];, + a*[ 7880, 12244, 6700, 1510, 114], +
a’[544, 756,336, 48],

[270864, 594016, 536860, 255590, 67530, 9290,490], + a'[598808, 1247920, 1063068, 472350, 115208, 14410, 652], +
a?[541496, 1063138, 842448, 342044, 74421,8012,273], + a°[255666, 467684, 338940, 122280, 22589,1916,37], +
a*[66198, 111023, 71702, 21959, 3132, 166];, + a°[8864, 13287, 7304, 1733, 148];, + a®[476, 610, 258, 36],

[2034944, 5943104, 7324744, 4939116, 1964672, 458724, 57488, 2888, + a'[6022976,17073024, 20319784, 13158528,
4996184, 1105276, 129640, 5900];, + a?[7436760, 20345324, 23193186, 14258107, 5085130, 1042599, 110882, 4296];, +
a®[4968976, 13041072, 14112362, 8126094, 2667846, 491778, 45208, 1328], + a*[1938470, 4845631, 4923328, 2609898,
766784,121143, 8834, 148], + a°[440276,1038106, 975234, 464002, 116514, 14368, 664], + a°[53630, 117531, 99594,
40691, 7970, 592],, + a’[2680, 5324, 3880, 1232, 144],

[1384928, 4461504, 5924880, 4217044, 1739272, 414870, 52664, 2710], + a'[4465264,14007032, 18000468, 12318245,
4851090, 1095475, 129984, 6110];, + a?[5991872, 18209328, 22467458, 14615096, 5409329, 1131381, 121554, 4948];, +
a®[4345060, 12727157, 14948358, 9118985, 3107445, 583313, 53906, 1716], + a*[1837588, 5158608, 5710481,3211869,
979389, 156957, 11304, 216], + a®[451340, 1205458, 1241317, 628814, 164355, 20544, 888 ], +a®[59012, 148120, 138779,
60777, 12570, 996];, + a’[3096,7097,5711,1902, 222],

[1686784, 5009600, 6209720, 4175588, 1645682, 379016, 46834, 2352], + a'[5133632, 14820832, 17730584, 11423284,
4280759,929074,106815,4872], + a?[6551112,18303956,20987186, 12821542, 4500678, 901086, 93424,3672], +
a’[4541664, 12221852, 13325915, 7624952, 2459418, 440642, 39169, 1200], + a*[1843444, 4749808, 4876736, 2571962,
742138, 113406, 7838, 144];, + a°[436196, 1067102, 1017239, 482920, 119551, 14280, 592], + a®[55276, 126608, 109314,
44700, 8738, 664], + a’[2852, 5946, 4386, 1356, 148],

[191760, 429384, 392228, 188024, 49852, 6868,372], + a'[453008, 973920, 841398,375903,91412,11325,530], +
a?[436240,893106, 719882, 293448, 63268, 6666, 242], + a°[218782,422409,312363, 113035, 20570, 1667,36], +
a*[60016, 107784, 71285,21931,3088, 148], + a°[8478, 13845, 7809, 1868, 166], + a®[476, 676, 287,37],

[450848, 914232, 741276, 305560, 67164, 7392, 296], + a'[1030168, 1985156, 1510648, 574036, 113514, 10880, 342];, +
a?[971104, 1770362, 1254433, 432889, 74797,5923,124], + a®[482294,826899, 540025, 165890, 23984, 1438,14], +
a*[132642, 211975, 125583, 33238, 3700, 134], + a°[19064, 27984, 14617, 3119, 212], + a®[1112, 1462, 635, 91],,
[956192, 2057984, 1776958, 783756, 185020, 21872,954], + a'[2378768,4887948,3975609, 1622375,346059, 35759,
1238], + a?[2417790,4718282,3578664, 1325795, 246780, 20975,480], + a°[1285197,2369269, 1658386, 545937,
84709, 5418, 56];, + a*[375780, 649477, 413406, 117083, 13918, 536], + a°[56991, 91142, 51375, 11740, 848 ], + a°[3474,
5016, 2364, 364],

[2875840, 8186096, 9675696, 6141876, 2251932, 473616, 52208, 2248], + a'[9225520, 25495320, 29037628, 17604622,
6097018, 1193410, 119634, 4432], + a?[12439032, 33267376, 36303946, 20826850, 6713046, 1194837, 104891, 3052], +
a’[9149664, 23614828, 24560578, 13204545, 3893942, 611634, 44615, 864], + a*[3962356, 9839822, 9697614, 4832247,
1275358, 169097, 9402,84], + a®[1007194, 2396421, 2220648, 1009923, 230612, 23706,804], + a°[138340, 313060,
269181, 108811,20142, 1272];, + a’[7846, 16649, 12927, 4374, 546],
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[938464, 2897088, 3678498, 2489460, 967332, 214608, 24914,1140], +  a'[3211504, 9655556, 11851875, 7688548,
2834288, 588210, 62485,2494], + a?[4595794, 13400958, 15791023, 9712955, 3341295, 632567, 59022, 1870],  +
a*[3580463, 10091152, 11341495, 6539830, 2059581, 344398, 26657, 560], + a*[1641701,4459399,4751116,2537138,
714437, 100803, 5934, 56], + a°[441631, 1152298, 1155406, 562540, 136747, 14922, 536];, + a®[64033, 159561, 148865,
64461, 12692, 848];, + a’[3802, 8928, 7550, 2740, 364],

[452896, 1293400, 1540148, 989372, 368952, 79420, 9060, 416], + a'[1419768,3939764, 4525668, 2781328, 981806,
197064, 20466, 816], + a?[1891480, 5071398, 5573179, 3237821, 1063433, 193919, 17546, 548], + a*[1393578, 3596211,
3754671, 2038781, 611855, 98408, 7350, 150], + a*[612816,1517465, 1495181, 749156, 200655, 27253,1548,14], +
a°[160132,379343,350102, 159201, 36688, 3856, 134], + a°[22808, 51441, 43990, 17709, 3292, 212], + a’[1338, 2834,
2185,732,91],

[96824, 136852, 68592, 14740, 1356, 36], + a'[182688, 239296, 107496, 19362, 1356, 18], + a?[137218, 165769, 65969,
9590,472,2], + a®[51054, 56389, 19465, 2109, 57], + a*[9354, 9294, 2667, 173];, + a*[670, 580, 124],

[896000, 1760912, 1355376, 512576, 98104, 8780, 252], +  a'[2315568,4364904,3175028, 1107116, 187534, 13972,
270], + a*[2465960,4449036,3044084, 968047, 141273, 8318,86], + a[1383088,2381670, 1523860, 435622, 52523,
2231, 8], + a*[429658,703001, 416862, 104710, 9611, 228], + a°[69778, 107617, 58197, 12302, 692], + a°[4596, 6578,
3132, 496],,

[735632, 1520360, 1234970, 496916, 102242, 9956,324], + a'[2062320, 4088524, 3135207, 1162384, 211767,17164,
378], + a?[2373430, 4507568, 3247658, 1096339, 171852, 10971, 126], + a>[ 1433567, 2603944, 1753289, 531015, 68584,
3153,12], + a*[477624,827156,516347,137204,13419,342], + a°[82735,135712,77419,17340,1038], + a®[5760,
8808, 4428,744],,

[1039360, 2811760, 3125920, 1838820, 611568, 113244, 10568,360], +  a'[3654608, 9618232, 10309408, 5778232,
1799906, 303924, 24730, 648],  +  a?[5448488, 13941312, 14372820, 7635833, 2205333, 333025, 22775,398],  +
a*[4465292, 11103582, 10986034, 5502517, 1456064, 191635, 10506, 98], + a*[2168110,5235699, 4958640, 2326072,
554783,60939, 2445,8], + a°[621356,1454994, 1314190, 572279, 120080, 10121, 228], + a°[96718,218819, 187190,
74547,13194,692], + a’[6236, 13502, 10746, 3764, 496],

[135224, 388484, 456076, 282596, 99036, 19384,1928,72], + a'[366776,1018868,1141072, 662898, 212414, 36482,
2954,72], + a®[423382,1139513, 1217763, 661702, 192534, 28545, 1815,22], + a3[262512, 684830, 696935, 351799,
91419, 11245,522,2], + a*[91370, 231051, 223349, 103794, 23460, 2191,57], + a’[16732,40948,37427,15811, 2989,
173], + a°[1228, 2878, 2438, 896, 124],

[10432, 15984, 9124, 2290, 211], + a'[8792, 12000, 6008, 1290, 96], + a*[1708, 1796, 631, 76], + a*[96, 64,10],
[50688, 115024, 102180, 44508, 9491, 787];, + a'[67536, 146064, 122872, 50360, 10011, 759];, + a?[30476, 61068, 46965,
17348,3039,192], + a®[5120, 8760, 5428, 1474, 152];, + a*[288, 384, 158, 20],

[351744, 1072704, 1331216, 863104, 308572, 57550, 4346], + a'[652288, 1933024, 2325632, 1458764, 503262, 90157,
6475], + a®[461840,1315072,1513104, 903734, 295391,49707,3288], + a*[152320, 407636, 435706, 238845, 70627,
10494, 576], + a*[22692, 54528, 50425, 22701, 5058, 456];, + a°[1248, 2560, 1858, 564, 60],

[65536, 124400, 90620, 31094, 4894, 288], + a'[153840,280672,193226,60771,8217,384], + a?[143172,251162,
162884, 46314, 5063,158], + a®[65990,111385,67920,17268,1402,20], + a*[14954,24223,13801,3077,152], +
a°[1312,2016, 1049, 192],

[17856, 34984, 26296, 9370, 1546, 96];, + a'[29440, 54656, 37808, 11827, 1539, 64], + a*[19064, 33902, 21728, 5943, 559,
10], + a®[5542, 9457,5607, 1328, 76], + a*[582,939, 501, 96],,

[238,171,30], + a'[208,132,20], + a*[22,7],

[2336,3036,1174,110], + a'[3564, 4508, 1649, 123], + a?[1654, 1987, 661, 28], + a®[240, 270, 80],
[1384,1728,670,66], + a'[1928, 2330, 853, 65];, + a*[850, 977,329, 14], + a3[120, 130, 40],

[3200, 3876, 1506, 154], + a'[4148,4812,1763,137], + a*[1746,1921, 655, 28], + a®[240, 250, 80],

[454,537, 209, 22], + a'[328, 352,123, 7], + a?[60, 60, 20],,

[4,7],

[5.2],

[388,565,244,31], + a'[324, 439, 158,13], + a*[80,102, 28],

[2248,3070, 1265, 155], + a'[3328, 4310, 1596, 158], + a?[1640, 2016, 643, 39], + a®[272, 320, 84],

[2168,2750, 1066, 124], + a'[3548,4291,1512, 145], + a?[1828, 2103, 644, 39], + a®[304, 334, 84],

[696,810, 289, 31], + a'[560, 614, 187,13], + a*[112,116, 28],

[6762,9723,4926,1026,73], + a[11352, 15340, 6999, 1219, 62],, + a[7388, 9353, 3752, 506, 13], + a*[2188, 2572, 859,
73], + a*[254, 276, 68],

[33660, 77750, 66164, 25886, 4608, 292], + a'[83918, 187941, 152685, 55692, 8889, 467, + a?[82672, 178912, 137455,
45750, 6243, 238], + a’[40440,84285,60551,17834,1917,39], + a*[9848, 19706, 13047,3222,219], + a°[958, 1838,
1102, 204],

[56984, 122428, 98022,36349, 6152,365], + a'[133264,276980,210740,72425,10922,529], + a?[123736,248312,
178131, 55641,7161,251], + a®[56980,110166,73780,20333,2058,39], + a*[13004,24166,14915,3444,219], +
a°[1176,2096,1172,204],



114 ANASS NIFA
i IIi(a,b)

112 [16712, 32868, 24290, 8385, 1332, 73], + a'[27784, 52748,36600, 11414, 1544, 62],, + a*[17180, 31380, 20211, 5517, 587,
13], + a®[4676,8184,4815,1086, 73], + a*[472,788,414, 68],

113 [24680, 35820, 19190, 4478, 388], + a'[36454, 48894, 23676, 4834, 354], + a®[19573, 23713, 9931, 1607, 76], + a*[4496,
4747,1590,163], + a*[369, 316,67],

114 [141200, 302008, 252444, 103144, 20612, 1616], + a'[318516,656608, 524022, 202000,37534,2696], + a?[274252,
538898, 403218, 142258, 23330, 1404], + a®[ 112895, 208728, 143106, 44238, 5821, 228], +a*[22160, 37859, 22983, 5781,
489], + a®[1641, 2501, 1241, 201],

115 [259680,750352, 878080, 533788, 177924,30836,2172], +  a'[790728, 2238648, 2553754, 1505152, 483428, 80160,
5362], + a?[960964,2650080,2921347, 1648175, 500653, 77285,4720], + a°[597768,1594964, 1681044, 892547,
249322,34137,1746];, + a*[200804, 514410, 511788, 250109, 61592, 6821, 228], + a°[34400, 83728, 77240, 33615, 6792,
489], + a®[2312, 5234, 4303, 1534, 201],

