SPECTRAL RESOLUTION AND RIGIDITY OF SPHERICAL SPACE FORMS

ANASS NIFA

ABSTRACT. Letn > 5be odd. We prove quantitative rigidity from scalar Laplace spectra for two classes
of round n-manifolds: homogeneous spherical space forms of even order and scalar lens spaces of odd
order at least five. At fixed sufficiently small normalized frequency tolerance, an explicit strict bound
on the lower limit of the least total unmatched multiplicity divided by R(**)/2, along prescribed cutoffs
R, forces a closed connected Riemannian manifold to be isometric to the reference space. Nonisometric
lens spaces show that this exponent is sharp in general. A Besse homotopy n-sphere is round if it
admits a constant-displacement isometry of finite odd order at least five.

Let P be a self-adjoint classical elliptic operator of order one with positive scalar principal symbol,
acting on a Hermitian bundle of positive rank over a closed connected d-manifold, d > 2. If its spectrum
concentrates modulo one near s fixed phases, with vanishing tolerance and o(R?) exceptional eigenvalue
copies along a sequence of cutoffs, then the time-27 Hamiltonian map has order at most s, and there is
a commuting quantizer A. Finer spectral resolutions give sharp upper bounds on the order of P — A. If
P — A is not smoothing, signed displacement profiles and Weyl mass determine the Liouville eigenvalue
distribution of its normalized leading symbol.

For finite free isometric quotients of closed connected Zoll manifolds of dimension at least two,
the Poisson relation is an equality, and the scalar spectrum determines the maximal dimension of
returning components at each length. Among closed connected Riemannian n-manifolds whose distinct
scalar eigenvalues have multiplicities m; = ¢j"™* + O(j"?), the possible positive coefficients are exactly
¢=2"/((n—1)IN), N € Z,. The largest value characterizes round real projective space up to scale.
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INTRODUCTION

Let m € Zsy, put n = 2m + 1, and let r > 0. Let S*(r) be the round sphere of radius r, and let
Iy € O(n + 1) be a finite subgroup acting freely on it. Put Q = $"(r)/Ty and q = [[p|. Let M be
a smooth closed connected Riemannian manifold of positive dimension. For a closed Riemannian
manifold Z, write Az for its nonnegative scalar Laplacian and A;(Z), j > 0, for its eigenvalues in
nondecreasing order, repeated according to multiplicity. Put

= PG+, = r22,(0) + m?.

For n > 0 and R > 0, let E,(R) be the least total number of unpaired copies in the two frequency
multisets restricted to (—oo, R], when a pair (g, f8) is allowed if |u — S| < 1 (Definition 1.1). Exact scalar
isospectrality is equivalent to Eq(R) = 0 for every R.

Rigidity at a fixed frequency tolerance. The reference frequencies belong to m + Z; if g is even,
they belong to m + 2Z,. For Riemannian manifolds, = denotes isometry. Suppose first that g is even,
and put Rx = m + 2K + 1 for K € Z. For 0 < n < 1/2, the inequality

.. EU(RK) 1
lim inf 3
K—co  RPF q2™ 1 (m+1)!

implies that there is a finite subgroup I' C O(2m+2) of order g, acting freely, such that M = $*™*1(r)/T.
If Q is homogeneous, then M is isometric to Q (Theorem 2.2).
Suppose instead that

0= 52m+1(r)/<e2”i/qlcm+1>, q > 5 odd,

andput Rg =m+K+1/2. For0< n<1/4,

48q)7! m=2
E R ( q s 5
’7( K) —_— M= Q, Cm,q = 2

ql1 — etmi/am(m + 1)1

lim inf
K—oo

< ey
Rm+1 »q
K




SPECTRAL RESOLUTION AND RIGIDITY 3

This is Theorem 2.4. Nonisometric round quotients with E,(Rx) = R*! show that the exponent
(n + 1)/2 in the isometry conclusions cannot be increased (Theorem 2.7 and Proposition 22.2).

Ikeda’s Problem (0.1) concerns determination by the scalar spectrum among spherical space forms.
His Theorem III gives isometry when one of the two space forms is homogeneous. In dimension five,
Theorem IV determines a homogeneous lens space among arbitrary closed Riemannian manifolds
with the same scalar spectrum [45, Theorems III-IV]. Priifer proves finite spectral determination in
the round class: two unit round space forms of dimension 2m + 1 and fundamental-group order q are
isospectral if their eigenvalues A < m?q(q + 2), with multiplicities, agree [69, Corollary 3, p. 293]. For
g > 3, his Corollaries 4-6 characterize homogeneous lens spaces in this round class by the multiplicity
(m + 1)? — 1 of the eigenvalue 4(m + 1) [69, pp. 308-310]. For finite subgroups of a fixed compact
connected semisimple group G, a closed subgroup K C G, and a finite-dimensional representation ¢
of K, Lauret—-Miatello determine all 7-spherical representation multiplicities from cofinite data. When
the 7-spherical representations form a finite union of strings, suitable finite data suffice; sufficiently
sparse exceptional indices are also allowed within each string [56, Theorems 1.1-1.2 and Corollary 3.2].
For an arbitrary comparison manifold, Theorems 2.2 and 2.4 deduce rigidity from a fixed frequency
tolerance and a bound on unmatched eigenvalue copies, counted with multiplicity, along a sequence
of cutoffs.

For homogeneous Q in the two classes, put g = 1/2 in the even case and ¢p = 1/4 in the odd
case. Corollary 2.5 gives

limsup r|\//1j(M) - \/Aj(Q)‘ <gg = M=Q.
j—ooo

Write Spec T for the spectrum of an operator T; spectral comparisons retain multiplicities. Hence
Spec(Ay + By) = Spec(Ap +Bg) = M=Q

for arbitrary bounded self-adjoint operators By, By on the respective scalar L? spaces (Corollary 2.6).
For a Hermitian bundle E over a closed manifold Z, let le/ % be the half-density bundle. Write

HY(Z;E ® QIZ/ %) for the Sobolev space of order s of E-valued half-densities, and ¥&(Z; E) for the
classical pseudodifferential operators of order « on these half-densities. Their principal symbol is
denoted by o,. In the scalar case, write H*(Z) and ¥¢(2); a Riemannian volume density identifies
functions with half-densities. The same isometry conclusion holds for the self-adjoint form sums
Az + bz, Z € {M, Q}, where by is a symmetric sesquilinear form on H!(Z). Put bz[u] = bz(u, u) and
suppose that, for some 0 < @ < 1/2 and constants Cz > 0,

[bz[u]] < Cz((1 + Az) u, u), ue H'(Z)

(Proposition 19.1). For symmetric scalar B € ¥1(2), let |é| be the dual Riemannian norm and put
5°Q = {(x,&) : |&|p = 1}. It suffices that the geodesic average of o1(Bg)/(2|¢|p) over a common
period be constant on S*Q (Theorem 20.8). There are nonhomeomorphic manifolds whose scalar
Laplacians become isospectral after symmetric first-order differential perturbations (Theorem 21.1).
Isospectral connection Laplacians on line bundles over nonhomeomorphic manifolds also occur in
the magnetic examples of Gordon—Kirwin-Schueth-Webb [29, Proposition 3.4 and Theorem 3.6].

Geodesic return and constant displacement. The matching bounds determine the dimension and
volume by Wey!’s law. Put t = 7 in the even case and t = 27 in the odd case. Along a subsequence of
the stated cutoffs with E,(R) = O(R™"!), among the frequencies y; < R, all but o(R") of the phases
€', counted with multiplicity, lie in a fixed closed subarc of the open semicircle centered at /™.
Positivity of localized traces gives the common geodesic period ¢r. For the scalar Laplacian, the
principal return symbol is a fourth root of unity; the reference semicircle contains exactly one such
root. A quantizer for a discrete set is a self-adjoint elliptic operator of order one whose spectrum is
contained in that set. For P = \/r?Ay; + m?, a commuting logarithm gives a quantizer A for m + 2Z,
in the even case and m + Zs, in the odd case, with P — A € ¥_'. The matching bound controls the
difference between its cluster multiplicities and the reference multiplicities (Proposition 10.1). The
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return symbol is given by Duistermaat—Guillemin [21, proof of Theorem 3.1, pp. 53-54]; Colin de
Verdiere gives the scalar commuting normal form [15, Theorem 1.1, pp. 510-511].

A metric is Besse if all its geodesics are closed, and Zoll here if all unit tangent vectors have the
same prime period. Under either matching hypothesis, M is Besse. Its universal Riemannian cover is a
compact smooth homotopy sphere [5, Theorem 1.1 and the following paragraph]. All prime geodesics
on that cover have the same length [70, Theorem A]. If the covering degree is even, the metric has
constant sectional curvature [59, Theorem 2].

An isometry h has constant displacement if the Riemannian distance d(x, hx) is independent
of x; such an isometry is called a Clifford translation. For odd covering degree, the following
criterion applies: a Besse homotopy sphere of odd dimension at least five is round if it admits a constant-
displacement isometry of finite odd order at least five (Theorem 14.2 and Corollary 14.3). Berestovskii—
Nikonorov classify simply connected Clifford-Wolf homogeneous manifolds, in which any two points
are related by a constant-displacement isometry. On a compact homogeneous manifold, a sufficiently
small such isometry is generated by a constant-length Killing field [8, Theorems 1 and 6]. The criterion
above assumes a single isometry of the indicated finite order on a Besse homotopy sphere.

Let X be a closed connected Zoll manifold of prime period L, let a finite group T act freely by
isometries, and put Y = X /T. Write SY for the unit tangent bundle of Y, G; for its geodesic flow, and
Fix G; for the fixed point set of its time-¢ map. For every integer s > 2,

FixGr)s #@ <« T contains an element of order s.

Every constant-speed closed geodesic of length L/s minimizes energy in its free homotopy class on a
fixed parameter interval; its periodic Morse index is therefore zero (Lemma 15.1). At each nonempty
reciprocal return L/s, the components of Fix Gy, of maximal dimension have a common leading
trace phase and positive densities (Lemma 15.2). For the odd scalar references, the trace bound
gives an n-dimensional returning family on the cover whose evaluation map (x,v) — x has nonzero
degree (Proposition 13.6). Let L be the prime period on the cover. Surjectivity of evaluation gives
d(x,hx) < L/q, while Lemma 15.1 gives d(x, hx) > L/q for its deck transformation h of order q.
Thus h has constant displacement. Since g > 5, evaluation is a diffeomorphism and defines a geodesic
circle action. The contact-volume inequality of Proposition 14.1, derived from [2, Theorem J.1(i)], and
the volume identity of Proposition 12.3 make this action isometric. Its half-period is a free isometric
involution; Lin-Schmidt’s theorem gives roundness.

For an arbitrary odd-order reference Q = 5"(r)/Ty, put Rk = m+ K + 1/2. If E,(Rk,) = 0o(Rg,)
along K, — oo, with fixed 0 < n < 1/4, the universal Riemannian cover X of M is a Zoll homotopy
sphere with prime period 277, and

| (M)| = q, Vol(X) = Vol(5§™(r)).

The groups m;(M) and Ty have the same sets of element orders (Theorem 15.6). If Iy contains a
Clifford translation of order at least five, then M is a round spherical space form of radius r and has
the same complete scalar spectrum as Q (Theorem 15.7). For round space forms, the determination of
the set of element orders is already contained in Ikeda’s Corollary 2.8 [45], and its relation with the
length set is given by Priifer’s Corollary 1 [68]. Colantonio-Lauret construct isospectral spherical
space forms with nonisomorphic fundamental groups [17, Theorem 1.5].

Resolution and correction symbols. For a periodic quantizer A commuting with P, the eigenvalues
of P — A give the displacements within each A-cluster. Zelditch’s Problem 1 asks for the relation
between the geometry of a metric with periodic geodesic flow and the widths of its eigenvalue clusters
[88].

Let E be a Hermitian bundle of positive rank over a closed connected n-manifold M, n > 2,

and let P € ¥}, (M;E) be self-adjoint and elliptic, with positive scalar principal symbol p. Write

HS=H(M;E® Q}V;Z). For an integer d > 1 and real numbers cy, ..., ¢; distinct modulo Z, put

d
A= Jej+2),  S={, . ety
j=1
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Here E,(R) compares Spec P with a multiset supported on A, bounded below and finite on bounded
intervals. If, along R, — oo,

ny — 0, EUV(RV) = O(er/l)>

then the time-27 map of the Hamiltonian flow of p has finite order L < d. Thus 27L is a common
period; individual orbits may have smaller prime periods. The operator e*"*¥ belongs to ¥ and has
unitary principal symbol H on T*M \ 0. For every eigenvalue h of H(p), all roots of z- = h belong to
S. There is a self-adjoint A € ¥1(M; E), with domain H' and strongly commuting with P, such that

Spec A C A, P-Aev}

(Theorem 4.1).
If s>0,0<p <n,and

n = OR,®),  E;(R,)=o(Rb),
then
P-Aew M

This upper bound on the order is sharp, even under the stronger hypothesis n, = o(R;*) (Theorem 5.1
and Proposition 5.3).

For positive self-adjoint scalar classical elliptic operators of order one on a closed connected
manifold of dimension at least two, Duistermaat—Guillemin deduce periodicity from concentration
near one arithmetic progression: there is a fixed interval length such that, for every ¢ > 0, at least a
proportion 1 — ¢ of the frequencies in each sufficiently high interval of that length lie within distance
¢ of the progression; frequencies are counted with multiplicity [21, Theorem 3.2, p. 55]. Helton relates
orbit periods to asymptotic eigenvalue differences. In particular, concentration of all sufficiently high
scalar frequencies near one arithmetic progression, with errors tending to zero, implies periodicity
[40, Propositions 4.1-4.2 and Theorem 4.4]. Humbert—Privat-Trélat obtain Besse periodicity from
a uniform bound on the number of distinct scalar frequencies in intervals of a fixed length [44,
Theorem 2(6)]. The finite-phase hypothesis above is imposed only along a sequence of cumulative
cutoffs. It permits arbitrarily many distinct frequencies in a shrinking cluster and an exceptional set
counted with multiplicity.

Let p > 5 be prime, let a € Z satisfy a # 0, +1 (mod p), and put { = €*/?. The unit round lens
space

Q=L(p;1,1,a) := S Hdiag({, £, (D), $°c
has dimension five. Here E,(R) compares the spectra of P = /Ay + 4 and /Ag + 4. The bounds

ny = O(R;s/S) and E, (R,) = o(R,) imply dim M = 5 by Weyl’s law. Theorem 4.1 gives a commuting
quantizer A with integer spectrum, and Theorem 5.1 gives P— A € ¥;*. The first three heat coefficients
and the leading trace coefficient at time 277/ p then give isometry to Q (Theorem 23.2).

At a fixed negative order, the limiting displacement profiles are expressed by the Liouville eigen-
value measure of the leading correction symbol. Let A > 1 be a self-adjoint classical elliptic operator
of order one on E, with positive scalar principal symbol and integer spectrum. Let B = B* € ‘I’;lk ,
k > 0, strongly commute with A, and put P = A + B on H'. Write p4 for the positive scalar principal
symbol of A, and put ¢ = ¢(A*B). Let dp be the canonical symplectic volume density on T*M and tr
the trace on a fiber of E. For a Borel set ] C R, let 1;(c(p)) be the spectral projection of the Hermitian
endomorphism c(p). Define the Liouville eigenvalue measure of ¢ by

1
ve) = —— tre(15(c(p))) dp.

@m)" Jo<pa(pr<t

This is the normalization of (6.1). Its total mass is

ve(R) = 1%1_1;1;10 R™"#(Spec An (—oo, R]),
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with multiplicities retained. For joint eigenvalues (aj, b;) of (A, B), counted with multiplicity, put
Di(R,n) =#{j : aj <R, +b; > n}.

Put y, = max{y,0} for y € R, and let E,(R; P, A) compare the spectra of P and A. For t > 0 and
Ry =N +1/2,N € Z>;, Theorem 6.3 gives

Jim R DRy, R = [ minf1, (G /05 dvio)
—00 R

Jim RYE (R P, A) = 2 / minf1, (jx/0)"/*} dve(x).
—00 R

The second profile and the total mass v.(R) determine the pushforward of v, under x — |x|. The two
signed profiles and that mass determine v, including its atom at zero (Corollary 6.4). In the finite-
phase setting, suppose P — A € . For the given return order L, the signed profiles restricted to each
spectral phase, together with the leading coefficient of its counting function, determine the Liouville
eigenvalue measure of the correction symbol on each eigensubbundle of H (Theorem 7.1). For scalar
periodic operators, trace formulas for cluster distributions are given in [15, Theorem 3.1, pp. 518-519].
The scalar cumulative moment formula is the weak Szegé law [33, §2, (2.1), pp. 510-511]. For self-
adjoint elliptic operators of order one with spectrum Z, and common prime Hamiltonian period
27, Guillemin—Okikiolu give Szeg trace asymptotics for spectral compressions, including operators
on bundles with scalar principal symbol [32, Theorem 2; p. 452, item 3]. At coarser scales ny | 0
with nyRE — oo, Theorem 6.5 is the Birman-Solomyak eigenvalue asymptotic for negative-order
operators [67, Theorem 6.1 and Section 6.2].

Length spectra and maximal multiplicities. The cluster ranks determine the trace of the periodic
quantizer. On a finite free quotient of a Zoll manifold, the scalar square root differs from a lattice
quantizer by a constant and a commuting operator of order —1. The order —1 correction preserves the
principal and subprincipal symbols, and hence the leading clean-trace coefficients [21, Theorem 4.5,
equations (4.7)—(4.8)]. Sutton asks whether the scalar spectrum determines the lengths of all smoothly
closed geodesics [77, Problem 1]. Equality in the Poisson relation is sufficient [77, Problem 2]; this is
the noncancellation question in [16, Section 13]. Write .Z (M) for the positive length set, including
iterates. If M is a finite free isometric quotient of a closed connected Zoll manifold of dimension at
least two, then

sing supp Tr e V2 = {0} U _Z(M) U (— L (M)).

Write SM for the unit tangent bundle of M and G for its geodesic flow. For every 7 € .Z (M), the
scalar spectrum also determines

D(7) = max{dim C : C is a connected component of Fix G]TVI }.

The highest local frequency order of the wave trace at 7 is (D(r) — 1)/2 (Theorem 24.1).
For unit round spherical space forms, Priifer [68, Theorems 2-3 and Corollary 4, pp. 142, 150, 152]
proves the corresponding equality for the shifted cosine trace

Trcos(t\/A +(n—- 1)2/4).

In the round case, the highest nonzero trace order also gives D(7). In odd dimension, his proof
combines a same-sign calculation at reciprocal periods with cyclotomic conjugacy, following Ikeda’s
argument for the poles of the harmonic generating function [45, Proposition 2.7, p. 83]. At lengths
outside 7Z, Priifer constructs local isometric immersions of spherical space forms carrying the return-
ing geodesics, with totally geodesic image. He expresses their leading Poisson coefficients through
volumes and transverse Poincaré determinants [69, Theorems 1-2, pp. 291-292]. His calculation
gives the round Poincaré maps and their eigenvalues [69, Lemma 6 and its proof, p. 299]. For a unit
round form of dimension 2m + 1, the multiplicity of k(k + 2m) is an exact quasipolynomial in the
harmonic degree k for every k > 0 [69, Lemma 7, pp. 302-304]. Cianci gives direct clean-trace proofs
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for homogeneous lens spaces and three-dimensional lens spaces of prime order [14, Corollary 3 and
Theorem 5].

At each nonempty reciprocal return of a finite free Zoll quotient, energy minimization gives a
nonzero leading coefficient. Normalize the upstairs period to 2. The eventual quasipolynomial
multiplicities of the periodic quantizer give a generating function in Q(z) [15, Theorems 1.1 and 1.4,
pp- 510-513]. The leading Weyl coefficient gives a pole of order dim M at 1. Cyclotomic conjugacy
gives the same pole order at every primitive root of a given order. For (a, s) = 1, the fixed sets at
2ra/s and 27 /s coincide. Restoring the scalar phase gives a nonzero leading wave-trace coefficient
at every length.

Fix an odd dimension n > 5, and let m; denote the multiplicity of the jth distinct scalar eigenvalue.
The asymptotic

m;j = cj" M+ 0", c>0,

makes the geodesic flow periodic by Zelditch’s Theorem A [88]. Each sufficiently high cluster then
contains the same number of distinct eigenvalues (Lemma 25.1); the volume and covering identities
restrict the leading coefficient. Among all closed connected Riemannian n-manifolds, its possible
values are exactly

2n

= % NeZ,.
‘Th-DIN >0

Every value is realized by the round scalar lens space of order 2N. The largest value occurs precisely
on round real projective space, up to scale (Theorem 25.3 and Corollary 25.5). Within the round class,
Priifer’s multiplicity formula and eventual spectral support already give this coefficient set and its
maximal value [69, Lemma 7 and Corollary 1, pp. 302-305]. Zelditch’s Theorem F(b) determines the
round metric on an already specified real projective space when the complete multiplicity sequence,
least geodesic-flow period, and volume agree with the round values [88].

Cyclic actions. For a finite free isometric quotient X /T, pullback identifies a scalar spectral cluster
with the T-invariant subspace of the cluster on X in the same frequency interval. On a fixed closed
manifold, Zoll contact forms with the same prime Reeb period are strictly contactomorphic when
sufficiently close in C? [1, Proposition 3.2]. Let gy be the unit round metric on $>™*!, m > 2. There
is a C® neighborhood of gy, independent of the finite group H C O(2m + 2), such that every H-
invariant Zoll metric g in this neighborhood with prime period 2 has the following property. Put
Py = \/Ag + m?, where A, is the scalar Laplacian of g. For every sufficiently large integer k, there is
an isomorphism of H-modules

ran 1(_q /4 j+1/2)(Pg) = ker(Pg, — k)

(Theorem 28.1).

Let h generate a free isometric action of order three on a Zoll homotopy sphere of odd dimension
at least five, with prime period L. Write G; for its geodesic flow on the unit tangent bundle and h
for the tangent lift of h. The two families Fix(il\_lGL /3) and FiX(i’l\_lG_L /3) are homotopy spheres,
and their evaluation maps are homotopy equivalences (Theorem 29.6). Roundness in this case is
Question 29.9.

Let h generate a free isometric action of prime order p > 5 on a Zoll homotopy n-sphere. Assume
the hypotheses of Theorem 33.1, with four return families of dimensions n—2, n—2, 1, 1. Their relative
return maps are symplectically conjugate to the corresponding round maps. If p > 11, the common
evaluation image of the two large families and that of the two small families are disjoint embedded
submanifolds with integral linking number of absolute value one (Theorem 34.1). Recognition of
five-dimensional prime two-weight lens spaces at fixed positive tolerance is Question 23.3.
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1. SPECTRAL MATCHING AND OPERATOR CONVENTIONS

For a finite multiset X in R, let |X| denote its cardinality, counted with multiplicity. For finite
multisets X, Y and > 0, an p-matching is a collection of pairs of labelled copies (x, y) € X x Y such
that each copy occurs in at most one pair and |x — y| < 5 for every pair.

Definition 1.1. Let b,(X, Y) be the maximum cardinality of an #-matching, and put
E)(X,Y) = |X]+ Y] = 2b,(X, Y).
For multisets bounded below and finite on bounded intervals, and for R € R, put
E)(R; X,Y) = E(X n (=00, R], Y n (=00, R]).

Intersections retain multiplicities. For self-adjoint operators A, B with compact resolvent and spectra
bounded below, E,(R; A, B) refers to their eigenvalue multisets, counted with multiplicity. Limits of
matching defects are taken along the specified cutoff sequences.

Lemma 1.2. For finite multisets, Ey(X,Y) > ||X| - |Y||. Inserting or deleting one copy in either multiset
changes E, by at most one. Fix nondecreasing enumerations of the labelled copies in each multiset. A
maximum matching can be chosen so that the matched right-hand indices increase with the matched

left-hand indices.

Proof. A matching has at most min(|X/|, |Y|) pairs. After one copy is inserted, every old matching
remains admissible; removing the pair containing the new copy, if any, from a new matching leaves
an old matching. Thus b, increases by zero or one, and E, changes by one in absolute value. Deletion
is the reverse operation. If x < x” and y < y’ form the crossed pairs (x, y’) and (x, y), then

x—n<x' —n<y<y <x+np<x' +n.

Thus (x, y) and (x/, y") are admissible. Among maximum matchings, choose one with the fewest
inversions in its sequence of matched right-hand indices. If this sequence is not increasing, two
consecutive terms form an inversion. Exchanging their right-hand copies removes that inversion and
leaves the other contributions to the inversion count unchanged, a contradiction. O

Unless stated otherwise, M is a smooth closed connected manifold of dimensionn > 2,and E > M
is a smooth Hermitian vector bundle of positive rank. Let Q]lvfz be the half-density bundle. Operators
acton E ® QMZ. For s € R, write H®* = HS(M;E ® QMZ) and L? = H°. For a € R, the notation
¥4 (M; E) denotes the classical pseudodifferential operators of order a, and o, denotes their principal
symbol. For T € Y4(M; E), 0,(T)(x, £) is an endomorphism of E, for £ # 0; its dependence on ¢ is
homogeneous of degree a. Write Spec T for the spectrum of an operator T, I for the operator identity,
I for the fiber identity, Tr for the operator trace, trg for the fiber trace, and | - | for the operator norm
on the Hilbert space in question. For a Riemannian metric g, the map

LM, dvoly) — L*(M: Q") fr— f(dvoly)'?,

is unitary.

Let g : T"M \ 0 — (0,) be smooth and satisfy g(x, s¢) = sq(x, ) for s > 0. A self-adjoint
elliptic operator P € ¥ (M; E) with principal symbol gl has domain H', is bounded below, and has
compact resolvent with a complete orthonormal basis of smooth eigensections [28, Lemmas 1.3.5,
1.6.3 and 1.6.4, pp. 30, 43 and 46]. Two normal operators strongly commute if every spectral projection
of one commutes with every spectral projection of the other. A self-adjoint elliptic operator of order
one is a quantizer for a discrete set A C R if its spectrum is contained in A.

Put 3, = {q = 1}, and let 6,(x, &) = (x, s&) be fiberwise dilation. Write dx d¢ for the canonical
symplectic volume density on T*M. The radial Liouville measure d%, is characterized by

dx dé = s"ds dzq(p), (x,&) =d,(p), s>0, peZ,
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Let A € YL(M;E) be self-adjoint with principal symbol gl, and let C € ¥ (M; E) have principal
symbol c. Let y € CZ°((0,)), extended by zero to R. For R > 0, the operator Cy(A/R) has finite
rank, and, as R — +oo,

n

Tr(C)((A/R)) = (2151)" /T*M x(q@)trg cdx dé + o(R"). (1.1)

Here c¢ is homogeneous of degree zero, and the integrand is extended by zero at the zero section.

Under the half-density identification for an auxiliary Riemannian metric, the trace expansion [25,
Theorem 2.13, p. 2170; vector bundles, pp. 2161 and 2182] applies with weight C of order zero, elliptic
operator A of order one, test function y, and parameter R!. Its leading coefficient is the coefficient
of R™ in (1.1) [25, §4.2, p. 2186]. In local coordinates x, y, the Fourier phase ¢/*~"¢ gives the factor
(27)™". The remainder is O(R"1).

Let Log denote the holomorphic logarithm on C \ (—e0, 0] with Log 1 = 0. For a bounded operator
T whose spectrum lies in this domain, write log T = Log(T), defined by the holomorphic functional
calculus.

Lemma 1.3. Let P € Y. (M;E) be self-adjoint and elliptic with positive scalar principal symbol. Suppose
that Z is unitary, strongly commutes with P, and satisfies Z — I € ¥;'(M; E) and |Z — I| < 1. Then the
principal logarithm log Z € Y '(M; E) is skew-adjoint and strongly commutes with P.

Proof. Put K = Z — I and define

f(2) = (O<lzl<D),  fO)=1

Log(1+ z)

z
The function f is holomorphic on |z| < 1. Choose p with |K| < p < 1, and give the circleT = {z € C :
|z| = p} its positive orientation. For z € T, the operator zI — K is elliptic, with principal symbol zIj,
and invertible on L?. Its inverse belongs to ¥, and depends continuously on z in the classical Fréchet
topology [6, Example 2, pp. 7-8; Theorem 5.4, pp. 15-16; proof of Theorem 7.6, p. 22, arXiv version].
For a nontrivial E, Proposition 1.4 of [38, p. 13], with complex trivializations and a smooth partition
of unity, gives a smooth complementary bundle F with E @ F trivial. Give F a Hermitian metric. In a
smooth trivialization of E & F, these results apply to (zI — K) @ I; restriction of its inverse to E gives
the asserted inverse. Integration in the Fréchet space P9 gives

f(K) = % /r f(2)(zI = K) ' dz € ¥Y, logZ = Kf(K) € ¥ .

The spectral theorem gives (log Z)* = —log Z, since Log(Spec Z) C iR. The spectral projections
of log Z are spectral projections of Z corresponding to inverse images under Log; they therefore
commute with the spectral projections of P. U

Lemma 1.4. Let a finite group H act unitarily on a Hilbert space, and let11;, 0 < t < 1, be a norm-
continuous family of finite-rank orthogonal projections commuting with H. The representations ranI1;
are mutually isomorphic.

Proof. Let s,t € [0,1], and put P = IIy and Q = II;. If |P — Q| < 1, Kato’s formula [49, Chapter I,
Section 4.6, equations (4.36)—(4.42), pp. 33—-34; Chapter III, Problem 3.21, p. 156] gives an invertible
operator

-1/2
U= (QP+UI-Q)I - P))(I-(P-Q))
The inverse square root is given by its norm-convergent binomial series. Each factor commutes
with H, so U induces an isomorphism ran P — ran Q of H-modules. Norm continuity makes the
isomorphism class locally constant, hence constant on [0, 1]. O

,  UP=QU.
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2. RECOGNITION OF SPHERICAL SPACE FORMS

Let M be a smooth closed connected Riemannian manifold of positive dimension. For such a
manifold (Z, gz), let Az = —div,, Vg, be its scalar Laplacian. Denote its eigenvalues, counted with
multiplicity, by

0=20(2) <(Z2) < A(Z) < --.

All spectral equalities in this section include multiplicities, and Z; = Z, means that Z; and Z, are
isometric.

For d € Z>; and r > 0, let $%(r) c R%*! be the Euclidean sphere of radius r, with its round metric.
A spherical space form of radius r is a quotient Q = $(r) /Ty, where Ty is a finite subgroup of O(d +1)
acting freely on the sphere. Define

5,(M, Q) = limsup r ‘\/Aj(M) ~ A j(Q)‘. 2.1)
e

2.1. Reference spaces and matching conditions. Fix
m € Zss, n=2m+1, Vi, = Vol(§"(1)).

A spherical space form is homogeneous if its isometry group acts transitively. Identify R?™*? with
Cm+1.

For integers q > 2 and ay, ..., an with gcd(aj, ) = 1 for every j, put { = e?/9 and

L(q; ao, ..., am) = $7™1(1) /{diag(L®, ..., {*™)).

The metric is induced by the unit sphere. Multiplication of all weights by a unit modulo ¢, permutation
of coordinates, and replacement of individual weights by their negatives preserve its isometry class
[45, Lemma 1.2, p. 78].

Let Q belong to one of the following classes:

(E) Q=S8""(r)/T, q = |To| even;

©) Q= Qun(r) = ™ (N (z > &/9Z), g3 50dd. @2

The unitary group U(m + 1) commutes with the scalar deck group and acts transitively on $*™*1(r).
Its induced action on Qg ,(r) is transitive, so every space in (O) is homogeneous. Here n = dim Q; the
dimension of M is arbitrary. Put

pi =P+t =A@+ mt,j 20, (23)
Let a = 2in (E) and a = 1 in (O), and set
Rk =m+aK + g, K € Z. (2.4)
By Lemmas 8.1 and 8.3, f; € m + aZ for every j.
Definition 2.1. With the notation of Definition 1.1, put

EyK) = Ey(Ris {pjdiz0.{Bstiz0),  0<n<a/4 (2.5)

Both multisets are restricted to frequencies at most Rg. Thus &£,(K) is the least total number of
unmatched copies in the two multisets.

The radius r, the space Q, and the tolerance 7 are fixed as K — oo.
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2.2. Recognition theorems.
Theorem 2.2 (Rigidity for even-order spherical space forms). Let Q belong to (E). If

SU(K) 1
< g = T
R+ ce(. q) g2m1(m + 1)!

1
lim inf 0<n<, (2.6)

then dim M = n and M has constant sectional curvature r~2. There is a finite subgroup T < O(n + 1),
acting freely on 8"(r), such that

M = S§"(r)/T, IT| = q.
If Q is homogeneous, then M = Q.
Theorem 2.3. Let Q belong to (O). If

E(K 1
lim inf o) _ 0, 0<n< -, (2.7)
K—eo Rk 4
then M = Q.
Theorem 2.4 (Rigidity for odd-order scalar lens spaces). Let Q belong to (O). Put
1
asq’ "
co(n, q) = { *°1 9 (2.8)
qll —e*mi/am(m + 1)!" T
If
E(K 1
lim inf RY,EM) <co(ng),  0<n< o, (2.9)
K
then M = Q.

Theorem 2.2 is proved in Sections 16—17, and Theorem 2.4 in Section 18. Theorem 2.3 follows
from Theorem 2.4: along any sequence on which £,(K)/Rg — 0,
£,(K) _ &(K)
R%-H RK

Ry™ — 0.

Exact scalar isospectrality gives £ (K) = 0 for every K. Ikeda proved that a homogeneous spherical
space form is determined by its scalar spectrum among spherical space forms, and that a homogeneous
five-dimensional lens space is determined by its scalar spectrum among closed Riemannian manifolds
[45, Theorems III and IV, p. 76].

2.3. Ordered spectra and perturbations. For s € R, write H*(Z) for the scalar Sobolev space on Z,
and put L?(Z) = H°(Z), with the Riemannian density.

Corollary 2.5. Set eg = 1/2 in (E) and ¢g = 1/4 in (O). If
6,(M, Q) < €0, (2.10)

then M is a spherical space form of radius r and is scalar-isospectral to Q. If Q is homogeneous, then
M = Q. In particular, M = Q in (O).