116 [79328, 223576, 253688, 149102, 47972,7966,520], + a'[172736,474940, 520416, 292307, 88931,13777,813], +
a?[146256,389572, 407454, 214639, 60010, 8309,408], +  a®[60280, 154424, 152046, 73191, 17951, 2045,67],  +
a*[12088, 29532, 26872, 11337, 2216, 163], + a°[944, 2180, 1792, 620, 76],

117 [38016, 50832, 23668, 4440, 284], + a'[58244, 71882, 29778, 4622, 218], + a®[32998, 37217, 13367, 1574, 40], + a*[8154,
8275,2468,181], + a'[734,647,141],

118 [245376,475520, 354536, 125600, 20868, 1300], + a'[555000,1033256, 729962, 239626, 35542, 1878], + a®[489852,
871476,577155,171593, 21516, 848], + a°[211168, 357096, 219218, 57431, 5587, 120];, + a*[44356, 70742, 39590, 8741,
543], + a*[3600, 5322, 2607, 423],

119 [251008, 756280, 926780, 593030, 209083, 38384, 2839], +  a'[524320, 1532904, 1815480, 1118708, 378379, 66228,
4605], + a*[419056,1174820,1323096, 768893, 243041, 39195, 2427], + a’[159136, 420888, 439736, 232538, 65311,
8992, 423], + a*[28408, 69108, 64078, 28551, 6212, 543, + a°[1912, 4152, 3206, 1042, 120],

120 [84224, 233408, 259680, 148356, 45744,7180,448], + a'[189384, 510524, 546452, 296224, 85012, 12068, 656], +
a?[169888, 443352, 452396, 228801, 59180,7107,292], + a®[76118,192005, 185903, 86699, 19611, 1816,40],  +
a*[16860, 41006, 37456, 15885, 3020, 181], + a°[1438, 3333, 2809, 1031, 141],

121 [13592,21956, 13254, 3529, 347], + a'[10384, 14996, 8002, 1847, 151];, + a®[1832, 2044, 772, 100], + a*[80, 52, 8],

122 [94640, 221664, 205120, 93712, 21089, 1861], + a'[123216, 274480, 241024, 104174, 22054, 1810];, + a*[53720, 110408,
88692, 34674, 6507, 453, + a®[8456, 14660, 9464, 2730,300], + a*[400, 500, 196, 24],

123 [105424, 196768, 139036, 45196, 6464, 320], + a'[273984,492912, 330448, 98784, 12088,448], + a?[279180, 483900,
306763, 83327, 8280, 188], + a®[139736, 233290, 139441,34001, 2544, 24], + a*[34256,54954,30753,6567,300], +
a’[3268, 5004, 2579, 453],

124 [18984, 37092, 27468, 9448, 1456, 80], + a'[35352, 65536, 44784, 13514, 1614, 52];, + a%[25354, 45057, 28676, 7625, 670,
8], + a3[8048, 13712, 8090, 1858, 100], + a*[934, 1515, 814, 151],

125 [500,370,36], + a'[384,246,11], + a®[74, 41],

126 [3496,4284,1580,144], + a'[5492, 6450, 2204, 152], + a2[2700, 2994, 918, 33], + a°[428, 448, 123],

127 [3992,4848,1834,180], + a'[5680, 6552, 2278, 163], + a?[2652, 2892, 909, 33], + a*[412, 428,123],

128 [748,902,348,36], + a'[604, 658,218, 11], + a*[132, 136,41],

129 [10,9],

130 [4,3],

131 [135,97,14], + a'[115,73,6], + a®[28, 16],

132 [464,723,369,62], + a'[761,1146,565,92];, + a?[351,491, 220,32], + a*[42,46,12],

133 [194,297,129,14], + a'[164, 241, 93,6], + a*[34,48,16],

134 [508,366, 64], + a'[376,229,29], + a®[63,27],

135 [988,1337,580,79], + a'[1557,2013,819,101], + a*[731, 874,311, 29], + a*[102, 106, 27],

136 [1888,3812,2764, 854, 94], + a'[2644, 5230, 3664, 1075, 109], + a?[1150, 2174, 1413, 366, 29], + a®[154, 268, 149, 27],,

137 [714,472,60], + a'[551, 306, 22], + a?[103,46],

138 [3072,3786, 1464,164], + a'[4790, 5593, 1982, 182], + a?[2331, 2535, 782, 44], + a°[361, 362, 92],

139 [3224,5868,3868, 1080, 104], +a'[4424, 7764, 4848, 1240, 100], +a?[2010, 3369, 1949, 430, 22], +a>[306, 489, 259, 46],,

140 [400,252,20], + a'[332, 184,6], + a*[70,35],

141 [896, 1040, 360, 30], + a'[1456, 1608, 506, 29], + a®[764, 804, 228,6], + a*[132,134,35],

142 [496,588,214,20], + a'[476,512,155,6], + a?[124,128,35],

143 [21,5], + a'[6],

144 [148,127,24], + a'[35,20],

145 [64,61,12], + a'[15,10],

146 [108,117,24], + a'[25,20],

147 [22,5], + a'[6],
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[2042,2827,1418,294, 21], + a'[2234, 2792, 1207, 188, 7], + a?[832, 945, 349, 36], + a*[100, 98, 26],,
[6736,9214,4530,915,63], + a'[12022, 15440, 6946, 1205, 63 ], + a*[7780, 9259, 3702, 504, 14];, + a*[2172, 2358, 804,
72], + a*[218,207,52],

[32816, 82264, 79254, 36794, 8236, 708], +a'[44256, 106112, 96711, 41916, 8597, 654], +a?[ 21246, 47876, 40189, 15599,
2730, 156], + a®[4157, 8474, 6139, 1896, 216], + a*[273, 469, 252, 42],,

[8736,11588, 5410, 1019, 63], +a'[15396, 19194, 8200, 1336, 63], +a?[9724, 11193, 4223, 544, 14], +a’[2622, 2726, 860,
72]p + a*[254, 229, 52],

[1716,1376,323,21], + a'[1796, 1216, 214, 7], + a?[614,333,36], + a®[68, 26],

[22774,53201, 48597, 22283, 5375, 644, 30], +a'[49056, 109288, 92862, 38396, 7922, 738, 22], +a*[42854, 91147, 71943,
26705,4629,312,4], + a®[18292, 36834, 26578, 8616, 1176, 46], + a*[3732, 7008, 4480, 1192,106], + a°[284, 482, 252,
44],

[161040,350728, 302942, 132059, 30298, 3435,150], + a'[476328, 999336, 820214, 333400, 69128, 6716,230], +
a®[572654, 1153599, 893950, 334948, 61264, 4801,108], + a*[357160, 687338, 498284, 169434, 26476,1532,16], +
a*[121050, 220445, 146946, 43965, 5478, 184];, + a°[20960, 35542, 21092, 5190, 424], + a°®[1432, 2196, 1080, 176],
[413552, 850808, 697830, 289047, 62824, 6685, 270], + a'[1141040, 2258244, 1759906, 679944, 133569, 12129, 378], +
a®[1283690, 2434701, 1791512, 638822, 111087, 8166, 168], + a>[751592, 1357598, 933533, 302039, 44992, 2448, 24], +
a*[240490, 409487, 258435, 73434, 8742, 276];, + a°[39648, 62592, 35082, 8154, 636], + a®[2612, 3718, 1728, 264],
[228832, 588400, 619696, 341358, 103394, 16260, 1032], + a'[335328, 817728, 810732, 415775,115267, 16148, 872], +
a®[184376, 418658, 381794, 176531, 42585, 4834, 176], + a’[46560, 95435, 76969, 30376, 5810, 424], + a*[5250, 9099,
5897,1700, 184], + a°[210, 274,116, 16],

[46264, 64456,33478,7948, 828, 30], + a'[87772, 114080, 54075, 11283, 938, 22], + a[65604, 78560, 33279, 5899, 358,
4], + a®[24056, 26030, 9484, 1328, 46], + a*[4308, 4082, 1182, 106], + a°[300, 236, 44],

[107792, 246342, 228335, 109839, 28837,3909, 214], + a'[275522, 606003, 534246, 241286, 58440, 7132, 341], +
a*[286398, 601063, 496520, 205659, 44178,4514,164], + a3[155560, 309413, 236349, 87837, 16046, 1238,25], +
a*[45890, 85465, 59043, 19000, 2751, 127], + a°[6786, 11532, 6857, 1751, 164], + a°®[380, 558, 250, 36],

[781632, 2396600, 3035018, 2063367, 813563, 185747, 22695,1146],  +  a'[2641256, 7903852, 9705734, 6353255,
2391260, 515170, 58462,2691], + a?[3705738,10777205, 12749681, 7959126, 2819374, 560587, 56941, 2248],  +
a®[2800038, 7878191, 8915222, 5250515, 1721228, 306841, 26334,791], + a*[1227250,3321519,3563311, 1952879,
579823, 89074, 5860,100], + a°[309678,798899,800722,399136, 103460, 12757,508], + a°[41124,99492, 90586,
39118, 8108, 656], + a’[2180, 4802, 3742, 1228, 144],

[1079072, 3435712, 4568740, 3285728, 1376186, 333892, 43098, 2260], + a'[2526416,7785744,9968710, 6858821,
2724109, 618173,72923,3356], +  a®[2382036, 7040672, 8575082, 5555391, 2047847, 421057, 42947,1536],  +
a®[1158742,3251513,3713211, 2221030, 739317, 131933, 10650, 216], + a*[305698,803019, 841575, 450202, 129079,
18495, 984], + a°[41254,99295,91936, 41109, 8940, 762], + a®[2230, 4797, 3724, 1239, 150],

[1296000, 3875600, 4868348, 3324474, 1329274, 309960, 38812,2000], + a'[2793712,8071312, 9738650, 6340699,
2392691, 518592,58916,2646], +  a®[2457812,6806178,7807000,4780521, 1670208, 326645,31908,1108],  +
a®[1126970,2961973,3187401, 1803109, 568651, 96292, 7404, 144], +  a*[282398, 694265, 686358348116, 94824,
12919, 656], + a°[36334, 81563, 71159, 30214, 6260, 508 ], + a®[1878, 3741, 2724, 861, 100],

[140608, 325068, 307070, 151302, 40856, 5704,320], + a'[213124,464220,407663,183311,43917,5189,226], +
a*[127734,259377, 208404, 83411, 16947, 1527,36], + a*[37638,70035,50215,17247,2795,164], + a*[5318,8693,
5174, 1336, 127], + a°[290, 395, 174, 25],,

[231648, 514368, 456696, 207900, 50396, 5920, 248], + a'[534592, 1137664, 956074, 407122, 90704, 9392,312], +
a®[508560, 1030956, 810468, 316834, 63044, 5446,120], + a°[254906,488826,354244,123961,21158,1407,14], +
a*[70820, 127279, 83198, 24948, 3362, 141];, + a’[10312, 17147, 9764, 2293, 188], + a®[614, 930, 438, 66],

[913280, 2695728, 3292428, 2151828, 808172, 172312, 18876, 792], + a'[2307504, 6595512, 7739816, 4816303, 1701936,
334937,32596, 1116], +a?[ 2372204, 6528000, 7292770, 4261949, 1389187, 244751, 19931, 464], +a*[ 1272948, 3354269,
3533159, 1909054, 560330, 85081, 5351, 56], + a*[375578, 941210, 922563, 449927, 113995, 13835, 564], + a°[57604,
135993, 121564, 51223, 10144, 752], + a®[3586, 7892, 6274, 2136, 264],

[2674560, 9935008, 15622600, 13565916, 7096194, 2278836, 435222, 44612, 1844];, + a'[8683808, 31583936, 48421932,
40785750, 20559849, 6304932, 1133617, 106708, 3864], + a?[11790968, 41838108, 62216970, 50476788, 24287921,
7018315, 1164073,96971,2818], + a°[8706588,30034930,43095925,33420409, 15183393, 4069771, 607436, 42588,
840], + a*[3778084,12621990, 17366254, 12749116, 5389535,1310795,169919, 9303, 84], + a°[961760, 3096254,
4050259, 2774669, 1065402, 225665, 23589, 846], + a°[132588, 408598, 502006,313610, 104504, 17466,1128], +
a’[7628, 22344, 25426, 14058, 3780, 396],

[873600, 2604240, 3215180, 2125778, 809510, 176370, 20154, 920], + a'[2149712, 6202552, 7351506, 4617423, 1645915,
328047,32945, 1224], +a?[2190828, 6084474, 6866982, 4049273, 1327546, 235029, 19492, 488], +a*[1182610, 3143685,
3348068, 1828224, 539975, 82061, 5193, 56], + a*[354260, 894346, 886552, 438023, 112130, 13669, 564], + a’[55314,
131061, 118138, 50387, 10096, 752], + a®[3508, 7710, 6150, 2112, 264],

[207456, 461552, 435764, 222010, 63582, 9574,590], + a'[470032,1000664,899466,433163, 115866, 15991,886], +
a®[429324, 862818, 725984, 323370, 78266, 9376,426], + a°[201486, 375309, 288752, 115430, 24128, 2269, 66], +
a*[50934, 85517, 57871, 19725, 3279, 188], + a°[6524, 9414, 5169, 1328, 141], + a®[328,372, 132, 14],
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[124112, 245940, 190386, 73032, 14254, 1244, 32], + a'[234812, 442456,319177, 111294, 19015, 1320, 18], + a*[177342,
316933, 211172, 65658, 9489, 488, 2], + a®[66598,112403, 68222, 18260, 2061, 64], + a*[12386,19615,10612,2282,
157], + a®[910, 1341, 627, 94],

[1054720, 2776624, 2997220, 1705482, 545044, 95406, 8040, 224];, + a'[2734160, 6976496, 7231350, 3904027, 1163926,
184741,13242,254], + a*[2926092,7222386,7156882,3637001, 998623, 140788, 8222,86], + a*[1653278,3938357,
3710324, 1755334, 435000, 52567, 2324,8], + a*[519186,1190073, 1058033, 458293, 98857, 9454, 256], + a°[85722,
188347, 156460, 60481, 10574, 628], + a®[5802, 12165, 9327, 3098, 376],

[825920, 2320256, 2663016, 1606062, 542986, 100774, 9138, 288];, + a'[2307760, 6290360, 6941066, 3975587, 1253800,
210551, 16178, 354], + a*[2654440, 7006062, 7399366, 3993574, 1160214, 172678, 10736, 126];, + a*[1607358, 4097747,
4118220, 2071276, 543564, 69315, 3252, 12],, + a*[539044, 1323058, 1255260, 578224, 132150, 13344, 384], + a*[94654,
222811,197522, 81149, 15018, 942];, + a®[6784, 15254, 12486, 4404, 564],

[569600, 1713944, 2092198, 1335206, 476398, 93490, 9084,320], + a'[1983592,5831876, 6902605, 4226723, 1424929,
257589, 21930, 596], + a*[2937062, 8422322, 9632550, 5627515, 1776624, 291433, 21024, 382];, + a*[2395819, 6687309,
7359719, 4072490, 1189686, 173617, 10190, 98], + a*[1160000, 3143669, 3311076, 1716990, 455060, 56977, 2524, 8], +
a’[332462, 872183, 872941, 417543, 96925, 9594, 256], + a®[52106, 131905, 124380, 53627, 10202, 628], + a’[3439,
8376,7371,2774,376],

[73464, 163538, 143680, 63150, 14432, 1592, 64];, + a'[194738, 417823, 347727, 141235, 28625, 2580, 68], + a[222031,
457834,359241, 133886, 23772, 1690, 22], + a*[ 136330, 268748, 196790, 66104, 9972, 526, 2], + a*[46916, 87846, 59064,
17248,2038, 64], + a°[8524, 15065, 9099, 2159, 157], + a°[637, 1058, 559, 94],

[33448, 59592, 40082, 12590, 1816, 92], +a'[51812, 87848, 54809, 15357, 1852, 68], +a®[30052, 48454, 27801, 6744, 621,
12], + a®[7728, 11846, 6191, 1243, 70];, + a*[740, 1076, 504, 76],

[73040, 136928, 97440, 32526, 5010, 276], + a'[167816,302880,203912, 62773,8569,388], + a?[151356,262348,
165631, 45986,5279,172], + a*[67292,111886,65687,15985,1408,24], + a*[14776,23556,12746,2606,140], +
a’[1280, 1954, 962, 152],,

[237584,726168, 906074, 593635, 216078, 41483,3278], + a'[468608, 1389964, 1679040, 1063349, 373880, 69329,
5290], + a?[351430,998529, 1147300, 686249, 226300, 39064, 2748], + a*[123870,330877, 351804, 190939, 55676,
8178,456], + a*[20212, 49324, 46346, 21128, 4722,420], + a°[1196, 2540, 1932, 624, 72],

[42680, 88504, 69637, 25736, 4407, 276], + a'[99168, 198050, 147391, 50159, 7574,388], + a?[91819, 176395, 123141,
37732,4755, 172];, + a*[42580, 78728, 51179, 13735, 1320, 24];, + a*[9895, 17635, 10598, 2390, 140],, + a>[918, 1580, 870,
152],

[11442, 24918, 20479, 7884, 1405, 92];, + a'[18275, 38039, 29031, 9939, 1460, 68];, + a®[11554, 23070, 16257, 4818, 533,
12], + a*[3371, 6475, 4181, 1027, 70], + a*[378, 702, 412,76],

[1080,1182,391,37], + a'[826,833,230,13], + a?[158, 149, 33],

[4560,5192, 1813, 185], + a'[7400, 8042, 2561, 213];, + a*[3693,3789, 1044, 52], + a*[589, 575, 132],

[2400, 2828, 1031, 111], + a'[3588,4012, 1319, 113],, + a?[1725, 1825, 518, 26];, + a*[273, 277, 66],

[5040, 6120, 2311, 259],, + a'[6952, 8006, 2715, 239],, + a*[3207,3511, 1028, 52], + a*[503, 533, 132],
[660,823,320,37], + a'[511, 587, 189, 13], + a*[115, 128,33],

[7,3],

[990, 1165, 440, 49], + a'[790, 858, 285, 21], + a*[160,161,45],

[5212, 6084, 2263, 245];, + a'[7360, 8212, 2845, 252], + a[3368, 3560, 1117, 63];, + a*[500, 496, 135],
[4484,5178,1886,196];, + a'[7010, 7781, 2660, 231];, + a?[3406,3580, 1109, 63], + a*[520, 509, 135],
[1252,1424,503,49], + a'[968, 1026, 322, 21];, + a*[180, 174, 45],

[15352, 32804, 26246, 9792, 1680, 106 ], +a'[ 27538, 56373, 42003, 14000, 1976, 88], +a®[ 19148, 37656, 26083, 7665, 828,
18], + a*[5882, 11053, 7029, 1766, 124], + a*[648, 1142, 639, 121],

[81008, 162896, 123856, 43998, 7158, 424], + a'[207644,404246,292810,96575,13885,670], + a?[209094,393547,
270050, 81465, 9876,336], + a*[103272,187448,120981,32756,3113,54], + a*[24838,43195,25836,6043,372], +
a’[2296,3768,2015,363],

[139808, 265296, 191032, 64084, 9750, 530], + a'[327576, 602652, 414386, 129285, 17357, 758], + a*[302872, 539364,
352468, 100985, 11489, 354];, + a*[137732, 236604, 145768, 37586, 3370, 54];, + a*[30652, 50440, 28847, 6425,372], +
a’[2648,4116,2113,363],

[19600, 25560, 11372, 1942, 106], + a'[32124,39852, 16239, 2319, 88];, + a*[19508, 22856, 8357, 925, 18], + a*[5172,
5647, 1779, 124], + a*[500, 495, 121],

[78808, 162296, 130050, 50538, 9476, 684];, + a'[179312, 357932, 274794, 100894, 17525, 1141], + a*[158456, 303298,
218888,73568,11188,590], + a*[68706,125044,83239,24649,2997,97], + a*[14484,24762,14792,3632,290], +
a’[1138, 1764, 873, 143],

[428688, 1232864, 1421252, 842088, 270286, 44448,2918];, + a'[1308376, 3688468, 4142910, 2374571, 730578, 113723,
6946], + a*[1613092,4439500, 4825729, 2647316,767679,110021,5961], + a*[1030048, 2755114, 2875764, 1489999,
397824,50187,2188];, + a*[359080, 928388, 921561, 443091, 105226, 10779, 291], + a’[64408, 159606, 148376, 64286,
12734, 870], + a®[4564, 10644, 8948, 3237, 429],
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[393168, 1110144, 1277624, 766662, 252454, 43042, 2938], + a'[857240, 2359784, 2634740, 1524957, 480639, 77507,
4893], + a?[715660,1900122, 2027904, 1109378, 325328, 47544, 2568], + a*[286118, 723345, 723729, 363362, 94644,
11533,429], + a*[54624, 129236, 117716, 51538, 10824, 870], + a°[3966, 8565, 6759, 2315, 291],,

[118256, 237192, 184276, 69230, 12532, 866];, + a'[ 249248, 485676, 361164, 127527, 21168, 1289];, + a*[ 205604, 385968,
270779, 87658,12751,620], + a®[82788,148218,96238,27524,3237,97], + a*[16196,27254,15878,3738,290], +
a°[1220, 1880, 919, 143],

[161040, 322816, 246636, 89796, 15368, 928 ], + a'[331880, 642292, 466492, 158576, 24686, 1262],, +a?[270732, 503276,
343425, 106450, 14401, 552];, + a3[109102, 193707, 122403, 33441, 3633, 78], + a*[21656, 36444, 20876, 4728,336], +
a°[1686,2657,1328,213],

[483312, 1302248, 1413484, 788406, 236910, 35922,2086], + a'[1114544,2921280,3058846, 1628445, 460190, 64049,
3234], + a?[1001128,2539108, 2540682, 1270643, 328804, 40021,1558], + a°[439286,1073219,1016630,468927,
107154, 10534, 234], + a*[94120, 220354, 195291, 80894, 15309, 1008];, + a°[7834, 17419, 14141, 4971, 639],

[477808, 1390072, 1616064, 958572, 304448, 48644,3000], + a'[1461440, 4167100, 4718362, 2703704, 820298, 123032,
6888, + a?[1811544, 5041794, 5522347, 3024005, 861323, 117705, 5618];, + a>[1170590, 3167537, 3332198, 1721707,
449966, 53558, 1928], +a*[417040, 1092958, 1095658, 525803, 122034, 11717, 234], +a°[ 77638, 196165, 185500, 80773,
15696, 1008];, + a®[5868, 14186, 12431, 4680, 639],

[78024, 166852, 136876, 53560, 9908, 684];, + a'[180396, 374466, 294130, 108244, 18326, 1102], + a?[163424, 325332,
239956, 80396, 11728,532], + a°[73348,138883,94556,27833,3214,78], + a*[16304,29134,17928,4386,336], +
a’[1416, 2353, 1250, 213],

[74016, 133840, 89888, 27388, 3612, 144], + a'[120280, 208656, 131298, 36040, 3954, 100], + a*[73372, 122136, 71641,
17363, 1478,16], + a®[19840, 31662, 17163,3538, 193], + a*[1992, 3034, 1491, 237],

[238304, 459024, 330416, 108572, 15628,720], + a'[561064,1043896,713338,216236,27142,932], + a®[524356,
942184, 608455, 167771, 17628, 380], + a*[243168, 421912, 256138, 62975, 5149, 48], + a*[55848, 93484, 52924, 11195,
579], + a>[5060, 8148, 4239, 711],

[126960, 260888, 200444, 70560, 11004, 576];, + a'[328060, 651476, 475536, 154524, 21012, 832], + a?[335112, 642658,
443151, 130804, 14807, 364], + a®[169791, 314437, 203691, 53543, 4706, 48], + a*[42574, 76080, 45901, 10354, 579], +
a°[4203,7233,4005,711],

[22408, 49148, 40090, 14984, 2498, 144];, + a'[40598, 85166, 64619, 21420, 2861, 100], + a*[29003, 58547, 41401, 12073,
1228, 16], + a®[9356, 18168, 11865, 2934, 193], + a*[1135,2119, 1257, 237],

[3644, 4142, 1402, 128], + a'[2850,3001, 855, 44], + a*[566, 563, 133],

[11708, 13940, 5048, 512];, + a'[18808, 21346, 7026, 560], + a®[9507, 10228, 2937, 132], + a*[1567, 1618,399],
[12484, 15454, 5890, 640], + a'[18134, 21263, 7281, 604], + a®[8766,9764,2910,132], + a®[1436, 1547,399],
[2210,2828,1122,128], + a'[1805,2116, 695, 44], + a*[435,492,133],

[31,15],

[15,7],

[432, 623, 264,31];, + a'[397, 537,192, 13], + a?[109, 142, 42],

[1544, 2106, 847, 93], + a'[2490, 3266, 1197,101], + a®[1327,1681, 548, 26], + a*[237, 293, 84],
[680,860,319,31], + a'[584, 709, 230, 13], + a?[128, 151, 42],

[2452,3276,1385,181], + a'[3710, 4806, 1914, 224], + a?[1750,2127,736,61], + a®[276,309, 81],

[

9056, 20004, 15572, 5050, 570], + al [20004, 43388, 32841,10193,1072], + a2[15900, 33647, 24416,7035, 642], +
a*[5402, 11073, 7555, 1910, 122],, + a*[666, 1314, 822, 162],