For homogeneous Q, the contrapositive is
MzQ = 6(M,Q)=e¢p. (2.11)
Moreover,
(M) = 2;(Q)=0(1) = 6M,Q)=0.

For dimM = 5 and Q = RP°(r) = $°(r)/{+I}, Wu proved that |1;(M) — 1;(Q)| = O(j~*/%) implies
M = Q [86, Theorem 1, p. 1374].
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Corollary 2.6. Let Q be homogeneous in (E), or let Q belong to (O). For Z € {M, Q}, let B; be a bounded
self-adjoint operator on L*(Z). The operator Az+ By is self-adjoint on H*(Z) [49, Chapter V, Theorem 4.3,
p. 287], and

Spec(Ay + By) = Spec(Ap +Bg) = M=Q. (2.12)
In particular, this applies to Byu = Vzu with V; € C*(Z;R).
Let by be a symmetric sesquilinear form on H'(Z). Suppose that, for constants Cz > 0 and 0 < a <
1/2,
Ibz(u, w)| < CZ{(1+ A u, 2z,  u€H'(Z), Ze{M,Q}
The form
h2(u,0) = (A7 u A *0)paz) + bz(wv),  wv e H'(2),
is closed and bounded below. Its associated self-adjoint operator Hy has compact resolvent [49, Chapter VI,
Theorems 2.6 and 3.4, pp. 323 and 338], and
Spec(Hy) = Spec(Hp) =— M=Q.
This includes self-adjoint classical pseudodifferential perturbations of order p < 1.

Corollaries 2.5 and 2.6 are proved in Section 19; the form assertion is Proposition 19.1.

2.4. Optimality of the exponent.

Theorem 2.7 (Sharpness of the multiplicity exponent). Let s € Zss3, and put

0=1L(;1,...,1), Q' =1L(8;1,...,1,3).
[ [
s s—1
These spaces have dimension 2s—1 and carry the unit round quotient metrics. The space Q is homogeneous,
and Q' # Q. In Definition 2.1, take M = Q’, r = 1, and m = s — 1, so that Ry = 2K + s. For every
0<n<1/2,

&)(K) = CsRy + O(RY ), Cs > 0. (2.13)
In dimension seven, Cq4 = 1/192 = 4cg(7,8). For every p > m + 1, these spaces satisfy

. &K) /
%1_1330 XD =0, Q #0.

Hence the exponent m + 1 in Theorem 2.2 cannot be increased.

The proof is given in Section 22.

Part 1. Spectral concentration and correction symbols

Let E be a positive-rank Hermitian bundle over a closed connected Riemannian n-manifold, n > 2.
For P = (V*V + W)'/2 > 0, with V a unitary connection and W a smooth Hermitian endomorphism,
the fixed-window hypothesis of Theorem 3.1 gives a common geodesic period and a pointwise
constraint on the return symbol. For a general self-adjoint classical elliptic operator P of order one on
E with positive scalar principal symbol, matching to a multiset supported on finitely many translates
of Z, with tolerance tending to zero and o(R]) unmatched copies along R, — o, gives a common
Hamiltonian period and a strongly commuting quantizer A (Theorem 4.1). Polynomial bounds on
the tolerance and unmatched count give an upper bound for the order of P — A (Corollary 5.2).
When P — A has a first nonzero homogeneous term, signed phase profiles and phase Weyl masses
determine the Liouville eigenvalue measures of its normalized leading symbol on each principal
return eigensubbundle (Theorem 7.1).
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3. SPECTRAL PHASE CONCENTRATION AND BUNDLE HOLONOMY

Let (M, g) be a smooth closed connected Riemannian manifold of dimension n > 2, and let E > M
be a smooth Hermitian vector bundle of positive rank with unitary connection V. Write dV, for the
Riemannian density and A, for the nonnegative scalar Laplacian. Identify sections with half-densities
by s — sd Vgl/ 2. For a smooth Hermitian endomorphism W such that D = V*V+ W > 0, put
P =DY2 ThenP € ! (M; E) has principal symbol |&|gIE [48, Section 3.1, p. 10, arXiv version].
Let G; be the Hamiltonian flow of [¢[; on T*M \ 0, let 7 : T*M — M be the projection, and put
S*M ={(x,&) : |£]g = 1}. For R > 0, let

g = 1 z)(P), Np(R) = Tr1Ig.

All eigenvalues are counted with multiplicity. The canonical transformation of e/ is G_;. Forv € S*M
and t > 0, put y,(t) = 7G_4(v), and let

Hi(v) : Ezy) — Eyn

be parallel transport along y, from 0 to ¢. For a matrix or bounded operator B, write Re B = (B+ B*)/2.

For scalar operators, concentration in shrinking neighborhoods of an arithmetic progression,
with asymptotically full relative density uniformly in translated intervals of a fixed length, implies a
common bicharacteristic period [21, Theorem 3.2, p. 55]. All geodesics are also closed if the number
of distinct eigenvalues of \/E in each interval of some fixed positive length is uniformly bounded [44,
Theorem 2(6), pp. 9-10]. For connection Laplacians on manifolds whose geodesics have a common
least period, the return-symbol formula and the criterion for spectral clustering are given in [53,
Proposition 2.1, p. 245, and Theorem 5.1, p. 255]. For line bundles, see also [54, Proposition 3.1, p. 86].

Theorem 3.1. Fix T > 0, f € R, and 0 < k < 1. Suppose that along some R; — oo, all but o(Np(R;))
eigenvalues i < R; of P, counted with multiplicity, satisfy
Re(e #elTH) > k. (3.1)
Then Gt = I. The unitary propagator U = €'T¥ belongs to ¥° (M; E) and has unitary principal symbol
ur satisfying
Re(e Pur(v)) > kg (v e S*™M). (3.2)
Moreover,
ur(v) = prHr(v), pr €1{1,-1,i,—i}, (3.3)
where pr is the constant scalar Maslov factor for the period T. The principal symbol ur is independent
of W.
Proof. Let H = Re(e A U), and let Eey. be the spectral projection onto the eigenvalues violating (3.1).
Spectral calculus gives
H > kI — (1 4 K)Eexc. (3.4)
Weyl’s law [67, Corollary 6.9, pp. 749-750] gives Np(R) =< R". Hence, along h = R;’,
Tr(EexcIli/n) = o(h™").
Fix 0 # y € C((0,1)) with 0 < y < 1, and put ¢ = y2. For B € ¥",(M; E) with principal symbol b,
set
Ap = y(hP)B*By(hP).
Then
0 < Ay < |BI*y(hP) < |B[ILy .
Cyclicity of the finite-rank trace and (1.1) give

1

Tr Ay = Te(B'BY(hP)) = eph ™"+ o(h™). @ = ;7

/ Y(|€g) tre(b™b) dx dE.
T“M
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If b # 0, then ¢, > 0. Taking the trace of (3.4) against Ay, yields
Tr(HAy) > k Tr Ay — (1 + ©)|BJ* Tr(EexcIly /) = kcph™™ + o(h™"). (3.5)

Suppose that Gr(v) # vy for some vy € S*M. Choose an open set Q C S*M containing vy such
that Q n G1(Q) = @, and choose B with 0 # b|sy; supported in Q. The bundle Egorov theorem [48,
Proposition 3.3, pp. 11-12, arXiv version] gives UB*U* € P9, with principal symbol supported in
G_7(supp b) on S*M. Consequently,

K := BUB*U*) € ¥5',  BUB* = KzU.

In particular, Kg(1 + P) is bounded. The operator B* preserves H', and [P, B*] € ¥, is bounded, since
the principal symbol of P is scalar. Duhamel’s formula gives

", BN < [elI[P, Bl (teR).

Put 17/\(t) = [z €Y (s) ds. Fourier inversion gives

lyee) B0 < 1.5 [ 1630)de = o)
Moreover,
rank[¢/(hP), B] < 2rank y/(hP) < 2Np(1/h) = O(h™").
Since U commutes with y(hP), cyclicity gives
Tr(UA;) = Tr(BUy/(hP)B*) = Tr(KgUy/(hP)) + Tr(BU[y/(hP), B]).

The second term is O(h'™") by the rank and norm bounds. Choose a > 0 such that supp ¢ C [a, 1).
Then

}Tr(KB Ut//(hP))| < |Kp(1 + P)| Tr((l + P)_ll//(hP)) < Z”KB(l + P)| Np(1/h).
Thus Tr(UAy) = O(h'™") = o(h™™), contrary to (3.5), since
Tr(HAy) = Re(e P Tr(UAy)).

Therefore Gt = I. The wave parametrix in [53, Section 2, pp. 243-244] has canonical graph G_r,
which is now the diagonal. Hence U € ¥; unitarity gives ujur = Ig.

Put C = H — I and F = ¢¢(C) = Re(e Pur) — xIz. The operator C commutes with y(hP). For
every fixed B € ¥9,, cyclicity and (1.1) give

cl’

Tr(CAp) = Tr(CB*By/(hP)) = / Y(|El) tre(Fb*b) dx dE + o(h™").

(2 )"
By (3.4), liminf ;. h" Tr(CAy) > 0 along h = RJT . Hence

[y sy dx di 20
M

If F(vy) had a negative eigenvalue for some vy € S*M, choose a local unitary frame, a constant unit
vector w, and an open neighborhood Q C §*M of vy such that w*F(v)w < 0 on Q. For 0 # ¢ € C(Q),
take b = pww” on S*M, extended homogeneously of degree zero. Then

trg(Fb*b) = |o/*w*Fw,

and the preceding integral is negative. This proves (3.2).

Put Py = (Ag + 1)!/2 on scalar half-densities. The principal symbol of P, is || g> and its subprincipal
symbol is zero. The wave parametrices for e/’ and e/’* have the same canonical graph and may be
written with the same local phase [53, Section 2, pp. 242-244]. On this graph, divide the principal
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amplitude of ¢*” by the nonvanishing scalar amplitude of ¢*"*. The common Maslov and half-density
factors cancel on overlaps, so the quotient defines

Ki;(v) € Hom(E,T(U),EYU(t)), Ko(v) = I.

The subprincipal partial connection of P is the lift of V [48, Proposition 3.2, p. 11, arXiv version].
Write V = d + w in a local unitary frame, where o is a skew-Hermitian matrix-valued one-form. The
first transport equation is

d
2 K1) + 0 (()Ki(v) = 0;

see [53, equation (2.5) and p. 245], with ¢ replaced by —t. Thus K;(v) = H;(v).
The scalar operator TP,y/(2) has zero subprincipal symbol, and its Hamiltonian flow at time 27
is the identity. Condition (C) and Theorem 1.1 of [15, pp. 508, 510] give

oo(eTh) = pr e {1,-1,i, —i}.

The Maslov factor is locally constant on S*M. Since M is connected and n > 2, so is S*M; hence pr is
constant. Therefore

ur(v) = prHr(v).

The principal symbol and subprincipal partial connection of P are independent of W, so the same is
true of ur. O

Forv € S*M, a € End(E,,), and z € §,
(zHr(v))a(zHr(v))™! = Hr(v)aHr(v) ™.

Scalar multiplication leaves the induced transport on End E unchanged.

Theorem 3.2. Fix T > 0,5 € R,0 < k < 1, and an integer K > 1. Fork = 0,...,K, let E;, = SymkE
carry the induced connection Vi, and put

Dy = ViV + Wi > 0, Py = Di/z,

where Wy is a smooth Hermitian endomorphism of Ex. Here Ey = M x C has the trivial connection.
Suppose each Py, satisfies the hypotheses of Theorem 3.1 with these T, 8, k; the subsequences may depend
on k. Then Gt = I. Let pt be the scalar factor in (3.3). Write Arg z € (—rn, ] for the principal argument
of z € 8!, and put

a = arccos k € [0,7/2), xo = Arg(e P pr) € [~a, al.

For everyv € S*M, each eigenvalue el? of Hr(v), with 0 € (-, ], satisfies

a - xl <2 (3.6)
K K

If the hypotheses hold for every k > 0, with the same T, f8, k, then Hy(v) = Ig for everyv € S*M. In this

case, for the complexified tangent or cotangent bundle with its Levi-Civita connection, the orthonormal

frame flow has period T. Here the frame flow transports a frame along the geodesic whose initial velocity

is its first vector.

6] <

Proof. The case k = 0 gives Gt = I and Re(e_iﬁpr) > K, hence xy € [—a, a]. For each k, the scalar
Hamiltonian is |&|g, so the Maslov factor is pr; the bundle factor is Sym* Hr. Fix v € $*M and
0 # w € E,(,) such that Hr(v)w = e'®w. For 1 < k < K, the nonzero symmetric tensor w®* is an
ik

eigenvector of Sym* Hr(v) with eigenvalue ¢/*?. The matrix inequality in Theorem 3.1 gives

xp = Arg(e P pre*?) e [—a, a (0 < k<K).

For 0 < k < K, the difference xj;; — xi is congruent to 0 modulo 27 and lies in [—24, 2a] C (-, 7).
Thus 0 # 7, xp41 — x = 0, and xg = xp + K0.
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For 0 < t < T, geodesic reversal and Gt = I give
y-o(t) = 2Gi() = p,(T = 1), Hr(-v) = Hr(w)™".

The scalar factor at —v is again pr. The inverse eigenvalue has principal argument —6. The preceding
equality at —v therefore gives xo — K60 € [—a, a]. Hence

|xo| + K|6| = max{|xy + K6, |xo — KO|} < a.

This proves (3.6). If all powers satisfy the hypotheses, this bound holds for every K, so 8 = 0. Since
Hr(v) is unitary, Hr(v) = Ig. For the tangent bundle, identity parallel transport fixes every real
orthonormal frame. For the cotangent bundle, the same conclusion follows by duality. Together with
Gt = I, this gives the stated period of the frame flow. O

The same statement holds with E; = E®* and the induced connections, where E®° = M x C has
the trivial connection: the tensors w®* satisfy the same eigenvalue identities. The period T need not
be the least period.

For the trivial connection on the trivial line, the logarithmic correction below is given by [15,
Theorem 1.1]. For connection Laplacians on manifolds with a common least geodesic period, the
corresponding bundle construction appears in [53, proof of Theorem 5.1, p. 255].

Theorem 3.3. Suppose that the hypotheses of Theorem 3.1 hold and that Hr(v) = Ig for everyv € S*M.
Putb = 27/T, and let & € (0,b] be the unique number such that ¢'* = pr. There is a positive
self-adjoint classical operator A € Y%, (M; E) with domain H', strongly commuting with P, such that

A-Pev], Spec(A) C a + bZ-s,.

For every sufficiently large eigenvalue i of P, the restriction of A to ker(P — p) is a,I, where a, is the
nearest point of this lattice and |a, — p| = O((1 + p)™).

Proof. Put P = P/b. The unitary operator U = e2miP strongly commutes with P,and U — prl € !
by (3.3). The logarithmic construction in the proof of Theorem 4.1(3), applied to P with L = 1 and
S = {pr}, gives, after multiplication by b, a self-adjoint operator A, € ¥}, on H', strongly commuting
with P, such that

Ay—Pev Spec Ay C a + bZ.

cl >

For an eigenvalue y of P, put E,, = ker(P — p). The operator (A — P)(1 + P) is bounded, so

|(Ag = pDlg,| < CA+ )"

For all sufficiently large p, the interval [ — C/(1 + p), p + C/(1 + p)] is contained in (0, ) and has
length less than b. The spectrum of the self-adjoint restriction A|g, therefore consists of one point
ay € a + bZs, and Aglg, = a,l. Since |a, — p| < b/2, this is the unique nearest lattice point.
Replace Aj by aI on the finitely many remaining P-eigenspaces. The difference has finite rank
and smooth kernel. It is self-adjoint and strongly commutes with P. The resulting operator A has
domain H!, satisfies A > aI > 0, and has all the stated properties. ]

Corollary 3.4. Under the hypotheses of Theorem 3.3, there is a bounded self-adjoint classical operator
Ce ‘PSI(M; E), strongly commuting with D, such that

Spec(D + C) C {(a + bj)* : j € Zso}

Proof. Put B= A—P € ¥ and C = 2PB + B® € ¥!|. The bounded operator B is self-adjoint and
strongly commutes with P. Since B : L> — H', the operator PB is defined on L? and is bounded. It
is symmetric on smooth sections, so C is bounded and self-adjoint. Each P-eigenspace is invariant
under C; hence C strongly commutes with D = P?. Moreover, B : H! — H?, and elliptic regularity
gives
DomA? ={ue H' : Pue H'} = H>

On this domain, D + C = A% The spectral theorem gives Spec(D + C) = {a? : a € Spec(A)}, with the
multiplicities of A, since A is positive. (]
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3.1. Connections with prescribed geodesic transport. Let S" = {x € R""! : |x| = 1}, n > 2, with its
round metric. Write xi, ..., x,41 for the standard coordinates and ey, ..., e, for the standard basis.
On the trivial complex line, put

n = x3(x1 dxy — x2 dxy), V =d+ien, e € R\ {0}.

The antipodal map 7 satisfies 7*n = —n. Thus fy n = 0 for every great circle y [52, Proposition 4.4,
p- 449], and the period-2s transports in all symmetric powers are the identity. The curvature Fy = iedn
satisfies

(F7)e,(e1, €2) = 2ie # 0.
Thus identity geodesic transport does not imply flatness. The relation between antipodally odd
curvature and spectral clusters on spheres is given in [52, Theorem 4.5, p. 450]. Connections with

identity transport along every closed geodesic are called transparent; see [65, Section 1].
For a second example, put

Mo = X1 dxy — x9 dxq, v:d+ifl]0.
If y(t) = ucost +vsint, 0 < t < 2, where u,v are orthonormal in R"*!, then

no(y (1)) = uqvz — ugvy, /’70 = 2m(u1vy — uzvy), luivy — ugvy| < 1.
y

For u = e; and v = ey, the integral is 27. Fix an integer K > 1 and 0 < a < /2, and choose a real ¢
with

a
0<]el < — < —.
2rK 4K

The transport in the kth power is exp(—ike fy o). For 0 < k < K, its principal argument lies in

(—a, a), whereas e"?"¢ # 1 on the equator.

In either example, let Vi be the induced connection on the kth tensor power, with the trivial
connection for k = 0. For a line bundle, tensor and symmetric powers agree. Choose constants
wg > 0, and put

Dy = Vzvk + wil >0, P = Dllc/Z.
Since G,, = I, the return-symbol formula in the proof of Theorem 3.1 gives

27iP, 0 2miPry ®k
ek e Wy, oo(e”™k) = porHy,

where ng;;) = 1. Fix 0 < a < 7/2 in the first example, and retain the chosen a in the second. Set
B = Arg p,,, kK = cos a, and

Hj = Re(e # e7ilr), hox = oo(Hg).

In the first example, h = 1 for every k > 0. In the second, hgx > cos(27K]|e|) > k for 0 < k < K. In
each case, choose § > 0 such that hyx — k > § for the indicated powers, and set

Ok = (Hk —(k + 5/2)])Pk.

The operators Hy and P commute by spectral calculus. Thus Qy is symmetric on smooth sections,
and its principal symbol is

01(Qr) = (hox —x = 6/2)|&lg 2 (6/2)|El >0 (& #0).

By the elliptic operator conventions in Section 1, its self-adjoint closure has domain H' and satisfies
Qi > —C¢I for some Cy. > 0. For Pru = pu with |u| = 1, it follows that

. : 6 C 2C
Re(e"ﬁez’”“)21<+———k >k <,u2>.
2 1

Consequently, (3.1) holds for all sufficiently large eigenvalues in each power in the first example, and
in each of the powers 0, ..., K in the second.
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4. FINITE SPECTRAL PHASES AND HAMILTONIAN RETURN

Let M be a closed connected manifold of dimension n > 2, let E — M be a Hermitian bundle of rank
r > 1, and work on E-valued half-densities. Write 7 : T*M — M for the projection. Let P € ¥}, (M; E)
be self-adjoint and elliptic, with principal symbol g(x, £)Ig, where q > 0 is homogeneous of degree
one. Radial rescaling identifies the unit g-cosphere ¥ = {q = 1} with a unit cosphere bundle; hence >
is compact and connected. Let G; be the Hamiltonian flow of ¢, and put

U=e"F,  ®=Gy,
g = 1o r](P), Np(R) = TrIIg.

Thus @ is the canonical transformation of U. Changing finitely many eigenvalue copies changes each
matching defect by O(1) (Lemma 1.2). All spectral lists and matchings retain multiplicities.
For a nonempty finite set S C $!, put

AS)=f{xeR: e eSt  F@)=[]G-5. d=IS|
SES

The phases need not be roots of unity. For a positive integer L, define
T.(S)={heS : {z: 2l =h}c Sl (4.1)

Thus h € T.(S) precisely when its Lth roots form a regular L-gon contained in S.

For scalar operators, concentration in shrinking neighborhoods of one arithmetic progression,
uniformly in all sufficiently high intervals of a suitable fixed length, implies periodicity, even when
a proportion of eigenvalue copies tending to zero is exceptional [21, Theorem 3.2, p. 55]. For a
connection Laplacian on a manifold with a common least geodesic period, finite holonomy spectrum
is equivalent to bounded-width clusters of Laplacian eigenvalues [53, Theorem 5.1, p. 255].

Theorem 4.1 (Finite spectral phases and Hamiltonian return). Suppose that a multiset B, bounded
below and finite on bounded intervals, is supported on A(S) and satisfies

E, (Ry;SpecP,B) = o(R})

for some R, — co and n, > 0 tending to zero.
(1) The map O has finite order L, with 1 < L < d. In particular, the Hamiltonian flow of q has period
27L. The period 2L need not be the least period of every orbit.

(2) The operator V.= U is a classical order-zero pseudodifferential operator. Its principal symbol
H € C*(Z; End(n*E)) is unitary, and

Spec H(p) C T1(S) (p € X).

The multiplicity of each h € T (S) is constant on X.
(3) There is a self-adjoint A € ¥%(M; E) with domain H', strongly commuting with P, such that

A—Pe VY (M;E), Spec A C A(S).

It is unique up to an operator supported on a finite-dimensional P-spectral subspace among self-adjoint
operators satisfying these conditions.

Proof. For each fixed t, the scalar-principal wave parametrix makes e’ a classical order-zero Fourier
integral operator with canonical relation graph(G;) [21, Theorem 1.1, pp. 43-44]. Its phase is the
scalar phase of ¢ [42, Section 3, pp. 204-208]. In a bundle frame, the transport equations are linear
matrix equations along the same Hamiltonian characteristics; the leading transport is determined by
the subprincipal partial connection of P [48, Proposition 3.1, p. 10, arXiv version]. The construction
in [53, Section 2] is the connection-Laplacian instance of this calculus.

Choose a real nonzero ¢y € C((0,1)) and put y = y?. Write | - |us for the Hilbert-Schmidt

norm, and put Cr = sup |d%F(eZ”ix)|. A matched eigenvalue y satisfies |[F(e?™)| < Crn,; the same
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expression is uniformly bounded on unmatched copies. The bundle Weyl law gives O(R!}) copies in
the cutoff. Therefore

[FQU)Y(P/R)Is < Cry Ry + o(R}) = o(RY). (4.2)

If supp ¥ C [a, b] C (0, 1), each eigenvalue selected by /(P/R,) satisfies p < bR, < R,. For every
fixed bounded operator D, [DF(U)y/(P/R,)lus < [DIIF(U)Y(P/R,)|ns.

Bounded pointwise periods. Write F(z) = Z;l:o fiz’. Suppose that some p € ¥ satisfies ®/(p) = p
for every 1 < j < d. Choose a small conic neighborhood W of p whose closure contains no fixed
point of any of these powers. Choose D € ¥%(M; E) with nonzero scalar principal symbol alr and
all-orders microsupport in W, modulo smoothing terms.

Normality of F(U), its commutation with y(P/R), and cyclicity give the exact identity

d

IDF(U)Y(P/Blfs = Y, fifc Tr(x(P/R)D*DUIF). (4.3)
Jj,k=0

For j = k, the local Weyl formula (1.1) gives the positive leading coefficient

/ 2(@lal dx de.
"M

For j # k, the canonical relation has no diagonal point on the microsupport of D*D. In a local
homogeneous wave parametrix, trace restriction has no stationary point on the compact rescaled
frequency annulus. Repeated integration by parts makes the trace O(R™) for every N. Consequently,

.
@m)"

r

d
IDFQYP /s = o' +o®). o= I S [ xaf dxde >0

This contradicts (4.2). Thus

d
> = |_JFix(®).
j=1
If N = Iem(1, ..., d), every point is fixed by ®V, so ®N = I. Homogeneity extends this identity to the
whole punctured cotangent bundle.

The global order is at most d. Let L be the order of ® on X. The cyclic group Cr = (®) acts properly
and effectively on %, and 3/Cy, is connected. By the principal orbit theorem [62, Theorem 1.32, p. 15],
the principal stabilizer is contained in every stabilizer, since Cy is abelian. It is therefore contained in
the kernel of the action and is trivial. Hence the set of points with orbit length L is open and dense.
At any such point the preceding bound gives L < d.

The return polynomial identities. At t = —2nxL the canonical relation is the diagonal. Thus
V = e*"LP ¢ W9 (M; E). Unitarity gives H'H = I. Decompose the polynomial uniquely as

L-1
F(z) =Y, 2/Fi(z"). (4.4)

=0
In the open dense full-orbit locus, choose a cutoff D as above, now avoiding the fixed sets of O/,
1 < j < L. Since all functions of U commute, the same exact norm identity becomes

L-1

IDF(U)YY(P/R)I}s = Y, Tr(x(P/R)D*D U F{(V)E(V)").
j. k=0

The off-diagonal terms are rapidly decreasing. The coefficient of R" in the diagonal sum is

L-1

(z,lr)n /T » x(@lal® Y trg (F(H)F,(H)*) dx dE.

Jj=0
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It is nonnegative and must vanish by (4.2). Arbitrary localization and homogeneity imply F;(H) = 0
on the full-orbit locus; continuity extends this equality to all of .

For a unit complex number h, the identities F;(h) = 0 for all j are equivalent to F vanishing at
every root of z' — h. Indeed, reduction modulo z! — h gives the polynomial Y <L z/Fj(h) of degree
less than L; it vanishes at L distinct points if and only if it is zero. Applying this to each eigenvalue of
the normal matrix H gives Spec H(p) C T.(S). Its spectral projectors are polynomial expressions in
H: the set 71(S) € {s" : s € S}is finite, and for h € 77(S) the projector is

H-HWIg

W eTL(SN\R} h—H

Their integer ranks are locally constant and hence constant on connected X.

Spectral projectors and the logarithmic correction. For positive scalar operators with zero sub-
principal symbol and Hamiltonian period 27, the commuting logarithmic correction is given in [15,
Theorem 1.1, pp. 510-511]. For connection Laplacians with a common least geodesic period, the
bundle logarithmic construction appears in [53, proof of Theorem 5.1, p. 255]. The operator V = e?*LP
is unitary, belongs to 9, strongly commutes with P, and has finite principal-symbol spectrum. Let 7
be the finite set of eigenvalues that occur in H, and put G(z) = [];,e7(z — h). The principal symbol of
G(V) vanishes, so G(V) € ¥}'. Since G(V) commutes with P, boundedness of G(V)P gives

|G(e?™H)] < C/p

on every sufficiently high P-eigenvector. The roots of G are simple. On the unit circle this implies
that 2™ lies within C’ /i of T .

Change V on a fixed finite-dimensional P-spectral subspace to one chosen value in 7. The
resulting unitary V” still strongly commutes with P, differs from V by a smoothing operator, and has
its spectrum in arbitrarily small disjoint arcs about the points of 7. For each h € T, let ITj, be the
Riesz projection onto the corresponding arc. Then

M, €Yy, I =1, IOy =0(h=h), I, =1.
h

The defining contours lie in the resolvent set of V/ and avoid the spectrum of H. Thus zI — V is
elliptic and invertible there. Spectral invariance and continuity of inversion in the classical operator
topology [6, Example 2, pp. 7-8; Theorem 5.4, pp. 15-16; proof of Theorem 7.6, p. 22, arXiv version],
with the bundle reduction in the proof of Lemma 1.3, give (zI — V’)™! € ¥Y, continuously along each
contour. Contour integration gives IT, € P9, with principal symbol the h-eigenprojection of H.
Define
Z=Y h'VI
heT

This operator is unitary, strongly commutes with P, and has principal symbol I. The arcs may be
chosen so small that |Z — I| < 1/2. Lemma 1.3 gives

1
=— logZ e ¥ .
Q 2miL o8 l

The operator Q is self-adjoint and strongly commutes with P.
On every sufficiently high P-eigenspace, V/ = e?*I* and

PO = vzl = N I,
heT

Every high eigenvalue of P — Q consequently has its phase among the Lth roots of some h € T, all of
which lie in S. Define A = P — Q on these eigenspaces. On each remaining space ker(P — y) N ran ITj,
choose a,, € R with e2™-% = h and prescribe A = a, ;1. Since {z : z* = h} C S, every a,, belongs
to A(S). This finite-rank self-adjoint correction gives the exact global identity

e?milA = " hl,. (4.5)
heT
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The correction to P is bounded and self-adjoint, so A has domain H 1 and is self-adjoint there [49,
Chapter V, Theorem 4.3, p. 287].

Finally, let A;, A; be two operators with the stated properties, and let E, = ker(P — p). Strong
commutation and boundedness of (A; — P)P give

- pnls|<c/m G=12)

for all sufficiently large . Since A(S) has positive minimum separation, the interval [u—C/p, u+C/p],
C = max(Cy, C;), contains at most one point of A(S). Both restrictions are therefore the same scalar
operator. Thus A; = A; outside a finite-dimensional P-spectral subspace. g

Corollary 4.2. Under Theorem 4.1, let T be the constant set of eigenvalues of H. For h € T, write
h = ™% with 0 < 6, < 1. There are mutually orthogonal projections ITj, € Y, heT, withy, I, =1,
and strongly commuting self-adjoint classical operators K, ®, Q such that, on H',

IP=K+©+0Q, SpecKcCZ, Qevy © =) O4ll, € ¥
h

cl >

Here K has domain H' and scalar principal symbol Lqlg; © and Q are bounded. The principal symbols
of I1j, are the spectral projections of H; their ranges are smooth subbundles of ©*E over X.

Proof. Take A and II; from the proof of Theorem 4.1, and set ® = ), 0,11, K = LA — © and
Q = L(P — A). The projectors, A, and P strongly commute. Equation (4.5) gives "X = I, hence
SpecK C Z. O

Corollary 4.3. Under the hypotheses of Theorem 4.1, for S = {1} the conclusion is
d=1, P -Te¥,, SpecAcZ

For a single arbitrary phase s, the principal return is sIg and Spec A C Z.+ 0, where ™% = 5. If gy € Z
and S is contained in the set of qoth roots of unity, then L | qy and

e?MoP 1 e vl
Proof. If |S| = 1, then L = 1 and H = slg. Suppose every element of S is a gyth root of unity. Choose
h e Ti(S), 28 = h, and put { = €?"/1. Both z and {z belong to S, so {® = 1 and L | go. Each such h
satisfies h%/L = 1, so the principal symbol of U% = V%/L is the identity. g
Proposition 4.4. Let L € Z~, and let S be a nonempty union of finitely many pairwise disjoint regular
L-gons in 8!, Assign to each polygon a positive integer ry, where h is the common Lth power of its vertices,

and put r = Y, r,. For every n > 2, there is an operator P on the trivial rank-r bundle over S" satisfying
Theorem 4.1, with canonical return of order L and

Spec P C A(S), {e*™ . 1€ SpecP}=S.
The multiplicity of h in its principal return is ry.
Proof. On the unit round sphere S", n > 2, let
Ko=JAs +(n—12/4—(n—1)/2+ 1. (4.6)

On spherical harmonics of degree k > 0, K; has eigenvalue k + 1 [45, Lemma 1.3, p. 78]. It is a scalar
classical operator with principal symbol || [6, Theorem 7.9, p. 23, arXiv version]; its Hamiltonian
flow has prime period 27. For the prescribed polygons, write their Lth powers as h = ¢?% with
0 < 0, < 1. On the trivial rank-r bundle let © be a constant Hermitian matrix with eigenvalue 6, of
the prescribed multiplicity and put

1
P= Z(KOI, +©y).

Its eigenvalues are (k + 1 + 0y)/L, k > 0, with the multiplicities supplied by the spherical harmonics
and ry. As k + 1 runs through the residue classes modulo L, their phases run through the prescribed
polygons. The time-27 canonical map has order L, and e?™'IF = ¢27® has precisely the specified
constant return eigenvalues. The comparison multiset Spec P gives zero matching error and zero
unmatched count; here A = P. O
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4.1. The limiting spectral phase measure. Let d3 be the radial Liouville measure on X from Section 1,
and write 3| = fz dZ. For connection Laplacians with common least geodesic period, Kuwabara’s
bandwise distribution formula [53, Theorem 3.1, pp. 245-246] assumes that the holonomy spectrum
omits a point of $'. Eigenphase distributions for quantized contact transformations are studied in [89,
Theorem A(ii), p. 312, and Section 4, pp. 328-329]. In that Toeplitz setting, a contact transformation of
period p admits an invariant quantization with spectrum among the pth roots of unity. The following
formula concerns cumulative counts for the given operator P.

Write p1;(P), j > 1, for the eigenvalues of P, counted with multiplicity, and let §, be the unit point
mass at z € S'.

Theorem 4.5. Suppose that ® has finite order L on 3. Put H = o,(e*™). For all sufficiently large R,
the probability measures

1
VR = Z 5eZIripj(P)
Np(R) uj(P)<R

converge weakly to the measure v defined, for f € C(S'), by

(rav=2s [F Y @) (@)

rLZ| 2heSpecH(p) zl=h

The eigenvalues of H in the outer sum are counted with multiplicity.

Proof. For f € C(S'), the function

MW =1 Y f@, hes,

zl=h

is continuous. The right side of (4.7) is (r[Z|)~! fz trg((My f)(H)) dX. Continuous functional calculus
thus defines a probability measure, without any choice of eigenvalue labels.

Weyl’s law [42, Theorem 4.4, equation (4.10), p. 212], with the diagonal fiber trace as in Section 1,
gives

rEl .

n(2m)"
Fix 0 < y € C°((0,00)) and put b, = n fooo x(s)s" 1 ds. Let k € Z. For k = L¢, £ € Z, the operator U*
belongs to ¥, and has principal symbol H’. The local Weyl formula (1.1) gives

Tr(U™ x(P/R))
Np(R)

Np(R) ~

b
NS / trp(H) d3.
2 Js

Suppose L { k. The fixed-set theorem [62, Proposition 1.24, p. 11] and compactness make F =
Fix(®*) a finite union of closed embedded submanifolds of =. A component of full dimension would be
open and closed in connected 3, hence equal to X, contrary to ¢ # I. Thus F has Liouville measure
zero.

For ¢ > 0, choose a, € C®(Z;[0,1]), equal to one near F, with fz a?d3 < ¢. Choose D, € ¥
with scalar principal symbol a.Ir and with I — D, microsupported away from 7, modulo smoothing
operators. Let T € W% (M; E) be fixed. The nonstationary trace estimate gives

Tr(UFT(I - D.)x(P/R)) = OR™) for every N.

For the other term, the Hilbert-Schmidt inequality gives

[Tr(UFTDx(P/R)) | < ITI(Tr se(P/R) " (Te(D: Do (P/RY) .

By (1.1),
limsup R™"| Te(U* Ty (P/R))| < C, | T| Je.

R—o0
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Letting ¢ | 0 gives Tr(UXTy(P/R)) = o(R").
To pass to IIg, fix 0 < § < 1/2 and choose ys € C2°((0,1)) with 0 < ys < land ys = 1on [5,1—4].
For every bounded operator B, IIg — ys(P/R) > 0 and

| Tr(B(ITg — x5(P/R)))| < |B| Tr(Ilg — ys(P/R))
< |BI(Np(8R) + Np(R) — Np((1 — 8)R)).

After division by Np(R), the upper limit is at most [B|(6" + 1 — (1 — 6)"). Also by, — 1as § | 0.
Taking R — oo first and then § | 0 gives

1
Tr(U*TIR) > A trp(H*") dz, LIk,

lim ——= =
koo Np(R) 0, Lik.

The same estimate with B = U T gives Tr(U* TTIg) = o(R") when L | k.

The right side of (4.7) has exactly these moments: the sum of the kth powers of the Lth roots of h
is zero unless L | k, and is Lh*/L otherwise. Trigonometric polynomials are uniformly dense in C($').
Since all measures in question have mass one, moment convergence proves weak convergence. [

Corollary 4.6. Under Theorem 4.1, let T be the constant set of eigenvalues of H, and let ry be the
multiplicity of h € T. Then

Th

V—Z Z(SZ, rh € Zsy, Z”h:’”-
heT z]- h h

Thus supp v is a disjoint union of complete regular L-gons, and every vertex in one polygon has the same

mass. For a scalar operator, supp v is one regular L-gon, with mass 1/L at each vertex.

Proof. The multiplicities are constant on connected X, so substitute them into (4.7). Different values
of h give disjoint root sets. If r = 1, only one r, can be nonzero. g

Remark 4.7 (The principal return measure). Write X, for the Hamiltonian vector field of g and s for
the subprincipal symbol of P in a local unitary frame. The operator X, +is defines a partial connection
on 7*E [48, Proposition 3.1, p. 10, arXiv version]. Denote its parallel transport along ¢t — G_;(p) by
T:(p) : Ex(p) = Ex(G_i(p))- In alocal unitary frame it satisfies

th(p) is(G_1(p) Ty (p), To(p) = Ig.

The leading wave amplitude gives H as the product of the scalar Maslov factor and T,,; for the
connection-Laplacian case, see [53, Section 2]. For the square root of a connection Laplacian, the
bundle factor is parallel transport for the original connection [48, Proposition 3.2, p. 11, arXiv version].

Put
Vg = 3 / Sn d2(p),
r heSpec H(p)

where eigenvalues are counted with multiplicity. Then (z — zl),v = 7.

Let Py, P, be two such operators with finite-order canonical returns, and let R, — co. Suppose
that , > 0, n, — 0, and E,, (R,; P, P,) = o(R}}). Write Ni(R) = Tr 1(_sg](P;) and let v; g be their
normalized phase measures. For a trigonometric polynomial f, put Ly = sup, |d% f(e2™X)|. The
matching inequality [Ni(R,) — No(R,)| < E;, (R, ; Py, P2) gives

‘/fdvl,Rv_/dez,Rv

Hence their limiting phase measures agree. If their return orders are equal to the same L, then

ET]V(RV;PlsPZ)
Ni(R,)

<Lgny + 2l fle

VH, = VH,-
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5. SPECTRAL RESOLUTION AND THE ORDER OF CORRECTION

In the proof of Theorem C(a), Zelditch obtains equality modulo finite rank for two commuting
integer-spectrum quantizers on a Zoll two-sphere whose difference has order —1 [88, Section 3,
equation (3.8), p. 564].

Theorem 5.1 (Resolution and order of the correction). Let E — M be a Hermitian bundle over a
closed n-manifold, n > 2, and let P, A € ¥%(M; E) be strongly commuting self-adjoint elliptic operators.
Suppose that their common principal symbol is qIg, with g > 0, and that

B=P-Aec Y ' (ME).

Let A C R satisfy |A — A’| > § for some § > 0 and all distinct A, A" € A, and suppose that Spec A C A. Let
BB be a multiset, bounded below and finite on bounded intervals, supported on A. Suppose that R, — oo
and 1, > 0 satisfy

v = O(R,®), E, (R,;SpecP,B) = O(Rff), s>0, 0<pf<n

Then, with N = |ns/p],
P—Aey Nl (5.1)

cl
For N = 0 this is the initial order assumption. For the same cutoffs and unmatched-count bound, one has
P—Ae¥Y™ifn, =0forallv,orifn, = o(R,™) for everym > 0.

Proof. Strong commutation and compact resolvent give a common orthonormal basis (e;) of smooth
eigensections. Write

Pej=pjej,  Aej=aje;,  Bej=bje;,  bj=pi—aj
The operator B is compact and self-adjoint on L?. Since BP € ¥9,

BP
<20 >0

J
Choose o > max{1,4|BP|/6}. If pj > po, then |p; — a;| < §/4. The interval (u; — 6/4, pj + 5/4)
contains at most one element of A, so A is scalar on each such P-eigenspace. For large v, n, < §/4. If
a reference value A € A is matched to a copy of y; >y, then

A —ajl <A —pil +1p—ajl <6/2,

so A = a;. A copy with y; > pi9 and |bj| > 1, is therefore unmatched.
Suppose B ¢ ¥_N~1. The classical expansion then gives an integer 1 < k < N such that B € ‘I’;lk
and b_i := o_(B) # 0. For a matrix or bounded operator T, write |T| = (T*T)'/2. For t > 0, put

np(t) = Tr1(00)(IB) = #{j : |bj| > }.

The Birman-Solomyak singular-value asymptotic [67, Theorem 6.1, equation (6.1), p. 748], applied
with order —k under the half-density identification of Section 1, gives

ng(t) ~ Cgt™™*% (¢} 0).

For an auxiliary Riemannian metric g, put S;M ={(x, &) : |£lg = 1} and let dX; be its radial Liouville
measure. Then
1

Cs = trg |b_|"K d=, > 0.
P nGmy /s;M b ¢

The integrand is continuous and nonnegative, and is positive on a nonempty open set.
The operator AFB € \I’gl is bounded, so

|a;|¥|b;| < | A*B|.
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Set T, = Re/". Since kf/n < s,
L, :=limsup TFp, < co.
V—00
Choose D > 1+ max{ZkIIAkBII,LU} and put 7, = DT, X. For large v, n, < 7,. If |bj| > 7,, then
laj| < T, /2. Since f < n,
yj=aj;+ bj < Tv/2+ ”B” <R,

for large v. Put my = rank 1(_a,,,)(P) < co. All but at most m, copies counted by np(r,) are therefore
unmatched. Hence

E;,(Ry;Spec P, B) > np(7,) — myg

= CgD " RE + o(RP),

contrary to the hypothesis. This proves (5.1). If the errors vanish or are smaller than every inverse
power, the conclusion holds for every s > 0. Thus B € [);5, ¥ =y, g

Corollary 5.2. In the setting of Theorem 4.1, assume
n, = OR,®),  E, (R,;SpecP,B)=o(RE), s>0, 0<p<n
Then the operator A given by that theorem satisfies
P—Acw "/

Proof. The hypotheses imply 1, — 0 and E, (R, ;Spec P, B) = o(R}). Theorem 4.1 gives a self-adjoint
A, strongly commuting with P, with principal symbol glg, P — A € ¥}, and Spec A C A(S). The
finite union of integer translates A(S) has a positive lower bound on the distance between distinct

points. Theorem 5.1 applies. g

Proposition 5.3. For every integern > 2, every s > 0, and every 0 < f < n, there are operators satisfying
Theorem 5.1 for which P — A has exact order —|ns/f] — 1.

Proof. Let Kj be the operator (4.6) on the unit round sphere S*; thus Spec K = {1, 2, ...}. Fix an integer
r > 1 and put A = Ky, on the trivial rank-r bundle. Let k = |ns/f] + 1 and 0 < ¢ < 1/4, and put

P=A+cAk

The inverse calculus [6, Example 2, pp. 7-8, and Theorem 5.4, pp. 15-16, arXiv version] gives
Ak e ‘I/C_lk . The operators P and A are self-adjoint on H! and strongly commute. They have principal
symbol |€|I,, and

o_x(P—A) = c|l&] I, = 0.

Compare P with Spec A, supported on A = Z. Since 0 < ca™® < 1/4, at R, = v + 1/2 the
truncated spectra consist of a+ ca ¥ and a, respectively, for integers 1 < a < v, each with multiplicity
dimker(A — a). Put

R—S

v = —, X, = v 1/k-
T = fog Ry (e/nv)

Since k > ns/f > s,
X, = c/*RY*(log R,)"* = o(R,).
For large v, 1, < 1/4, s0 a copy at a + ca™ can match only to the integer a. It matches if and only if
ca™® < n,, or equivalently a > X,. Let Ng(X) = Tr 1(—00 x](A). Since X, < v for large v, it follows
that
E, (R,;SpecP,Spec A) = 2 Z dimker(A — a)

a€Z>q
a<X,

< 2NA(X,) = O(R*(log R,)"*) = o(R)).

Here Na(X) = O(X™) by Weyl’s law for K [42, Theorem 4.4, equation (4.10), p. 212], and ns/k < f.
The errors satisfy 7, = o(R;*), whereas P — A ¢ ¥~%~¢ for every ¢ > 0. O
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Remark 5.4 (Strong commutation). The strong commutation hypothesis cannot be omitted, even
when the spectra are equal. Let K; be the operator (4.6) on the unit round sphere S", let ¢ = |£|, and
write X, for its Hamiltonian vector field. Let f = x;|s», also regarded as a function on T*S". Put

S=MfKT+ KN, W=éS,  P= WKW
Then S = S* € ‘Pc_ll has symbol f/q. The entire function

iZ_l_'
h(z):€ 1z

5
22

ho) = -1,
satisfies h(S) € ¥ by the holomorphic functional calculus [6, Example 2, pp. 7-8; Theorem 5.4,
pp- 15-16; proof of Theorem 7.6, p. 22, arXiv version]. Thus
W =I1+iS+R, R = S*h(S) € ¥ /.
The operator W is unitary, and both W and W* preserve H!. Hence P, is self-adjoint on H', with
Spec P, = Spec K, 01(P;) = 01(Kp) = q.

The scalar commutator formula [79, Section 1.2, equations (2.9)-(2.11), p. 9] gives [S, Ko] € ¥;' and
[R,Ko] € V. Therefore

P, — Ky = [W,KW* =[S, K] (mod ¥,

o_1(P, — Ko) = —XLf-

On the round sphere X7 f = —f, so X, f # 0. Thus P, — Ky € ¥ but P, — K, ¢ ¥~*. Moreover,
iXzf _if
q q

If Ky and P, strongly commuted, the bounded operator [Kj, P»] would vanish on a common orthonor-
mal basis of smooth eigensections, hence on L?, contrary to its nonzero principal symbol.

o_1([Ko, P;]) = #0.

6. LIMITING DISTRIBUTIONS OF CORRECTION SYMBOLS

Let M be a closed smooth manifold of dimension n > 2, and let E — M be a Hermitian vector
bundle of rank r > 1. Operators act on E-valued half-densities. Let A > 1 be a self-adjoint classical
elliptic operator of order one, with positive scalar principal symbol glg, and suppose that Spec A C IN.
Let k > 0,and let B= B* € ‘Ifc_lk(M ; E) strongly commute with A. Since B is bounded, P = A+ B is
self-adjoint on H', bounded below and has compact resolvent. Put C = A¥B. The complex-power
theorem gives A* € ‘P’gl with principal symbol ¢¥I [6, Example 2, pp. 7-8, and Theorem 7.9, p. 23,
arXiv version 1]. Since B : L? - H k the operator C is defined on L2 Tt belongs to ‘I’gl and is bounded;
strong commutation makes it self-adjoint. Write ¢ for its Hermitian principal symbol restricted to

2g=1(x,8) ¢ q(x,§) =1},

and let d3, be the radial Liouville measure of Section 1.
For a Borel subset J C R, define

V) = —

n(2m)r

[ (o) dxgto) 6.)

The ordered eigenvalues ¢;(p) < -+ < ¢,(p) are continuous, and the integrand equals Y.;_; 1;(c/(p)).
Thus v, is a finite measure with compact support. Put Na(R) = Tr1(_.gj(A). Weyl’s law [67,
Corollary 6.9, equation (6.7), p. 749] gives

r

ve(R) = m

/ dz, = lim R"Na(R).
Zq R—o0

The matching defect E,(R; P, A) compares Spec P and Spec A as in Definition 1.1. Put Ry = N + %
N eN.
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6.1. The matching reduction. Choose a common smooth orthonormal eigenbasis (e;) for A and B,
and write (a;, b;) for the corresponding eigenvalues. Then Pe; = (a; + b;)e; and Ce; = a’bje;. For
R>0and >0, put

D.(R,n) =#{j : aj <R, £b; > n}.
The bound
b < Icla* 62

shows that, for all sufficiently large a;, the nearest integer to a; + b; is a;. Hence the spectral multisets
determine D.(R, n) up to a bounded additive error, uniformly in R and ».

Lemma 6.1. Uniformly for 0 < n < 1/4 and all sufficiently large N,
E,(Rn;P,A) = 2D, (Rn, 1) + 2D_(Rn, ) + O(1).
Proof. Choose an integer ay > 1 such that |Clag* < 1/4, and an integer L > ay + |B| + 1. Let

AL:{aj:ajSL}, pL:{aj+bj:ajSL}

aj+bj<L+1/4.1fa; > L, then aj+ b; > L + 3/4 and its distance to every integer other than a; is
greater than 3/4. Thus no admissible pair joins either finite multiset to a copy with A-eigenvalue
greater than L.

For N > L, both finite multisets lie below Ry, and every remaining cluster is wholly included or
wholly excluded on both sides. At an included integer level, exactly the copies with |b;| < 1 can be
matched; the two lists have the same multiplicity at that level. Consequently

be multisets. If a; < ag, then a; + b; < ap + |B| < L—1. If a9 < a; < L, then |bj| < 1/4, so

E,;(RN;P, A) = E”(PL,AL) + 2#{j L < aj < Ry, |b]| > I]} (6.3)

Both E,(Pr, Ar) and 2#{j : a; < L, |b;| > n} belong to [0,2Na(L)]. Their difference therefore has
absolute value at most 2N4(L). O

6.2. A joint trace formula. For scalar operators, the cumulative moment formula is the weak Szegé
law [33, §2, (2.1), p. 510]. For a positive self-adjoint scalar elliptic operator of order one with vanishing
subprincipal symbol and 27z-periodic bicharacteristics, the cluster distributions have the expansions
of [15, Theorem 3.1, pp. 518-519].

Lemma 6.2. Let F(s,z) be continuous, with compact support in (0,00) x R. Define F(s, c(p)) by the
spectral calculus for Hermitian matrices. Then

}%i_r}go R ;F(aj/R, a]?bj) = (2711)" /Zq A s" L trp F(s, c(p)) ds dzq(p). (6.4)

Proof. Choose a compact interval K containing Spec C and all eigenvalues of c. For y € C°((0, o)) and
a polynomial p, the operator p(C) belongs to ¥, and has principal symbol p(c). Strong commutation
and (1.1) give

1
(2m)"

fim 1 3 Rplaf) - / q [ peon dsas,

Choose 0 < a < b and { € C°((a, b)), with 0 < { < 1, equal to one on the radial support of F. The
Stone-Weierstrass theorem on [a, b|xK, followed by multiplication by , gives uniform approximation
on (0,00) x K by finite sums y(s)p(z), all with radial support in [a, b]. An approximation error ¢

changes the normalized sum by at most eR™"N4(bR) = O(¢); its integral has the same bound. This
proves (6.4). O
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6.3. The complete critical profile. Put « = n/k and x; = max(x,0) for x € R.

Theorem 6.3 (The limiting spectral profile). For every t > 0,

lim Ry"D.(RnN, tRK,k) =F. (1) := /min{l,((ixﬁ/t)“} dv.(x), (6.5)
N—oo R
lim Ry"E,p-+(Rn; P, A) = F(t) := 2/min{1,(|x|/t)“} dv.(x). (6.6)
N—oo N R

The convergence is uniform for t in compact subintervals of (0,00). The formulas hold at every t > 0,
including atoms of v..
Proof. Fix t > 0 and 0 < ¢ < 1, and choose T > max{|C]|, sups, lcl}. For eR < a; < R, the inequality
+b; > tR™* is equivalent to

+(akb)) > t(a;/R)*.
The limiting measure in Lemma 6.2 is ns""! ds dv.(z). The boundary of

{(s,2) : e<s<1, |z| <T, +z > ts*}

has zero measure: the faces s = € and s = 1 have zero radial measure, and z = +T lie outside the
support. For each fixed z, the equation £z = ts* has at most one positive solution s. Fubini’s theorem
gives zero measure for this remaining boundary. The joint limit therefore applies to the indicator of
this set.
Weyl’s law gives
limsup R™"#{j : a; < eR} < €"v (R).

R—oo

Letting ¢ | 0 and integrating in s, we obtain

1
_ 1 .
[ iy ds = 5 minft, (G /00
0

This proves the signed limits. Lemma 6.1 gives the unsigned limit.

Dominated convergence makes F,. and F continuous on (0,00). They and the corresponding
normalized counting functions are nonincreasing. For a partition a = t, < --- < t,, = b, write Gy for
one of those counting functions and G for its limit. Then

— Gl < ) — ) ) — .
[S;:lbI;|GN Gl < max |Gn(t;) G(tl)|+01gig>§1(G(tz) G(ti1))-

Let N — oo and then let the mesh tend to zero. U
Corollary 6.4. The signed profiles and the total mass v.(R) determine v.. The right derivatives of F.
and F, denoted by F; , and F{, exist at every t > 0, and

vellx ¢ x> 1)) = Fa(t) + éF;&(t). 6.7)

If v\ is the pushforward of v. under x + |x|, then

1

v = 5 (FO+ D). vdoh = ve®) = lim F()

Proof. Fix one of the two signs, and let y be the pushforward of v|giy>0; under x = +x. Put
m = u((0,00)). If m = 0, the corresponding identity is immediate. Suppose m > 0, and let A be the
pushforward of m™!y under y — y~¢. Its Williamson 2-transform is

Y() = Am)(l —v/u)y dA(u)=1- m_lFi(v_l/“), v>0.
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The function ¢ is convex, so its one-sided derivatives exist at every v > 0. Write ¢” for its left
derivative. The Williamson inversion formula [60, Definition 3.2 and Proposition 3.1(ii), p. 10; proof
in Appendix B, p. 34, arXiv version 1] and its left limit give

A(0,0)) = 1= ¢(v) + vy (v).
Withv = 77,
Fl () =mat™ Y @),  p((t, ) = mA(0,v)).
Substitution gives (6.7). Since F = 2(F, + F_), addition gives the formula for v|. Monotone con-

vergence as t | 0 gives the atom at zero. The two strict tails determine the restrictions of v, to the
positive and negative half-lines; the last identity determines its remaining mass. g

The profiles depend only on the integrated eigenvalue distribution v..
6.4. Coarser shrinking scales and a noncommutative integral.

Theorem 6.5. Let ny | 0 satisfy nyRE; — oo. Then

lim R Du R ) = [ (@) dvit), 69)
lim B Ry P ) = 2Cs Gt [ 17 dveo) (69)

Ifc # 0, then Cg > 0 and E; (Ry; P, A) ~ 2Cpny’.
Proof. For n > 0, put

m) = Trigu@B), = (@0 du)
The signed Birman-Solomyak law gives

ne(m) =xen “+o(m™)  (nlo) (6.10)

[67, Theorem 6.1, (6.2), p. 748, and Remark 5.4, p. 744]. To identify the coefficient, let b_i be the
principal symbol of B, and choose a Riemannian cosphere S;M with radial Liouville measure d=,.
The map

95 M—3  9(x8)=(x.{/q(x. ),
satisfies
$dZ,=q "dS,,  cod =q"by
Since ka = n, the coefficient in the cited theorem is k.. This law permits vanishing eigenvalues of

b_j and a zero coefficient ..
By (6.2),

1/k
bil>ny = a;<(ICl/nn)"" = o(Rw).
Thus D.(Rn, nn) = ni(nn) for all sufficiently large N. Equation (6.10) and Lemma 6.1 give the limits,

since k4 + k— = Cg and 1%, — 0. If ¢ # 0, the continuous function trg |c|* is positive on a nonempty
open subset of %4, so Cg > 0. O

Corollary 6.6. Let s;(B) > sy(B) > -+ be the singular values of B, repeated according to multiplicity,
and let (ny) satisfy the hypotheses of Theorem 6.5. Then

J
1
> si(B)* =Cp = > lim % Eny (Ry; P, A). (6.11)

lim ——
J— log J P=

The operator |B|* is measurable for Dixmier traces; every normalized Dixmier trace of it equals Cg. Let
Resy denote the Wodzicki residue, with normalization (27)™" as in [67, §4.2, p. 741]. If B is elliptic, then

1
B €W Cp=- Resw(BI").
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Proof. The singular-value law [67, Theorem 6.1, (6.1), p. 748] gives

lim j s;(B)* = Cs.
]4)00

In particular, s;(|B|*) = O(j ™), so |B|* belongs to the weak trace class. Its logarithmic mean and its
normalized Dixmier traces equal Cg by [67, Theorem 2.18, p. 733, and Proposition 5.12, pp. 746-747].
The remaining equality in (6.11) follows from Theorem 6.5.

Suppose B is elliptic. Let IT, be the orthogonal projection onto ker B and put Q = B? + II,. Elliptic
regularity makes ITy smoothing and of finite rank. The elliptic parametrix and regularity theorem
[79, 1.4, (4.6) and (4.9), p. 15, and 1.8, pp. 24-25] give an isomorphism Q : L?> — H?¥ and an inverse
D=Q'le ‘I’flk with domain H?*. Indeed, Q = Q* and (Qu, u) = |Bul? + |IIou|? show that its kernel
and, by elliptic regularity, its distributional cokernel are zero. The operator D is self-adjoint and
satisfies D > |Q|™'I. Its principal symbol is (b?,)"!. The complex-power theorem [6, Example 2,
pp- 7-8, and Theorem 7.9, p. 23, arXiv version 1] gives

[BI* =D~ ~Th e ¥",  o-a(BI) = |b_i[".
The defining residue integral, with the same change of radial coordinate as above, is

1
2n) / trg |c|® qu = nCs.
Zq

Resw (|B|*) =

6.5. Stability and the limits of reconstruction.

Proposition 6.7. Let T be a fixed multiset supported on Z., bounded below and finite on bounded intervals.
For every n > 0 and every cutoff Ry,

|E,(RN: P, T) — Ey(Rn; P, A)| < Eo(Rn; A, T).

The limit in (6.6) is unchanged if E((Rn; A, T') = o(RY,). The limit in (6.9) is unchanged if Eo(Rn; A, T) =
o(77xf)-

Proof. At each integer, delete or insert the excess copies in the truncated list for A. This produces the
truncated list for 7 after exactly Eo(Ry; A, T') changes. Lemma 1.2 bounds the change of the defect at

each step by one. This proves the estimate. Dividing it by R};, or multiplying it by 5y;, proves the two
assertions about limits. O

For y > 0,let S¥ denote the class of compact operators T for which }’ ;; s;(T)" < oo, where s;(T)
are the singular values, in nonincreasing order and with multiplicity.

Proposition 6.8. Suppose ¢ # 0. For each fixed 0 < n < 1/4, the limit
Ew(y) = lim Ey(Ry; P, 4)

exists, and
logEe() n

Eo(n) ~ 2Cgn~ "k 0), li ==,
(m B1] (nl10) im log(1/m) K

For every y > 0, one has B € SY ifand only if y > n/k.
Proof. Fix 0 < n < 1/4. Equation (6.2) gives D.(Ry, 1) = n.(n) for all sufficiently large N. In (6.3),

the finite multisets are independent of N, so E,,(RN ; P, A) is eventually constant. The uniform bound
in Lemma 6.1 gives

Ew(n) = 2n:(n) + 2n_(n) + O(1), 0<n<1/4

Equation (6.10) and Cg > 0 give the asymptotic equivalence and its logarithmic consequence. Finally,
the singular-value asymptotic gives s;(B) =< j /" Hence ¥, ; 8j(B)Y < ooexactly when ky/n>1. [



SPECTRAL RESOLUTION AND RIGIDITY 31

Remark 6.9 (Lower-order perturbations). Let B" = B’* € ‘I’C_lk strongly commute with A, and suppose
B’ —B € ¥7F¢ for some ¢ > 0. Since A*(B’ — B) € ¥~*, the principal symbol of A*B’ is ¢. Theorem 6.3
gives the profiles F, and F for the pair (A + B’, A). For t > 0 with ¢t > sups, Iel,

F(t) = 2Cgt™“.
Consequently F = 0 if and only if ¢ = 0.

6.6. An exact two-component example. On the unit round S°, let K, be the operator (4.6). On the
trivial rank-two bundle put

1/8 0

A=Kb,  B= ( 0 -1/16

)Az, P=A+B.

The levels of K, are a = 1, 2,.... With the convention (I;) = 0 for integers b < 5, equation (8.1) gives

N 5
N+14 N+3 N
On ::‘;dimker(Ko—a)= ( ;- >+< ;_ ) =E+O(N4)~

Let 8, denote unit point mass at x. Since C = A%B is the displayed constant matrix,

1
= — (68 +06- .
Ve 60( 1/8 1/16)
Both spectral lists have 2Qy copies below Ry = N + 1/2. For every t > 0, Theorem 6.3 gives
E ~2 (RN; Pa A) 1
m — 2T 2 mingd, (1/(86)%/%) + mind1, (1/(168))7/2] .
N—oo 40N 2

This function is differentiable except at t = 1/16 and t = 1/8. The signed profiles are

ﬂ@:$mMMUWW@, Rmzémmuummmy

7. JOINT DISTRIBUTIONS OF RETURN PHASES AND CORRECTION SYMBOLS

Retain the notation of Theorem 4.1, and put %, = {g = 1}. Let L be the order of the time-27
canonical map and let A be the strongly commuting quantizer satisfying (4.5). Increase each eigenvalue
below one by an integer on its joint eigenspace. This changes A by a finite-rank smoothing operator,
preserves e?74, and gives A > 1. Put

Ua = 24, Va= Uy, H = oo(Va)ls,, H= U Spec H(p).
PEZq

The set H is finite, and

Va= Y A, T, €Wy, mp = oo(Ilp)ls, = Lpy(H).
heH
These orthogonal projections commute with P and A. The smooth projection z has constant rank
r, > 1 on connected X,. Every Lth root of each h € H belongs to S.
Supposethat B=P - A € ‘Pak, where k > 0, and put

cl

C=ABew’ ¢ = 0o(O)ls,. a = n/k.

The complex-power calculus of Section 6 applies to A > 1; the composition A*B is defined on L?
because B : L> — H*. The order-zero operator C is bounded. Strong commutation gives C = C*,
[IT, C] = 0, and [7p, c] = 0. For Borel sets J C R, define

) = o [ w(mUEo)) dylp) (1)

n(2mx)"
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The product in the integrand is an orthogonal projection. Thus v}, is a finite positive measure, with
compact support since c is continuous on %4, and

__ "
vp(R) = (2" /zq d3g.

In a common orthonormal eigenbasis, write Ae; = aje;, Be; = bje;, and yij = a; + b;. Then
|bj| < |Cla}*.
Write No(R) = Tr 1(_o g](A). The Weyl law recalled in Section 6 gives Na(R) = O(R"). For s € S, let
A; and P; be the multisets of a; and y;, respectively, over the indices with e?™% = s. Define
D,.(Rim)=#{j : aj <R, ™% =5, +b; > n},

Es,r](R) = EU(RQ P, As).
Put

S=inf{la—d'| : a,a’ € A(S), a=a'}>0.

Choose 0 € (0,1) with 89 = dist(0, A(S)) > 0 and put Ry = N + 0, N € Z;. Each cutoff has the same
distance 8y from A(S). For sufficiently large a;, one has |bj| < §/4, so a; is the unique nearest point
of A(S) to y1j. Moreover, a; > y1; — | B|. Consequently the spectral multisets of A and P determine A,
P, and the signed displacements up to finitely many copies.

Theorem 7.1. Forh € H, s* = h, and every t > 0,
1
R Des(Ry 1R — [ minf1, (o). /00 (), (72)
R

- 2 :
RY'E, g Re) — 7 [ minf1, (167} (). 73)
The phase Weyl mass exists and equals
; 1
ws 1= I%irn R"#{j : a; <R, e = g} = Evh(lR). (7.4)

The convergences in (7.2) and (7.3) are uniform for t in compact subintervals of (0,0). These limits
depend on s only through h = st. Denote the limits in (7.2) by F; +(t). For the given L, the functions Fj .
and the masses w; determine every measure vy,

Proof. The orthogonal projector onto the s phase of A is
=
E, =TI, > sub. (7.5)
=0

On the h block, s7' U4 has spectrum among the Lth roots of unity. Their character sum is L at 1 and
zero elsewhere. The factor IT; annihilates the other blocks.

Let p be a polynomial with complex coefficients and let y € C.°((0,)). The operator II;p(C)
belongs to ¥ and has principal symbol 7, p(c) on %,. The operator A has the same scalar principal
symbol as P. For 1 < ¢ < L, the map @’ is nonidentity and has finite order; its fixed set has zero
Liouville measure. The trace estimate in the proof of Theorem 4.5, applied to A with the insertion
T, p(C), gives, for nonnegative y,

Tr(UAp(C)x(A/R)) = o(R").

Every smooth compactly supported y is a complex linear combination of nonnegative such functions,
so the estimate holds for arbitrary y. The ¢ = 0 term is given by (1.1). Therefore

L(217r)” /Z /0 u"™ y(w) trp(myp(c)) du d2.

R Tr(Esp(C)x(A/R)) —



SPECTRAL RESOLUTION AND RIGIDITY 33

The approximation argument of Lemma 6.2 now gives, for F € C.((0, ) x R),

R™" Z F(aj/R’afbj)_)Z/RA " F(u, x) du dvp(x).

leriaj =5

On a fixed radial interval [K~!, K], K > 1, a uniform approximation error £ > 0 changes the normalized
sum by at most eéR""N4(KR) = O(¢). The threshold argument of Theorem 6.3 therefore applies with
vu/L in place of v.: the boundary +x = tu* has zero measure by radial integration, and a i < €R
contributes O(e") after normalization. This proves (7.2). Approximating 1, ;] by continuous radial
cutoffs in the same joint limit, and then letting ¢ | 0, gives (7.4).

Choose ay > 1 so that |Cag < min(8y/2, §/4), and put my = Na(ap). Delete from both truncated
phase lists the copies whose joint index satisfies a; < ay. By Lemma 1.2, this changes the matching
defect by at most 2m. For the remaining indices, a; < Ry ifand only if y1; < Ry, and for a € A(S)\{a;},

luj—al > 6 —1|bj| >36/4.

For 0 < 1 < §/4, admissible pairs therefore lie within one lattice level. If that level has multiplicity d,
and g, of its displacements have absolute value at most 7, its matching defect is 2(d, — g,). Deleting
the low indices changes D; (R, 1) + D (RN, ) by at most m,. Consequently

|Es,17(RN) - 2Ds,+(RN, ’7) - 2Ds,—(RN: ’7)| < 4my, 0< n< 5/4, (7‘6)

uniformly in N. This proves (7.3). The locally uniform convergence follows from monotonicity and
continuity, as in Theorem 6.3.
Corollary 6.4, applied to vj,/L, shows that the right derivatives F; , ,(t) exist for ¢ > 0 and satisfy

vl s £x > 1) = L (Fs,i(t) + éFs’,i,+(t)> .

Moreover,

va{0]) = Lwy = LHm(Fo(8) + Fo—(8).
The open tails and this atom determine vy, g

Simultaneous fiberwise unitary conjugacy of (H, c) leaves every measure v, unchanged. Let v
be the probability measure of Theorem 4.5. It is invariant under multiplication by every Lth root of
unity, and it may be invariant under other rotations. Take L = 1 and the two phases 1, —1, each with
multiplicity one, in Proposition 4.4. Then ® = I and Corollary 4.6 gives

v=73(8+6),

T2

which is invariant under z — —z.

Part 2. Geodesic return and spherical rigidity

Under the hypotheses of Theorem 2.2 or Theorem 2.4, fixed frequency windows yield a com-
mon geodesic period and a commuting operator whose spectrum lies on the reference lattice. The
discrepancy from the reference multiplicities bounds the localized wave trace differences. At times
L/s, where L is the prime geodesic period on the universal cover and s > 2 is an integer, the return
components of maximal dimension have Morse index zero and a common leading trace phase. The re-
sulting restrictions on the return families and their evaluation maps, together with the contact-volume
identity, yield a round universal cover. For a homogeneous reference, the harmonic multiplicities
further determine the quotient up to isometry.
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8. HARMONIC MULTIPLICITIES AND LOCALIZED SPECTRAL TRACES

For a metric on a d-dimensional manifold, the replacement g — r~%g multiplies scalar eigenvalues
by r? and volume by r~¢. Applied to both comparison metrics, it preserves the frequencies in (2.3).
Rescale to r = 1. For a closed Riemannian manifold Z, put

PZ:(Az-i-mz)l/Z, n=2m-+12>5.