[4216, 8644, 6286, 1922, 208], + a'[6012, 12120, 8498, 2433, 235], + a*[2714, 5301, 3480, 870, 61], + a*[390, 729, 432,
81]s

[4704, 6152, 2634, 368], + a'[6184, 7776, 3165, 416, + a?[2454, 2829, 1007, 108], + a*[290, 279, 64],

[19072,37088, 25920, 7630, 782], + a'[40288,76544, 51642, 14397,1347], + a2[30880,57018,36650,9385,737], +
a®[10238, 18285, 11029, 2470, 128], + a*[1246, 2147, 1197, 216],

[4864, 10088, 7448, 2302, 246],, + a'[6888, 13948, 9875, 2841, 266],, + a?[3204, 6231, 4088, 1011, 64], + a*[508, 947, 565,
108],

1740, 2038, 686, 54],, + a'[1450, 1599, 464, 18], + a?[312, 332, 85],,

[

[3728, 4642, 1714, 162], + a'[6070, 7195, 2398, 162];, + a*[3227,3663, 1086, 36], + a*[573, 634, 170],
[994, 1302, 514, 54], + a'[943, 1128, 367, 18], + a*[261,302, 85],
[46,25],

[26,16], + a'[20,13],
[46,25];, + a'[30,17],
[12,7],

[37,8], + a'[13]s

[190, 181,39], + a'[40, 24],
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228 [158,173,39], + a'[32,24],

229 [42,8], + a*[13],

230 [2114,2947,1444,281,18], + a'[2844,3601,1517,216,6], + a®[1266, 1467, 532, 51], + a*[176,177,47],

231 [10388, 14040, 6605,1219,72], +a'[21632, 27584, 11878, 1859, 78], + a®[16172, 19262, 7420, 909, 18], + a*[5148, 5644,
1876, 153], + a*[580,562, 141],

232 [16760, 21884, 9816, 1698, 90], +a'[31016, 38204, 15662, 2292, 84], +a®[20894, 24045, 8816, 1017, 18], +a*[6058, 6408,
2015,153], + a*[632,593,141],

233 [2220, 1686, 348, 18], + a'[2538, 1675, 261, 6], + a[948,522,51], + a>[114,47],

234 [14408,31720, 26530, 10558, 1984, 140], + a'[24726, 52439, 41408, 15182, 2521, 146], + a?[15568,31418, 22889, 7407,
984, 34], + a®[4198, 7953, 5206, 1410, 127], + a*[388, 662, 355, 63];

235 [77968, 159880, 126700, 48198, 8704, 590], + a'[193316, 384022, 291758, 104856, 17456, 1044];, + a?[184022, 351355,
252548, 83828, 12309, 584];, + a°[84048, 152608, 101885,30193,3618,102], + a*[18306,31089, 18698, 4648,381], +
a®[1492, 2286, 1143, 189],

236 [68208,153892,134916,57316,11736,916], + a'[97544,209912,173490, 68335,12628,843], + a*[50008,100883,
76531, 26760, 4115,189], + a®[10710, 19671, 13041, 3699, 381], + a*[790, 1240, 628, 102],

237 [19312,25744,12316,2478,170], + a'[30020, 37436, 16377, 2897, 156];, + a?[17032, 19458, 7482, 1074, 34];, + a>[4156,
4211,1322,127], + a*[364, 307,63],

238 [38288,80624, 66572, 26926, 5312, 406], + a'[87932, 180472, 144227, 56032, 10501, 748], + a?[75716, 149432, 113362,
41157,7025,432];, + a®[30494, 56856, 39812,12917, 1847, 78], + a*[5648, 9672, 5958, 1587,155], + a°[362, 528, 245,
371,

239 [112336,340636, 410232, 250404, 81208, 13104, 800], + a'[266016,789480,924212, 543068, 167082, 24944, 1334], +
a?[242220, 699193, 787975, 439062, 125040, 16503, 687], + a*[106598, 297524, 319497, 165820, 42296, 4594, 111], +
a*[22628, 60565, 61024, 28632, 6142, 465], + a°[1834, 4630, 4230, 1656, 234],

240 [110320, 235640, 198968, 82932,16956,1336], + a'[249596,516722, 420214, 167440, 32344,2344], + a?[214046,
424045, 326257, 121217, 21297, 1314], + a®[86490, 160831, 113726, 37701, 5582, 234], + a*[16302, 27553, 16953, 4559,
465], + a’[1126, 1621, 750, 111],

241 [17368,25276,14048,3502,314], + a'[26362, 35981, 18574, 4227, 324];, + a?[14222, 17555, 7965, 1518, 78], + a>[3198,
3359,1198,155], + a*[250,197,37],

242 [21672,43200,31774,10518, 1486, 62],+a'[35068, 67616, 47125, 14274, 1711, 46], +a?[ 21224, 39506, 25900, 7036, 674,
8], + a®[5664, 10130, 6159, 1438, 93], + a*[556, 944, 514, 90],

243 [68344, 147440, 117094, 41806, 6422,310], + a'[159948, 335404, 255127, 84952, 11505,416], + a?[148532,302408,
219273,67264,7757,178], + a®[68304,134742,92475,25630,2365,24], + a*[15484,29464,18891,4542,279], +
a°[1372, 2494, 1452, 270],

244 [36076,83960, 71504, 27328, 4532, 248], + a'[91868, 208250, 170258, 60748, 8874,370], + a*[92793,204512,159624,
52436, 6477,170], + a®[46534, 99462, 73586, 21848, 2150, 24, + a*[11501, 23716, 16406, 4230, 279];, + a°[1104, 2172,
1362, 270],

245 [6370, 9550, 4872, 970, 62], + a'[11113, 15875, 7321, 1181, 46], + a®[7796, 10586, 4370, 544, 8], + a*[2477,3155, 1123,
93], + a*[288,334,90],

246 [612,768,287,29], + a'[470,551,177,11], + a[90, 99, 26],

247 [1956,2610,1046,116], + a'[3104, 3963, 1460, 131];, + a®[1537, 1864, 606, 33], + a°[245, 283, 78],

248 [2076,2916,1231,145], + a'[2962,3969, 1528, 142], + a*[1394, 1778, 603,33], + a*[220, 269, 78],

249 [366,537,236,29], + a'[287,394, 148, 11];, + a*[65, 85, 26],

250 [11,6],

251 [426,525,200,21], + a'[412,467,152,9], + a*[106, 114,32],

252 [1472,1766, 647, 63], + a'[2402, 2759, 931, 69], + a®[1270, 1398, 428, 18], + a3[220, 233, 64],

253 [620,716,247,21], + a'[532, 584,180, 9], + a*[114, 119,32],

254 [3488, 6960, 4966, 1494, 156], +a'[4944, 9668, 6642, 1875, 173], +a*[ 2284, 4309, 2765, 686, 45], +a*[348, 625,361, 69],

255 [12736,24160, 16564, 4810, 486],+a'[26816, 49952, 33274, 9227, 857];, +a?[20500, 37306, 23864, 6159, 489];, +a>[6746,
11903,7181, 1644, 90], + a*[806, 1365, 755, 138],

256 [2848,3680, 1474, 174], + a'[3808,4792,1799, 181], + a®[1644,1978,661,45], + a[228, 256, 69],,

257 [9296, 17280, 11836, 3534, 386], +a'[19200, 35216, 23666, 6889, 7271, + a*[13972, 24976, 16172, 4469, 437], + a>[4216,
7192, 4328, 1064, 84], + a*[436, 680,346, 58],

258 [9136,19976, 15682, 5264, 638], + a'[20432,43916,33675,10966,1279], + a?[16082,33665,24810,7634,821], +
a®[5216, 10450, 7162, 1952, 168], + a*[574,1061,621,116],

259 [2260,3164,1369,177], + a'[3408, 4664, 1905, 217], + a®[1616, 2088, 746, 58], + a°[252, 300, 84],

260 [1104,1456,543,47], + a'[916, 1151, 376,17], + a*[196, 239, 69],

261 [2360, 3354, 1375, 141], + a'[3786, 5162, 1933, 145], + a*[1995, 2621, 882, 34];, + a*[353, 453, 138],

262 [628,949,416,47], + a'[569, 803,299,17], + a?[157,214, 69],
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263 [5,3],

264 [54,70,22], + a'[34,46,15],

265 [72,98,32], + a'[44,62,21],

266 [13,9],

267 [6, 1]b + a1[3];,

268 [20,23,6], + a'[3,2],

269 [8,1], + a'[3],

270 [350,441,176,21], + a'[306, 356,125,11], + a?[64, 65,17],

271 [1216,1482,569, 65], + a'[1886,2193,783,77], + a?[918, 998, 316,22], + a®[140, 137, 34],

272 [258,171,23], + a'[204,118,11], + a?[38,17],

273 [700, 1366, 965,293, 32], + a'[610, 1160, 784, 223, 22], + a?[102, 170, 91, 16],

274 [672,889,381,52], + a'[1045, 1330, 542, 69], + a*[486, 576,210, 22], + a®[65, 65, 16],

275 [314,224,40], + a'[239,149, 22], + a*[39, 16],

276 [218,333,140,13], + a'[180, 266,101,5], + a*[38,55,19],

277 [472,741,384,67], + a'[779, 1188, 600, 103], + a?[358, 510, 238, 38], + a*[39,41,10],

278 [127,96,13], + a'[108,75,5], + a*[29,19],

279 [20,11], + a'[12,7],

280 [22,14], + a'[16,11],

281 [98,122,47,5];, + a'[90, 103,34, 2], + a*[22,24,7],

282 [760,918,343,35], + a'[1146, 1313, 448, 34], + a?[570, 623,193, 8], + a*[94, 99, 28],

283 [368,430,155,15], + a'[590, 657,218, 16];, + a®[302, 321,97, 4], + a*[50,51,14],

284 [712,802,277,25], + a'[1214,1315,424,30], + a?[638, 661, 195, 8], + a[106, 105, 28],

285 [172,186,61,5], + a'[140,143,42,2], + a?[28,27,7],

286 [1150, 2943, 2602, 1027, 182,12];, + a'[2480, 5786, 4603, 1570,219,10], + a*[2026,4387,3171,929,93,2], + a*[714,
1453, 960, 239, 14], + a*[90, 173,104, 21],

287 [9912,22478,18401, 6838,1147,72], + a'[27506,58963,44985,15122,2158,108], + a?[30042, 61317, 43690, 13160,
1511, 52], + a®[16062, 31381, 20917, 5590, 472, 8], + a*[4178, 7831, 4873, 1134, 56], + a°[420,754, 434, 84],

288 [15584,31926,24221,8421,1322,78], + a'[45170,88947, 63857, 20404, 2777,134];, + a®[50720, 96190, 65201, 18886,
2103,72], + a®[27558, 50407, 32186, 8325, 690, 12], + a*[7222,12729,7613,1716, 84], + a°[726, 1227, 678,126],

289 [10632,19962, 14055, 4544, 659,36], + a'[21630,39103,25936,7566,901,36], + a?[15812,27566,17176,4438,392,
8], + a*[4934, 8277, 4809, 1070, 56], + a*[552, 884, 470, 84],,

290 [1330,1649,691,108,6], + a'[1584,1863,693,77,2], + a®[618, 685,221, 14], + a°[78, 80, 21],

291 [13176,44472,58743,39629,14761,3023,312,12], + a'[37372,123607,157802,101053, 34881, 6396,561,16], +
a®[45882, 147701, 180979, 108928, 34265, 5457,387,7], + a°[31002,96581, 112841, 63126,17679,2316,120,1], +
a*[12022, 36131, 40085, 20649, 5011, 490, 14], + a°[2478, 7168, 7520, 3530, 716, 42];, + a®[204, 564, 552, 229, 35],,

292 [89856,291616, 369948, 239976, 86004, 16932, 1672, 60], + a'[340352, 1073656, 1314548, 813974, 274078, 49570, 4358,
128], + a?[552220, 1688740, 1987544, 1166633, 364428, 59190, 4474,99], + a*[495992, 1468460, 1656332, 915387,
261299,36876,2267,33], + a*[265302,760187, 819996, 423933, 108591, 12640, 567, 4], + a°[84046, 233045, 239925,
115247, 25893, 2268, 56, + a®[14474, 38781, 37949, 16753, 3183, 168];, + a’[1030, 2651, 2436, 961, 140],,

293 [254208, 760416, 902532, 552436, 187656, 35076, 3280, 108], + a'[927744, 2690688, 3073836, 1790601, 569283, 97299,
8073,216], + a*[1433964,4035372, 4432522, 2447134, 720809, 110312, 7860, 159], + a®[1214956,3319811, 3502473,
1824311,491571, 65284,3780,51], + a*[608374,1614684,1634087,798872,193777,21249,897,6], + a°[179578,
462756, 448214, 204273, 43629, 3612, 84], + a®[28806,71916, 66337, 27852,5043,252], + a’[1922,4621,4011, 1509,
210],