No equality between dim M and n is assumed.

Let P be the complex homogeneous polynomials of degree k on R"*!, and let H. be their harmonic
subspace. Put Py = 0 for k < 0, and set (Z) = 0 for integers b < n. A finite free orthogonal group is a
finite subgroup of O(n + 1) whose nonidentity elements have no fixed point on $"(1).

Lemma 8.1. For k > 0, restriction identifies Hy with the scalar eigenspace on $"(1) of eigenvalue

k(k+n-1), and
k k -2
dy. :ZdimHk=< +n>—< o ) (8.1)
n n

For a finite free orthogonal groupT, let H;. be the subspace of T-invariant harmonics and put ri = dim Hj.
These are the scalar multiplicities on $"(1)/T’; the corresponding shifted frequencies are k + m. For|z| < 1,

2

1—2z 1
Fr(z) i= Y ik = > . (8.2)
prod T| & det(I — zy)

Proof. The restriction and quotient identifications are [45, Lemma 1.3 and Proposition 1.5, pp. 78-79].
The decomposition

Py = Hy ® |x[*Pr—s

is [45, (1.1), p. 78]; taking dimensions gives (8.1). Since n = 2m + 1,

\/k(k+n—1)+m2:k+m.

The group T lies in SO(2m + 2) by [45, Lemma 1.1(ii), pp. 77-78]. Thus [45, Theorem 2.2, p. 80] gives
(8.2). For lens spaces the latter formula is also [46, Theorem 3.2, p. 452]. O

For an element y of a finite group, ord(y) denotes its order.

Lemma 8.2. LetT C O(2m + 2) be finite and free on the unit sphere. Then T' C SO(2m + 2). Every
eigenvalue of y € T has multiplicative order exactly ord(y). Every involution in T equals —1. Each
element other than I, —I has only nonreal eigenvalues, each of complex multiplicity at most m + 1.

Proof. The inclusion in SO(2m + 2) is [45, Lemma 1.1(ii), pp. 77-78]. The eigenvalues of I have order
one. Let y # I and b = ord(y). The subgroup (y) acts freely on $*™*1(1). By [45, §1, Example (ii), p. 77],
y is orthogonally conjugate to a direct sum of rotations through angles 27 p;/b, with ged(p;, b) = 1
for every j. Its eigenvalues are therefore primitive b-th roots of unity. For b = 2, every rotation is
—I,, so y = —I. For b > 2, the eigenvalues are nonreal. Each eigenvalue and its conjugate have the
same complex multiplicity, which is at most (2m + 2)/2 =m + 1. g

Lemma 8.3. Let Ty C O(n + 1) be finite and free on $"(1), put q = |T¢|, and set r, = dim H,EO. Ifqis
even, then

2
ok = ;dzk +O(k™), Tak+1 = 0. (8.3)
If q is odd, then

re = 2di + O(K™). (8.4)
q
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Put a = 2 when q is even and a = 1 when q is odd. Every sufficiently large level m + ak has positive
multiplicity. For each fixed integer b > 1 andv € {0,...,b — 1},

2
> ra= ;R HOR™) (R o).
k>0, m+ak<R qo n:

k=v (mod b)

Proof. If q is even, Cauchy’s theorem gives an involution in Iy, which is —I by Lemma 8.2. Its action
on Hy is (=1)XI, so rp41 = 0. The terms I, —I in (8.2) contribute
1+ (-1F
0,
q

For every other group element, the poles have order at most m + 1. Writing [z¥]F for the coefficient
of z* in a power series F, one has, for j > 1 and |a| = 1,

; k+j—-1 :
[Jm—dmﬂ=<.11>w*=mwﬂ (k= o),
j-
Finite partial fractions therefore give a total contribution O(k™). This proves (8.3). If q is odd, the
identity is the only element with real eigenvalues. Its term contributes g~ 'dj, and the remaining
coefficients are O(k™). Thus (8.4) holds.

Equation (8.1) gives

di = e 1)'k” L+ 0(k"2).
Since m < n — 2, the two parity cases give
2a
Yok = ﬁkn 1 + O(kn 2)

The leading coefficient is positive. For fixed b,v and X — oo,

Xn
>, k=0,
0<k<X n
k=v (mod b)

Summing the error term contributes O(X"!). With X = (R — m)/a, the main term is 2(R —
m)"/(qb n') = 2R"/(gb n!) + O(R™1). This proves the last formula. O

Lemma 8.4. Let F(z) = Y 15 apz* be rational with all finite poles at roots of unity, and let t € R. Fix an
integer s > 1. Suppose that £ = €'' is regular or a pole of order at most s, and put

Le(F) = lirr%(l - z/E)°F(2).

For y € CZ((0,1)), as R — +oo,

Z akeit(k+m)X((k +m)/R) = eltmLé'(F)

TR [Crwet o 69

If F is regular at &, the left side is O(R™) for every A > 0. Both assertions remain valid when m is
replaced by any fixed real number. All parameters other than R are fixed.

Proof. Write

F(z) = B(2) + Z z“: Ca j(1 - z/a)7, pi(x) = 1)' H(x +9),

a j=1

where B is a polynomial, a runs through the finite poles, s, is the order of the pole at &, and an empty
product is one. For k > 0, [zF](1 — z/a)™/ = a*kpj(k). The coefficients of B have zero weight for
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large R. Put f;r(x) = p;(x)x((x + m)/R), extending y by zero. Since supp fjr C (0, ) for large R,
the contribution of ¢, j is

€Me; > (&/a) fir(k).
keZ
Put gjr(u) = R/ f; r(Ru). Thus

OE X(“T)/,R) H( /)

These functions are supported in a common compact set and have uniformly bounded derivatives.
With g(0) = f, g(u)e?m4¢ du, the estimates in the proof of [75, Chapter 5, Theorem 1.3, p. 137] give

grI<CN@+IIDN (N0,
uniformly for large R. Poisson summation [75, Chapter 5, Theorem 3.1, p. 154] gives

S fa) =R Y gia(RD) = /R f() dx + OR™A)

keZ teZ

for every A > 0, by taking N > j+ A+ 1.
For w € C with |w| = 1 and w # 1, set Af(k) = f(k + 1) — f(k). Repeated summation by parts [75
Chapter 2, Exercise 7(a), p. 60] gives

<1—o™ Y AN fir(D) = ORI (N >1).
kezZ

Z o f; r(k)

kez

Here | f(N)||oo = O(R/'7N), and the finite differences have support of length O(R).
Set c¢ ; = 0 when the corresponding partial fraction is absent. The left side of (8.5) is therefore

j-1

eitm Z C«f]l)' /1 X(u) H(Ru +o—m)du+ O(R—A)

=1
for every A > 0. Since ¢y ; = L¢(F), the coefficient of R® is the one in (8.5); every remaining term has
degree at most s — 1. If F is regular at £, every c; ; vanishes. (]

9. SCALAR RETURN AND LATTICE QUANTIZATION

Let (M, g) be a closed connected Riemannian manifold with dim M > 2. On scalar half-densities,
put P = (Ay + ¢)'/?, where ¢ > 0. Write Np(R) = Tr 1(o)(P), and let G; be the Hamiltonian flow
of |&|. The subprincipal symbol of P is zero [21, p. 58]. If T > 0 and G = I, Colin de Verdiere’s
theorem [15, Theorem 1.1 and its proof, p. 510], applied to TP/(2r), gives

TP prl e W, pr €{1,—1,i,—i}.
The Maslov factor is locally constant on the connected cosphere bundle S*M, hence constant.

Corollary 9.1. Let T > 0, { € {1,—1,i,—i}, and k > 0. Suppose that, along some R; — oo, all but
o(Np(R))) eigenvalues i < R; of P, counted with multiplicity, satisfy

Re({elTH) > k.
Then Gt =1 and '™’ — {1 € ¥}'. There is a constant C > 0 such that
T ¢ <c+p™  (ueSpecP).

Proof. Since Np(R;) — oo and the exceptional proportion tends to zero, the hypothesis implies x < 1.
Choose 8 € R with e/ = ¢, and apply Theorem 3.1 to the trivial line bundle with its flat connection
and constant potential c. It gives Gr = I and Re({pr) > k. The fourth root of unity ¢ pr has positive
real part, so it equals 1. Thus p = {. The operator (¢!” — {I)(1 + P) has order zero and is bounded
on L?. Its restriction to ker(P — p) gives the stated estimate. O
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Corollary 9.2. Letm > 0 and a > 0 be real numbers, and put T = 27 /a and { = 1™, Ife'TP — (T € ¥},
there is a positive self-adjoint A € Y}, with domain H', strongly commuting with P, such that

[A,P] =0, A-PeVv], Spec(A) C m + aZsy. (9.1)

For every sufficiently large eigenvalue ;i of P, there is a unique nearest point A, € m + aZ to ji, and
Alker(P—p) = A,uI'

Proof. The order-zero estimate in the proof of Corollary 9.1 gives |¢!T# — ¢| = O((1 + p)~!). Hence
Re({e™) = 1~ 26— (P >}

for all sufficiently large p. Theorem 3.1 applies with f = Tm and k = 1/2. It gives Gy = I. The
holonomy of the trivial line with its flat connection is the identity, so the return symbol is pr. Since
¢!’ — (T has order —1, comparison of principal symbols gives pr = {.

Let & € (0, a] be the unique number such that m — a € aZ. Then €'7% = pr. Theorem 3.3 gives a
positive self-adjoint Ay € P2, with domain H', strongly commuting with P, such that

Ay—Pe€ \Ilgll, Spec(Ao) Ca+ (1220.

For every sufficiently large eigenvalue y of P, Aglier(p—;) is multiplication by the nearest point of
a + aZx to pu. Since m > 0, one has m = a + ajy for some j, € Zsy. The spectral projector
E = 1(_o m)(Ap) has finite rank and smooth kernel by the elliptic spectral theory in Section 1. Strong
commutation of Ay and P implies that E strongly commutes with P. Its range is therefore contained
in a finite sum of P-eigenspaces. Put

A=A+ (m— Ag)E.

The correction is self-adjoint and smoothing and strongly commutes with P. Thus A is self-adjoint
on H! and strongly commutes with P. On ran E, it equals mI; on ker E, it equals Ay. It follows that
A >ml, Spec(A) C m+ aZsy, and A— P € Y. The correction vanishes on every sufficiently high
P-eigenspace. Since m + aZ = a + aZ, the nearest-point assertion follows from Theorem 3.3. U

Remark 9.3. The condition x > 0 cannot be replaced by x = 0. On the unit sphere $?"*!, with
m € Z>y, Lemma 8.1 gives Spec VA + m? = m + Z. For { = i(—1)" and every k > 0,

Re(gei”(k+m)) =0.

Under the metric identification of the unit tangent and cotangent bundles, G,(x,v) = (—x, —v) # (x,v).

10. SPECTRAL MATCHINGS AND COMMON GEODESIC PERIODS

Retain the normalization r = 1 of Section 8. Let Q = $"(1)/T be a round spherical space form,
with To| = ¢, and put a = 2 if g is even and a = 1 if g is odd. Fix 0 < n < a/4. Suppose there are
Kj — oo such that, with R; = Rg;,

Ey(K;) = o(R}). (10.1)
The exponents in Theorems 2.2, 2.3, and 2.4 are strictly smaller than n.

For a positive self-adjoint operator B with compact resolvent, write

multg(w) = dimker(B — wI), Ng(R) = Z multg(w).
weSpec B
w<R
Put Ny; = Np,, and Ng = Np,. Let b,(K) be the maximum cardinality of an n-matching at the cutoff
Rg in Definition 2.1.
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Proposition 10.1. The comparison manifold has dimension n, volume V,,/q, and least positive common
geodesic period T = 27 /a. Moreover, e 1™ — ¢'T™ € W', There are a positive self-adjoint A € ¥}, with
domain H', strongly commuting with Py; and satisfying (9.1), and a constant Cy > 0 such that

EaRg) 1= Y, |mults(e) — multp, ()] < £(K) + Co (10.2)

weEM+ QZZO
w<Rg

for all sufficiently large K. For every t € R, every y € C:°((0,1)), and every such K,

[ Tr(e™ ¥ (A/Rk)) = Tr(e"7 y (P /Ri))| < lxleo€a(RK) < Iyl (E4(K) + Co).  (103)
Proof. By Lemma 1.2,
INM(Rk) — No(Ri)| < &,(K).
For each integer £ > 1, let B’ be the Euclidean unit ball and put ¢; = (27r) ¢ vol(BY). Set d = dim M > 1.
The scalar Weyl law [21, Corollary 2.5, equation (2.23), p. 52] gives
Num(R) = ¢ VOl(M)R? + o(R%),  No(R) = cu(Va/q)R™ + o(R™).

If d < n, divide the counting inequality along R; by R}. Its left side tends to ¢, V,/q > 0, whereas its
right side tends to zero. If d > n, division by R;-i gives the same contradiction, with limit c¢; Vol(M) > 0.
Thus d = n. Division by R} now gives

Vol(M) = V,,/q. (10.4)

Put T = 27/a and { = ¢'T™ € {1, —1}. Since every reference frequency belongs to m + aZ, each
matched pair (p, ) satisfies

Re({e'TH) = cos(T (i — B)) > cos(Trn) > 0.

In a maximum matching at R;, at most £,(K;) = o(Ny(R;)) copies of the Py;-spectrum below R; are
unmatched. Since dim M = n > 5, Corollaries 9.1 and 9.2 apply and give

Gr=1, e Tt _ olTm ¢ g1 (10.5)

cl >

and an operator A with the stated properties.
Choose a common orthonormal eigenbasis of A and Py;. By Corollary 9.2, for all sufficiently large
Py-eigenvalues g, the restriction of A to ker(Py —pl) is a scalar @ € m+aZs,. Since (A—Py)Py € ¥,

o — i < ICA - PM)PM”'

Choose i so that this difference is less than a/4 for p > pio. If such a copy of p is matched to f, then
o — Bl < a/4+n<aj2.

Both « and f belong to m + aZ, so a = . Each Rk has distance a/2 from this lattice. Hence y and «
lie on the same side of every Rg.

Let By = Njy(1o). From a maximum n-matching at Rk, discard the pairs with p < po; there are at
most By such pairs. Every remaining pair gives an equal-frequency pair for A and Py, with distinct
labelled copies remaining distinct. If b4(Rk) is the maximum number of such pairs, then

ba(Rk) > by(K) — By,

For all sufficiently large K, the finite-dimensional sum of the Pj-eigenspaces with g <y lies
below Rk for both operators. The remaining joint eigenvalues lie on the same side of Rx. Thus
Na(Rk) = Nu(Rk), and

Ea(Rx) = Na(Rk) + No(Rk) — 2ba(Rk)
< Ny(Rg) + NQ(RK) — ZbU(K) + 2B,
= E’I(K) + 2B,.
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This proves (10.2) with Cy = 2By. The spectral expansion on m + aZs gives (10.3) by the triangle
inequality.

The subgroup & = {t € R : G; = I} is closed. The geodesic vector field has no zero on the
compact manifold S*M. Choose a finite flow-box cover and smaller boxes whose closures lie in those
boxes and still cover S"M. For some € > 0, every trajectory starting in a smaller box stays in the
corresponding box for |t| < €. Its flow coordinate changes by t. Thus

G:(v) = v weS™M, 0<]t] <e).

Consequently & = TyZ for some Ty > 0. Write T = b Ty, where b € Z;.

Suppose b > 1, and put V = €74~ Tts canonical map is G_7, = I, so V € ¥, [21, Theorem 1.1
and p. 44]. The arithmetic spectrum gives V? = I. Its scalar principal symbol vy satisfies vf = 1, and is
constant on the connected cosphere bundle S*M. Thus V —u,I € ‘Ifc_ll is compact. Forv € {0,..., b — 1},
put

N4y(R) = Z multa(m + ak),

k>0, m+ak<R
k=v (mod b)

and define Ny, by replacing A with Py. Then
INaw(Rk) — Noo(Rg)| < Ea(Ri).

Lemma 8.3 gives
2

qb n!

Nou(R) = R" + O(R™™).

By (10.2) and (10.1),
2
NA’U(R]') = WR? + O(R;l) —> 00,

On the class k = v (mod b), the operator V acts by e2”/?, whose eigenspace therefore has infinite
dimension. At least one of these values differs from vy. This contradicts the finite multiplicity of every
nonzero eigenvalue of the compact operator V — vyl [49, Chapter III, Theorem 6.26]. Hence b =1

and Ty = T. O

Lemma 10.2. Assume the conclusions of Proposition 10.1. Let s > 1 be an integer and let Rj = Rk, — .
Suppose E,(K;)/R; — & < oo. Lett € R, L € C, and 0 € R be fixed. If, for every nonnegative
x € C2((0, 1)),

L

T (A /R)) = Tr(e e (Po/R) = (5,

1
A x(Wut " du + o(R}),
then
5> = (10.6)

Proof. For 0 < y < 1, divide (10.3) by R} and let j — . Since Co/R;j — 0,

5> I /1 y(wu' ™ du.
T (s=D!'Jy
Choose y; € C2((0,1)) with 0 < y, < 1 and y,(u) — 1 for every u € (0, 1). For each fixed ¢, apply the
preceding inequality. Dominated convergence as £ — oo gives /01 xlwudu — 1/s. O

10.1. Clean geodesic returns. Let T > 0 and suppose Gt = I. The period subgroup of each unit
covector is 7Z, with T = k7 for some integer k > 1. The uniform bound in the preceding proof gives
T > €, 50 k < T/e. Every positive return time belongs to

U %Zm,

1<k<[T/€]
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a locally finite subset of (0, 00). If ¢ is a positive return time, then ¢t = jT/k for positive integers j, k,
and GF = I. The finite group (G;) acts smoothly and properly on S*M. By the fixed-set theorem [62,
Theorem 1.23 and Proposition 1.24], its fixed locus is closed, has smooth components, and satisfies

T, Fix(Gy) = ker(dG;(v) — I).

Its components are open in the compact fixed locus, hence finite in number. Thus the return is clean.

Put p(x, &) = |&g. Its Hamiltonian flow commutes with positive fiber dilations, so the fixed locus
in T*M \ 0 is a cone. The relation G¥ = I holds on T*M \ 0 as well. The finite cyclic group (G,) acts
symplectically; each component of its fixed cone is therefore symplectic [23, Example 3.3, p. 18]. Let
7 : T*M — M be the projection and let A be the canonical one-form, defined for w € T(, ) T"M by

Ae,e)(w) = E(dm pyw).

Put w = dlandlet Z = }; £;d;, be the Liouville vector field. On a fixed-cone component of dimension
2h, the vector field Z is tangent and Zp = p; thus it is transverse to p = 1. Since

tzwh =hAA wh_l,

the restriction of A A (d1)"~! to that section is nonvanishing. Each component of Fix(G;) C $*M is
therefore a contact submanifold of dimension 2h — 1.

Let B be a positive self-adjoint scalar classical operator of order one on half-densities, with principal
symbol p and zero subprincipal symbol. These conditions hold for Py and for the operator A of
Proposition 10.1, since A — Py € ¥;'. Fix a positive return time . Let d be the largest dimension of a
component of Fix(G,), and suppose every component of dimension d has periodic Morse index o.
For{ e TyM\Oand we TyM\0,

lwf2_
g
p(x.§)
This is the fiberwise convexity condition in [21, pp. 69-70]. Hence the integer in the trace phase is
the Morse index for periodic boundary conditions.
For f € S(R), put

1

deip(w) =0 = D?p(w, w) = > 0.

o) = A cf@d  f)= A ¢ (p) dp.

Distribution pairings are complex bilinear. For each fixed component C, let dv¢ be the positive
Duistermaat—Guillemin density: divide the canonical fixed-point density of G, on the fixed cone by
|dp| and restrict to p = 1 [21, pp. 60-61]. Put

d—1
Yao = (2m) @D/ exp<i71 (: 0 )) .

The clean trace formula [21, Theorem 4.5, equations (4.6)—(4.8)] gives

1
Tr(e*®y(B/R)) = ya,R4V/? (/ (w42 du> Z dve + o(RUHD/2) (10.7)
0 Cchix(Gé) ¢
im C=

for every y € C;°((0, 1)), where the sum is over connected components.
To obtain this form of the formula, extend y by zero and put

. R
Wi(s)= 3, mults(e™,  pri(s) = F(R(s—1).
J€Spec B

Weyl’s law makes Wp a tempered distribution. Fourier inversion gives

Tr(e"? x(B/R)) = (W, ¢r,);
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the sum converges by the rapid decay of the Fourier transform of a Schwartz function. Choose
p € CZ(R) equal to one near t, with support containing no other return time. For every N,

(1-p)gr: = ORN) in S(R).

Its pairing with Wj is therefore O(R™N) for every N.

In the negative half-wave convention of [21, equations (4.7)-(4.8)], the leading coefficient for a
component of dimension d is (27)~(¢+1)/2j=0 g=in(d-1)/4 fc dvc; the subprincipal factor is 1. Complex
conjugation gives y; , fc dvc. The model distributions are tempered, so the preceding estimate
removes p from their pairings with an O(R™N) error for every N. Pairing the leading homogeneous
term with ¢, gives

00 1
/ y(v/R)v@V/2 gy = Rl+D/2 / y(Wu' V2 gy,
0 0

The next symbol degree is (d—3)/2, with contribution O(R“~/2). Every smaller fixed component has
odd dimension at most d — 2, hence has the same bound. Multiplication of a smooth local remainder
by p gives a compactly supported smooth function. Its Fourier transform is rapidly decreasing, and
supp y(v/R) C [cR, CR] for some 0 < ¢ < C. Its contribution is therefore O(R™) for every N. This
proves (10.7).

If 0 < y # 0, the displayed moment and all the density integrals are positive. Thus the leading
coefficient is nonzero. For two returns with the same d and o, the ratio of their leading coefficients
for the same such y is positive real. In particular, A and Py have the same leading coefficient. If
Fix(G;) = @, then Wp is smooth near t [21, Corollary 1.2]; the same localization gives

Tr(e"®y(B/R)) = O(R™) for every N.

Put D = A — Py. It is bounded and self-adjoint, belongs to ¥_!, and strongly commutes with Py.
The joint spectral theorem gives
e—itPM eitA — eitD'
For fixed t € R, put f;(z) = (¢"* —1)/z for z # 0 and £,(0) = it. This function is entire. The resolvent
argument in the proof of Lemma 1.3, applied to f; on a circle |z| = ry > |D|, gives f;(D) € ¥Y. Hence

e’ —1=Df(D) e ¥ (10.8)
11. UNIVERSAL COVERINGS AND MORSE INDICES

A Riemannian metric is Besse if every unit-speed geodesic is periodic. The prime length of a
geodesic is the least positive period of its unit tangent vector. For smooth closed connected manifolds
of dimension at least two, the following results hold.

(i) By the Bott-Samelson-McCleary theorem, a simply connected Besse manifold has the integral
cohomology ring of a compact rank-one symmetric space. The universal Riemannian cover
of an odd-dimensional Besse manifold is homeomorphic to a sphere [5, Theorem 1.1 and the
following paragraph].

(ii) On a topological sphere of dimension at least four, every Besse metric has one common prime
geodesic length. On a simply connected Besse manifold, the free-loop energy is perfect for
rational S'-equivariant cohomology relative to the constant loops [70, Theorems A and D].

(iii) A Besse metric on a smooth n-manifold admitting an even-degree smooth covering by a smooth
homotopy n-sphere has constant sectional curvature for n # 3 [59, Theorem 2].

Lemma 11.1. Let M" be a closed connected Riemannian manifold, where n > 5 is odd, and let T > 0 be
the least positive time for which Gt = 1. Let px : X — M be its universal Riemannian covering, let T be
the deck group, and write G, for the geodesic flow on S*X. For D €T, let D denote its cotangent lift to
S*X. Then X is a compact smooth homotopy sphere, T is finite, and there is a unique D € T such that

Gr=D, D=1 Gu=1L (11.1)
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All prime geodesics of X have one length L, and
Le{T,2T}, D=I<=1L=T, Vol(X) = || Vol(M). (11.2)

Proof. The metric on M is Besse. By [5, Theorem 1.1 and the following paragraph], X is homeomorphic
to $", hence is a compact smooth homotopy sphere. Each fiber of px is a closed discrete subset of X,
so it is finite. Thus I is finite.

The induced covering S*X — S*M is connected and regular, with deck group consisting of the
cotangent lifts of T'. Since Gt = I, the map (N;T is a lift of the identity on S*M, hence equals D for a
unique D € T'. The reversal J(x, £) = (x, —¢) commutes with each cotangent deck lift and conjugates
5: to (N},t. Consequently,

D=JDj=JGrJ=G.r=D"

It follows that D? = I and 52T =1

The lifted metric is Besse. Since X is a topological sphere of dimension at least four, [70, Theorem A]
gives a common prime length L. The global period group of G, is TZ. The identity G; = I descends
to Gp =1I,s0 L = bT for an integer b > 1. Since L is the prime period of every lifted unit covector
and Gy = I, 2T = al for an integer a > 1. Hence ab = 2. If D = I, then T is a period of every
lifted unit covector, so L = T; conversely, L = T gives D =TIand D = I. The volume identity follows
because py is a [T|-sheeted local isometry. O

For a Riemannian manifold Y, write SY for its unit tangent bundle, identified with S*Y by the
metric. For v € SY, let y, be the unit-speed geodesic with initial velocity v. On the free-loop space
AY = HY(R/Z,Y), put

1
0= / ()P dt.

For a closed geodesic y, let indpe(y) denote the negative index of the Hessian of £y on periodic H'
vector fields. Here the negative index is the maximal dimension of a subspace on which the Hessian is
negative definite. Let indp(y) denote the index of its restriction to fields vanishing at both endpoints.
The same notation applies after a constant rescaling of the parameter.

Lemma 11.2. Let X", n > 5 odd, be a Besse homotopy sphere whose prime geodesics all have length
L > 0. Their periodic Morse index is n— 1. In particular, their endpoint-fixed Morse index is at most n — 1.

Proof. The critical manifold of prime geodesics in AX is identified with SX by
v (t —> yU(Lt)).

Since X and the fibers S™! are connected, SX is connected. The energy is Morse-Bott, and its
index is constant on this critical manifold [70, Section 1, pp. 915-916]; denote the index by b. Every
nonconstant critical loop is an iterate of a prime geodesic. For a prime geodesic y, let y* denote its
k-fold iterate. Bott’s iteration inequality [70, Section 6, p. 952] gives

indper(yk) 2> indper()’) =b (k>1).

Thus b is the least index of a nonconstant critical loop. The manifold X is simply connected and has
the rational cohomology of §". For a Besse manifold with these properties, the least nonconstant
index is n — 1 [70, Section 4, pp. 941-942]. Hence b = n — 1. The endpoint-fixed variation space is a
subspace of the periodic variation space, so its index is at most n — 1. (]

Lemma 11.3. Let X" be a closed Riemannian manifold and let L > 0. Suppose the time-L geodesic map
on SX is the identity. For every length-L unit-speed geodesic on X, the periodic and endpoint-fixed indices
are equal.
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Proof. Fix such a geodesic y, and put V = y(0)* C T,()X. Normal Jacobi initial data identify V & V
with the contact hyperplane at y(0). The normal Poincaré map P, is the restriction of the differential
of the time-L geodesic map to this hyperplane. Thus P, = I. In the concavity formula 70, Section 4,
p- 939], the concavity form is then zero on V @ V. The difference between the normal periodic and
endpoint-fixed indices is therefore

0+ dim(V @ V) —dimker(P, —I) =0+ (2n—2) — (2n - 2) = 0.

The normal and tangential fields split both index forms orthogonally. In arclength parametrization,

the form on fy is j;)L |f’(t)]? dt > 0. The change of parameter ¢t = Ls multiplies this form by L > 0.
Thus the full indices equal the normal indices. H

Lemma 11.4. Under the hypotheses of Lemma 11.2, for any ¢ > 0 the principal symbol of L VAX*¢ s 1,

Proof. Put Px = /Ay + c. Since the time-L geodesic map is the identity, Section 9 gives elfx € ¥,
with constant principal symbol ug, where |uo| = 1. Fix 0 < y € C°((0,1)), y # 0. The local Weyl
formula (1.1) gives, as R — oo,

Tr(e"™ y(Px/R)) = ugWxR" + o(R"), Wx = (@2m)™" A*X x(&lg) dx d& > 0.

The fixed locus is $* X, of dimension 2n — 1, and all its geodesics have periodic Morse index n — 1 by
Lemma 11.2. The subprincipal symbol of Px on half-densities is zero. Since n is odd,

Yon-1,n-1 = () "™ D = (27) 7.

Equation (10.7) therefore gives

Tr(e* y(Px/R)) = CxR™ + o(R"), Cx=Qr)™" (/1 x(wu™! du) / dvsx > 0.
0 S*X

Comparison of the two leading coefficients gives ug Wx = Cx > 0. Together with |uo| = 1, this implies
Uy = 1. O

Lemma 11.5. Let px : X — M be a finite regular Riemannian covering of closed connected manifolds,
and let T € R and ¢ > 0. If both time-T geodesic maps are the identity, the principal symbols of e'T VAu+e
and e TVAX*¢ agree under the induced covering of cotangent bundles.

Proof. Let T be the deck group and put d = T|. The unitary map
U M) — LAX), Uf=dVpif,

intertwines the Laplacians and their spectral functions. Let Kx and K be the propagator kernels
with respect to Riemannian volume. For x, y € X, the kernel identity is

Ky(T; px(x), px(3) = Y Kx(T; x,v),
yer

where the equality is distributional. It follows by integrating over the sheets of an evenly covered
coordinate neighbourhood. Both propagators are pseudodifferential, since their canonical maps at
time T are the identity. Choose one sheet U over such a neighbourhood. For x,y € U and y # I,
the point (x, yy) lies off the diagonal in X x X, so Kx(T;x, yy) is smooth. Hence, on U x U, the
pulled-back kernel Kj; and Kx differ by a smooth kernel. Their principal symbols agree under the
local isometry px. The unitary identification with half-densities preserves this equality. g
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12. INTEGRAL COHOMOLOGY AND CONTACT VOLUME

Let (X", g), n > 2, be a closed smooth homotopy sphere with a Besse metric whose prime geodesics
all have length L > 0. For j > 1, put V; = Vol($/(1)). Identify SX with S*X by metric duality and put
E = SX. Let G; be the unit-speed geodesic flow and let A be the canonical contact form on E. The
action of R/Z given by [s] - v = Gp(v) is free. The quotient map is a principal circle bundle

p: E— G=E/(R/Z).

The form A/L is a connection form, and fp,l(z) A = L for each positively oriented fiber. Write

e € H%(G; Z) for the Euler class and ey for its image in H2(G; R). With the convention of [83, Section 2,
p- 515], the two-form « on G determined by

p'w=dA/L

is symplectic and satisfies [w] = eg. Give the closed (2n — 2)-manifold G its symplectic orientation,
and denote its integral fundamental class by [G].

Lemma 12.1 (Yang [87, Lemma 1, pp. 92-93]). Suppose n = 2m + 1, m > 1. The integral cohomology of
E is free of rank one in degrees 0, 2m, 2m+1,4m+1 and zero in all other degrees. The integral cohomology
of G is torsion-free, zero in odd degrees, of rank one in each even degree 0 < j < 4m other than 2m, and
of rank two in degree 2m. Moreover,

HY(GZ)=7Z¢  (0<j<m),
and
0 — Ze™ — H™(G:Z) X HPM(E:Z) —> 0. (12.1)
The class €™ is primitive, and the pairing
H™GZ)x H"™(G:Z) — Z.  (a,b) — (a = b.[G]),
is unimodular.

Proof. The manifold X has the integral cohomology of $?™*1, and every orbit of its geodesic flow has
least period L. Yang’s lemma therefore gives the stated cohomology groups and the middle Gysin
sequence. Since H/(E; Z) = 0 for 0 < j < 2m, the circle-bundle Gysin sequence gives H2/(G; Z) = Ze’
for 0 < j < m. Its middle sequence is thus (12.1). The quotient is Z, so €™ is primitive. The integral
intersection pairing of the closed oriented 4m-manifold G is unimodular by [37, Proposition 3.38,
p. 250], since H*™(G; Z,) is torsion-free. O

Lemma 12.2 (Weinstein [83, Section 2, pp. 515-516]). The positive integer a = {(e" 1, [G]) satisfies

NEPALEC) (2”) (122)
Va L

Proof. In Weinstein’s notation, X is a C,-manifold with r = L/(2x). With the Euler class and
orientation fixed above, his formula is

LYe" 1, [G]) = (n = D!V, Volg(X).
The identity (n — 1)!V,_1V,, = 2(27)" gives (12.2). O

Proposition 12.3 ([84, p. 282]). Let X", n > 5, be a closed smooth homotopy sphere with a Besse metric
g. Its prime geodesics have a common length L > 0, and

L n
Voly(X) = V, (27[) . (12.3)
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Proof. By Smale’s theorem [73, Theorem A], X is homeomorphic to $”. Theorem A of [70] gives the
common prime length L. For § = (r/L)?g, the prime geodesics have length 7. Thus (X, 8) is a C,-
manifold in the notation of [84, p. 282]. The volume formula there for a C,-manifold homeomorphic
to a compact rank-one symmetric space gives

Volg(X) = Vol(8"(1/2)) = 27" V.
Since Volg(X) = (7/L)" Voly(X), equation (12.3) follows. O
13. CYCLIC ACTIONS AND EVALUATION OF RETURNING GEODESICS

For an isometry h of X, let il\(x, v) = (h(x), dhy(v)) be its tangent lift. If every unit-speed geodesic
of X has least period 27, put E = SX and let S! act on E by €' - v = G,(v). Write

®:E—G=E/S, m:E— X, n(xv)=x

The induced map of the geodesic space is denoted by h; thus ho = oh. The reversal J(x,v) = (x,-v)
satisfies JG; = G_;J and J*A = —A. The forms A, w and the Euler class e are as in Section 12, with
L =2m.

For a compact Lie group K acting on a space Y and a coefficient ring R, write Yx = EK xx Y and
Hi(Y;R) = H*(Yk; R), where EK — BK = EK /K is a universal principal K-bundle. For a field k, put
b;(Y;k) = dimy H/(Y;k).

Lemma 13.1. Let X be a closed connected Riemannian manifold and let y be a fixed-point-free isometry.
Its minimum displacement b is positive and is attained. A minimizing segment realizing that minimum
has matching endpoint velocities under dy and extends by y to a complete invariant geodesic. If y has
finite order s, that geodesic closes after time sb. If, in addition, every unit-speed geodesic has least period
27, then sb € 21 Z~,.

Proof. The function x — d(x, yx) is continuous and strictly positive on compact X. Let b > 0 be
its minimum and choose a unit-speed minimizing geodesic ¢ : [0,b] — X with ¢(b) = yc(0). For
w € Ty)X, choose a smooth field W along ¢ with W(0) = w and W(b) = dy(w). For sufficiently
small ¢ € R, put c.(¢) = exp (e W(1)). Since y is an isometry, c.(b) = yc.(0); hence length(c.) > b.
The first variation formula gives

0 = (&(b), dy(w)) — (&(0), w).

Since dy is an isometry and w is arbitrary, ¢(b) = dyé(0). The curves y’c, j € Z, have matching
endpoints and velocities. By uniqueness for the geodesic equation, their concatenation is a smooth
complete geodesic. If y has order s, its unit tangent vector returns after time sb. For least period 2,
this gives sb € 277Z,. Il

Lemma 13.2. Let a cyclic group C, of odd prime order r act smoothly on a closed manifold W. Put
k =F, and K = k(v), where

H*(BCr;k) =klv] ® A(e), =2 lel=1,

and A(e) is the exterior algebra on €. Restriction to the fixed set induces an isomorphism

HE (W3k) @y K = H (W3 k) ® A(e) ® K. (13.1)
If the action on H*(W; k) is trivial, then
Db (WEk) < Y bi(Wsk). (13.2)
j j

For every page E, s > 2, of the Borel spectral sequence,
2 b(Wk) < dimg (E; @y K),
J

where Eg denotes the direct sum of all its bidegrees.
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Proof. The cohomology ring of BC, is given in [37, Example 3E.2, p. 304]. Put Z = W and D =
dim W. Apply the localization theorem [43, Chapter III, Theorem IIL.1, p. 40] with the multiplicative
system S = {v/ : j > 0}. A stabilizer is either trivial or C,. In the first case v restricts to zero; in the
second no element of S does. Thus the set W* in that theorem is Z. After extending scalars from
k[v,v7!] to K, restriction is an isomorphism. The action on Z is trivial, so

Hér(Z; k) = H*(Z;k) ® k[v] ® Ae),

which gives (13.1).
The differentials d, : Ey/ — E5™*/ St are k[v]-linear. Localization is exact, so the dimensions of

the localized pages cannot increase. Only vertical degrees 0 < j < D occur; hence Epy; = Eo. Let
FiH]CVr (W; k) be the Serre filtration and set

FiHE(Wik) = EDFNTHN (Wik),  -1<j<D.
N20
Here FFHN = HN fori < 0 and F'HN = 0 for i > N. Multiplication by v sends F'H" into F""2HN*2;
thus each F; is a k[v]-submodule. The vertical bound gives F_; = 0, Fp = H¢ (Wsk), and
Fi/Fi1 = PENT.
N>0

Exactness of localization and additivity of dimension for this finite filtration give

dimg (Eco ®ppy) K) = dimg (HE (W k) @) K) = 2 Z bi(Z;k).
Jj

This proves the page bound. If the action on H*(W;k) is trivial, then
E, = k[v] ® A(e) ® H*(W; k),
whose localized dimension is 2 3’ ; b;(W; k). The case s = 2 gives (13.2). O

Lemma 13.3. Let X?™*!, m > 2, be a closed homotopy sphere with a Besse metric of common prime
geodesic length 2. An isometry of odd order acts trivially on H*(G; Z.). For an isometry a of odd prime
order r,
> biFix(a);F,) < 2m + 2.
j

Proof. An isometry preserves the canonical contact form and commutes with the geodesic circle, so it
fixes the Euler class e. Every nonmiddle cohomology group of G is either zero or infinite cyclic by
Lemma 12.1. Its automorphism has finite odd order and is therefore the identity. In the middle degree,
choose an integral basis (™, z) by (12.1). The first vector is fixed. The action on the quotient by Ze™
is an automorphism of Z of odd order, hence is also the identity. Its matrix is consequently

(o 1)

Finite order gives b = 0. All integral cohomology groups are torsion-free, so the universal coefficient
theorem identifies H*(G; F,) with H*(G; Z) ® F,, naturally with respect to the action. Lemma 13.2
and the Betti numbers in Lemma 12.1 give

> bi(Fix(a);F,) < Y. bj(GF,) = 2m + 2.
j j

O

Lemma 13.4. Let I be a symmetric bilinear form on a real vector space with I(Y,Y) > 0 for every Y. If
I(Y,Y)=0, thenI(Y,Z) = 0 for every Z.

Let N be a Riemannian manifold and let y : [0, T] — N, T > 0, be a unit-speed geodesic whose
index form on fields vanishing at 0 and T is nonnegative. For 0 < t, < T, a Jacobi field along y|jo s, that
vanishes at both endpoints is zero. In particular, this holds when y is minimizing.
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Proof. The first assertion follows from Cauchy-Schwarz for a positive semidefinite form: |[I(Y, Z)|* <
I(Y,Y)I(Z, Z). The Dirichlet index form has index zero. The Morse index theorem [61, Theorem 15.1,
p- 83] therefore excludes every conjugate instant in (0, T). For a minimizing geodesic the Dirichlet
index form is nonnegative by [61, Lemma 13.6, p. 76]. O

Lemma 13.5. Let X", n =2m+ 1 and m > 2, be a closed smooth homotopy sphere with a Besse metric
of common prime geodesic length 27 and volume V,,. Choose an orientation class px € H"(X;Z). Let
x € H*™(E; Z) restrict to a generator on each unit tangent sphere, and put y = n*pux. In the integral
Borel spectral sequence of the geodesic circle,

dyy = £2ux, (13.3)
where u € H%(BS'; Z) is a generator.

Proof. The Euler class of TX vanishes, since n is odd. The sphere-bundle Gysin homomorphism
m : HI(E;Z) - H/™*"(X; Z) satisfies mx = +1 and is an isomorphism in degree j = 4m + 1. By the
projection formula, m(xy) = +pux. Together with Lemma 12.1, this gives

H*(E;Z) = Z{1,x, y,xy), Ix|=2m, |yl=2m+1, x*=y*=0.

The action is free, hence Egi = G and the edge homomorphism sends u to e, up to sign. The second
page is Z[u] ® H*(E; Z). Write

dyy = d ux, deZ.

At bidegree (2, 2m) this is the only possible incoming differential: every later incoming differential
has negative source column. The only possible outgoing differential has target (2m + 3, 0), which is
zero. Thus

E&™ = 7./d7Z.

In total degree N = 2m + 2, the only possibly nonzero terms are (N, 0) and (2, 2m). The edge image is
the last filtration term [43, Chapter III, Section 1(C), p. 37]; consequently

H?™2(G, 7)) 7™ = 7/dZ.

By Lemma 12.1, ™! generates H 2m=2(C. 7) and H*™(G; Z) = Z. Integral Poincaré duality gives a
generator z of the latter group with (e™ !z, [C]) = 1. Lemma 12.2 gives (¢*™,[G]) = 2, so e™! = 2z.
Therefore Z/dZ. = Z/27Z, and d = +2. Reduction modulo an odd prime preserves the nonzero
coefficient. [l

Proposition 13.6. Let X", n = 2m + 1 and m > 2, be a closed smooth homotopy sphere with a Besse
metric of common prime geodesic length 2r and volume V,,. Let (h) act freely by isometries, with odd
order q > 5, and put £ = 21 /q. If

F c Fix(h ' Gy)

is a connected component of dimension 2m + 1, then F is a mod-p cohomology sphere for every prime
p | q. The evaluation map np = n|p : F — X has degree nonzero modulo each such p and is surjective.

Proof. Put A = iz\_ng. The map A has order dividing g and preserves A. Its homogeneous extension
to T*X \ 0 is symplectic, has finite order, preserves |£|, and commutes with radial dilations. By
Section 10.1, F is a closed contact submanifold. The geodesic circle commutes with A. Since it is
connected, it preserves F. Put

B. =a(F),  B-=a((F)).

The map F/S' — G is an injective immersion of a compact manifold, hence an embedding. The Reeb
field is tangent to F; it spans the kernel of dA|rr. Thus wl|p, is nondegenerate. The identities for
J give the same conclusions for J(F) and B_. Consequently B, are connected compact symplectic
submanifolds of dimension 2m, and F = @ '(B,), J(F) = @ (B_). If By N B_ # @, a unit tangent
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vector v on a common orbit would satisfy both ho = G and ho = G_. This would give Gy = v,
contrary to 0 < 2¢ < 27. )
Fix a prime p | g and put h), = h%/?_For z € Fix(h,) there is a unique 0(z) € R/(27Z) such that

iz\pv = G0 v e o (2)).

It is independent of v, since il\p commutes with the geodesic flow. Local trivializations of @ show
that 6 is continuous. Since hg = I, its values lie in (277 /p)Z/(27Z); hence it is constant on each
connected component. On B, its values are +277/p. As p is odd, By and B_ lie in distinct components
C; and C_ of Fix(fzp). These components are closed symplectic submanifolds [23, Example 3.3, p. 18];
write dim C,. = 2d.. Since B, C C., one has d. > m. The powers of [w|c, ] through exponent d, are
nonzero in real cohomology. Therefore

Y bi(CiQ) = Y bi(CuiR) > d + 1.
j ;

The universal coefficient theorem and Lemma 13.3 give

2m+2> Y bi(Fix(hy);Fp) > Y. bi(CiQ) + ), bi(C;Q) > 2m + 2.
J J J

Equality forces d; = d_ = m and excludes every other fixed component. Each B, is an embedded
submanifold of the same dimension as Cy, and is both open and closed in it. Thus C; = B.. It follows
that

Fix(h,' Gzr/p) = F.

Indeed, above B, the shift is 277 /p and the full inverse image is F; above B_ the time difference is
47/ p, which is not a return time for odd p.

Put k = F,. Reduce the classes u, x, y of Lemma 13.5 modulo p, retaining their notation, and
choose a generator v € H2(B(h,); k). Regard u, v as classes on B(S' x(h,)). Consider the Borel spectral
sequence of the product action on E. Both factors act trivially on H*(E;k): the circle is connected,
and an odd-order automorphism of each cyclic integral cohomology group is the identity. Thus

dy = (au + bv)x, a,bek.

Restriction to the circle factor and Lemma 13.5 give a = £2. The map 7 : E — X is (h,)-equivariant
and pulls the top class of X back to y. In the (h,)-Borel spectral sequence of X, the d; of this top
class is zero because H*™(X;k) = 0. After restriction to the finite factor, naturality therefore gives
bvx=0,s0b = 0.

Let A, be the cyclic subgroup generated by (e2%//, h,1). Tts action on E has fixed set F. The
restriction w = ulpa, generates H?(BA,; k). Choose a generator € € H'(BA,; k); then H*(BA,;k) =
k[w] ® A(e). Restriction of the product action gives

dyy = £2wx, dyx = 0.

After extending scalars to k(w), the differential sends y to +2wx and ey to F2wex. Since 2w is
invertible and x* = 0, the localized third page has basis 1, xy, €, exy, and hence dimension four.
Lemma 13.2 gives

2 bi(F;k) < 4.
J

Give F the orientation defined by A|r. Since F is closed and connected, its cohomology is nonzero in
degrees zero and n = 2m + 1. All intermediate cohomology therefore vanishes.

Put C, = (h,) and choose an orientation of X. On F one has il\p = Gan/p, 50 F is Cp-invariant.
The action is free on F and X, and 7z is equivariant. For Z = F, X, the odd-order action preserves
the integral orientation class. Its Borel fibration is therefore k-orientable [47, Proposition 1.3, p. 281].
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Let nz € H"*'(BCp; k) be its Euler class and let D € k be the reduction of deg(r) modulo p. The
equivariant degree formula [47, Theorem 1.9, p. 282] gives

Dnr = nx.

By [47, Theorem 2.3, pp. 283-284], nx is the transgression of the chosen top class. The Borel spectral
sequence of X has only rows zero and n, and Xc, = X/C, has zero cohomology in degree n + 1.
Thus the only possible differential into H"*!(BC,; k) = k is nonzero. Hence nx # 0 and D = 0. This
holds for every prime p | g, so the integral degree is nonzero. If 7r omitted a point, its map on top
cohomology would factor through the zero top cohomology of the punctured manifold X. Its degree
would then be zero. Thus 7f is surjective. O

14. CONTACT VOLUME AND CLIFFORD TRANSLATIONS

Let m > 1 and let w be a symplectic form on R?™, Write w also for its matrix in the standard basis,
and put

Sp(w) = {U € GL(2m,R) : U'wU = w}, sp(w) ={C € My, (R) : C'w + wC = 0}
A linear map J with J* = —I is o-compatible if @] is symmetric positive definite. Set
s5pT(w) = {C € sp(w) : wC is symmetric positive definite}.

A smooth path U : [0, T] — Sp(w), with T > 0, is positive if U’ = CU with C(¢) € sp*(w). Its
Lorentz—Finsler length is

L(U) = /O T(det c()/em gt (14.1)

[2, Proposition B.1]. The positively elliptic region consists of maps symplectically conjugate to direct
sums of compatible planar rotations with angles in (0, ). It is contractible [2, Proposition ii.2]. Its
distinguished lift to the universal covering group is represented by the corresponding rotation paths
starting at the identity. If a positive path from the identity ends in this lift, with rotation angles
01, ..., 0, then

1 m
L)< — ; 0; (14.2)

by [2, Theorem J.1(i)]. This bound applies to every positive path in the same fixed-endpoint homotopy
class. Hedicke [39, Corollary 1.2, arXiv version] proves the sharper bound L(U) < (0, - 0,,)Y/™ in
this lift.

Write pgrs and pcz for the Robbin-Salamon and Conley-Zehnder indices, normalized so that a
positive planar rotation through an angle in (0, 27) has Conley-Zehnder index one. A crossing of
U is a time t with ker(U(¢) — I) # 0. For a positive path U : [0, T] — Sp(w) with U’ = CU, the
crossing form on ker(U(t) — I) is

v +— o, C(t)v) >0 (v = 0).

Every crossing is regular and isolated, including one-sided isolation at an endpoint. Since the crossing
set is closed, it is finite on a compact interval. Its Robbin—-Salamon index is

1 1
prs(U) = - dimker(U(0) —I)+ Y. dimker(U(t) — I) + = dimker(U(T) — D). (14.3)

2 0<i<T 2
For a path from the identity with ker(U(T) —I) = 0, one has purs(U) = ucz(U). Inserting a based loop
of winding b € m;(Sp(w)) = Z changes this index by 2b; a positive full rotation in one symplectic

plane has winding one. These formulas and the direct-sum property are [35, Propositions 2.6, 4.6 and
4.7].
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Proposition 14.1 (A contact-volume inequality). Let (X*"*!, g) be closed, with m > 1. Suppose a

smooth unit field V generates a free circle action ®; of period 27 by geodesics, and suppose & = g(V,-) is
contact. Give X the contact orientation. Let G; : SX — SX be the geodesic flow, and write indp for the
Morse index with fixed endpoints. Let q > 5 be odd, put £ = 27 /q, and write y,(t) = ®;(x). Assume:

(i) @, is an isometry;

(ii) the full geodesic flow satisfies Gop = I;
(iii) the endpoint-fixed Morse index satisfies indp(yxljo2.]) < 2m for every x € X;
(iv) for every x € X, no point y,(t) with 0 < t < 2{ is conjugate to x along ys.

Then
anA(da)™

If equality holds, Ly g = 0.
Proof. Since |V| =1and VyV = 0, one has
a(V)=1, da(V,Y)=(VyV,Y)—(VyV,V)=0.

Cartan’s formula gives Ly a = 0, hence & = a.
Fix x € X and a basis E{(0), ..., E2(0) of ker a.. Along y,, set

Ei(t) = d®,E;(0), H;j(t) = g(Ei(t), Ej(1)), Q;j = da(E(t), Ej(t)).

Let E(t) : R?™ — V}i ) be the frame map with columns E;(t), and let D, denote covariant differen-
tiation along y,. Define B(t) by D;E = EB. The fields E; are Jacobi fields obtained by varying the
geodesic orbits. They form a normal frame, since d®; is invertible and ®;a = «. Thus H is positive
definite and Q is a constant invertible skew matrix. Torsion-freeness gives D,E; = Vg, V, whence

H' = B'H + HB, Q= B'H - HB, 2HB=H' - Q. (14.5)

For a normal Jacobi field J = Ey, the Jacobi equations for the columns of E give y”” + 2By’ = 0.
Therefore

(Hy'Y =Qy’, Hy —-Qy=c
for a constant vector c. Setting u = y + Q!¢ gives
u = C(t)u, C =H'Q. (14.6)
Let U’ = CU, U(0) = I. If y(0) = 0, then ¢ = H(0)y’(0) and
(1) = (U(H) = DR H(0)y'(0). (14.7)

A tangential Jacobi field vanishing at both endpoints is zero. Since Q" 'H(0) is invertible, the multi-
plicity of a conjugate time t > 0 is therefore dim ker(U(¢) —I).
Put w = —Q. Then

c'Q+QCc =0, wC=-QH'Q >0, (14.8)
since —0'QH Qv = (Quv)' H~ (). Thus U(t) € Sp(w) and U is positive. The flow law and hypothesis
(i) give

Ei(t + £) = d®,Ei(1), H(t+ ¢) = H(1), C(t+¢) = C(1).
Uniqueness for the matrix differential equation gives, with S = U(?),

Ut + £) = U(1)S. (14.9)

By hypothesis (ii), every Jacobi field obtained by varying the initial unit velocity at x vanishes at time
27r. Equation (14.7) therefore gives

Uu@r)=1I1, Si=1I (14.10)
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Average an inner product over (S) to obtain an S-invariant inner product . The polar construction
of [12, Proposition 12.3 and Remark 1, pp. 68-69, author’s version] gives an w-compatible complex
structure commuting with S, since S preserves both h and w. The unitary spectral theorem then gives
a symplectically orthogonal decomposition into planes on which

Szexp((anJ-/q)]j), ri€f{l,...,q—1}, 1<j<m,

with J; compatible. Here r; = 0 is excluded by (iv) at t = £. Write R(t) =  exp(tr;];).

By (iv) and (14.7), the path U]}y 4 has no crossing after zero, so its Conley-Zehnder index is m.
The same is true of R|j ;, whose rotation angles lie in (0, 27r). The based loop t > U(#)R(¢)~" has
winding zero by the loop formula. It is null-homotopic, so the two paths have the same lift.

Equation (14.9) identifies the lift of Ul 2, with the square of the lift of Ulj, , represented by
Rlo,24- Since q is odd, its endpoint is nondegenerate. Its Conley-Zehnder index is

| 2r;
m+ 2 Z []J .
AL
By (iv), this index is m. Every floor is nonnegative, hence zero. Thus

0<0; :=27r;/q < 7. (14.11)

The path R|jo 4 lies in the positively elliptic region for every positive time. It therefore represents the
distinguished lift required in (14.2).

Likewise, Uljo,2x] has the same lift as R|[ 2], Whose Robbin-Salamon index is 2 }’; r;. The actual
path has endpoint crossing spaces of dimension 2m. By (14.7) and the endpoint-fixed Morse index
theorem [61, Theorem 15.1, p. 83], its interior crossing dimensions sum to indp(yxl,2-]). Terminal
conjugacy does not contribute to this negative index. Consequently, (iii) gives

2 ) r;=2m+indp(yxljo2q)) < 4m. (14.12)
j

Applying (14.2) in the distinguished lift yields

/ (det C()/®™ qr < = Z 0, < 2¢. (14.13)

] 1
Let dvg be the Riemannian volume density and write

d m
dyg, = M, dv, = f dyg.

2mm!

Denote the Pfaffian of Q by Pf Q, so that (Pf Q)? = det Q. In the frame (V, Ey, ..., Eop,), the Riemannian
density is vdet H and the contact density is | Pf Q|/2™. Hence

2mdet H det ©\ /™
=— det C)V/@m = ( —= =2flm 14.14
IPEQ) (det ©) detH f (14.14)

Put a(x) = ¢! fol f(®;x) dt. Equation (14.13) and Jensen’s inequality give

1 4
a(x)"V/m < f/ F(@x) ™ dr < 1. (14.15)
0

Thus a(x) > 1 for every x. Since i, is ®;-invariant, Fubini’s theorem gives

/deﬂa=/xi/off(cbtx)dtdua(x)zfxdua.

This proves (14.4).
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Suppose equality holds. Since a — 1 is continuous and nonnegative, the equality /X(a —1)dy, =0

gives a = 1. Both inequalities in (14.15) are therefore equalities. Strict convexity of s~/ makes
t — f(®;x) constant on [0, |, with value one. Hence
f=1,  (detC)/Cm =2 (14.16)

The path Uljo 4 has length 2¢, so both bounds in (14.13) are equalities. By (14.2), it maximizes length
among positive paths with the same endpoint lift. For Y € C((0, ¢), sp(w)), the paths Uy(t) =
exp(sY(t))U(t) have the same endpoints and fixed-endpoint homotopy class as U. Compactness of
[0, £] and openness of sp*(w) imply that these paths are positive for sufficiently small |s|. Thus U is
stationary for the length functional. Proposition i.3 of [2] gives

U(t) = exp(z(t)A), Aespt(w), 1(0)=0, 7' >0.
Consequently C(t) = 7/(t)A, and (14.16) gives
2 = ¢/(t)(det A)Y/®™.

Hence 7/ and C are constant. The identity H = QC™! then gives H' = 0 on [0, £], and periodicity
gives H' = 0 for every t.

It follows that ®; preserves g on ker a. It also preserves V and «, with |[V| = 1 and kera = V*.
Hence ®;g = g, and Ly g = 0. O

14.1. Clifford translations on Besse homotopy spheres.

Theorem 14.2 (Clifford translations on Besse homotopy spheres). Let (X, g) be a smooth homotopy
sphere of odd dimension n = 2m + 1 > 5. Suppose that every unit-speed geodesic has prime period 2.
If hy is a nonidentity isometry of constant displacement and of finite odd order q > 5, then (X, g) is
isometric to the unit round sphere. There is an isometry X — $?™*1 C C™*! under which

ho(z) = e2™ik/4z for some k € Z with ged(k, q) = 1.

Proof. Write E = SX and let G, be its geodesic flow. The constant displacement ¢, of the nonidentity
isometry hy is positive: if it were zero, hy would fix every point. Thus hy is fixed-point-free. Every
minimizing segment from x to hx realizes the global minimum displacement. Lemma 13.1 shows that
it extends to an oriented geodesic on which hj is the time-c, shift. Such a geodesic passes through
every x € X. Since h{ = I, its unit tangent vector returns after gc,, whence

qco = 27k (k € Z+y).

If d = gecd(k, g) > 1, then on every one of these geodesics the isometry hg/ 4 acts by time 27k/d and
fixes every point of X. This contradicts the exact order of hy. Thus ged(k, q) = 1. Choose a € Z with
ak =1 (mod q), and put
h=he =T
q

The isometries h and h, generate the same cyclic group and have the same fixed-point set. Hence h
has no fixed point. On each hy-invariant geodesic constructed above, h acts by time £ modulo 27, so
d(x, hx) < ¢for every x. If b > 0 is the minimum displacement of h, Lemma 13.1 and h? = I give
qb € 21Z. Therefore

d(x,hx)=¢ (x € X). (14.17)
Let p : E — G = E/S! be the free geodesic circle bundle, and let J(x,v) = (x, —v). Define
F = Fix(h 1 Gy).

The map iz\_ng has finite order dividing g, and its homogeneous extension to T*X \ 0 is symplectic.
The fixed-cone argument of Section 10.1 makes F a finite union of closed smooth contact submanifolds.
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The connected geodesic circle preserves each component. Equation (14.17) and Lemma 13.1 imply
that evaluation ¥ — X is surjective. If all its components had dimension less than n, Sard’s theorem
would make the image of each a set of measure zero in X. Their finite union cannot be all of X. Thus
some component Fy C F has dim Fy > n. Set By = p(F,). Since F, is circle-invariant, Fy = p~'(B,)
and By = F,/S! is embedded in C.

Every isometry b induces a map b on G. Write J also for the induced reversal on G. Fix an odd
prime r | g, and put h, = h9/T. On the oriented geodesics in By and J(By), the time shifts of A,
are respectively 277 /r and —27/r. On a connected component of Fix(h, : G — G), the shift is a
continuous function with values in {27j/r : 0 < j < r}; it is therefore constant. Thus B, and J(By)
lie in distinct fixed components C, and C_. Since A, is a finite-order symplectomorphism, these
components are closed symplectic submanifolds. Write dim C, = 2d. > 2m. The powers of their
symplectic classes give ), ; bj(C+;R) > dy +1. For a compact manifold, rational and real Betti numbers
coincide. Lemma 13.3 and the universal coefficient theorem give

2m+2= Y b{GF,) > Y bi(Fix(h,);F,) > (dy + 1)+ (d- +1) > 2m + 2.
J J

All inequalities are equalities. Hence dim Fy = n, the only fixed components are C., and they have
dimension 2m. The compact embedded submanifolds By, J(B,) have that dimension, so they are open
and closed in the respective components. Consequently

Fix(h,) = By U J(Bo).

The prime divisor r of g was arbitrary.
Every point of F projects into this union. Above By, h = G;, whereas above J(By), h = G_;. The

second possibility is incompatible with h = G, since G, has no fixed unit tangent vector. Therefore
F = F,. Write

F=F, B, =F/S', B_ = J(F)/s.

In particular, F is connected, has dimension n, and evaluates onto X. Every nonidentity b € (h)
generates a subgroup containing a subgroup of prime order. Since both B; and B_ are fixed by all of
(h), it follows that

Fix(b) = B, U B_ (b € (hY\{I}). (14.18)

The action of (h) on X is free. Indeed, if a nontrivial power fixed x, a prime-order subgroup
(h,) would also fix x. The orthogonal transformation d(h,), has odd order on the odd-dimensional
real vector space T, X and hence has eigenvalue 1. A corresponding unit vector defines an oriented
geodesic fixed pointwise by h,. Its shift is zero, contrary to (14.18), where the shifts are £27/r.

For 1 < j < g, surjectivity of F — X gives

d(x,h'x) < fmin{j, g — j}.

Put §; = min, d(x, h/x) > 0. Letv € SX be the initial unit vector of a segment attaining this minimum.
Lemma 13.1 gives equality of unit tangent vectors

Gsv = hiv.

Equation (14.18) places p(v) in B; or B_. On these two sets, respectively, hiy = Gjw or G_jw. The
prime period is 277; hence

dj=jt (mod2r) or §;=-—jf (mod 2x).
Since §; > 0, either congruence implies §; > ¢min{j, ¢ — j}. Together with the upper bound this gives

d(x,h’x) = tmin{j, g — j} (x€X,1<j<q). (14.19)
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The evaluation map 7F = 7|r : F — X is a diffeomorphism. Let v, w € F have the same base point
x. Their first length-¢ segments ¢,, c,, satisfy

length(c,, * (hcw)) =2¢ = d(x, h’x),

where the last equality requires g > 5. Varying the junction with velocity z € Tj, X, while fixing the
two outer endpoints, gives

0 = (dh(v) — dh(w), z).

Hence dh(v) = dh(w) and v = w. If & € T,F is vertical, differentiation of G = o gives a normal
Jacobi field with

Y(0)=Y() =0.

The segment of length 2¢ minimizes distance, and 0 < £ < 2¢. Lemma 13.4 gives Y = 0, so its initial
data, and therefore ¢, vanish. Thus dzp : T,F — T, X is injective. Its domain and codomain both have
dimension n, so it is an isomorphism. The inverse function theorem and bijectivity give a smooth
global inverse.

Write 751(x) = (x, V(x)) and let ®; be the flow of the smooth unit field V. Geodesic-flow
invariance of F gives

Gi(x, V(x)) = (@4(x), V(P:(x))), VyV =0, Oy =1, o, = h.

If ®(x) = x, the displayed identity gives Gy(x, V(x)) = (x, V(x)), so s € 27Z. Thus ®, defines a free
circle action. Let A be the canonical contact form on SX. Then

a=gV,)= (") Alp)
is contact, and V is its Reeb field.

Set T =2¢,v = (x,V(x)) € F,and y(t) = ®;(x) for 0 < t < T. By (14.19), y minimizes distance.
Lemma 13.4 excludes conjugate times in (0, T). Put

Vi =1{Z € C*(y"TX) : Z(T) = d(h*)Z(0)}.
Every smooth curve ¢ : [0, T] — X with ¢(T) = h%c(0) satisfies

1 [T length(c)> _ T
B(c) i=~ [ |ePdt> —E 2 > = = R(p).
© =3 [ etar> ETE > 2 )

Let D; be covariant differentiation along y, and let R be the Riemannian curvature tensor. Define

T
I(Y,Z) = /0 ((D:Y,D:Z) —(R(Y, 7)y,2)) dt.

For Z € ¥}, the variation c,(t) = eXpY(t)(sZ(t)) satisfies ¢;(T) = h%c(0), since h? is an isometry.
Its endpoint curves are geodesics in the parameter s. The second variation formula [66, Chapter 6,
Theorem 21, p. 158] therefore gives

2

d
I(Z, Z) = EE(CS) > 0.

s=0

If a Jacobi field Y satisfies Y(0) = Y(T) = 0, integration by parts gives I(Y, Y) = 0. Lemma 13.4 then
gives I(Y,Z) = 0 for every Z € . A second integration by parts gives

0 =(dh™*D,Y(T) — D, Y(0), Z(0)).
Every vector of T, X occurs as Z(0) for some Z € ¥;,. Consequently
D,Y(T) = dh*D,Y(0).

The tangential part of Y is fy with f”/ = 0 and f(0) = f(T) = 0; hence it vanishes. The normal initial
data of Y define a vertical vector £ € T,SX fixed by d(h"2Gr),. Put A = h"2Gr. The commuting
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relations and gT = 47 give A? = I. If w € SX satisfies A(w) = w, then p(w) is fixed by h2, so (14.18)
gives p(w) € B, U B_. Above B, one has A = I; above B_ one has A = Gg,. The latter has no fixed
unit tangent vector, since g { 4. Thus Fix(A) = F. Section 10.1 gives

& e ker(dA, — I) = T,F.

The vertical kernel of dxr is zero. Hence & = 0, and uniqueness for the Jacobi equation gives Y = 0.

Put B = X /S! for the action ®; and let ps : X — B be the quotient map. Since iyda = 0 and
®jda = da, there is a two-form wp with pgwp = da. It is symplectic because « is contact. Orient B
by w and choose the Euler class es € H*(B; Z) so that (eg)r = [wp/(27)]. The homotopy-sphere
cohomology gives H/(X;Z) = 0 for 0 < j < 2m + 1. The integral Gysin sequence [37, Section 4.D,
p- 438] gives

HY(B;Z)=0, —ep: H%B,Z)— HI(B;Z) (2<j<2m).
Since H°(B;Z) = Z and dim B = 2m, it follows that
H*(B;Z) = Zleg]/(eg™).

In particular e} generates H*™(B; Z), so its pairing with [B] is 1 or —1. Its representative (wg/(27))™
is positive, so (e}, [B]) = 1. Finally /;>*1(b) a = 2m, and integration over the fibers gives
B

m m+1
an(da)"  (2o)™" V. (14.20)
X 2mm! 2mm!

Lemma 11.2 bounds the endpoint-fixed index on [0, 27] by 2m. Moreover, ®; = h is an isometry,
Gzr = I, and no conjugate point occurs in (0, 2£]. Proposition 14.1 and (14.20) give Voly(X) > V;,.
Proposition 12.3 gives equality. Hence every &; is an isometry.

Its time-7 map is a fixed-point-free isometric involution. The quotient is Besse and has a degree-
two smooth covering by the homotopy sphere X. It has constant sectional curvature by Lin-Schmidt
[59, Theorem 2]; so does X. Since X is compact and simply connected, it is a round sphere. Its prime
period fixes its radius as one. On the unit sphere, the unit Killing field V has the form V(x) = Ax for
an orthogonal complex structure A [8, Theorem 15, with [ = 1]. In complex coordinates for A, one
has ®,(z) = e''z. Thus h(z) = ¥"/9z and hy = h*, as required. d

Corollary 14.3. Let X be a smooth homotopy sphere of odd dimension n > 5, with a Besse metric. If it
admits a constant-displacement isometry of finite odd order at least five, then its sectional curvature is
constant.

Proof. By [73, Theorem A], X is homeomorphic to $". Radeschi-Wilking [70, Theorem A] therefore
give a common prime geodesic length L. The metric (27r/L)*g satisfies Theorem 14.2. O

Proposition 14.4. Let X be a smooth homotopy sphere of dimension at least five with a Besse metric. If
it admits a constant-displacement isometry of infinite order, then its sectional curvature is constant.

Proof. Put n = dimX. By [73, Theorem A], X is homeomorphic to $". Radeschi-Wilking [70,
Theorem A] give one common prime geodesic length L. Replace g by (27/L)?g. Let h have constant
displacement ¢ > 0. For each x, Lemma 13.1 extends a unit-speed minimizing segment from x to hx
to a complete geodesic y, satisfying hy,(t) = y.(t + ¢), and hence h/x = y,(jc) for every j € Z. If
¢/(2r) were rational, a positive power of h would fix every point. Hence ¢/(2r) is irrational.

By Deng-Xu [19, Theorem 3.4, arXiv version], there is ¢ > 0 such that every constant-displacement
isometry of X with displacement less than ¢ is generated by a constant-length Killing field. Let
inj(X) > 0 be the global injectivity radius. Irrationality gives j € Z and

0 < 8 < min{inj(X), ¢, 27}, je=6 (mod 2r).