294 [854140, 188640, 158648, 64712, 13390, 1324, 42], + a'[247328, 528240, 422074, 159198, 29267, 2470, 59], + a®[292600,
604544, 457474, 157776, 24957,1699, 27], + a°[181022,361448,257871,80118,10360,509,4], + a*[61702,118800,
79391, 21765, 2100, 56], + a®[10954, 20244, 12529, 2925, 168], + a®[786, 1380, 771, 140],,

295 [10920, 15992, 8360, 1910, 200, 6], + a'[22948, 32505, 15701,3062, 255, 5], + a*[18967, 25787,11300,1779,105,1], +
a®[7704,9974,3876, 448,14, + a*[1534, 1871, 622, 42], + a°[119, 134,35],

296 [70200,219568, 279306, 188138, 72604, 16046, 1874, 88], + a'[160716,492736,605579,388095,139972, 28269, 2923,

114], +a?[ 156380, 467732, 551080, 331783, 109591, 19587, 1704, 49], + a3[83548, 242330, 271157, 150850, 44266, 6617,
439,7], + a*[25920, 72494, 76388, 38589, 9656, 1085, 42], + a°[4352, 11666, 11478, 5170, 1046, 70],, + a®[292, 738, 660,
251,35],
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301

302
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306
307
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309

310

311

312

313

314

315
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[498528, 1976104, 3267832, 2949250, 1590476, 524816, 103308, 11030, 480], + a'[1549560, 6041732, 9763130, 8543977,
4427420, 1388658, 256374, 25201, 972], +a2[2061524, 7879288, 12382883, 10435171, 5142953, 1510253, 255830, 22432,
722], + a*[1525548, 5697654, 8667983, 6982206, 3233213, 871039, 130964, 9731, 234], + a*[678344, 2469064, 3621111,
2767825,1187633, 285561,36072, 2054, 28], + a°[180568, 639012, 900113, 648299, 253883, 52505, 5040, 168], +
a°[26356, 90368, 121622, 81784, 28658, 4824, 280], + a’[1588, 5226, 6622, 4052, 1204, 140],

[336768, 1102252, 1450910, 1001840, 393354, 87928, 10308, 472], + a'[1171588, 3748060, 4784203, 3172763, 1182979,
247914, 26836, 1093],, +a?[1707614, 5320737, 6547399, 4129837, 1439384, 276057, 26679, 909], +a*[ 1355872, 4102184,
4838697, 2872004, 917288, 155426, 12705, 324], + a*[634134, 1857753, 2088810, 1153088, 328954, 46545, 2898, 42];, +
a°[174424, 493340, 525651, 266352, 65619, 7014, 252], + a®[25964, 70564, 70628, 32244, 6516, 420], + a’[1588, 4098,
3768, 1476, 210],

[433824, 1304040, 1591988, 1028848, 381520, 81344,9172,400], + a'[1427800,4199076,4970196, 3080510, 1081438,
215234, 22318, 860], + a*[1969432, 5650670, 6452867, 3803132, 1245674, 226082, 20865, 670], + a*[ 1478526, 4127265,
4524462, 2511917, 753803, 120608, 9395, 226], + a'[652840, 1767850, 1850296, 957246, 257008, 34342, 2034, 28], +
a°[169366, 443303, 440065, 209323, 48659, 4928, 168], + a°[23816, 59914, 55840, 23926, 4564, 280];, + a’[1388,3318,
2840, 1044, 140],

[55368, 122644, 106844, 47090, 11218, 1382, 62];, + a'[140408, 304536, 254720, 105168, 22816, 2502, 94];, + a*[144946,
305407, 242203, 91687, 17426, 1604,45], + a*[78128, 158807, 117944,39937, 6285, 436, 7], + a*[23192,45141,30945,
9069, 1071, 42];, + a®[3586, 6618, 4100, 986, 70], + a®[224, 385, 206, 35],

[170240, 505760, 621808, 414362, 163404, 38460, 4972, 258], + a'[515616, 1510672, 1816810, 1173954, 444746, 99692,
12168,582], + a?[649616, 1863330, 2170574, 1341893, 479550, 99954, 11184,471], + a°[442306, 1233538, 1377967,
802979, 264512, 49493, 4831, 164], + a*[175926, 473674, 501861, 270765, 79653, 12621, 971, 21], + a°[40854, 105346,
104473, 51005, 12798, 1540, 70],, + a®[5114, 12496, 11387, 4865, 968, 70],, + a’[264, 600, 484, 167, 21],

[323136, 1056576, 1417172, 1021058, 430080, 106340, 14204, 762],, + a'[1068384, 3429176, 4485112, 3127952, 1265682,
298510,37734,1874], + a?[1454084,4554618, 5759062, 3839767, 1466868, 322504, 37486,1647], + a*[1059844,
3219928, 3898460, 2447697, 862165, 170536, 17347,617], +  a'[447882, 1311433, 1504298, 873289, 274397, 45990,
3699,84], + a°[109790,307665,330323, 173359, 46347, 5880, 280], + a®[14406,38277,37845,17415,3693,280], +
a’[770,1903, 1670, 623, 84],

[959744, 3875776, 6615792, 6250724, 3583610, 1278400, 276952, 33132, 1646], + a'[3875776, 15449600, 25934900,
24000428, 13420119, 4649004, 973482, 111852,5263],  +  a?[6615792, 25934900, 42602652, 38360719, 20740441,
6900628, 1377655, 149457, 6492], + a*[6250724, 24000428, 38360719, 33340530, 17235502, 5423297, 1011316, 100836,
3870], + a*[3583610, 13420119, 20740441, 17235502, 8396544, 2444052, 411967, 36010, 1119],, + a®[1278400, 4649004,
6900628, 5423297, 2444052, 637046, 91656, 6363, 126], + a®[276952, 973482, 1377655, 1011316, 411967, 91656, 10080,
420], + a’[33132, 111852, 149457, 100836, 36010, 6363, 420], + a®[1646, 5263, 6492, 3870, 1119, 126],

[95, 208,107, 14], + a'[107, 196, 81,6], + a*[36, 56, 18],

[614,1062,616,120], + a'[1167, 1820, 963, 174], + a?[563, 772,351, 54], + a3[70,72,18],

[658,1086, 484, 56], + a'[1197, 1840, 737,66], + a*[695, 1002, 351, 18], + a*[132, 180, 54],

[234,335,135,14];, + a'[210, 285,99, 6], + a*[48, 62, 18],

[1906, 5114, 4803, 1968, 345, 20], + a'[3405, 9127, 8299, 3133, 462, 18], + a?[2423, 6417, 5580, 1893, 219, 4], + a*[827,
2115,1711,491,36], + a*[119, 287, 209, 45],

[8996, 23962, 25711, 13921, 3821, 429], + a'[24134, 63045, 65746, 34304, 9010, 965], + a?[22205, 55966, 55719, 27407,
6688, 657], + a>[8834, 20888, 19137, 8415, 1749, 135], + a*[1487, 3129, 2441, 841, 108],, + a°[80, 132,70, 12],,

[7660, 19496, 17077, 6473, 1030, 50], + a'[15804, 38436,31701, 10952, 1483, 50], + a?[12062, 27976, 21503, 6580, 701,
12], + a3[4044, 8924, 6302, 1620, 108], + a*[510, 1072, 687, 135],

[2476, 5590, 4478, 1575, 233, 10], + a'[3266, 7075, 5257,1621,187,4], + a?[1398,2887,1952,497, 36], + a3[200,394,
239,45],

[10464, 25468, 22839, 9470, 1809, 126],+a'[15312, 36795, 31615, 12106, 2020, 110], +a?[8454, 19958, 16179, 5528, 745,
24];, + a®[2156,4915,3633, 1024, 90],, + a*[230, 492,314, 60],

[55616, 184016, 238404, 154184, 52258, 8724,550], + a'[122016,399412, 506810, 316641, 101732, 15633,856], +
a?[105812, 340802, 419944, 250016, 74436,10104,434], + a3[45688, 143730, 169960, 94443, 25074, 2777,72], +
a*[9956, 30322, 33874, 17010, 3732, 270], + a°[896, 2622, 2724, 1182, 180],

[96512, 290528, 354528, 225630, 79392, 14742, 1140], + a'[306928, 911356, 1092608, 680199, 232990, 41907, 3128];, +
a?[381428, 1109530, 1295065, 779094, 255483, 43506, 3042], + a®[237296, 670312, 752457, 429745, 131331, 20289,
1242], + a*[77700, 210666, 223599, 118092, 32149, 4122, 180], + a°[12560, 32096, 31333, 14626, 3247, 270], + a°[760,
1760, 1478, 538,72,

[29824, 88224, 102704, 60382, 18860, 2926, 168], + a'[68608, 199760, 226572, 128230, 37978, 5458, 274], + a*[61032,
173822, 190204, 101991, 27926, 3565, 142], + a*[26460, 73284, 76520, 38065, 9256, 969, 24], + a*[5632, 15082, 14832,
6634, 1324,90];, + a®[476, 1228, 1124, 434, 60],

[24984, 55296, 45712, 17814, 3344, 258], + a'[57864, 127246, 103086, 38678, 6800,474], + a2[51000,109798, 85300,
29799, 4632, 263], + a*[21460, 44611,32485,10143, 1272, 45], + a*[4308, 8506, 5624, 1466, 120], + a°[328, 599,337,
60]5
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317

318

319

320

321

322

323

324
325

326

327

328
329
330
331
332
333
334
335
336
337
338
339
340

341

342
343

344
345
346
347
348
349
350
351

[143824, 425064, 496340, 295328, 95020, 15840,1096],  +  a'[450112, 1315236, 1509942, 876586, 272240, 43190,
2806], + a?[563084,1619016,1814432,1016657,299545,43935,2559], + a°[360572,1014378,1100123,586771,
160115, 20715, 984];, + a*[124582, 340559, 353527, 176225, 42988, 4506, 135], + a°[21948, 57732, 56428, 25520, 5218,
360], + a®[1526,3795,3378, 1291, 180],

[141776,411680, 484500, 295848, 98672, 16940,1152],  +  a'[449448, 1288588, 1490388, 890192, 288824, 47838,
3086], + a*[562308, 1581246, 1781342, 1028757, 319901, 50085, 2961],, + a>[356472, 974476, 1055562, 578955, 168321,
24013,1211], + a*[121292, 318632, 325721, 164760, 42767, 5138, 180], + a°[21152, 52636, 49402, 21870, 4566, 360];, +
a®[1504, 3502, 2925, 1044, 135],

[47152, 136320, 157004, 92748, 29754, 4936, 334], + a'[ 102280, 290788, 326186, 185616, 56593, 8778, 547];, + a*[86852,
240810, 259778, 139565, 39108, 5349, 278],, + a>[36250, 97364, 99923, 49702, 12297, 1347, 45], + a*[7368, 18994, 18278,
8198, 1686, 120], + a°[562, 1356, 1173, 437, 60],

[16384, 36996, 32576, 14002, 2935, 239], + a'[24048, 53656, 46133, 19152, 3827, 291],, + a?[11780, 25060, 20076, 7566,
1318,80], + a®[2228, 4238, 2869, 836, 90], + a'[152, 238, 116,18],

[99328,302168, 373976, 241304, 85606, 15802, 1180], + a'[216976, 648712, 786906, 496085, 171252, 30568, 2183];, +
a*[174516, 505876, 591646, 357286, 117121,19574, 1273], + a®[64552,177710, 194982, 108797, 32245, 4684, 240], +
a*[10932, 27584, 26878, 12718, 2946, 270], + a°[704, 1566, 1256, 432, 54],,

[102464, 296960, 336404, 191458, 57700, 8722, 524], + a'[337784,962408, 1063754, 584497, 167378, 23469, 1274];, +
a®[452120, 1263676, 1357384, 714608, 191480, 24092, 1108], + a*[315030, 862072, 896423, 448560, 110412, 11867,
408], + a*[120546, 322196, 322853, 152091, 33580, 2844, 54];, + a®[23938, 62224, 59609, 26009, 4934, 270], + a®[1910,
4784, 4305, 1673, 240],,

[18336, 56200, 67000, 39958, 12588, 1986,124], + a'[46180,138998,160995,91902,27123,3882,212], + a®[45606,
134286, 150059, 80875, 21736, 2646, 110], + a’[22394, 64384, 69144, 34853, 8313, 788,18, + a*[5426, 15166, 15539,
7217, 1468,90], + a°[506, 1358, 1299, 531, 80],

[3032,3770, 1537, 216,9], + a'[3780, 4546, 1688,175, 3], + a*[1542, 1776, 583,36], + a*[204, 221, 60],
[19168,35976, 24976, 7767, 1024, 45],, + a'[38860, 70968, 46931, 13326, 1443, 42],, + a?[28856, 51351, 32295, 8272, 681,
9], + a*[9256, 16000, 9485, 2129, 108], + a*[1076,1793, 983, 180],

[20240, 40844, 30250, 10078, 1452, 72] , +a'[ 56560, 111332, 78952, 24379, 3025, 114],+a*[62458, 119975, 81322, 23063,
2352,57], + a3[33946, 63605, 41087, 10573, 819, 9], + a*[9032, 16466, 10066, 2293, 108], + a*[936, 1652, 943, 180],
[3568, 7720, 6059, 2140,331,18], + a'[7326,15342,11298,3561,438,15], + a®[5842,11862,8214,2302,211,3], +
a®[2064, 4049, 2620, 639, 36];, + a*[268, 505,301, 60],

[532,578,189, 15], + a'[444, 459, 135, 6], + a?[92,91, 24],

1684, 1920, 668, 60];, + a'[2854,3128,1011, 69], + a®[1520, 1602, 475, 18], + a*[260, 265, 72],

1772,2106, 769, 75], + a'[2780, 3145, 1050, 75], + a®[1432, 1554, 473, 18], + a>[244, 257,72],

310,382, 145, 15], + a'[296, 336, 109, 6], + a?[76, 83, 24],

[
[
[
[1.2],

[101,191,97,11], + a'[83, 165,81,5], + a?[18, 40, 20],

[312,475,237,38], + a'[621,971, 500, 84], + a*[314, 479, 241,40], + a*[33,37,10],

[110,239,120,11], + a'[98,211, 100, 5], + a®[20, 44, 20],

[514,883,430,57], + a'[360, 621, 276, 25];, + a*[58, 104, 40],

[940, 1244, 524, 68];, + a'[1536,2041, 861, 112], + a?[720, 910, 354,40], + a*[92,97,25],

[1608, 3280, 2376, 726, 78], + a'[2532,5176, 3737, 1133, 120], + a?[1138, 2250, 1542, 432, 40], + a*[138, 244, 137, 25],
[594,884,381,45], + a'[927, 1393,588, 65], + a®[437, 638, 244, 20], + a*[62, 84, 25],

[

2328, 5028, 3747, 1144, 117],, + a'[5656, 12129, 8913, 2654, 258], + a*[4848, 10255, 7341, 2083, 182],, + a®[1718, 3538,
2405,615,40], + a*[210, 412, 253,50],

[2280, 6424, 6828, 3436, 816, 72], +a'[5228, 14634, 15388, 7614, 1760, 148], + a2[4240, 11727, 12096, 5805, 1275, 97], +
a®[1440, 3898, 3882, 1757, 346, 20],, + a*[172, 449, 420, 169, 25],

[748, 938,352, 34],, + a'[1072, 1347, 486, 39], + a2[493, 608, 201, 10], + a®[73, 87, 25],

[1560, 2936, 1956, 536, 48], +a'[3520, 6558, 4269, 1116, 89], +a2[2880, 5297, 3344, 817, 53], +a>[ 1014, 1833, 1110, 245,
10], + a*[130, 230, 132, 25],

812,1624, 1135,326,31], + a'[1294, 2551, 1721, 461, 37], + a2[668, 1284, 819,194, 10], + a*[114, 213, 127, 25],

[
[440, 480, 152, 10], + a'[392, 416, 121, 4], + a?[88,92, 25],
[944, 1088, 372,30], + a'[1624, 1810, 573, 32], + a2[906, 987, 291, 8], + a®[166, 179, 50],
[252,304, 110, 10], + a![270, 305, 95, 4], + a?[78, 87, 25],
[9.7]s + a'[7.6],

[5.3], + a'[3.2],

[320, 475, 200, 21], + a'[321, 461, 169, 9], + a2[97, 138, 45],

[1184, 1664, 663, 63], + a'[2000, 2750, 1015, 69], + a?[1123, 1523, 518, 18], + a®[211, 285,90],
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352 [272,221,21], + a'[247,196,9], + a*[57,45],

353 [1784, 4236, 3443, 1130, 123], +a'[2924, 6866, 5428, 1678, 160], +a*[1496, 3440, 2581, 702, 45], +a*[ 260, 586, 412, 90],,

354 [3280,7476, 5839, 1844, 193], +a'[7644, 17206, 13117, 3955, 376], +a®[6417, 14208, 10468, 2935, 232], +a°[2308, 5011,
3528, 882,45, + a*[303, 645, 430, 90],

355 [3088, 6560, 4814, 1430, 140], + a'[4744, 10008, 7149, 1996,169], + a®[2276,4712,3203,792,45], + a°[348, 704, 448,
90

356 [2;:})4, 5054, 3897, 1258, 143], +a![3170, 6892, 5186, 1601, 169], +a?[ 1363, 2873, 2024, 551, 45], +a>[ 187, 374, 232, 45],,

357 [9216, 18704, 13650, 4242, 472], + a'[18704, 37596, 26874, 8077, 855];, + a*[ 13650, 26874, 18462, 5191, 491], +a’[4242,
8077,5191,1282,90], + a*[472, 855,491, 90],

358 [11,7], + a'[9, 6],

359 [54,79,27], + a'[34,51,18],

360 [19,25,8], + a'[13,18,6],

APPENDIX H. EXCEPTIONAL-MODE COEFFICIENT IDENTITY

Puta = p—2and b = q — 2. The columns N;j; and D specify c;jx = Njjr/Dijk. An omitted
coefficient is zero. Every denominator is strictly positive for a, b > 0. The polynomials F; are defined
in Section L

i j k Ny Dijk

200 (a+2)°F 2(b+1)°

201 (a+3)(a+2)’F, 2(b+1)°

202 (a+3)(a+2)’ 2(b+1)°

210 (a+2)F; (b+2)(b+1)°

211 (a+2)F, (b+2)(b+1)°

21 2 (a+3)(2ab +3a+5b+8)(a+2)’ (b+2)(b+1)°

220 (a+2)Fs (b+1)"(b+2)°

22 1 (a+2)F, 2(b+1)"(b +2)

22 2 (a+2)’F 2(b+1)"(b+2)
230 (a+2)Fs (b+1)(b+2)°

231 (a+2)F (b+1)(b+2)°

23 2 (2ab+3a+5b+8)(a+2)" (b+1)(b+2)°

240 (a+2)°Fy 2(b+2)°

241 (a+2)°Fy 2(b+2)°

242 (a+2) 2(b+2)°

300 Fp 2(b+1)°

30 1 Fp 2(b+1)’

302 (a+2)(a+3)Fy 2(b +1)°

303 (a+2)(a+3) 2(b+1)’

310 Fy 2(b+2)(b+1)(a+1)
311 Fy 2(b+2)(b+1)"(a+1)
31 2 (a+2)Fy 2(b+2)(b+1)(a+1)
31 3 (4ab+5a+9b+12)(a+2)"(a+3)’ 2(b+2)(b+1)
320 Fy 2(b+1)"(b+2)"(a+1)
321 Fy 2(b+1)"(b+2)"(a+1)
32 2 (a+2)Fy 2(b+1)"(b+2)"(a+1)
3 2 3 3(a+3)(2ab+3a+5b+8)(a+2) 2(b+1)"(b+2)°
330 Fy 2(b+1)(b+2)’(a+1)
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33 1 Fy 2(b+1)(b+2)’(a+1)

33 2 (a+2)°Fy 2(b+1)(b+2) (a+1)

33 3 (4ab+7a+11b+20)(a+2) 2(b+1)(b+2)

340 (a+2)Fu 2(b+2)"(a+1)

341 (a+2)Fy 2(b+2)"(a+1)

34 2 (a+2)Fy 2(b+2)"(a+1)

343 (a+2) 2(b+2)°

400 Fy 2(b+1)"(a+2)

40 1 Fy 2(b+1)"(a+2)

40 2 Fy 2(b+1)°

403 (a+2)(5a+12)(a+3) 2(b +1)°

410 Fy (b+2)(b+1)"(a+1)(a+2
411 Fy (b+2)(b+1)(a+1)(a+2
41 2 Fy (b+2)(b+1)"(a+1)
413 (a+2)(a+3)Fs, (b+2)(b+1)°

420 Fy 2(b+1)°(b+2) (a+2)(a+1)’
421 Fy 2(b+1)"(b+2)"(a+2)(a+1)
42 2 Fy 2(b+1)"(b+2)"(a+1)

42 3 3(a+2)Fy 2(b+1)"(b+2)°

430 Fy (b+1)(b+2) (a+1)’

43 1 Fy (b+1)(b+2) (a+1)

43 2 (a+2)Fy (b+1)(b+2)"(a+1)
433 Fy(a+2) (b+1)(b+2)’

440 Fy 2(b+2)"(a+1)°

441 Fy 2(b+2)"(a+1)

44 2 (a+2)Fu 2(b+2)"(a+1)

443 (sb+8)(a+2)’ 2(b+2)°

50 0 Fy 2(b+1)(a+2)

50 1 Fy 2(b+1)(a+2)’

50 2 Fy 2(b+1)(a+2)

50 3 (a+3)(10a* +48a +57) 2(b+1)

51 0 Fy 2(b+1)(b+2)(a+1)(a+2)
51 1 Fy 2(b+1)(b+2)(a+1)(a+2)
51 2 Fs 2(b+1)(b+2)(a+1)(a+2)
513 Fy 2(b+1)(b+2)

52 0 Fs 2(b+1)(b+2)"(a+2)(a+1)’
52 1 Fs 2(b+1)(b+2)"(a+2)(a+1)’
52 2 Fs 2(b+1)(b+2)"(a+1)

5 2 3 3(a+2)Fs 2(b+1)(b+2)°

53 0 Fs 2(b+1)(b+2)’(a+2)(a+1)
531 Fy 2(b+1)(b+2) (a+2)(a+1)
53 2 F 2(b+1)(b+2)"(a+1)

53 3 Fs(a+2) 2(b+1)(b+2)°

54 0 Fg 2(b+2) (a+1)

123
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54 1 Fg 2(b+2)*(a+1)*
54 2 (a+2)Fq 2(b+2)"(a+1)

5 4 3 (1062 +32b+25)(a+2) 2(b +2)’

60 0 Fg 2(a+2)"

6 0 1 Fy 2(a+2)"

6 0 2 Fe 2(a+2)

6 0 3 (104 +52a+67) 2

6 1 0 Fg (b+2)(a+1)(a+2)
611 Fg (b+2)(a+1)(a+2)
61 2 Fe (b+2)(a+1)(a+2)
6 13 Fe (b+2)

6 2 0 Fr 2(b+2)(a+1)"(a+2)"
621 Fy 2(b+2)"(a+1)(a+2)’
622 Fp (b+2)*(a+1)(a+2)
6 2 3 3Fn 2(b+2)°

63 0 Fp (b+2)(a+2)(a+1)
63 1 Fr (b+2)*(a+2)(a+1)*
6 3 2 Fr (b+2)"(a+1)

63 3 (a+2)Fy (b+2)°

6 4 0 (b+4)Fs 2(b+2)(a+1)"

6 4 1 Fr 2(b+2)"(a+1)”

6 4 2 Fy 2(b+2)"(a+1)

6 4 3 (1062 +28b+19)(a+2)’ 2(b+2)°

700 (b+1)(b+4)Fy (a+2)

701 (b+1)Fg 2(a+2)

70 2 (b+1)Fgy 2(a+2)

703 (b+1)(5a+13) 2

710 (b+1)(b+4)Fs (b+2)(a+1)(a+2)
711 (b+1)Fg 2(b+2)(a+1)(a+2)
71 2 (b+1)Fg 2(b+2)(a+1)(a+2)
7 1 3 (b+1)(20ab +37a+ 49b + 92) 2(b +2)

72 0 3(b+1)(b+4)Fy (b+2)(a+1)(a+2)
7 2 1 3(b+1)Fg 2(b+2)(a+1)(a+2)
7 2 2 3(b+1)Fg 2(b+2)(a+1)(a+2)
7 2 3 3(b+1)(10ab + 17a + 23b + 40) 2(b +2)

730 (b+1)(b+4)F (b+2)(a+1)(a+2)
731 (b+1)Fy 2(b+2)(a+1)(a+2)
73 2 (b+1)Fy 2(b+2)(a+1)(a+2)
7 3 3 (b+1)(20ab + 31a+43b + 68) 2(b +2)

740 (b+1)(b+3)(b+4)Fy (b+2)(a+1)

741 (b+1)Fy 2(b+2)(a+1)

7 4 2 (b+1)Fy 2(b+2)(a+1)
743 (b+1)(5b+7)(a+2) 2(b +2)

800 (b+3)(b+1)"(b+4) 1

801 (b+4)(sb+16)(b+1)° 2

802 (26+7)(b+1) 1
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803 (b+1) 2
810 4(b+3)(b+1)"(b+4)° 1
8 1 1 2(b+4)(5b+16)(b+1)° 1
81 2 4(2b+7)(b+1)" 1
81 3 2(b+1)° 1
820 6(b+3)(b+1)"(b+4)° 1
8 2 1 3(b+4)(5b+16)(b+1) 1
8 2 2 6(2b+7)(b+1)° 1
8 2 3 3(b+1)° 1
830 4(b+3)(b+1)"(b+4)° 1
831 2(b+4)(5b+16)(b+1) 1
8 3 2 4(2b+7)(b+1)" 1
83 3 2(b+1)° 1
840 (b+3)(b+1)"(b+4) 1
8 4 1 (b+4)(sb+16)(b+1)° 2
842 (2b6+7)(b+1)° 1
843 (b+1) 2