For every x, one has h/x = y,(8); hence d(x, h/x) = . Thus A’/ is generated by a nonzero constant-
length Killing field. Let V be its unit normalization and ®; its flow. The orbits of V are geodesics
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[19, Corollary 3.2, arXiv version]. Their prime period is 27, so ®; defines a free circle action by
isometries, as in the proof of Theorem 14.2. Its time-7 map is a fixed-point-free isometric involution.
The Besse quotient X /(®,) has a degree-two smooth covering by X. Lin-Schmidt [59, Theorem 2]
gives constant sectional curvature on the quotient and hence on X. (]

Remark 14.5. Let m > 1, let ¢ > 5 be odd, and put { = ¢?*//4. On the unit sphere in C™*', the isometry

h = diag(¢,...,{, {%)

generates a free cyclic action: if h/ has eigenvalue one, then q | j or g | 2j, and either condition gives
q | j. For unit coordinate vectors ey, ey+1,

21 45T

d(els hel) = d(em+1a hem+1) =
q q
Thus the displacement of 4 is not constant.

15. RECIPROCAL TIMES AND ORDERS OF DECK TRANSFORMATIONS

Write SY for the unit tangent bundle of a Riemannian manifold Y and G; for its geodesic flow.
For an isometry h of Y, put h(x,v) = (h(x), dhyv).

Lemma 15.1. Let X be a closed connected Riemannian manifold of positive dimension, and suppose
every unit-speed geodesic has the same prime period L > 0. Let a finite group T' act freely by isometries
and put M = X /T. For every integer s > 2,

Fix(Gr/s : SM — SM) # @ < T contains an element of order s.

Every constant-speed closed geodesic of length L/s on M minimizes energy in its free homotopy class, with
the parameter interval fixed. In particular, its periodic Morse index is zero. If O(T') = {ord(h) : h € T}
and £ (M) is the set of lengths of nonconstant closed geodesics, including their iterates, then

L
M) = | ) =Zs. (15.1)
o) *

Proof. Let h € T have order s > 2 and put b = min, d(x, hx) > 0. Lemma 13.1 gives a complete
unit-speed geodesic y with hy(t) = y(t + b). Since h® = I, its unit tangent vector returns after sb,
so sb = kL for some k € Zs. If d = ged(k, s) > 1, the nonidentity element h*/¢ shifts y by (k/d)L
and fixes a point of X, contrary to freeness. Thus k is a unit modulo s. Choose a € Z with ak = 1
(mod s). Then h® acts on y by time L/s modulo L, so its projection to M returns after L/s.
Conversely, lift a returning tangent state to v € SX and write G /v = hv with h € T. Isometries

commute with geodesic flow. Hence iz\sv = Grv = v, and freeness gives h* = I. If h had order r < s,
then G, v = v, contrary to the prime period L. Thus ord(h) = s.
The displacement argument also gives, for every element h of order s > 2,

smin d(x, hx) € LZ~y, min d(x, hx) > L/s. (15.2)

Let ¢ be a quotient geodesic of length L/s, with deck monodromy h. The preceding paragraph gives
ord(h) = s. Parametrize ¢ with constant speed on [0, T]. Every piecewise smooth loop u : [0, T] > M
freely homotopic to ¢ has a lift from some y € X to h’y, where h’ is conjugate to h in . Along a
lifted free homotopy the endpoint deck transformation is locally constant; changing the initial lift
conjugates that transformation. Hence length(u) > d(y,h’y) > L/s by (15.2). Cauchy-Schwarz gives

E(u) := ;/OTW dt > lengzt}Tl(”)2 > (Lz/;)z ~ E(o).

Every periodic variation of ¢ is a free homotopy, so its second variation is nonnegative.
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Finally, a return at time ¢t > 0 lifts to G;v = hv for some h € T. If s = ord(h), then Gy v = v,
and hence t € (L/s)Zsy. This proves one inclusion in (15.1). For every element order s > 2, the
first paragraph produces a quotient geodesic of length L/s; its iterates give all positive multiples. A
length-L geodesic on X supplies the case s = 1. U

Lemma 15.2. Under the hypotheses of Lemma 15.1, let Ay be the scalar Laplacian. Choose ¢ € R such
that P = \[Ay + c is positive. Suppose A is self-adjoint and A — P € Y(M). Fix an integer s > 2 and
putt = L/s. IfFix(G; : SM — SM) is nonempty and its maximum component dimension is d;, then,
for every nonzero 0 < y € C°((0,1)),

Tr(e" Y (A/R)) = Cy ROFD/2 4 o(RETDZ) ¢y =0,

Here ds > 1, so this trace is not o(R). If the fixed set is empty, then, for every y € C:°((0, 1)), the trace is
O(R™N) for every N.

Proof. Since Gi = I on SM, the time-t map has finite order. By Section 10.1, its fixed set is a finite
union of closed clean contact submanifolds. Each nonempty component has positive odd dimension.
By Lemma 15.1, every corresponding periodic Morse index is zero.

The difference A — P is bounded, so A has domain H!(M). It is elliptic and bounded below. For
each nonpositive eigenvalue A of A, let I, be its spectral projector, and put

Ap=A+ ) (1- DI
A<0

The sum is finite, its terms are smoothing, and A; > 0. For sufficiently large R,
¢ x(Ay/R) = € x(A/R).

On scalar half-densities, P has principal symbol |¢|; and zero subprincipal symbol [21, p. 58]. Since
A, — P € ¥'(M), the same holds for A,. Apply (10.7) with B = A, and ¢ = 0. With the density and
phase defined in Section 10.1, this gives

1
Coy = Yd,0 ( / x(wuld72 du) > / dve.
0 CcFix(G) 7 €

dim C=d;

The factor yg, o is nonzero, and the moment and every density integral are positive. Thus C;, # 0.
Components of smaller dimension contribute lower powers. If the fixed set is empty, the estimate for
an empty fixed set in Section 10.1, applied to A, gives rapid decay. g

Theorem 15.3. Let M; = X; /T, i = 1,2, satisfy Lemma 15.1 with the same upstairs prime period L, and
let A; satisfy Lemma 15.2. Suppose that, along R; — o, for every fixed time t and every y € C°((0, 1)),

Tr(e"™ x(A1/R))) = Tr(e"™2 x(A/R;)) = o(R)).
ThenT andT'; have the same sets of element orders.

Proof. Suppose precisely one group contains an element of order s > 2. By Lemma 15.1, precisely
one quotient returns at t = L/s. Choose a nonzero 0 < y € C;°((0,1)). Lemma 15.2 makes the trace
difference CRY + o(RY), where C # 0 and & > 1. Dividing by RY contradicts the hypothesis. Both
groups contain the identity. U

For X = §"(1), n > 2, formula (15.1) is the positive-length form of Priifer’s formula [68, Corollary 1,
p- 135]. For odd-dimensional isospectral round spherical space forms, equality of the element-order
sets is due to Ikeda [45, Corollary 2.8, p. 84].

Lemma 15.4. Let a finite group T of odd order act freely and smoothly on a closed homotopy sphere X.
Every Sylow subgroup of T is cyclic, and its exponent lcm{ord(h) : h € T} equals |T|.
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Proof. If dim X is even, the covering identity 2 = y(X) = |T|y(X/T) gives [T| = 1. Suppose dim X is
odd. A finite CW structure on the smooth quotient X /T lifts to a finite free I-CW structure on X.
Since X is an integral homology sphere, [11, Proposition VIL.10.2, p. 180] gives periodic cohomology
for T'. By [11, Theorem V1.9.5, p. 157], its Sylow subgroups are cyclic or generalized quaternion. Their
odd orders exclude the latter case.

A generator of each Sylow subgroup realizes the full prime-power factor of |T|. Hence |T| divides
the exponent. Lagrange’s theorem gives the reverse divisibility. ]

15.1. The covering radius.

Lemma 15.5. Let n = 2m + 1, where m > 2 is even. Let M = $"(2)/T and Q = $"(1)/T, be round
spherical space forms with

I[| = d = 22m*1g, ITo| = q odd.
Put

P = AM+m2, Py = \/AM+m2/4, PQ= \/AQ+m2.

Only even harmonic degrees 21 occur on M. Their P-frequencies satisfy

JId+m)+m?2 =1+ % + 0™, (15.3)

and their Py-frequencies are exactly | + m/2. For every y € C°((0, 1)),

Tr y(Py/R) — Tr x(Po/R) = m-1 )‘Rzm_1 /1 x(Wu?™ % du + O(R*™?), (15.4)
! 0

8q(2m —2
Proof. Cauchy’s theorem and Lemma 8.2 give —I € T. It acts by (—=1)* on degree-k harmonics, so
the odd degrees have no invariants. At degree 2/, the radius-two Laplace eigenvalue is I(I + m). If
b =14+ m/2, then

2
JIG+my+m? = b2 +3m2ja=b+ 38% L0, (0 +m)+mjd=b.

The harmonic dimensions in (8.1) satisfy dy = D,,(k + m), where

m—1

D) = o [ ] = . (155)

u
(2m)! 1

Put ¢, = 2/(2m)! and S, = ;”:_11 j2 = m(m —1)(2m — 1)/6. Then
Di(b) = ¢ (b?™ = S,ub®™ 2 + O(b*™ ).

Since m is even, the Py- and Pp-frequencies lie on the integer lattice. Apart from finitely many initial
values of b, the identity contribution for Q at frequency b is D,,(b)/q, whereas the identity and
antipodal contributions for M sum to 2D,,(2b)/d. Hence

3¢mSm

2 1 -1
ZDm(2b) — —=Dp(b) = =2 pPm2 4 O(b*™ ) = m b2 4 O(b?m Y.
d q 4q !

8q(2m —2)

By partial fractions in (8.2), the coefficient of every remaining group term is a finite sum of
expressions p(k)a*, where p is a polynomial and « is a root of unity. On M, restriction to k = 21
gives the phase (a«~2)!. This phase is constant only if @® = 1. By Lemma 8.2, such poles occur only
for I and —I. On Q, a constant phase requires a = 1, which occurs only for the identity. Lemma 8.4
therefore makes every remaining annular sum O(R™N) for each N. The finitely many initial terms
vanish for large R. Finally,

1
> b (b /R) = R [t du (R,
bez 0

Together with the displayed polynomial difference, this proves (15.4). ]
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Theorem 15.6. Let m > 2 be an integer, put n = 2m+ 1, and let Q = $"(1) /T be a round spherical space
form with q = |T'y| odd. Let M be a closed connected Riemannian manifold. For the scalar frequencies
VA +m? of M and Q, let E,(R) be the matching defect of Definition 2.1. Put Rx = m+K + 5 for K € Z,.
If, for some fixed 0 < n < 1/4 and a sequence K; — oo,

Ey(Rg;) = o(Rk,),

then M has dimension n. Its universal Riemannian cover X is a smooth homotopy sphere on which all
prime geodesics have length 27, and

| (M)] = g, Vol(M) = V,/q, Vol(X) = V.
The groups m1(M) and Ty have the same sets of element orders.

Proof. Put Rj = Rk, and Py = /Ay + m?. A zero-dimensional M has finite spectrum, so the counting
inequality [Ny(R;) — No(R;j)| < Ep(R;) and Weyl’s law for Q exclude this case. Proposition 10.1
gives dimension n, volume V, /g, least common geodesic period 2, and scalar return symbol 1. Its
quantizer A, constructed in Corollary 9.2, is positive and self-adjoint, strongly commutes with Py,
and satisfies

A—Py €Y, Spec(A) C m + Zx.

The trace comparison (10.3) is o(R;) for every fixed time and every smooth annular cutoff. Lemma 11.1
gives a finite universal covering by a smooth homotopy sphere X. Let T be its deck group, put d = ||,
and denote its common prime length by L. Then L € {27,471} and Vol(X) = dV,/q.

Suppose d is even. The Besse manifold M has an even-degree smooth covering by the homotopy
n-sphere X, with n # 3. Lin-Schmidt rigidity [59, Theorem 2] gives constant sectional curvature. Its
compact simply connected Riemannian cover X is therefore a round sphere. Its prime length fixes
its radius Ry € {1, 2}, and volume gives d = gR{. Since d is even and q is odd, one has Ry = 2 and
d=2"q.

The deck group contains —I, so only degrees 2/ occur and their Py;-frequencies satisfy

= ~I(l+m)+m?2=1+ % +o(I™).

If m is odd, then e*™# — —1 as yu — oo in Spec(Py). Hence e?" + I is compact. But Proposition 10.1
gives e?miPn _ T € ‘Ifc_ll, which is also compact. Their difference is 21, a contradiction.

If m is even, [ + m/2 is the nearest integer to y; for large . The nearest-lattice property in
Corollary 9.2 gives

A=Py = JAy +m?/4

outside a finite sum of eigenspaces. These exceptional eigenspaces make no contribution to an annular
trace for large R. For a nonnegative nonzero cutoff, Lemma 15.5 therefore gives a nonzero time-zero
trace difference of order Rjzm_l. Since m > 2, this contradicts the o(R;) trace comparison. Thus d is
odd. The deck involution in Lemma 11.1 is then the identity, so L = 2.

Theorem 15.3 applies to M = X/T" with A and to Q = §"(1)/Ty with Py, with common upstairs
prime length 27. Their sets of element orders coincide. Lemma 15.4 identifies the order of each
odd-order group with its exponent. Hence d = ¢, and Vol(X) = dV,,/q = V. O

An isometry y of a round sphere is a Clifford translation if x — d(x, yx) is constant.

Theorem 15.7 (Rigidity from a Clifford subgroup). Under the hypotheses of Theorem 15.6, assume that
I'y contains a Clifford translation of odd order r > 5. Then M is a round unit spherical space form of
degree q, and its complete scalar spectrum equals that of Q.

Proof. Put t = 2x/r. Let hy € Ty be a Clifford translation of order r, and let ¢ be its constant
displacement. On the unit sphere, hy + h;! = 2cos(c)l. Lemma 8.2 gives ¢ = 2ra/r for some
a € Z with ged(a,r) = 1. Choose b € Z with ab = 1 (mod r). Then h{ has eigenvalues e'*



60 ANASS NIFA
and e, each with complex multiplicity m + 1. For g € T, let gc be its complexification and put
pg = dimc ker(ge — €''I). If py > 0, Lemma 8.2 gives ord(g) = r. Its free homotopy class contains no
geodesic of length k7, k > 1: a lift would give g?x = x, whereas g2 # I. By Priifer’s description [69,
Theorem 1, p. 291, and its proof, p. 295], the lifted initial points of the time-¢ returns with monodromy
g form the great sphere

$*(1)n ker(g2 —2cos(t)g + I),

of dimension 2pg — 1; there are no such returns when pg = 0. Since sin t # 0, the initial velocity is
uniquely determined by

_ gx —cos(t)x
B sin(t)

Thus the lifted returning states form a graph over this sphere. Freeness makes the graphs for distinct
monodromies disjoint, and passage to the finite quotient preserves their dimensions. Since p, < m+1,
with equality for the chosen Clifford element, the largest return component on Q has dimension n.
Lemma 15.2 gives a nonzero leading trace term of order R™*!,

By Theorem 15.6, the comparison cover X has prime length 27, volume V,,, and a deck element of
order r. Its quotient therefore returns at t. If the largest return-component dimension on M differed
from n, Lemma 15.2 would give a nonzero unmatched leading power in the o(R;) trace comparison.
Hence this largest dimension is n.

Let C C Fix(G; : SM — SM) be a component of dimension n, and let F be a connected component
of its inverse image in SX. The covering SX — SM is a local diffeomorphism, so dim F = n. For each
v € F, there is a unique deck transformation h, with G,v = fl\ul). The map v + h, is locally constant

and therefore constant on F; write it as h. The set F is a connected component of Fix(il\_th). Since
rt = 27, freeness gives h" = I. An order smaller than r would give an upstairs return before 2. Thus
h has exact order r.

The subgroup (h) acts freely on X. Proposition 13.6, applied to this subgroup, makes evaluation
F — X onto. It gives d(x, hx) < t for every x, while (15.2) gives the reverse inequality. Thus h has
constant displacement 27 /r. Theorem 14.2 makes X round of radius one.

Let ay and by be the degree-k harmonic multiplicities on M and Q. Their shifted frequencies are
k + m, so the tolerance n < 1/4 permits only equal-frequency pairs. Consequently

K;
> lak = bil = Ey(Rx) = o(K)).
k=0

Put Jj ={k € Z : 0 < k < K|, ax = bi}. Since unequal integer multiplicities differ by at least one, for
v=0,...,q— 1 one has

#(]j N+ qZ)) >

K
q]j - ET](RK}') —> 0.

Put G = SO(2m + 2), choose a maximal torus and a system ®* of positive roots, and let w; be the
highest weight of the standard complex representation. The harmonic representation y is irreducible
of highest weight kw; [57, §2.2 and proof of Lemma 3.6, arXiv version 4]. Both deck groups lie in G
by Lemma 8.2, and both have order g. Moreover, a; = dim H}, by = dim H};O, and |®*] = m(m + 1).
For sufficiently large j, the set J; has at least |®"| + 1 elements in each residue class modulo g. Thus
[56, Proposition 3.1, arXiv version 2], applied to the string with base weight zero and direction wy,
gives a = by for every k > 0. The complete scalar spectra agree. O

Corollary 15.8. Let m > 2 and q > 3 be integers, with q odd, and let a € Z. satisfy gcd(a, q) = 1.
Theorem 15.7 applies to L(q; 1, ..., 1, a) whenever a divisor r | q, r > 5, satisfies a = £1 (mod r). In
particular, it applies to L(25; 1, ..., 1, 6) in every odd dimension at least five. It also applies to each member

of the pair L(49; 1, 6, 15), L(49; 1, 6, 20) of Lauret—Miatello—Rossetti [57, §8, arXiv version 4].
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Proof. In the two-weight case, the generator’s q/rth power has order r and rotation angles +27 /7.
Hence it is a Clifford translation. For the two order-49 triples, reduction modulo 7 gives (1, -1, 1) and
(1, -1, 1), respectively. Their seventh powers are Clifford translations of order 7. g

For a lens space L(q; 1, ..., 1, @) of dimension n = 2m + 1 > 5, with g an odd prime and a # 0, +1
(mod q), consider the return time 27 /q. Write g for the deck generator, and let a™! denote the inverse
of a modulo g. The powers g*! give return graphs over the unit sphere in C™, whereas gi“_1 give
return graphs over the unit sphere in C. These four powers are distinct, and no other power has
eigenvalue e*27//4. The four graphs are disjoint and invariant under the cyclic deck group. Their
quotients are the return components, of dimensions 2m — 1 = n — 2 and 1. Thus the largest return
component has dimension n — 2. Theorem 15.6 still determines the covering degree and volume.

16. EVEN-ORDER SPHERICAL QUOTIENTS

Retain the normalization r = 1 of Section 8. Assume (E) and (2.6), and put

E,(K)
;I,?H < ce(n, 9).

6 = liminf

Choose nonnegative integers K; — o and put R; = Rk, so that

&/(K;)

m+1
R}

— 0.

Since m + 1 < n, one has £,(K;) = O(R;"“) = o(RY}). Proposition 10.1 gives dim M = n, Vol(M) =
Vi/q, and least positive common geodesic period T = . Let A denote the operator of that proposition.
Let px : X — M be the universal Riemannian covering, let T be its deck group, and put d = [['|. By
Lemma 11.1, X is a compact smooth homotopy sphere whose prime geodesics have a common length
L, and

Le{n,2n}, Vol(X) =dV,/q. (16.1)
Lemma 16.1. IfL = 27, then X is the round unit sphere and d = q. If L = 7, then d is odd.

Proof. Suppose L = 2. Lemma 11.1 gives a nonidentity deck involution D. The Riemannian quotient
Y = X /(D) is smooth and Besse, and X — Y is a smooth covering of degree two. Since X is a smooth
homotopy n-sphere and n > 5, Lin-Schmidt’s theorem [59, Theorem 2] gives constant sectional
curvature on Y, and hence on X. Since X is compact and simply connected, it is a round sphere. Its
prime length 27 gives radius one. Equation (16.1) then gives d = g.

Suppose L = & and d is even. The same theorem, applied to px : X — M, gives constant sectional
curvature. Thus X is a round sphere of radius 1/2. After an isometry X = $"(1/2), the deck group is
a finite subgroup of O(n + 1) acting freely on the sphere. By Cauchy’s theorem and Lemma 8.2, it
contains —I. The cotangent lift of —I is the time-7/2 geodesic map on X, so G/, = I on S*M. This
contradicts the least positive common period 7. Hence d is odd. g

Lemma 16.2. Ifm is odd, the alternative L = r is impossible.
Proof. Put Px = \J/Ax + m?, and suppose L = 7 and m is odd. By (10.5),
O_O(einPM) — eiﬂ'm =_1.

The time-7 geodesic maps on M and X are identities. Lemma 11.5, with ¢ = m?, therefore gives
oo(e"Px) = —1. Since 7 is the common prime length on X, Lemma 11.4 gives oo(e"/X) = 1, a
contradiction. O

Lemma 16.3. Under the hypotheses of this section, if 4 | q, then M has a unit-speed closed geodesic of
length /2.



62 ANASS NIFA

Proof. Let S be a Sylow 2-subgroup of T'y. Its order is at least four. If it had no element of order four,
every nonidentity element would be an involution: an element of order 2/, j > 2, has a power of
order four. Thus S would contain at least three involutions, contrary to Lemma 8.2. Let by > 0 be the
number of order-four elements in I'g. They occur in distinct inverse pairs, so by > 2.

The order-four terms in (8.2) sum to [45, proof of Proposition 2.9, p. 84]

by 1-2
q (1 + Z2)m+1'

No other element has eigenvalue i or —i, by Lemma 8.2. The remaining terms are therefore holomorphic
ati. Set s = m + 1 in the notation of Lemma 8.4. Since 1 + z% = (1 — z/i)(1 + z/i),

b
Li(Fy,) = lim(1 — z/i)"" ' Fr, (2) = qz—“m > 0. (16.2)

Suppose Fix(G, ;) = @ on S*M. For every y € C:°((0,1)) and every N > 0, Section 10.1 gives, as

R — oo,
Tr(e™/2y(A/R)) = O(R™N).
By Lemma 8.4 at t = /2, with s = m + 1, and (16.2),
Tr(e™ /2 x(A/R)) — Tr(e""/* (Po /R))
einm/Z by

1
— _ m+1 m m
= quR /0 x(u™ du+ O(R™).

Lemma 10.2, with s = m+ 1, t = /2, 0 = wm/2, and coefficient —b,/(g2™), gives

by 1
62> >
2" (m+1)! — q2™ (m+ 1)!

= cg(n, q),

contrary to (2.6). Hence G, /, has a fixed unit covector; its unit-speed geodesic is closed after time
/2. O

Proof of the covering conclusion in Theorem 2.2. Suppose L = m. By Lemma 16.1, d is odd, whereas
Proposition 12.3 gives

Thus g = 2"d, and in particular 4 | g. Lemma 16.3 gives a closed geodesic on M of length 7 /2.
Lemma 15.1, with L = & and s = 2, then gives an element of order two in I, contrary to the oddness
of d. Therefore L = 27, and Lemma 16.1 gives X = $"(1) and d = q. Under this isometry, I acts freely
and orthogonally on $"(1). The scaling in Section 8 gives M = $"(r)/T, with |['| = g and sectional
curvature r2. (]

17. HOMOGENEITY AND HARMONIC MULTIPLICITIES

Under the hypotheses of Theorem 2.2, Section 16 gives, after rescaling to r = 1,
M =8/, Q=8 (1)/Ty, [Tl = Tl =g,

where both groups are finite and act freely and orthogonally. By Lemma 8.3, their shifted spectra lie
in m + 2Z. Since 1 < 1/2, an admissible matching pairs only equal frequencies. Hence, for every
K >0,

&)= Y. |multp,(w)— multp,(w). (17.1)
OJEI’TH'ZZzO
w<Rg

Definition 17.1. For a finite subgroup I' C O(2m + 2) and § € C with [{] = 1 and § # +1, let cr(&) be
the number of elements of I' whose complex eigenvalues are &, &, each with multiplicity m + 1.
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Lemma 17.2 (Ikeda). LetT C O(2m + 2) be finite, act freely on the unit sphere, and have order q. For
|E] =1, & # £1, put

Le(Fr) = lim(1 — 2/8)" " (),

Then
cr(&) =q(1 - §2)’”L§(Fr). (17.2)

The exponent in the limit is fixed at m + 1; the limit is zero at a regular point or a pole of smaller order.
The elements counted by cr(&) are precisely the Clifford translations with eigenvalue pair {&, £}.

Proof. Put s = m+ 1. By Lemma 8.2, T C SO(2m + 2). Ikeda’s formula [45, Lemma 5.2, p. 90], with his
dimension parameter equal to s, is

a(®) 1-¢
(-9
Since 1 — z/& = —& Y (z— &) and & — & = —£7'(1 — £2), this gives (17.2).
For an orthogonal map y on the unit sphere, d(x, yx) = arccos(x, yx). Thus constant displacement
is equivalent to y + y' = 2cI for some ¢ € [-1,1]. For ¢ = +1 one has y = +I. For -1 <
¢ < 1, the spectral theorem for orthogonal matrices gives the two eigenvalues ¢ + iv1 — ¢? with

equal multiplicities m + 1. Conversely, an orthogonal map with eigenvalues &, £ satisfies y + y' =
2Re(&)I. O

Lemma 17.3 (Wolf). If $"*1(1)/T is homogeneous, every element of its deck group T is a Clifford
translation.

lin}(z - &°F(z) =

Proof. By Lemma 8.2, T € SO(2m + 2). Wolf’s classification, in the form of [45, Theorem 5.1, (1) = (2),
p. 90], gives the eigenvalue condition of Lemma 17.2 for each element other than I, —I. These two
maps have constant displacements 0, 7. g

Completion of Theorem 2.2. Assume Q is homogeneous. Choose K; — o and put R; = Rk, so that

Ey(K)) . E(K)
R?’.”Jr{ — 5 = IIIILIOEf Umﬂ < cg(n, q).
J K

R

Let R be the finite set of nonreal eigenvalues of elements of I' U T'y. Suppose that cr(&¢) # cr, (&) for
some ¢ € R, and put Ay = Lg(Fr) — L¢(Fr,). Inversion is a fixed-point-free involution on each set
counted at £: an element and its inverse have the same eigenvalue pair, whereas an element equal to
its inverse has only real eigenvalues. Both counts are therefore even. By Lemma 17.2 and |1 — 2| < 2,

@ -er (O 1
glt-¢&m = gemt

Fix ¢t € R with ¢/’ = ¢ and a nonnegative y € C((0,1)). Lemma 8.2 bounds the pole orders at & by

m + 1. Lemma 8.4 therefore gives

Tr(eitPM)((PM/Rj)) - Tr(eitPQX(PQ/Rj))
ei”"Ag _— 1 m m
- Rj i /0 x(wu™ du + O(Rf )

m!

|Ag|

For each fixed y and ¢, equation (17.1) gives
[Tr(e"™ x (Pat/R})) = Ta(e™ 0y (Po/R))| < Ixllo&y(K;).
The proof of Lemma 10.2, with Py in place of A and this bound, gives

|Ag] 1
62> >
(m+1)! — g2ml(m+1)!

= cg(n, 9,
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a contradiction. Hence cr(§) = cr,(€) for every & € R.

Both groups contain I, —I, by Lemma 8.2 and the evenness of q. For H € {I', T}, let Cy be the set
of Clifford translations in H \ {I, —I}. Each element of Cy is counted once at each of its two conjugate
eigenvalues. Thus, as in [45, proof of Theorem III, p. 91],

2+|Cr|=2+%Zcr(§)=2+ézcro(§)=q,

EeR EeR

where the last equality follows from Lemma 17.3. Since Cr C T'\ {I,—I}, every element of I is a
Clifford translation. For each unordered pair {, £}, the determinant (1 — z&)™" (1 — z&)™*! occurs
cr(€) = cr, (&) times in each group. The terms from I, —I also agree. Equation (8.2) gives Fr = Fr,,
hence equality of the complete scalar spectra by Lemma 8.1. Ikeda’s theorem [45, Theorem III, p. 76],
also proved in [85, Theorem 8.2, p. 334], applies to these two spherical space forms, one homogeneous,
and gives M = Q. The same isometry holds after restoring the common radius r. (]

Corollary 17.4. Let Q be any reference in (E), and let v,(q) be the exponent of 2 in q. Suppose0 < n < 1/2

and

£,(K) _
K

Ifn=3 (mod 4), orifn =1 (mod 4) and v:(q) # n, then M = $"(r)/T, whereT C O(n + 1) is finite,

acts freely on $"(r), and has order q.

lim inf 0.

K-

Proof. Normalize r = 1. Choose K; — oo such that &£,(K;) = O(eréj)- Proposition 10.1 gives
dim M = n, Vol(M) =V, /q, oo(eM) = ¢,

and the least positive common geodesic period is 7. Let X — M be the universal Riemannian covering,
let T be its deck group, and put d = [I. By Lemma 11.1, X is a compact smooth homotopy sphere
with a common prime geodesic length L, and

L €{r, 2n}, Vol(X) =dV,/q.

The proofs of Lemmas 16.1 and 16.2 apply to these covering, period, volume, and return-symbol
hypotheses. Thus L = 27 gives a round unit cover of degree q, whereas L = 7 forces d odd and m
even. In the latter case, Proposition 12.3 gives

dv,/q=2""V,, q=2"d, v2(q) = n.

Since n = 2m + 1, this alternative has n = 1 (mod 4). The stated hypotheses therefore imply L = 2.
Rescaling gives M = $"(r)/T with [['| = q. O

18. SCALAR QUOTIENTS OF ODD ORDER
Let Q = Qqg.n(r) be as in (O). Put
F=d @)=k (zeC™),

and write Ty = (y) and Fy = F,. The elements counted by cr,(¢) are y, and y;*. Thus cr,(£) = 2,
and Lemma 17.2 gives

Le(Fo) = zu _eym, (18.1)

Proof of Theorem 2.4. Rescale both metrics to r = 1 as in Section 8. Put s = m + 1, and choose K; — o
such that, with R; = R,

M —> § :=liminf SW(K)

N N

< co(n, q).
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Since s < n, one has &,(K;) = o(R}). Proposition 10.1 gives dim M = n, Vol(M) = V,,/q, and least
positive common geodesic period 27. It also gives

2Py _ 1 ¢ gl A—Py € \IJ(?113 Spec(A) Cm+ Zxo,

cl >

where A is positive and self-adjoint, strongly commutes with Py, and satisfies (10.3). Let X — M be
the universal Riemannian covering, let I be its deck group, and put d = [[']. By Lemma 11.1, X is a
compact smooth homotopy sphere, d is finite, and the common prime geodesic length L satisfies

L €{2r,4r}, Vol(X) =dV,/q.

Write dy for the Riemannian distance on X.

Suppose d is even. The Besse manifold M admits the even-degree smooth covering X — M,
with n > 5. Lin-Schmidt [59, Theorem 2] gives constant sectional curvature. Its compact simply
connected Riemannian cover X is therefore round, of radius L/(27) € {1,2}. The volume identity
gives d = q(L/(2))". Since q is odd, the radius is two and d = 2"q. The compactness argument in
the proof of Theorem 15.6 applies to this radius-two quotient and the displayed time-27 return; it
excludes odd m. For even m, (15.3) and the nearest-lattice property in Corollary 9.2 give

A=Py = JAy +m?/4

outside finitely many eigenspaces. For each fixed y € C°((0, 1)), those eigenspaces contribute zero to
the annular traces for all sufficiently large R. Lemma 15.5 therefore gives

m—1 2m—1 ! 2m—2 2m—2
)'R x(Wu du+ O(R ).
: 0

Trx(A/R) = Te x(Po/R) = 0 —o

Apply Lemma 10.2 at time zero, with exponent 2m — 1 and coefficient (m — 1) /(8¢). It gives

m-—1 3 gﬂ(KJ) 5, m=2,
— < Ii =
8q(2m —1)! = joeo R 0, m>4.

For m = 2, the left side is 1/(48q) > §; for even m > 4, it is positive. Both alternatives are impossible.
Thus d is odd. The time-27 deck involution in Lemma 11.1 is the identity, so L = 27. Proposition 12.3
gives Vol(X) = V,, and hence d = q.

Put £ = 2 /q. For every h € T \ {I}, ord(h) divides g, so (15.2) gives

21 S p
ord(h) =
For every fixed y € C°((0,1)), (18.1) and Lemma 8.4 give

min dx(x, hx) >
xeX

itm
Tr(ei(PQ)((PQ/R)) = efng'(FQ) R? /1 x(Wu™ du+ O(R*™). (18.2)
! 0

If the time-£ return set on SM is nonempty, let d, be the largest dimension of its connected components.
Lemma 15.2 gives, for every fixed nonzero 0 < y € C°((0, 1)),

Tr(e y(A/R)) = C,RUHV/2 4 o(RGFD/2), C, # 0.

The bound (10.3) is O(R;). Together with (18.2), it excludes d.. > n, since (n + 1)/2 = s. If the return
set is empty, the trace for A is O(R™N) for every N by Lemma 15.2.