APPENDIX I. EXCEPTIONAL-MODE DIMENSION POLYNOMIALS

Puta=p—2and b = q — 2. For a finite list write

n
[cos-..hcnlp = Z cjb’.
=0
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Each row below specifies the entire polynomial as a sum of terms a“b"|[cy, ..., c4]p. Factors with
exponent zero are omitted. Every coefficient is an exact nonnegative integer. Every polynomial has a
strictly positive constant term.

i

Fi(a, b)

1
2

10
11
12

13

14

[708,557,155,19,1], + a'[740,497,98,5], + a*[258, 152, 22], + a°[30, 16, 2],
[75,29,2], + a'[58,18], + a?[11,3],

[4176,6144,3255,803,97,5], + a'[6372,8753,4074,795, 64, 2], + a?[3658,4737,1950, 289, 10], + a*[936, 1158, 432,

50], + a*[90, 108,38, 4],
[1260, 1309, 362, 25], + a'[2037, 2032, 495, 20], + a?[1232, 1192, 260, 4], + a®[330, 313, 63], + a*[33,31,6],

[8736, 19256, 16212, 6714, 1468, 166, 8], + a'[13192, 27602, 21324, 7656, 1321,102, 3], + a*[7598, 15247, 10935, 3414,

439,15], + a®[1975, 3849, 2615, 733, 72], + a*[195,374, 247, 66, 6],

[4960, 8708, 5090, 1130, 76], + a'[8100, 13830, 7609, 1459, 60], + a*[5000, 8380, 4405, 741, 12], + a*[1379, 2289, 1170,

180], + a*[143,237,120, 18],
[88,116,37], + a![68,92,30], + a®[13,18,6],

[3744,5616,3070,787,98,5], + a'[5656,7826,3711,751, 64, 2], + a*[3296,4258, 1757, 265,10], + a*[878, 1080, 400,

46], + a*[90, 108, 38, 4],

[1000, 1066, 313, 25];, + a'[1662, 1673, 420, 20], + a?[1056, 1020, 223, 4], + a>[303, 286, 57], + a*[33,31,6],
[528,452,140,19,1], + a'[568,390, 82, 5], + a?[218,126, 18], + a*[30, 16, 2],

[140,62,6], + a'[170,58, 2], + a*[73,21], + a®[11,3],

[20136, 22798, 13657, 5000, 1018, 106, 5];, + a'[37480, 38798, 20833, 6717, 1097, 73, 2], + a?[27440, 25592, 12100, 3436,

444,12], + a*[9868, 8100, 3244, 812, 8], + a'[1740, 1204, 364, 76, 8], + a*[120, 64, 8],

[10674, 8099, 3222, 651,38], + a'[20382, 14270, 5155, 932, 33];, + a’[15334,9749,3119,503,7], + a*[5678,3200, 862,

124], + a*[1034, 496,98,12], + a°[74, 28, 2],
[311,118,23], + a'[349,116,19], + a*[127,35,4], + a®[15,3],
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35

36
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[109344, 230032, 207334, 108397, 34452, 6406, 646,29], +  a'[298200, 593450, 496769, 239805, 69375, 11243, 924,
34], + a®[327000,613556,471795,207119,53351,7073,378,8], + a°[185544,326842,228046,89998,20626,2192,
48], + a*[57564, 94432, 58416, 20216, 4164, 376], + a*[9252, 13908, 7220, 1996, 360, 32];, + a®[600, 800, 296, 32],
[52040, 85882, 54791, 18812, 3235, 188];, + a'[ 148574, 235503, 140920, 45242, 7122, 319];, + a®[ 169996, 258032, 143100,
42303, 5982, 167], +a®[100460, 145411, 73581, 19669, 2491, 28], + a*[32454, 44494, 20006, 4658, 532], + a°>[ 5442, 6986,
2646, 478, 48], + a®[370, 436,122, 8],

[4108,4917,1722,265], + a'[10161,11850,3873,564], + a[9456,10710,3189,423], + a>[4206,4607,1209,136], +
a*[902,949, 207, 16], + a°[75,75,12],

[221760, 471984, 435568, 227230, 70929, 13009, 1303, 57];, + a'[570160, 1129004, 957516, 455709, 127340, 20021, 1614,
56], + a?[602884, 1107574, 855906, 367473, 90176, 11439, 604, 12],, + a®[335536, 569896, 397622, 153128, 33102, 3308,
72], +a*[103356, 160922, 99320, 33782, 6564, 552], +a°[ 16616, 23244, 11984, 3324, 576, 48], +a°®[ 1080, 1296, 456, 48],
[91360, 148348, 96718,32800,5494,328], + a'[255044,392220,238145,74899,11317,523], + a?[289814,420741,
235375, 67781,9050,261], + a*[172018,234706,119283,31048,3663,42], + a*[56264,71583,32199,7356,780], +
a’[9602, 11226, 4218,762,72], + a®[666, 696, 186, 12],

[6272,7026,2526,368], + a'[15718, 16959, 5682, 787], + a®[15043, 15549, 4731, 601], + a*[6943, 6835, 1820, 198], +
a*[1553, 1444, 315, 24], + a°[135,117, 18],

[196992, 418176, 382728, 195088, 59068, 10521, 1024, 43], + a'[480864,945656,794664,368192,99123, 15041, 1172,
38], + a?[490208,888548,679618,283196, 66491, 8111,422,8], + a®[266644,443166,305984,114224,23410, 2216,
48], + a*[81164, 122406, 74942, 24868, 4572,360], + a>[12984, 17320, 8876, 2452, 408, 32], + a°[840, 928, 312,32],
[69600, 112376, 73412, 24452, 4006, 242], + a'[190408,288796,175200,53810,7879,373], + a?[214800, 304606,
169827, 47505, 6060, 181], + a®[127870,168567,85277,21525,2389,28], + a*[42276,51289,22968,5122,508], +
a’[7332, 8028, 2994, 538, 48], + a®[518, 492, 126, 8],

[2024,2190,792,110], +a'[4170, 4263, 1416, 185], + a*[3035, 2882, 835, 96 ], + a*[ 940, 815, 189, 16], + a*[ 105, 81, 12],,
[14880, 23560, 15872, 5684, 1123, 116, 5];, + a'[28768, 40264, 23780, 7242, 1133, 81, 2], + a*[22156, 26862, 13630, 3434,
388,12], + a®[8564, 8826,3830, 828, 72], + a*[1640, 1360, 476, 92, 8], + a*[120, 64, 8],

[4824, 5332, 2356, 464,32], + a'[10672,10444, 4086, 685,33], + a?[9378,7961,2696,369,7], + a*[4100,2947,852,
100], + a*[884,506,114,12], + a°[74, 28,2],

[118,66,12], + a'[193,92,15];, + a?[96, 34, 4], + a®[15,3],

[72624, 69556, 29114, 7306, 1138,98,4], + a'[142304, 125608, 46592,10017,1219,59, 1], + a*[110564,89688,29219,
5404, 535, 10];, + a*[42566, 31574, 8845, 1380, 119], + a*[8114, 5452, 1250, 148, 12], + a°[612, 366, 60, 2],

[39916, 26042, 6924, 976, 50], + a'[79680, 47964, 11226, 1368, 42], + a*[63118, 34941, 7060, 734, 9], + a*[24791, 12561,
2120, 182], + a*[4825,2219,292,18], + a*[372,153,13],

[3614, 1198, 122], + a'[5558, 1657, 131], + a?[3179, 854, 48], + a®[801,193, 6], + a*[75,16],

[218112,376208, 264308, 103952, 25467, 3851, 329, 13], +a'[612544, 1006136, 654222, 232251, 50162, 6363, 410, 12], +
a®[700908, 1098850, 660176, 210071, 39584, 4059, 154, 2], + a*[419692, 628988, 348210, 98554, 16222, 1370,20], +
a*[138936, 199082, 100856, 24880, 3536, 262];, + a°[24124, 32988, 15064, 3064, 344, 24], + a®[1716, 2228, 888, 124, 4],
[110288, 153232, 77518, 19826, 2668,136], + a'[321504,430036,202532, 46989, 5623,218], + a?[380178,490254,
213918, 44304, 4604,110], + a*[234564,291949,117393,21287,1889, 18], + a*[79868,95996,35294, 5422,400], +
a’[14252, 16533, 5485, 664, 36], + a®[1042, 1164, 340, 26],

[9172, 9515, 2656, 261], + a'[23215, 23454, 6027, 514], + a?[22426, 22107, 5176, 359], + a®[10461, 10082, 2131, 108], +
a*[2372,2238,422,12], + a°[210, 194,32],

[84,57] + a'[69, 48], + a?[14,10],

[903552, 2348192, 2520640, 1497876, 551746, 130174, 19122, 1598,60], + a'[3319040, 8325952, 8486800, 4707244,
1593782,339923, 43877, 3085, 97, + a®[5128848, 12428644, 12015962, 6189328, 1906718, 361055, 39236, 2055, 46];, +
a®[4328064, 10145536, 9303300, 4436433, 1235883, 206151, 18319, 572, 6], + a*[2155916, 4894944, 4256650, 1872089,
468642, 69021,5082,60], + a°[634068, 1395238, 1148466, 461706, 102020, 13204, 858];, + a°®[101916, 217220, 168358,
60572, 11150, 1176, 72], + a’[6900, 14210, 10252, 3138, 384, 12],

[424800, 940304, 798556, 342994, 81962, 10450,526], +  a'[1636256,3534264, 2883616, 1167776, 259108, 30120,
1276], + a*[2639396,5563014,4351212, 1649332, 335035, 34677,1108], + a[2315532, 4764584, 3567682, 1257103,
230363, 20770, 408], + a*[1195190, 2402580, 1720359, 559235, 90795, 7015, 54], + a*[363408, 714099, 488219, 144851,
20199, 1308], + a®[60314, 115876, 75429, 20055, 2232, 108], + a’[4216, 7915, 4879, 1122, 78],

[32544, 59196, 35934, 8670, 792];, + a'[82740, 147594, 85970, 19051, 1535], + a*[81600, 143058, 79983, 16055, 1073], +
a®[39250, 67771, 36404, 6522, 324], + a*[9239, 15741, 8133, 1278, 36], + a*[853, 1436, 714, 96],,

[136,194,67], + a'[102, 148, 52], + a?[19, 28,10],

[211968, 536736, 577448, 349568, 131340, 31360, 4622,384,14], + a'[630336, 1508192, 1504396, 828522, 277829,
57717,7081,455,12], + a?[780920, 1770572, 1637320, 816439, 241808, 42805, 4120, 166,2], + a*[515160,1111194,
954652, 430589, 112434, 16995, 1260, 20], + a*[190200, 391438, 312510, 126878, 29054, 3826, 238];, + a°[37112, 72894,
53738, 19174, 3658, 404, 24];, + a®[2976,5558, 3712, 1078, 128, 4],
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[87648, 184224, 153728, 66622, 16159, 2080,107], +  a'[287664, 582000, 459090, 184425, 40738, 4653,194],  +
a?[386296, 751946, 558251, 205387, 40393,3920,108], + a*[272258,510447,355966, 118822,20418,1634,18], +
a*[106310, 192255, 125722, 37647, 5519, 364], + a°[21806,38073,23256,6104,710,36], + a°[1834,3091,1749, 382,
26]5

[6008, 10042, 5808, 1398, 128], +a'[12486, 20179, 10971, 2366, 186 ], +a?[9435, 14777, 7524, 1407, 84], +a>[ 3096, 4719,
2253,354,12], + a*[373, 556, 250, 32],

[68,85,26], + a'[25,32,10],

[143232, 354080, 376624, 226408, 84244, 19800, 2854,230,8], + a'[410432,952048,935864,511828,170114, 34752,
4151, 255, 6], +a?[491616, 1069920, 968568, 478324, 140360, 24429, 2298, 91, 1], + a*[317040, 649096, 541084, 240470,
62008, 9145, 651,10], + a*[116192, 224540, 172428, 68748, 15592, 2008, 119];, + a°[22848,41672,29232, 10184, 1936,
212,12], + a®[1872,3204, 2000, 554, 64, 2],

[52704, 106960, 88056, 38164, 9276,1194, 62];, + a'[170000, 329224, 254556, 101934, 22518, 2565, 109], + a*[226352,
417584, 301308, 109898, 21509, 2060, 58], + a®[159968, 281372, 188962, 62186, 10596, 825,9], + a*[63372,106430,
66380, 19501, 2842, 182];, + a°[13336, 21392, 12314, 3142, 364, 18], + a®[1164, 1782, 936, 195, 13],
[1576,2476,1382,330,30], + a'[2580, 3834, 1954, 403,30], + a?[1362, 1908, 869, 141, 6], + a*[238, 318, 131,16],
[108480, 101488, 37208, 7034, 747,42,1], + a'[221792,192664, 62992, 10064, 815,23], + a?[181012, 146254, 42560,
5734,368, 4], + a®[73620, 55394, 14262, 1582, 82];, + a*[14904, 10452, 2358, 202, 8], + a°[1200, 784, 152, 8],

[60496, 38368, 8428, 816, 32], + a'[126232,74306,14213,1100,25], + a?[105002, 57453, 9480,563,5], + a>[43488,
22159, 3121, 131], + a*[8960, 4260, 506, 12], + a®[734, 326,32],

[5594,1807,119];, + a'[9120,2671,118], + a®[5547, 1484, 38], + a®[1490,367, 4], + a*[149,34],

[724224, 1150336, 718608, 234088, 43878, 4781,278,7], + a'[2098560,3191488, 1861824, 549110, 89635, 7955, 314,
4], + a*[2494240, 3644268, 1989050, 530298, 75025, 5357, 116], + a*[1559652, 2195666, 1122514, 269538, 32808, 1906,
16], + a*[541844,736870,352982,75716,7740,368], + a°[99240, 130672, 58630, 11070, 888,32], + a°[7488, 9564,
4012, 648,32],

[376448, 481344, 216816, 45060, 4568,184], + a'[1130336,1394128,586358,108751,9312,275], + a?[1384640,
1652284, 649102, 106286, 7414, 131], + a®[889098, 1029459, 378051, 54020, 2928, 20], + a*[316392, 356489, 122545,
15077, 584], + a°[59252, 65150, 21004, 2188, 48], + a®[4566,4912, 1488, 128],

[32440, 31006, 7769, 545];, + a'[84786, 78879, 18196, 1006];, + a®[85214, 77430, 16414, 646], + a®[41579, 37046, 7235,
172], + a*[9906, 8690, 1574, 16];, + a°[925, 802, 136],

[924,573], + a'[1137,714], + a*[462,294], + a®[62,40],

[845184, 1936768, 1812712, 912776, 273872, 50679, 5655, 345,9], + a'[2764416,6116912, 5432820, 2537232, 685967,
110068, 9973,426,6], + a*[3696936, 7921668, 6691364, 2899178, 704023, 97132, 6941, 166], + a*[2589072, 5388788,
4340236, 1745720, 379690, 44908, 2546,24], +  a*[1002264, 2032224, 1564332, 583656, 112712, 11248,516], +
a°[203520, 403148, 297228, 102598, 17226, 1356, 48], + a®[16944, 32876, 23260, 7392, 1032, 48],

[416960, 821248, 617568, 228472, 44934, 4588,190], + a'[1430144, 2743352, 1973444, 679648, 119985, 10500, 335];, +
a?[1993288, 3729988, 2567260, 819059, 127454, 9122,183], + a®[1447504, 2648906, 1747582, 515278, 69476, 3854,
30], + a*[578824, 1038878, 658926, 179517, 20601, 822], + a°[121064, 213774, 130852, 32988, 3144, 72], + a®[10360,
18054, 10712, 2508, 192],

[33664, 54898, 29975, 6302, 441], + a'[70902,112829,58447,10882,566], + a®[53756,84045,41627,6836,216], +
a’[17576, 27174, 13006, 1908, 24], + a*[2102, 3232, 1512, 204],

[296,379,119], + a'[237, 308, 98], + a*[47,62,20],

[834048, 2568576, 3318752, 2375192, 1044996, 295124, 53682, 6042,378,10], +  a'[3435392, 10294208, 12799160,
8693616, 3569344, 921779, 149312, 14348, 708,13], + a?[6009216, 17553056, 21033376, 13564810, 5187619, 1217931,
173395,13751,474,4], + a*[5782768,16500812, 19095514, 11709278, 4169761, 887209, 110255, 7059, 140],  +
a*[3303248, 9226808, 10334096, 6033878, 1999734, 384190, 41492, 2142,16],  +  a°[1119360, 3066860, 3331070,
1853798, 570388, 97988, 9060, 384], + a®[208288, 560864, 591892, 314060, 89170, 13346, 984,32], + a’[16416, 43536,
44740, 22648, 5884, 728, 32],,

[388352, 1059456, 1157792, 659208, 212884, 39566, 3976,166], + a'[1306048,3476992, 3660372, 1970824, 586487,
97088, 8295,266], + a*[1808256,4709112,4786764,2439180, 665998, 96547, 6690,133], + a3[1319564,3370676,
3318441, 1604091, 401097, 50163, 2688, 20];, +a*[ 535588, 1345746, 1287765, 592527, 135615, 14379, 560];, +a°[ 114696,
284316, 265478, 116774, 24468, 2132, 48], + a®[10128, 24846, 22742, 9624, 1856, 128],,

[14664, 27350, 16784, 3898, 304],+a'[31002, 56325, 32672, 6655, 386], +a*[24117, 42959, 23755, 4223, 148], +a>[8209,
14433,7698, 1210, 16], + a*[1033, 1805, 942, 136],

[356, 711,462, 98], + a'[139, 282, 186, 40],

[79104, 191968, 194712, 108988, 37088, 7862, 1006, 70, 2], +a'[267456, 615776, 580380, 294872, 88621, 15986, 1630, 78,
1], + a*[382000, 838844, 737738, 340754, 90259, 13759, 1091, 31], + a*[293808, 618696, 510092, 214620, 49982, 6394,
384,4], + a*[127872,259572,201610,77458,15832,1706,82], + a°[29728,58384,42796,14916,2594,218,8], +
a°[2880, 5496, 3816, 1200, 168, 8],
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61 [32672,66896,53376,21592,4766,552,26], + a'[91152, 177852, 131536, 47525, 8934, 823,26], + a*[102012, 190688,
131223, 42196, 6596, 446, 5], + a*[57188, 103070, 66465, 19089, 2457, 119], + a*[16032, 28020, 17038, 4366, 442, 12], +
a’[1800, 3074, 1784, 414,32],

62 [1126,1312,404,38];, + a'[1853,2014,509,30];, + a[1011, 1040, 215,4], + a*[185, 185, 34],

63 [38112,35000,11896,1854,134,4], + a'[63360,53968,16244,2058,99,1], + a®[39544,31404,8404,856,25], +
a®[10972, 8184, 1968, 160, 2], + a*[1140, 806, 178, 12],,

64 [22072,13712,2658,174,4], +a'[37520, 21596, 3562, 151, 1], + a*[23888, 12816, 1805, 41], + a*[6746, 3402, 417, 3], +
a*[712,341,38],

65 [2116,670,30], + a'[2620, 744, 14], + a?[1078,281,1], + a®[147,36],

66 [138240, 207648, 120024, 34332, 5154,390,12], + a'[352032,507560, 275304, 71436, 9220,547,11], + a®[349888,
485580, 247452, 57970, 6279, 266, 2], + a*[170800, 229086, 110132, 23312, 2081,56], + a*[41112, 53564, 24464, 4714,
342, 4], + a°[3912, 4982, 2186, 392, 24],

67 [76032,91512,37824,6606,474,12], + a'[199992, 232348, 89796, 13764, 747, 11], + a*[204364, 229976, 83321, 11110,
409, 2], + a®[102186, 111867, 38215, 4432, 91], + a*[25116, 26886, 8741, 895, 6], + a°[2434, 2563, 804, 76],,

68 [6920,6198, 1426,72], + a'[15362, 13367, 2816, 93], + a?[12097, 10270, 1986, 31], + a*[4078, 3402, 615, 2];, + a*[501,
414,72],

69 [208,119], + a'[169, 98], + a?[34,20],

70 [364416,583712,359040, 110212, 18050, 1518,52], + a'[1253184,1937872,1127760,318852,46328,3269,85], +
a®[1757824, 2627852, 1445538, 373852, 47170, 2633, 42], + a*[1291064, 1871284, 974516, 229749, 24669, 1010, 6], +
a*[524992, 740670, 366590, 78821, 7060, 186], + a°[112296, 154972, 73382, 14492, 1068, 12], + a°[9888, 13430, 6150,
1140,72],

71 [383552,692384,473512, 154392, 24938,1870,52], + a'[1365600,2411280, 1590216, 487604,70718,4351,85], +
a®[1978600, 3423208, 2179946, 627870, 80739, 3821, 42];, + a*[1496408, 2543264, 1568504, 425177, 48051, 1582, 6], +
a*[624572, 1046014, 627425, 160921, 15951, 300], + a®[136712, 226424, 132836, 32550, 2868, 18], + a®[12284, 20202,
11677, 2778, 228],

72 [16544, 24740, 12388, 2317, 123], + a'[36444, 53300, 25479, 4249, 147],, + a?[29000, 41772, 19263, 2896, 48], + a>[9984,
14257, 6419, 894, 3], + a*[1262, 1798, 801, 108],

73 [312,364,105], + a'[268,316,92], + a?[57, 68, 20],

74 [51072, 88496, 58276,19212,3416,316,12], + a'[144816, 239396, 145790, 42736, 6395, 456, 11], + a®[162376, 257574,
145656, 37889, 4679, 238, 2], + a*[90152, 138196, 73054, 16887, 1687, 56],, + a*[24808,37046, 18488, 3822, 298,4], +
a’[2712,3988,1916, 368, 24],,

75 [51968,100744, 73568, 25682, 4508, 378, 12],, + a'[155400, 292388, 202930, 64949, 9797, 621, 11], + a®[ 182532, 334784,
221899, 65299, 8371, 368, 2], + a*[ 105456, 189574, 120848, 32939, 3564, 91];, + a*[30020, 53220, 32935, 8433, 777, 6], +
a’[3376, 5946,3620, 896, 76],,

76 [4248,6910,3729,752,45], + a'[7178,11301, 5684, 960, 29], + a?[3912, 6058, 2916, 429, 2], + a®[694, 1073, 510, 72],

77 [112,145,46], + a'[47, 62,20],

78 [2508, 4214, 2404, 630, 80, 4], + a'[5592, 8736, 4269, 857,69, 1], + a*[4806,7108, 3047, 478, 25], + a*[1848, 2610, 984,
112,2], + a*[270,372, 130, 12],

79 [10040, 21392, 16882, 6342,1208,112,4], + a'[24304,49736,36514,12095,1842,110,1], + a?[22124,43874,30365,
9024, 1114, 41], + a*[8928, 17288, 11406, 3074, 299, 3], + a*[1356, 2598, 1677, 433, 38],

80 [1560,2824,1662,362,24], + a'[2632, 4596, 2502, 449, 15], + a®[1484, 2538, 1315, 203, 1], + a>[280, 476, 243,36],

81 [390,247,45,2], + a'[318, 176, 23], + a?[66,34,4],

82 [1924,1152,195,7], + a'[1612,876,116], + a®[340,176,22],

83 [390,119,3], + a'[336,93], + a*[72,19],

84 [3000,3502, 1383, 213, 10], + a'[5250, 5863, 2137, 279, 8], + a?[2832, 3020, 1005, 104], + a*[492, 512, 164, 16],,

85 [14416,16364,6184,887,35], +a'[25900, 28452, 10097, 1257, 28], + a®[ 14312, 15234, 5072, 534],, + a*[ 2528, 2650, 862,
881,

86 [2840,2390,499,15], + a'[5250,4317, 838, 12];, + a*[2974,2397,435], + a®[534, 427,76],

87 [1440,1734,709,115,6], + a'[2418,2755,1019, 135, 4], + a*[1296, 1412,477,50], + a*[228, 244, 80, 8],

88 [6720,7908,3100,469,21], + a'[11756, 13268,4797, 607, 14];, + a*[6504, 7122, 2416, 258], + a’[1168, 1266, 422, 44],,

89 [1280,1134,249,9], + a'[2346,2017,402,6], + a®[1342,1133,211], + a*[246, 207, 38],

90 [2760,3434,1453,247, 14], + a'[4422,5157, 1939, 261, 8], + a*[2352,2628, 903, 96], + a*[420, 464,156, 16],

91 [12464,15268,6216,989,49], + a'[21124, 24620,9091, 1171, 28], + a?[11704, 13254, 4592, 498], + a’[2144, 2414, 826,
88],

92 [2280,2146,497,21], + a'[4134,3751,770,12], + a®[2394, 2135,409], + a*[450, 401, 76],

93 [110,105,27,2], + a'[112,92,15], + a*[32,26,4],

94 [1436,1840,779,130,7], + a'[1624,1918,684,76], + a*[488, 574,202, 22],
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i Fi(a, b)

95 [250,253,62,3], + a'[322,307,61], + a?[102,97,19],

(1]
(2]
(3]
(4]
(5]
(6]
(7]
(8]
(9]
(10]
(11]
(12]

(13]
(14]

(15]
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