If the return set is empty or d. < n, the trace for A is 0o(R*). Equation (18.2) and Lemma 10.2, with
coefficient —L¢(Fp) and phase £m, imply

ILe(Fo)l _ 2
“(m+1) gl1-etri/am(m+ 1)

For m = 2, this is at least 1/(12¢q) > 1/(48¢q). For m > 3, it equals co(n, q). Both cases contradict the
hypothesis. Thus the return set has a component C of dimension n.
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Let F be a connected component of the inverse image of C under SX — SM. The lifting and
exact-order arguments in the proof of Theorem 15.7, applied at time £ = 27 /¢, give dim F = n and a
deck transformation h of order g such that F is a connected component of Fix(h~1Gy). Since |T| = q
one has T’ = (h). Proposition 13.6 applies to X and (h): evaluation F — X, (x,v) > x, is surjective.
For every x € X, a vector (x,v) € F determines a unit-speed geodesic segment of length ¢ from x to
hx. Thus dx(x, hx) < ¢ for every x € X. The opposite inequality was proved above, so h has constant
displacement ¢. Theorem 14.2 identifies X with the unit round sphere and h with scalar multiplication
by a primitive gth root of unity. This isometry conjugates I' = (h) to I'y. Hence M = Q »(1); rescaling
gives M = Qg n(7). g

Proof of Theorem 2.3. The implication from (2.7) to (2.9) in Section 2 reduces this to Theorem 2.4. [J

Part 3. Perturbations and sharpness

For a homogeneous reference in (E) or a reference in (O), isospectrality after symmetric scalar classi-
cal perturbations of order less than one implies isometry. At the form bound |b[u]| < C{(1+A)"/?u, u),
isospectral form perturbations exist between closed connected manifolds of positive dimension pre-
cisely when their dimensions and volumes agree (Theorem 20.1). For the same references, classical
perturbations of order one retain rigidity under the constant orbit-average hypothesis of Theorem 20.8.
Without this hypothesis, first-order differential perturbations can produce isospectral operators on
nonhomeomorphic manifolds. Round lens-space pairs attain an unmatched count of order R("*1/2,
so this exponent cannot be increased for odd scalar references. The shrinking-resolution hypotheses
of Theorem 23.2 give rigidity for prime two-weight lens spaces in dimension five.

19. SPECTRAL SEPARATION AND PERTURBATIONS

Retain the notation of Section 2. Let M be a smooth closed connected Riemannian manifold of
positive dimension.

Proof of Corollary 2.5. For x > 0,

0< Vx2+m?2 —x =

m?
Jvx2+m? +x

Since both Laplace eigenvalue sequences tend to infinity,

0 (x — o0).

lim sup |y; — B;| = lim sup rN/b(M) - \/ﬂj(Q)l < a/4
j—)oo j—»oo
Choose 7 strictly between this upper limit and a/4. For some J > 1, one has |u; — ;| < n whenever
j = J. Every f; belongs to m + aZ, and Ry = m + aK + a/2. Hence |; — Rx| > a/2, so

pj<Rx <= PBi<Re (2.

Matching these equal indices leaves at most J copies in each list unmatched. Thus &,(K) < 2] for
every K. Theorems 2.2 and 2.3 imply that M has a round cover of radius r; if Q is homogeneous,
M= Q.

In case (E), write M = $*"*1(r)/T, where [[| = [Ty| = q. By Lemma 8.3, both shifted spectra
belong to m + 2Zsy. Since n < 1/2, one has y; = f; for j > J. For every degree k > 0 with
k +m > max{u;_, fj-1}, all copies of this frequency occur at indices at least J. Hence the harmonic
multiplicities agree for all sufficiently large k.

Put G = SO(2m + 2). Both deck groups lie in G by Lemma 8.2. Choose a maximal torus and
positive roots of G, and let w; be the highest weight of its standard complex representation. The
complex harmonic representation of degree k is irreducible with highest weight kw; [57, §2.2 and
proof of Lemma 3.6, arXiv version 4]. Lauret-Miatello’s theorem [56, Corollary 3.2, arXiv version 2],
with base weight 0 and direction w1, gives equality of the invariant multiplicities in every degree. By
Lemma 8.1, the complete scalar spectra agree. (]
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Proposition 19.1. Let Q be homogeneous in (E), or let Q belong to (O). For Z € {M, Q}, let by be a
symmetric sesquilinear form on H'(Z), and put bz[u] = bz(u, u). Suppose that, for constants Cz > 0
and0 < a <1/2,

|bz[u]l < CZ{(1 + Az)*u, u), ue HY(2). (19.1)

The form sum Az + by defines a semibounded self-adjoint operator Hy with compact resolvent. If
Spec(Hy) = Spec(Hp), including multiplicities, then M and Q are isometric. This applies, in particular,
to self-adjoint classical pseudodifferential perturbations of order p < 1.

Proof. Fix one of the manifolds and omit its subscript. Put qa[u] = / |dul* dv, on H'. For every
€ > 0 there is A, > 0 such that

C1+1t)* <et+ A (t>0).
Spectral calculus gives
blull < eqau] + Acluls-

Thus b has relative form bound zero. Since A has compact resolvent, Kato’s form perturbation and
representation theorems [49, Chapter VI, Theorems 3.4 and 2.6] give a closed form f = qa + b on H'
and a semibounded self-adjoint operator H with compact resolvent.

Let (e;) >0 be an orthonormal Laplace eigenbasis, with Ae; = Ajej and A; < A4, and put

ij = Span(eo, vees ej), Vfl = {0}

Let (vj)j>o0 be the eigenvalues of H in nondecreasing order, repeated according to multiplicity. For
u € V; with |uf; = 1,
h[u] < Aj +C(1+ /1]')0(.

The function f(t) =t — C(1 + )%, t > 0, has f’(t) > 1 as t — co. For all sufficiently large j, it is
therefore increasing on [4;, ). For such jand u € H' n VjL_1 with |ul, = 1,

blul > ) fADKu e)l* > f(4).

i>j

The min-max theorem on the form domain [80, Theorem 4.10 and the following paragraph, p. 119]
gives, for all sufficiently large j,

Aj - C(l + /1]')0( <v; < Aj +C(1+ /1',‘)0{.
If the two perturbed spectra agree, let v; denote their common ordered list, including every
negative eigenvalue. The preceding bounds and & < 1 give A;(M) ~ v; ~ 1;(Q). Consequently
Ai(M) =4, -
| j( ) ](Q)| — O(V]a 1/2) N 0
JAM) + /2,(Q)

NALGD - J2,(Q)| =

Corollary 2.5 gives the isometry.

Let B be a symmetric classical pseudodifferential operator of order 0 < p < 1. The operator 1 + A
is strictly positive and elliptic of order two. By [6, Theorem 7.9, arXiv version 1], (1 + A)™"/* has
order —p/2. The composition and boundedness theorems [79, Sections 1.2, 1.3, and 1.8] give

T=01+A)"*BA+A)"*e¥, T : L* — L? bounded.
For u € C*%,
KBu, u)| = KT(1 + A *u, (1 + AP *u) < | TI(L + A/ ?u, u).

The form extends continuously to H”/?, hence to H'. Thus (19.1) holds with & = p/2 < 1/2.If p < 0,
then B is bounded on L2, and « = 0 suffices. O
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Proof of Corollary 2.6. For Z € {M, Q}, the form bz[u] = (Bzu, u) satisfies
|bz[u]l < [Bzlul5.

Its sum with the Laplace form is represented on H2(Z) by Az + Bz. This operator is self-adjoint by
[49, Chapter V, Theorem 4.3], and hence is the operator associated with that form. Proposition 19.1
applies with « = 0. (]

Remark 19.2. Let Q be as in Proposition 19.1. Suppose that (19.1) holds with & = 1/2 and that the
two form sums have the same spectrum, including multiplicities. The preceding form construction
and eigenvalue bounds remain valid. They give A;(M)/A;,(Q) — 1 and

5,(M. 0) < rlim sup CumAJ1+ A;(M) + Co 1+ 2;(Q)
j—oo \/AJ(M)'F \/AJ(Q)
r
= E(CM + CQ).

Thus Corollary 2.5 gives isometry if r(Cy; + Cp) < 2eg. The critical form class is determined in
Theorem 20.1. For classical operators of order one, Theorem 20.8 gives rigidity under the constant
reference orbit-average hypothesis; Theorem 21.1 gives two-sided differential counterexamples
without that hypothesis.

Corollary 19.3. For a homogeneous reference in (E) or a reference in (O), exact scalar isospectrality
implies isometry. The same is true if the scalar spectral multisets agree outside a bounded interval.

Proof. Choose C > 0 such that the scalar spectral multisets agree outside [0, C]. Matching equal
eigenvalues above C gives

EK) < #j : (M) < Ch+# - Q) <C} (K >0).

The right-hand side is finite and independent of K. Hence &(K)/R%*! — 0. Theorem 2.2 or 2.4 gives
the isometry. O

Corollary 19.4. Let Q be homogeneous in (E), or let Q belong to (O), and fix0 < n < a/4. If M % Q,
then

o E(K) ce(n, q), in case (E),
liminf —~— > .
K> Ry co(n, q), in case (O).

Proof. If the lower bound failed, Theorem 2.2 or Theorem 2.4 would give M = Q. O

20. PERTURBATIONS OF ORDER ONE

All manifolds in this section are smooth, closed and connected. Eigenvalues are numbered from
zero in nondecreasing order and repeated according to multiplicity. Every equality of spectra includes
multiplicities. Forms are Hermitian sesquilinear forms; we write b[u]| = b(u, u). The Dirichlet form
of the scalar Laplacian is qz[u] = ||Alz/ 2u||iz(z), with domain H!(Z). The notation Az + b denotes the

self-adjoint operator associated with gz + b.

Theorem 20.1. Let M and N be Riemannian manifolds of positive dimension. The following conditions
are equivalent.

(1) dimM = dim N and Vol M = Vol N.
(ii) There are a form b on H'(M) and a constant C > 0 such that

1b[u]l < C{(1 + M) ?u, u), Spec(Ay + b) = Spec An.
(iii) For Z = M, N, there are a form bz on H'(Z) and a constant Cz > 0 such that

|bz[u]l < C{(1+ Az)l/zu, u), Spec(Apr + byr) = Spec(An + by).
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In (ii), b can be chosen diagonal in a Laplace eigenbasis. The corresponding diagonal operator B extends
continuously from H*(M) to H¥"1(M) for every s € R.

Proof. Let Z have dimension d, let 1;(Z) be the eigenvalues of Az, and put Nz(R) = #{j : \/1;(Z) < R}.
If B¢ ¢ R? is the Euclidean unit ball, then

Nz(R) = ¢4 Vol(Z)R? + O(RY™), cq = (27) 4 Vol(BY). (20.1)

Indeed, integrate [42, Theorem 5.1, equation (5.3), p. 215] for 1 + Az at the spectral parameter 1 + R?.
Put a = ¢4 Vol(Z). There is A > 0 such that, for all sufficiently large x,

Nz(x — A) < ax® < Nz (x + A).

For all sufficiently large j, take ax? = j + 1. The finitely many remaining indices can be included in
the constant, giving

JA@) = ((+ D/ + o). (20.2)
Thus (i) implies D : = sup; |\//1J(M) - \/AJ(N)| < oo.Put A; = A;(M) and v; = A;(N). Then
lvj— Al < D(2,J4; + D) < (2D + D*)\J1 + 4;. (20.3)

Choose an orthonormal Laplace eigenbasis (e;) on M. For u,v € HY2(M), put u; = (u, e;), v; = (v, ¢)),
and define

b(u,v) = Z(Vj — Aj)u;v;.

720

The series converges absolutely on H'/2(M) x H'/2(M), by Cauchy-Schwarz and (20.3). It satisfies
the bound in (ii). For u € H'(M),

gqulu] + blu] = Z vj|uj|2.

20

Since 1 + v; =< 1+ A;, this is a closed nonnegative form with domain H'(M). Its operator has
eigenvectors e; and eigenvalues v;. If Be; = (v; — A;)e;, then

1+ A) M (Buw); P < @D+ D?? Y (1 + )% |usf.
j J

This proves the stated Sobolev bounds and (ii).

Condition (ii) implies (iii) with by = 0. The form construction and eigenvalue estimates in the
proof of Proposition 19.1 apply with @ = 1/2 on every closed manifold. They give a semibounded
self-adjoint form sum with compact resolvent, whose ordered eigenvalues satisfy

Inj—Ajl < CJy1+4; (j sufficiently large).

In particular, n;/A; — 1. If (iii) holds, let n; be the common ordered list, including its negative
eigenvalues. For Z = M, N, (20.2) gives

_]+1 >2/dimZ

A~ (LT
g J( ) <Cdim2VOIZ

Equality of the powers of j + 1 gives dim M = dim N; equality of the leading coefficients then gives
Vol M = Vol N. g

Example 20.2. Let n > 2, a = 2°/", M = $"(a) and N = RP"(1). Then
Vol M = VoI N = 1 Vol §"(1), mM) =0, m(N)=27Z/27Z.

The diagonal construction in Theorem 20.1 therefore gives nonisometric manifolds satisfying (ii).
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20.1. A constant translation of scalar frequencies. For ¢ > 0, write Pz . = (Az + o)l/2,

Lemma 20.3. Let T denote Euler’s gamma function. IfdimZ = n > 2, then, as t | 0,

_T((n+1)/2)

Tre P2¢ = i, Vol(2)t™" + O(+*™™), Kn (n+1)/2

(20.4)

Proof. The scalar heat expansion gives
Tr e @2%9) = (475) ™2 Vol(Z) + O(s"™?)  (0< s < 1).

The heat parametrix has only integral powers of s on a closed manifold; see [28, Lemmas 1.7.4
and 4.8.4]. Subordination gives

t o 2
PR L p— / § 32t/ gmsx g (x> 0).
2Jr Jo

All integrands in the spectral sum are nonnegative, so the same identity holds for the traces. The
substitution v = t/(4s) gives

t 0 2
(47_[)n/2/ (/2= /9) go e
NG 0

The integral of the error on 0 < s < 1 is bounded by
1 o0
ot / /249 g0 o o 2o / S/2 0 g,
0 0
This integral is finite for n > 2. On s > 1, both the actual trace and the subtracted leading expression

have integrable s~>/2 multiples, and their contribution is O(t). O

Lemma 20.4. Let M, N have the same dimension n > 2, and let d € R. Let j1;, v; be the eigenvalues of
Put,c, Py respectively. If

vi=pj+d+ 0,
then VolM = Vol N and d = 0.

Proof. Put N(R) = #{j : p;j < R}. By (20.1), N(R) = O(R"). For 0 < t < 1, Stieltjes integration by
parts gives

Yutem<c / R'R?+tR e ™M dR = O(t'™).
j Je

For all sufficiently large j and 0 < t < 1, the mean value theorem gives

|e—tvj _ e—t(yj+d)| < C’ty;le_tyj.
Consequently,

Z e ti=etd Z e M+ O(t*™).

J J

The finitely many exceptional indices contribute O(t) after subtraction. Substitution of (20.4) yields
Kn VOI(N)E™" = K VOI(M)1 ™" — dic, VOI(M)t' ™" + O(£*7).

t"~1 gives the two conclusions.

O

Multiplication first by " and then, after subtracting the leading term, by

Lemma 20.5. Let Py = Py, let d € R, and let R € Y _'(M) be self-adjoint. If i; are the eigenvalues of
Py, then the ordered eigenvalues of Py + d + R satisfy

nj=pj+d+ 0.
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Proof. The operator PO1 / 2RP& /2 has order zero and is bounded. Thus, for some C > 0,
Py+d—CPy' <Py+d+R<Py+d+CP*

as forms. The functions x + d + C/x are increasing for all sufficiently large x. Their values on the
bounded initial part of the spectrum lie below every sufficiently large value. Consequently, for all
large j, the jth ordered eigenvalues of the two bounding operators are exactly y; + d £ C/p;. The
variational inequalities give the result. g

20.2. Scalar return and conjugation. We identify functions with half-densities by the unitary map
u > u(dvol g)l/ 2, All symbols below refer to this identification; sub(A) denotes the scalar subprincipal
symbol of A. The Hamiltonian flow of p(x, &) = [£|, is denoted by G;. The Poisson bracket is
normalized by H, f = {p, f}. Thus, if A € ¥1,(M) has principal symbol a and F € ¥% (M) has principal
symbol f, then o((i[F, A]) = {f, a}.

Lemma 20.6. Let A € ¥4(M) be a strictly positive self-adjoint scalar operator with positive principal
symbol a,. Then AY/? € ¥l (M), and

c1(AV?) = (a3, sub(AY?) = Sz“bfé).

In particular, ifc > 0, B € lI’il(M) is symmetric, and Ag + B + ¢ > 0, then
(Ag + B+ c)'/? — (Mg + )2 € ¥ (M),
with principal symbol o1(B)/(2|&|g).

Proof. The complex-powers theorem [6, Example 2 and Theorem 7.9, arXiv version 1], applied to the
classical calculus on the closed manifold M, gives P = A2 € ¥, and 0(P) = ./az. The subprincipal
product formula [21, equation (1.4), p. 41] gives

sub(A) = sub(P%) = 2./a; sub(P).

For Py = (Ag + ¢)/2 on half-densities, sub(Py) = 0; see [21, p. 61]. Hence sub(Ag + ¢) = 0 and
sub(Ag + B + ¢) = 01(B). The two square roots have the same principal symbol |£|,; the principal
symbol of their difference is therefore o1(B)/(2|&lg). O

Lemma 20.7. LetdimM > 2, fixc,T > 0, and put Py = (Ag + ¢)2 Let P = Py + B, be self-adjoint,
where By € ¥, (M) has principal symbol b. Put

T
b:T‘1/ b o G, dt.
0

(i) Ife'Tf — (1 is compact for some { € C with|{| = 1, then Gt = I and b is a real constant.
(i) IfGr = I and b = d € R is constant, there is a unitary U € ¥ (M) such that

UPU* =Py +d+R, R e ¥ ' (M).

Proof. For (i), choose a € R such that P+al > 0. This operator has principal symbol p and subprincipal
symbol b + a. Choose f € R with ¢/T# = ¢/T¢¢ If 0; are the eigenvalues of P + al, the compactness
of e!T(P+al) _ ol TAT gives

2
dist (9]-,/3 + ?Z) —0.

For any fixed ¢, K > 0, every eigenvalue in [y — K, u + K] therefore lies within ¢ of this progression
once y is sufficiently large. Thus condition (3.8) of [21, Theorem 3.2, p. 55] holds. That theorem gives
Gt = I and constancy of the orbit average of b + a. Hence b is a real constant.
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Whenever Gt = I, the wave transport equation [21, proof of Theorem 3.1, equation (3.3), p. 53]
gives el € 9 (M) and

oo(eTP)(p) = prexp (i /OT b(Gp) dt) , p€SM. (20.5)

Here p7 € {1,—1,i,—i} is the Maslov factor. It is locally constant, hence constant on the connected
space S*M. For a semibounded P, apply the formula to P + al > 0 and cancel the factor e/7%.
For (ii), put

1 T
f:/ t(b—d)oG;dt.
T Jo

Integration by parts gives

1 1 [T
pr:T[t(b—d)OGt]g—TA (b—d)Otht:b_d

Choose F = F* € ‘I’gl(M) with principal symbol f. The holomorphic functional calculus [6, Example 2,
Theorem 5.4, and proof of Theorem 7.6, arXiv version 1] gives a smooth family
U, = eF e ¥4 (M), oo(U) =€ (0<s<).
Each Uy is unitary and preserves H!(M). Put U = U;. The scalar commutator formula gives
oo([F,PD) = {f,p}=—(b —d),  [F[F,P]] € ¥5'(M).
On H'(M), twice integrating the derivative of U;PU; gives

1
UPU* = P +i[F,P] —/ (1= s)U,[F,[F, PI|U; ds.
0
The remainder integral has order —1, so UPU* = P, + d + R with R € ¥_'(M). Both sides have

domain H!(M), and the bounded operator R is self-adjoint. O

20.3. The spherical reference. Let n = 2m + 1 > 5. Let Q be either a homogeneous unit spherical
space form of even group order, or the scalar lens space

Q = $™(1)(¥M/T), g > 5 o0dd.

Put T = 7 in the first case and T = 2 in the second. In both cases G? = I in the even-order case, the
deck group contains —I by Lemma 8.2. These references satisfy the ordered scalar isolation statement
in Corollary 2.5: if

JAM) = J2,(0) — 0,
then M is isometric to Q.

Theorem 20.8 (Perturbations of order one). Let By € Y., (M) and By € ¥},(Q) be symmetric scalar
operators. Let by be the degree-zero symbol

01(Bo)(x. &)

bo(x, &) =
ol g 2l¢lo
Suppose that
I 0
/ bo(Grp) dt (20.6)
T Jo

is independent of p € S*Q. Then
Spec(Ay + By) = Spec(Ap + Bgp) = M=Q.

In particular, the conclusion holds for arbitrary symmetric By € YL,(M) when Bg = 0.
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Proof. The common spectrum is infinite, so dim M > 0. For Z = M, Q, the operator (1 +AZ)_1/4BZ(1 +
A Z)_l/ 4 has order zero and is bounded. Hence By satisfies the form bound in Theorem 20.1. The form
sums are semibounded and self-adjoint, with compact resolvent. Elliptic regularity [28, Lemma 1.3.5]
identifies their operator domains with H?(Z) and their restrictions there with Az + Bz. Their equal
spectra and Theorem 20.1 give dimM = dim Q = n and Vol M = Vol Q. Choose ¢ > 0 so large that
both Az + Bz + c are strictly positive. For Z = M, Q, put

Py =(Az + Bz + o)/, PY = (Az + )2

Lemma 20.6 gives P; — P) € P9, with principal symbol by = 01(Bz)/(2|¢|7). Let dg denote (20.6).
Lemma 20.7(ii) gives
UQPQU& = Pg + dQ + RQ, RQ € ‘P;ll.

The reference scalar frequencies satisfy

2Z T =
A4/(Q) +m? € [m+ =0 ™

m+ 2209 T =2m.
Write yJZ for the eigenvalues of P) and n; for the common eigenvalues of Py, Py. Lemma 20.5 gives

n = us +dg + O((UH™).

Moreover,
2

1 = J3,(Q) + it = o \C/h = 0(P™.
J

The displayed lattice therefore implies e/”" — ¢!T("*40) In an eigenbasis of either Py, the diagonal
entries of /77 — ¢/T(m+40)[ tend to zero. These two differences are compact. Lemma 20.7 gives a
constant dy; and a unitary Uy such that

UuPyUy; = Py +dy + Ry, Ry € YL
The common leading Weyl term gives pﬁ-” ~ ,ujQ. Lemma 20.5 and equality of the spectra give
pf = i+ dy — dg + O((I) ™.

Lemma 20.4 gives dy = dg. Hence ,uﬁ-w - p].Q — 0. Since

Are-VAz——r 0,
JA+c+ VA
the unshifted scalar frequencies also have difference tending to zero. Ordered scalar isolation gives
M= Q. O

Remark 20.9. For every n > 2, the diagonal operator B in Example 20.2 cannot belong to ¥1,(M). If it
did, the equality of its perturbed spectrum with that of RP"(1) would give

ei71'(AM+B+(n—1)2/4)1/2 _ ein’(n—l)/ZI
Lemma 20.7(i) would force G¥ = I. On $"(a) the prime geodesic period is 27a, whereas 0 <
n/(2ra) = 2/""1 < 1. This is impossible.
21. FIRST-ORDER DIFFERENTIAL PERTURBATIONS ON DIFFERENT MANIFOLDS

All operators act on complex-valued functions, and the Laplacian is nonnegative. For a Killing
field V, put Dyu = —iV(u) on smooth functions.
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Theorem 21.1. Letm, p > 1 be integers. Put

Qp = Upstos D) = STHOAED, M, = (ﬁsz <zlﬁ>> <(3)

p
Let K be the vector field on Q, induced by
(20, Zm) — (€M 2o, €Dz, e ™ z) on$™ c

For1 < j < m, let V; be the rotation field of angular speed one about the third coordinate axis of the jth
sphere factor of M,,. Set

m
Bo=2Dg,  By=4),jDy,
j=1
These are symmetric scalar differential operators of order one. The operators Ag, + Bg and Ay, + By
are nonnegative, self-adjoint on H?, and have the same spectrum, with multiplicities. More precisely,
their common spectrum is

m
11 [p2a2+42jnj], (21.1)
acZ j=1

nl,“.,nmEZa)

with one copy for each displayed tuple. Thus, for every t > 0,

Z e—tpzaz

Tr e !By +B0) = Ty o= HAuy+Bu) — ’;EZ%. (21.2)
[Ta-e
j=1
Their fundamental groups are

7T1(Qp) =7Z/pZ, 7T1(Mp) =7.
In particular, M, and Q,, are not isometric. Both have volume 2™ /(p m!).

Proof. The flow defining K commutes with scalar multiplication and is isometric; hence it descends to
Qp. We also write K for its lift to $*"*1, and put Bgm1 = 2Dk. Each V; is Killing. For a Killing field V,
one has div V = 0, so Dy is symmetric on smooth functions. For Z € {Qp, M,, $2m+11 and every £ > 0,

IBzuliz < Czlulen < elAzulie + Czelulie,  u e HA(2).

Thus By has relative operator bound zero. By [49, Chapter V, Theorem 4.3, p. 287], the operator
Az + By is self-adjoint on H%(Z). Its graph norm is equivalent to the H? norm, so C*(Z) is a core.
The isometric flows commute with the corresponding Laplacians. Their infinitesimal generators
are commuting Hermitian operators on each Laplace eigenspace. They therefore admit complete
orthogonal systems of simultaneous eigenfunctions.

Harmonic polynomials.
For integers d > 3 and k > 0, let P;(R?) be the complex homogeneous polynomials of degree k,
and let H;(R?) be their harmonic subspace. Put P = 0 for k < 0. The Fischer decomposition

Py = Hy @ |x[* Py,

is O(d)-equivariant [18, Theorems 1.3 and 1.7]. The restrictions of the spaces Hj give the complete
orthogonal decomposition into scalar eigenspaces on $¢71(1), with eigenvalues k(k + d — 2) [45,
Lemma 1.3 and Proposition 1.5, pp. 78-79]. We identify harmonic polynomials with their restrictions
to the sphere.
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Under the Hopf action z — ez, a function has weight ¢ € Z if f(e'’z) = €'°! f(z). For integers
r,s >0, let P, ; be the polynomials on C™*! that are homogeneous of degree r in z and degree s in Z,
and let H, ; be their harmonic subspace. Put P, ; = 0 when either index is negative. Within P, , the
Hopf weight-(r — s) subspace is P, ;. Restricting the Fischer decomposition to this weight gives

Pr,s = 7_lr,s @ |Z|2Pr—1,s—1' (21-3)

The summands are invariant under the coordinate torus. The restrictions of H, ; have Laplace
eigenvalue (r + s)(r + s + 2m) and Hopf weight r — s. The scalar deck transformation acts on H, s by
e?"(r=9)/P Hence the spaces with r — s € pZ give the complete orthogonal decomposition on Qp; cf.
[45, Lemma 1.4 and equation (1.3), p. 79].

The product.
In spherical coordinates (6, ¢) on $*(1), put D = —id. The standard orthogonal basis Y ,(6, ¢),
—k < a < k, of Hy, satisfies

AYiq = k(k + 1) Yk q, DYyq = aYya;
see [18, Theorem 4.5 and equation (6.6)]. Thus

Spec(Asery + D) = [ Jik(k+ 1) +a: ~k<a<k}={0,1.2,..},
k>0

with multiplicity one: the kth interval consists of the integers from k? through (k + 1)? — 1.

Identify each sphere factor with the unit sphere by radial dilation, and let 3 € R/27Z be the
angular coordinate on the circle factor. Write Aéé)(l) for the unit-sphere Laplacian acting on the jth
factor. Then

m
M, + By =4 j( Agfz)(l)+DVj) + p¥(=33).
j=1
The product eigenfunctions therefore have eigenvalues

m
p2r2+4Zjnj, reZ, ny,..,nhy € Zs>g,
Jj=1

with one copy for each displayed tuple. Fix g € (0, 1). Then

2,2
(AA4P+BM)/4 — ZI‘EZ qp " /4

T e (21.4)

Trq

The joint character on the sphere.

For formal variables u,v, write [u"v®|F for the coefficient of u’v*® in a power series F(u,v), and
similarly for [u"]. Put w; = m — 2j for 0 < j < m. The coordinates z;,Z; have Dg-weights w;, —w;.
The multiset of the numbers w;/2 is {-m/2,—m/2 + 1,...,m/2}, as is the multiset of their negatives.
Thus

Trp,, ¢</% = ¢ "9 [u H(l — w1 - ¢lv) .

Jj=0
Put
1—q™uv
Fn(u,v) = — 1 )
[1a-dwa - g
j=0

Since |z[* has bidegree (1,1) and Dk-weight zero, equation (21.3) gives

Try,, qDK/Z _ q—m(r+s)/2[urvs]Fm(u’ D). (21.5)
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On total degree k > 0, every Dg-weight has absolute value at most mk, so every eigenvalue of A+2Dg
is at least k?. Moreover,

dim H(RP™2) < k+2m+1 , Z k+2m+1 qk2/4<oo,
2m+1 >0 2m+1

Thus the operator is nonnegative and its g-trace converges. For ¢ € Z, let Tr, denote the trace on the
closed Hopf weight-c subspace of L>($?™*1). On H, s, put k = r + s; the operator A/4 has eigenvalue
k(k + 2m)/4. Hence

Tr, (A+2DK)/4 Z q<r+s) "4 v Ep(u, v). (21.6)

r,s>0
r—s=c

For multi-indices a, € Z7{* with |a| = r and || = s, the monomial z*z” has Hopf weight ¢ = r — s
and Dg-weight d = 3, wi(a; — f;). Then
k(k + 2m) + 2d — ¢?
4

m m
=rs+ Z(m —j)Olj + Z]ﬁ] € ZZO'

Jj=0 Jj=0
Every weight of the harmonic subspace is a polynomial weight. Thus each Hopf weight-c trace, after
division by qcz/ %, is a power series with nonnegative integral exponents.

A power-series identity.
Put

j-1 o
@q;=]l0-agh  (@@e=]]00-ag"
h=0 h=0

with (a; ¢)o = 1. The g-binomial theorem [13, p. 4, following equation (3.5)] gives
AT @),
A=t TTa- gt = T ooy 4L =0
o CHO)

Write
Z (r+s)2/4 S]Fm(u, l)).
2

Since F,,(u,v) = Fy,(v, u), one has Zm,_c = Zm.c. Suppose ¢ > 0, and put

(q§ Q)m+c—1
(¢ Dm(g; @)

For j > 0, substitution of the formula for A; gives

Cm,c =

[V 1Fy = AjrcAj = §" AjremrAjr

(qm+c’ q)j(q q)J m+c+2j
c+1. (1 )

© (g 9)(q 9);

Apply the Rogers—Fine identity [13, Corollary 1, equation (2.6), p. 3] with a = ¢™" and b = ¢“*!. Its
hypotheses hold since 0 < ¢ < 1and b # g~ for every h > 0. As qujzfj = qu“j, it gives

= Cp,

m+c /4

s @5Pe g
m,c (qc+1’ q)oo H;"Zl(l — q])

By symmetry, the last equality holds for every ¢ € Z. Equations (21.6) and (21.7) show that the
spectrum of A + 2Dg on the Hopf weight-c subspace is

11 [c2+4gjnj}.

ﬂ],...,nm6220

Zme =4 (21.7)
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The equality of multiplicities follows by comparing the coefficients of the convergent power series
after division by qCZ/ %, Retaining ¢ = pa for a € Z proves (21.1) for Q,, and hence equality of all

eigenvalues and multiplicities in the theorem.

Heat trace and geometry.

Every bounded interval contains finitely many tuples in (21.1). Summing their exponentials gives
(21.2).

All the sphere factors of M, are simply connected, while its circle factor has fundamental group Z.
The universal cover of Q,, is $*™*!, with deck group Z/pZ. These fundamental groups differ.

Finally,

m+1

2 T\ 2r  2xmH
Vol(Q,) = ——, Vol(M,,) = —|—= .
O pm! b (!‘_—‘1[ J > p pm!

0

Remark 21.2. For m > 2, the theorem applies in every odd dimension at least five. The case p = 2 gives
a homogeneous even-order spherical reference; every odd p > 5 gives precisely a scalar odd-order
lens reference. Theorem 21.1 therefore excludes a two-sided extension of Theorem 20.8 without
its orbit-average hypothesis. If C denotes complex conjugation, then CBzC = —Bz on C*(Z) for
Z €{Q,, M,}. Since Bz # 0, these perturbations do not commute with C.

Write g for the metric on Q, and V for its Levi-Civita connection. By Lemma 20.6, the principal
symbol of \/AQp +Bo+c— \/AQp + ¢, forareal ¢ > 0, is

£(K(x)
[{I

bo(x,&) =

(x,£) e T"Q, \ 0.

For a unit-speed geodesic y,

d
2 K@)y (@) = (Vi K. ) = s Lk, 7)) =0.
Thus by is constant along each geodesic. The unit-speed geodesics y.(t) = [(e*",0,...,0)] satisfy

(K(ys(1), ye(t)) = £m.

Hence the orbit average of by is not constant on $*Q,.
For m = p = 1, the isometry J(zo, z1) = (20, Z1) sends K to the unit Hopf field H(z) = iz. Let « be
the metric dual of H, and let d denote exterior differentiation. The magnetic Laplacian is

Ay =(d+ia) (d+ia)=Ag + 2Dy + 1

by [90, equation (1.2), p. 1297]. Its spectrum is given by [90, Appendix A.4, equation (A.5), p. 1339]
with Berger parameter ¢ = 1 and magnetic parameter ¢ = 1. Thus the sphere operator in this case is
unitarily equivalent to A, — 1. An earlier computation, with magnetic potential —« and mass 1/2,
appears in [91, §VLA, equations (93)-(99), pp. 21-22]. Since CA,C = A_,, it gives the same spectrum.

22. SHARPNESS OF THE MULTIPLICITY EXPONENT

Let s > 3 be an integer, and let Y = $2571(1)/T be a unit round spherical space form. For k € Zs,,
let r¢(Y) be the scalar Laplace multiplicity of k(k + 2s — 2), and put

Fy(z) = ), n(Y)z".

k>0

Thus Fy = Fr in (8.2). We put (f) = 0 for integers 0 < £ < r.
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Lemma 22.1. Let g > 1 and d > 2 be integers, and let F(z) = Y~ cxz* be a rational function analytic
at zero, with real Taylor coefficients. Suppose all its poles are qth roots of unity, their orders are at most d,
and at least one has order d. Then there are real numbers by, ..., by_1, not all zero, such that, as k — oo,

ek = byk® '+ O(k?) (k=v (mod q)).

Consequently, as H — +o0,

qg—-1
Y lal= qld <Z |bv|> H? + O(H™™).

0<k<H v=0

Proof. Subtracting the polynomial part of F changes only finitely many coefficients. By [74, Propo-
sition 4.4.1, p. 546, author’s version], the remaining proper rational function has coefficients of the
form

=Y Q(kE*,  degQr<d-—1,

£1=1

for all sufficiently large k, and at least one Qy has degree d — 1. Put

ar = [XNQe(X), b= ), arf

§i=1

Then ¢, = b,k% ' + O(k%2) for k = v (mod gq). The coefficient b, is real, being the limit of ¢; /k%!
on that residue class. Fourier inversion gives

so the b, are not all zero. Moreover,

ekl = 1Bk + O(K*?) (k=0 (mod ),

and
Hd
> kTt ==+ oH").
0<k<H qd
k=v (mod q)
Summing over v proves the second formula; the accumulated error is O(H?™?). O

22.1. Even-order lens spaces. Let Y = $?°71(1)/T be a cyclic spherical space form with [ > 3. Let
h be the number of distinct conjugate eigenvalue pairs of a generator, and let p,, 1 < v < h, be the
common complex multiplicity of the two eigenvalues in the vth pair. Then

h
(V)= pl -1 (22.1)
v=1

by [69, Corollary 4, p. 308].

Proof of Theorem 2.7. Put n = 25 — 1 and { = ¢"/*. The two generating matrices are

diag(¢,...,0),  diag((,.... 0, 0.

Every weight is a unit modulo eight, so no nonidentity power has eigenvalue one. Thus both actions
are free. Their fourth powers are —I; hence, by Lemma 8.1, only even harmonic degrees occur, and
both shifted spectra lie in s — 1 + 2Z,. Since n < 1/2, a matching pairs only equal frequencies.
The conjugate-eigenvalue multiplicity lists are (s) and (s — 1, 1). Formula (22.1) gives s* — 1 and
(s — 1), respectively. Their difference is 2(s — 1) > 0, so the quotients are not isometric. The scalar
action commutes with the transitive group U(s), which descends to Q. Thus Q is homogeneous.
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For the group powers with exponents 0, 2, 4, 6, the determinant polynomials agree in the two
representations. Put

a(z) =1— 2z + 2%, b(z) =1+ 2z + 2%, a(2)b(z) =1+ 2%

The remaining powers form the conjugate pairs {1, 7} and {3, 5}. Subtracting their terms in (8.2) gives

1-2% ([ _ _ 1 1
FQ_FQ’: 4 <a S+b s_aslb_bsla>. (222)

At a root of a, the factor b and the numerator 1 — z? are nonzero. The pole from a™* has order s,
while every other term has order at most s — 1. The same holds at roots of b. These are precisely the
primitive eighth roots.

Let ¢ = ri(Q) — re(Q”), and let by, ..., b be the coefficients supplied by Lemma 22.1 for Fy — Fyyr.
Then

7
1
Y lal=CH + O™, Co=- 3 Ihl>0.
0<k<H S =0

At Rx = 2K + s, the possible harmonic degrees are even and at most 2K. At each such degree the
largest matching has the smaller of the two multiplicities. Hence

2K

EK) =) lekl.

k=0
Since 2K = R — s,
(2K)* = Ry, + O(RS ).

This gives (2.13).
For s = 4,

at+ bt —ab(a® + b?) = (a— b)*(a® + ab + b?) = 82%(3 + 82° + 3z*).

Substitution in (22.2) gives
6z% +10z* — 10z° — 628
(1+z4)*

Since (14 z4)™ = ijo(—l)j (j?)z‘”, odd coefficients vanish. For j > 1,

e (o)1)
cajrz = (-1) <6<]:3> + 1O<j;2>> .

o = [ Dk 738 k=0 (mod 4),
M= (k+2)(k +6)(2k +5)/48, k=2 (mod 4),

Fo—Fy = (22.3)

and for j > 0,

Consequently

with ¢y = 0. Thus |cx| = k*/24 + O(k?) on even indices, and

S| H*

Y —=—8 Y j=—+0H
24 24

0<k<H 0<j<H/2

k even

This proves Cy, = 1/192. O
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22.2. Sharpness for odd-order scalar lens spaces.

Proposition 22.2. Let g > 5 be an odd integer, let s > 3 be an integer, and put n = 2s — 1. The unit
round lens spaces

Q=1L(g1,..,1), Q' =L(g:1,...,1,2)

are not isometric. In Definition 2.1, take M = Q’,r = 1, andm = s — 1, so that Rg = K + s — 1/2. For
every 0 < n < 1/4, their unmatched multiplicity satisfies

E)K) = CqsRy + ORY),  Cgs>0. (22.4)
For g =5 and s = 3, one has C53 = 4/75.
Proof. Both actions are free because 1 and 2 are units modulo g. Since 2 # +1 (mod q), their conjugate-
eigenvalue multiplicity lists are (s) and (s — 1, 1). Equation (22.1) gives r;(Q) — r2(Q’) = 2(s — 1) > 0.

Hence the quotients are not isometric.

Put ¢ = e?"1/4_and write

D(z) = Fo(z) — Fy(2) = Z crzk.
k>0

The identity terms in (8.2) cancel. For a nonidentity group element, neither a weight-one nor a
weight-two eigenvalue equals 1, and the two eigenvalues in each conjugate pair are distinct because
q is odd. Thus every pole of D is a nonidentity gth root of unity and has order at most s.

By (18.1), with m = s — 1,

lim(1 - 2/)°Fo(2) = (2](1 _ ),

For a term of the mixed action to have an order-s pole there, its weight-one and weight-two blocks
would both have to contain ¢! as an eigenvalue. Writing the corresponding group element as a
power with exponent j gives £/ = £71 = £*2/, Since ¢ is primitive, j is a unit modulo g; hence this
equality implies 2 = +1 (mod q). Neither congruence holds for odd ¢ > 5. The mixed sum therefore
has pole order at most s — 1 at £. Consequently

lim(1 — 2/£)°D() = 2(1 _ ),

Let by, ..., bg_1 be the coefficients supplied by Lemma 22.1 for D. Then

q—1
1
§ |Ck| = Cq,sHs + O(Hs_l), Cq,s = E |bv| > 0.
0<k<H qas 5

Both shifted spectra have frequency k + s — 1 in harmonic degree k. Since n < 1/4, a matching pairs
only equal frequencies. The cutoff Ry = K + s — 1/2 includes exactly the degrees k < K. Matching
the smaller multiplicity at each frequency gives

K

EK) =) lexl-

k=0

Since K = Rk + O(1), the preceding asymptotic formula proves (22.4).
For g =5 and s = 3, put

a(z)=1-

J5-1 , J5+1 )
; :

5 z+z°, b(z) =1+ z+z

The two nonidentity conjugate pairs give
20-2) /1 1 1 1
DZ)=—| 5 +—=—-——F - —
) 5 <a3 b3  a?b abz)
2(1 —z%)(a + b)(a — b)?
5a3b3 '
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Since
ab=1+z+2>+2>+ 2%, a+b=2+z+27% (a—b)? =522,
one obtains the exact identity

D(s) = 4z° —102° + 62* + 62" — 102° + 42°

The expansion (1 —z°)™% = Zj>0 (J;Z)ZSJ gives ¢5; = ¢5j41 = 0 and

j+2 j+1
CSj+2:4< 5 >+6< 5 >
j+2 j+1
i3 =—10 —10 ,
oo ==0( 3 %) (")
j+2 j+1 )
C5j+4:6< 9 >+4< 9 > (]20)

The coefficients of k? on the five residue classes are therefore

1 21
b,b,b,b,b = 070:75_7a7 5
(bo, b1, ba, b3, bs) ( =75 5)
and hence Cs3 = (4/5)/15 = 4/75. O
For every real « > s = (n + 1)/2, the preceding pair satisfies
&(K)
A AN
Ri

Q" #0.

Thus the exponent (n + 1)/2 in Theorem 2.4 cannot be increased. The same pair satisfies £,(K) =

O(R%"H)/ %), so this estimate with unrestricted constant cannot replace that theorem’s positive-
threshold hypothesis.

23. FIVE-DIMENSIONAL LENS SPACES AT SHRINKING RESOLUTION

Lemma 23.1. Let Y be a closed Riemannian 5-manifold and put Py = (Ay + 4)'/2. Define a;(Y) by

Tr(e ™) ~ (4xt) /2 a (V) (£ 0).

20

For y € CZ((0,0)), as R — oo,

Tr y(Py/R) = aO(Y)RS /0°° x(wu du

1273
+ al(Y)g_”;LaO(Y)RS/O x(wu? du (23.1)
+ aZ(Y)_4a1(Y)+8a0(Y)R OOX(u) du+ OY,)((R_I)‘

167T3 0

Let Rm and Ric denote the Riemann curvature tensor and the Ricci tensor of Y, and let Scal denote its
scalar curvature. Norms are induced by the metric, and dVy denotes the Riemannian volume density.
Then

1
ag(Y) = Vol(Y), a(Y) = A / Scal dVy,
Y (23.2)
360a,(Y) = /(2| Rm|? — 2|Ric|> +5 Scalz) dVy.
Y
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Proof. Put L = Ay + 4 and h = R™!. The integrated semiclassical functional calculus gives, for
feCl(R),

Tr f(R*L) ~ Y h** 4 Ci(f)

Jj>0

[16, Section 5.4 and Remark 2, p. 2445]. The Laplace symbol has even parity; the shift by 4 preserves
the even powers of h, since f(h°L) = fy(h*Ay) with fi,(s) = f(s + 4h?). The distributions C; are
supported in [0, ©), and scaling gives

Ci(f(x)) =Y Ci(f)  (z>0).
For j = 0,1, 2, it follows that

= [ " )5 ds,

Indeed these powers are locally integrable at zero, and no nonzero distribution supported at zero has
the stated homogeneity. Define @; by

Tr(e ™) ~ (ant)™/2 Y @) (¢t10).

j=0

In the heat specialization of the same calculus [16, Remark 2, p. 2445], take a Schwartz function g
equal to e~ for s > 0. Since L > 4, one has g(h’L) = e "L Thus, with T denoting Euler’s gamma
function,

yIG/2-j)= @07, j=012
The identity e 'L = e~# e~ !AY gives
o = ap(Y), a = ai1(Y) — 4ao(Y), az = ay(Y) — 4a1(Y) + 8ao(Y).

Take f(s) = x(/s) for s > 0, extended by zero. This function belongs to CZ°(R). Substitution s = u?
gives (23.1); the next power is h = R™!. Formulas (23.2) follow from [28, Theorem 4.8.18(d), p. 330]:
the integral of the scalar Laplacian term is zero because Y is closed. O

Theorem 23.2 (Prime two-weight lens spaces in dimension five). Let p > 5 be prime and leta € Z
satisfy a # 0,1,—1 (mod p). Let Q = L(p; 1,1, a) with sectional curvature one, and let M be a smooth
closed connected Riemannian manifold. Put

Pu= A+ Py=(Ag+a)Y
IfR, — oo and n, > 0 satisfy
= OR,*®),  Ey,(Ry;Pa,Po) = o(R,), (23.3)
then M is isometric to Q.
Proof. Write E, = E;, (Ry; Py, Po). The inequality [Np, (R,) — Npy(R,)| < E, and Weyl’s law give
dmM =5 Vol(M)=Vs/p. (23.4)

Let g and d V) denote the metric and volume density of M. Under the identification of functions with
half-densities, Py is scalar, self-adjoint and elliptic, with principal symbol |£|g. By Lemma 8.1, the
eigenvalue of Py in harmonic degree k is k + 2. Since , — 0 and E, = o(R}), Theorem 4.1, with
S = {1}, gives a self-adjoint classical quantizer A strongly commuting with Py, such that

Spec(A) C Z, Py—Ae¥.
Theorem 5.1, with n =5, s = 3/5 and f§ = 1, has |ns/f] = 3. Hence

Py—Ae¥ (23.5)
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Put B = Py; — A. Choose a joint orthonormal eigenbasis (u;) and write Pyju; = pju;, Auj = kjuj,
where k; € Z. The operators B and BA* are bounded on L?, so
i = k| <IBl,  luj = kil < [BA'IK;* (k> D).

Fix 0 < y € C((0,1)), y # 0, and choose 0 < a < < 1 with supp y C [a, f]. For t € R, put
fir(x) = € x(x/R). Take a maximum 7, -matching of the spectra of P; and Py below R,. If a
matched pair (yj, A) has f; g, (k;) # 0 or f; g, (1) # 0, then k; < R, and

A=kil <nmy +pj— kil <1

for large v. Both A and k; are integers, so A = k;. Moreover, f; g, (k;) # 0 implies y1; < SR, + O(R;*) <
R, . Thus only unmatched eigenvalues contribute to the difference, and

Tt fir, (A) = Tt fig, (Po)| < Iy = o(R,). (23.6)

Let J ={j : x(u;/R) # 0 or y(kj/R) # 0}. For j € Jg, both eigenvalues lie in [@R — | B[, SR + |BJ].
Hence #Jg = O(R®) by Weyl’s law, and |y; — k;| = O(R™*) uniformly on Jg. Since

| £ Rleo < 1t11x oo + R7H Y leos

one obtains

ITr fi r(Pym) — Tr fir(A)| < Z | fer(pj) — frr(k))l

JeJr
< Cy(1+[tR).
Put £ = 2z /p. Taking t = 0, £ gives
Tr x(Pm/Ry) = Tr x(Po/Ry) = o(Ry), (23.7)
Tr(eifPM)((PM/RV)) - Tr(eifPQ)((PQ/RV)) = o(R%). (23.8)

The three moments in (23.1) are positive. Subtract that expansion for M and Q and apply (23.7).
Successive division by R, R> and R, gives

a;(M)=a;j(Q), j=0,1,2 (23.9)

Let W, Ric and Scal be the Weyl tensor, Ricci tensor and scalar curvature of M, and put Ricy =
Ric —(Scal /5)g. Formula (23.2) and Tanno’s curvature identity [78, equation (2.9), p. 393] give, in
dimension five,

2 24
360a,(M) = / (2|W|2 + g' Ricy |* + 5 Scalz) dV.
M

This identity involves only curvature norms and volume densities; it therefore holds without an
orientability hypothesis. Since Q has curvature one, (23.9) gives

/ Scal dVy; = 20 Vol(M), 360a,(M) = 1920 Vol(M).
M

It follows that
2 2. o 24 2
0= 2|W|* + =|Ricg | + —(Scal —20)* | d V.
M 3 5

The integrand is continuous and nonnegative. Thus W = 0, Ricy = 0 and Scal = 20 everywhere, so
M has sectional curvature one.

The complete simply connected cover of M is the unit sphere. Hence M = $°/T for a finite free
orthogonal group T [45, Section 1, p. 77]. Equation (23.4) gives || = p. Thus T is cyclic and lies in
SO(6). A generator has three nonzero rotation weights modulo p [45, Section 1, Example (ii), p. 77].
Their multiplicities modulo sign form one of the partitions (3), (2, 1) and (1, 1, 1).
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Set { = e?"/P For X = M, Q, write Fx for its harmonic generating function (8.2), and let rx be
the largest weight multiplicity modulo sign. Every nonidentity group element has order p and the
same weight multiplicities as a generator. By [45, Proposition 2.7, p. 83], Fx has a pole of order rx at
{. In particular, ro = 2. Put

cx = L lim(1 — z/{)™*Fx(z) # 0.
(rx =Dl =>¢

Lemma 8.4, with shift 2, gives

1
Tr(ei[PX)((PX/R)) = cxR™¥ / x(Wu™* "t du+ OR™).
0

If ryy # 2, division of (23.8) by R™(m2) contradicts this formula, since its leading coefficient is
nonzero. Thus ry = 2, and division by R? gives cy = cg.

Changing the generator and conjugating individual complex coordinates gives M = L(p; 1,1, b)
with 2 < b < (p — 1)/2. Replacing a by its representative modulo sign in the same interval does not
change the isometry class of Q. In (8.2), the double poles at { come only from the generator and its
inverse. Direct evaluation gives

2
(1= == by

li_{l}(l ~2/{)*Fu(z) = »

For ¢ € {a, b}, put
_ 2¢*
Cp(Q =)A= (1= o)

Then cy; = t, and ¢g = t,. All denominator factors are nonzero, and

te (23.10)

2
= S TasinGan/p)] s Ceb /) — s /)]

The function b + sin?(zb /p) is strictly increasing on [2,(p — 1)/2]. Hence t, = t, implies b = a,
and M is isometric to Q. O

Question 23.3. Let p > 5 be prime and let a € Z satisfy a # 0,1,—1 (mod p). Put Q = L(p; 1,1, a)
with sectional curvature one, and let M be a smooth closed connected Riemannian manifold. For a
fixed 0 < < 1/4, does

EU(RV; Ay +4, JAg + 4) —o(R,) (R, —> o)

imply that M and Q are isometric?

Part 4. Closed geodesics and cyclic actions

On a finite free isometric quotient of a closed connected Zoll manifold of dimension at least two,
the scalar spectrum determines the closed-geodesic lengths and the maximal dimension of a returning
component at each length. For cyclic deck groups, the cyclotomic parts of the normalized cluster
character determine the eventual cluster ranks of intermediate covers and rational holonomy bundles
(Section 26). Under the prime two-weight comparison hypotheses of Section 31, trace coefficients
and Morse indices determine the marked phases, signed normal weights and homotopy types of the
return families. For p > 11, the large and small families have two disjoint embedded images with
linking number of absolute value one; these images are the minimum and maximum sets of a suitable
deck transformation’s displacement.
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24. PERIODS AND THE WAVE TRACE

For a closed connected Riemannian manifold Y, let SY and S*Y denote its unit tangent and
cotangent bundles, identified by the metric, and let G} be its geodesic flow. Put

FixG) =foeSY : Glu=v},  L(Y)={t>0:FixG, =}

Thus .Z(Y) includes all iterates of closed geodesics. A Zoll manifold has a common prime geodesic
period; simplicity of the geodesics is not assumed. Let Ay be the nonnegative scalar Laplacian and
write

Wy(t) = Tr e itVBY,

For a Schwartz function u on R, the Fourier convention is u(1) = fIR e u(t) dt, extended to tempered
distributions by duality.

Theorem 24.1 (The Poisson relation). Let X be a closed connected Zoll manifold of dimension n > 2
and common prime period L. Let a finite group T act freely by isometries on X, and put M = X /T. Then

sing supp Wy = {0} U Z (M) U (—Z(M)).
For v € (M), put
D(7) = max{dim C : C is a connected component of Fix Gy 3.

Let p € CZ(R) equal one near t, with support containing no other element of {0} U Z (M) U (—Z(M)).
Then, as A — +oo,

e—irAmOL) — CTA(D(T)_D/Z + O(A(D(T)_w/z), ¢ #0.

Thus the highest local frequency order is (D(t) — 1) /2. The scalar spectrum determines £ (M) and D(t)
for every such t.

For a Zoll manifold itself, the Poisson equality follows from the clean trace formula at a full
return; see [77, Section 1.3]. Priifer obtained the equality for spherical space forms from the shifted
cosine trace Trcos(t+JA + (n — 1)?/4) [68, Theorems 2-3 and Corollary 4, pp. 142, 150, 152]. In odd
dimension n = 2m + 1, its highest coefficient is nonzero at every return time. His proof first treats
271 /s by positivity and then transfers the conclusion by automorphisms of the sth cyclotomic field.
Theorem 24.1 extends this argument to finite free quotients of arbitrary Zoll manifolds. The rational
function is the cluster character of Colin de Verdiére’s periodic quantizer [15, Theorems 1.1 and 1.4,
pp. 510-513]; the minimizing property is Lemma 15.1.

Write O(T) = {ord(h) : h €T}, and let ®; denote the sth cyclotomic polynomial.

Lemma 24.2. Every returning time in Theorem 24.1 is clean. Each connected component of its fixed set
has positive odd dimension. After the normalization L = 27, all returning times lie in (27t /|T|)Z.

Proof. Equation (15.1) and Lagrange’s theorem place every return time in (L/|T[)Z. Since GM =1,
every returning time map has finite order. Section 10.1 then gives a finite union of clean contact
components. Their dimensions are positive and odd. The stated grid follows on setting L = 2z. [

Lemma 24.3. Normalize L = 27 and put q = || and P = Ay There are a real number  and a
self-adjoint Q_; € ¥'(M), strongly commuting with P, such that the self-adjoint operator

A=P+Q1-p satisfies Spec A C Z,.

If ay = dimker(A — k), then ay. is eventually a quasipolynomial with quasiperiod q and degree at most
n — 1. In particular,

Fa(z) := ) acz" € Q(2), (1 - z9)"Fu(2) € Z[z]. (24.1)

k>0

Changing finitely many eigenvalue labels within Z>, changes F4 by an integer polynomial.
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For odd-dimensional spherical space forms, an exact quasipolynomial multiplicity formula is given
in [69, Lemma 7, pp. 302-303].

Proof. Let g be the metric on M, and let I, be the orthogonal projection onto ker Ays. The positive
operator P + IIj has principal symbol |£|, and zero subprincipal symbol on scalar half-densities. Its
Hamiltonian flow has period 27, and S*M is connected since n > 2. Apply the spectral construction
in [15, Theorem 1.1 and its proof, pp. 510-511] to P + Il in an orthonormal eigenbasis of P. The
resulting correction is diagonal in this basis with real eigenvalues. It is therefore self-adjoint and
strongly commutes with P. The Maslov shift is a single real number . Absorb Ij into the correction.
Moving any negative integer labels to zero adds a finite-rank smoothing operator commuting with P.
By [15, Theorem 1.4, pp. 512-513], for all sufficiently large k there is an exact expression

ak =Y {*pe(k),  degpr<n—1,
¢

where the sum is finite and each ¢ is a root of unity associated with a geodesic return time. Lemma 24.2
gives {9 = 1. Hence, on each residue class modulo g, aj agrees eventually with a polynomial of
degree at most n — 1. Extend these polynomials to all nonnegative indices. By [74, Proposition 4.4.1,
p. 546, author’s version], the generating function of the extended sequence has denominator dividing
(1 — z9)". The extension changes F4 by a polynomial, so (1 — z9)"F,4 € C|z]. Its Taylor coefficients
are integers; hence (1 — z9)"F4 € Z[z], as required. O

Proof of Theorem 24.1. Rescale the metric by (277/L)?, so that L = 27. Take A from Lemma 24.3 and
put

B=A+pf=Ay+ Q1.
The operator B — /Ay + 1 has order —1 and strongly commutes with /Ay, + 1. Thus Lemma 15.2
applies to B. Moreover, B and /Ay have the same principal and subprincipal symbols, so their highest
clean coefficients agree [21, Theorem 4.5, equations (4.7)—(4.8)]. Changing finitely many nonpositive
eigenvalues adds a smooth function to the wave trace and leaves the annular traces below unchanged
for large R.
Fix 0 < y € CZ°((0,1)), y # 0. For s € O(T) with s > 2, put t; = 27/s and Dg = D(¢;). Lemma 15.2
gives
Tr(e*By(B/R)) = C; RO/ 4 o(RP+D/2), Csy % 0. (24.2)

The nonvanishing follows from the zero periodic Morse indices in Lemma 15.1.
By Lemma 8.4, with m = 3, a pole of order r > 1 of F4 at & = €’ gives

eitﬁ

(r—1)

The displayed coefficient is nonzero. At a regular point &, the same lemma gives O(R™N) for every
N > 0. Comparison with (24.2) shows that F4 has a pole of order (D; + 1)/2 at €™/,

Write F4 = U/V in lowest terms over Q. The irreducibility of ®; over Q implies that F4 has the
same pole order at every primitive sth root. Moreover, if (a, s) = 1, then

Tr(e"? y(B/R)) =

<lim(1 - z/§)rFA(z)> R" /1 x(Wudu+ OR™).
z=¢ 0

Fix Gy, = Fix Gy,

2m/s*
Indeed, for integers u,v with ua + vs = 1, GQ;I[ /s = (Gé‘f[ o/ s)“(GQf, Y: the reverse inclusion follows

by taking the ath power. The annular trace at 27a/s therefore has a nonzero coefficient of order
RP<+1D/2 1f the clean frequency coefficient of order (Ds — 1)/2 vanished, the localization formula in
Section 10.1 would give o(Rs*1)/2), a contradiction. Complex conjugation gives the corresponding
nonzero coefficient for Tr e "B, Its highest coefficient agrees with that of Wy.
At t = 0 the positive leading Weyl coefficient gives a pole of order n at 1. Since Spec A C Z, for
jez,
(1427 )B _ 27ijp ,itB.
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Thus the frequency coefficient of order n — 1 is nonzero at every 27 j, and nonvanishing at every
other return time is invariant under translation by 27Z. Every positive geometric length has the
form 27k/s with s € O(T') and k > 1, by (15.1). Reducing k/s gives a denominator d dividing s. A
power of an element of order s has order d, so this length is among the times just treated. Negative
times follow by complex conjugation. The opposite inclusion is [21, Corollary 1.2]. The length set is
discrete by Lemma 24.2.

The clean expansion [21, Theorem 4.5], with the Fourier convention above, gives the stated localized
formula. Components of smaller dimension contribute only to lower powers; their dimensions are odd
by Lemma 24.2. The spectrum determines Wy, its singular support and its highest local frequency
order. The latter equals (D(7) — 1)/2. Scaling back gives both assertions for the original metric. [

Corollary 24.4. In the normalization L = 2x, put q¢ = ||, D; = 2n— 1 and D = D(2x/s) for s € O(T),
s > 1. The reduced denominator of Fa, up to a nonzero rational scalar, is

[T @@+ (24.3)

seO(I)

Proof. The proof of Theorem 24.1 gives these orders at all primitive roots whose orders lie in O(T'). At
every other gth root there is no geometric return, by (15.1) and closure of @(T') under divisors. The
Poisson inclusion makes the trace of B = A + f smooth there. Its annular trace then decays faster
than every power, whereas Lemma 8.4 gives a nonzero leading term at a pole. Thus there is no pole
there. Equation (24.1) excludes poles away from the gth roots of unity. g

Corollary 24.5. The conclusion of Theorem 24.1 holds on every closed connected Besse manifold of odd
dimension n > 5.

Proof. Wadsley’s period theorem, in the formulation of [5, Theorem 4.6], gives a nonzero global
period. The global periods form a closed subgroup of R. Since the geodesic vector field never
vanishes, a flow box excludes small nonzero global periods. Hence this subgroup is TZ for some
T > 0. Lemma 11.1 gives a compact Zoll homotopy-sphere universal cover with finite deck group.
Theorem 24.1 applies. 0

Proposition 24.6. Under the hypotheses of Theorem 24.1, let T be the least positive global period of GM.
Then T = L or L/2. IfT| is odd, then T = L, and the scalar spectrum determines L and O(T).

Proof. The flow-box argument in the proof of Corollary 24.5 applies to GM. Since GM = I, the global
period group is TZ with 0 < T < L. For h € T, write ;z\(x, v) = (h(x), dh,v). The map G lifts the
identity of SM. Since SX is connected, G¥ = hfora single h € T. Velocity reversal R(x,v) = (x, —v)
commutes with % and satisfies RG¥R = GX;. Hence

G, =h=65 GS=1 Rm=1

Every upstairs geodesic has prime period L, so 2T € LZ,. Together with T < L, this gives T = L or
L/2.If |T'| is odd, then h = 1; hence T is an upstairs period and T = L.

A fixed component has dimension 2n — 1 if and only if it is open in SM. Such a component is also
closed, and SM is connected; hence it is all of SM. By Theorem 24.1, T is therefore the least positive
time with a nonzero wave coefficient of frequency order n — 1. The Weyl law determines n, so this
describes T spectrally. In the odd-order case it gives L, and Lemma 15.1 gives

O) ={s€Zsy : L/s € LM} O
25. ARITHMETIC OF EIGENVALUE MULTIPLICITIES

Let M be a closed connected Riemannian manifold of dimension n > 2, and let A = Ay, be its
nonnegative scalar Laplacian. Write

0= <A1 <Ay < v, mJ-:dimker(A—/lj),
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for its distinct eigenvalues and their multiplicities. If the geodesic flow is periodic, let T be its least
positive global period and put P = (T/27)v/A. By periodic quantization [15, Theorem 1.1, pp. 510-
511], there are constants ¢ € R, C > 0 and kq € Z, such that every sufficiently large eigenvalue of P
belongs to one of the disjoint intervals

I, =lk+0—-C/k,k+ 0o+ C/k], k > k.

The kth T-cluster consists of the eigenvalues whose normalized frequencies belong to I. Write Ry
for their number without multiplicity, and dj for the sum of their multiplicities. If Ry is eventually
constant, denote its value by R.

A sequence (u;);o is eventually quasipolynomial with quasiperiod d € Z, if there are real
polynomials py, ..., pg—; such that u; = p,(j) for every sufficiently large j = r (mod d), for each
0 < r < d. The quasiperiod need not be minimal.

For metrics on real projective space whose multiplicities agree with those of the round metric,
Zelditch obtained eventual constancy of Ry [88, Section 6, p. 583].

Lemma 25.1. Let M be a closed connected Besse manifold of dimension n > 2 and suppose
m;=cj" "+ 0("?), c>0. (25.1)

Then each sufficiently high T-cluster contains the same positive integer Ry of distinct eigenvalues. Its
total rank dy. satisfies

di = cRLK" + O(K"2). (25.2)

If m; is eventually quasipolynomial with quasiperiod d, then dy is eventually quasipolynomial with
quasiperiod
B d
ng(Rcls d) '
Proof. Wadsley’s theorem [5, Theorem 4.6] gives a global period. The period-subgroup argument in
the proof of Corollary 24.5 gives the least positive period T. Put P = (T /27)+/A. Its principal symbol
is (T /2m)|&|g, where g is the metric on M, and its subprincipal symbol on scalar half-densities is zero.
Its Hamiltonian flow has period 27, and $*M is connected. The construction in the first paragraph of
the proof of Lemma 24.3, based on [15, Theorem 1.1, pp. 510-511], therefore gives

qd (25.3)

P=A+0+Q, Spec A C Zsy,

with the same o as in the intervals Iy, where A € ¥}(M) is self-adjoint and Q_; € ¥ _'(M) is self-
adjoint and strongly commutes with P and A. The operator Q_;(A + 1) has order zero and is bounded
on L*(M). Its restriction to ker(A — k) therefore gives |Q_i|ker(a—i)| = O(k™). After increasing C and
ko, the intervals I} are disjoint, and the normalized frequencies in the kth cluster are precisely the
spectrum of P on ker(A — k), with multiplicities. Thus di = dim ker(A — k) for all large k.

Since T is least, the circle action on S*M is effective. By [15, Proposition 1.3, pp. 511-512], every
nonempty fixed component of a nonidentity circle element has odd dimension. A component of
dimension 2n — 1 would be open and closed in the connected manifold $*M, hence would make
that element act identically. Thus these dimensions are at most 2n — 3. The corresponding terms in
[15, Theorem 1.4, pp. 512-513] have degree at most n — 2. The identity term has positive leading
coefficient, so

dp = ak"' + O(k"™®), a>o, (25.4)
with one leading coefficient for all residue classes.

Let Ji be the last distinct-eigenvalue index in cluster k. All high clusters are nonempty by (25.4).
Let w, be the Euclidean unit-ball volume. The Weyl law [42, Theorem 1.1, p. 194], at the normalized
frequency k + o + 1/2, gives

Ji

Vol(M
Z m; = wk" + O(k™™), w= %n().
j=0
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On the other hand, (25.1) gives

/ ¢ n n—1
Y omj==J"+ 00" ™).
n

j=0
Comparison gives Ji/k — y = (nw/c)'/" and then JI' = y"k™ = O(k"'). Factoring this difference
yields Jx = yk + O(1). Thus Ry = Ji — Ji—1 is bounded, and, uniformly over the indices in cluster k,
m;=cy" k" + o(k™?).

Summing over that cluster and using (25.4) gives

a

c),n—l

Ry = + O(k™).
This convergent sequence of positive integers is eventually constant, equal to R.;. Summing (25.4)
and comparing with the Weyl law gives a = nw. Hence R, = y and a = cR].

Under the quasipolynomial hypothesis, (25.1) forces every residue polynomial to have degree n—1
and leading coefficient c. For some integer b and all large k,

R
Jk-1 = Rak + b, dk = ) MRkibaie (25.5)

i=1
Since d | Riqq, each index on the right has a fixed residue modulo d when k varies in a residue class
modulo gy4. The sum is therefore polynomial on each such class. O

For a prime ¢ and an integer b > 0, let v/(b) be the exponent of £in b.

Theorem 25.2. Let M be closed and connected of odd dimension n > 5, and assume (25.1). Its universal
Riemannian cover X is a compact Zoll homotopy sphere. Let L be its prime period, T = m1(M), and T the
least global period on M. Then x = L/T € {1,2} and

(n—1)! c[T|RY = 2k". (25.6)

Moreover, k = 2 if and only if |T| is even. In this case M has constant positive curvature and Ry = 1.
The number (n — 1)!c is rational. Write it as ay/ by, where ay, by € Z¢ are coprime. If

ve(2by) < n for every prime ¢, (25.7)
then Ry = 1.

Proof. By [88, Theorem A, p. 548], the asymptotic (25.1) makes the geodesic flow periodic. Lemma 11.1

gives the compact Zoll homotopy-sphere cover X and x € {1, 2}. In the notation of that lemma, D? = I

and D = I ifand only if x = 1. If |T'|is odd, then D = I, so k = 1. If [T| is even, X — M is an even-degree

smooth covering by a smooth homotopy sphere. Since M is Besse and n # 3, [59, Theorem 2] gives

constant curvature. Its compact simply connected cover is a round sphere. Cauchy’s theorem and

Lemma 8.2 give —I € T. Thus L/2 is a global period downstairs; since k € {1, 2}, one has k = 2.
Proposition 12.3 gives

Vol(X)
IT

Vol(X) = Vol(s™) <2Lﬂ> Vel =

Lemma 25.1 gives cR} = nw, Vol(M)/T". The identity

nw, Vol(s") 2
(2m)n (n-1)!

therefore gives (25.6) and the rationality of (n — 1)!c.
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Suppose k¥ = 2 and scale the universal round sphere to radius one. Then L = 2z, T = 7, and
—I € T'. Lemma 8.3, specifically (8.3), gives zero multiplicity in odd harmonic degrees and, in even
degrees,

2
dim M| = hl dim H; + O(I"™2). (25.8)
Its leading coefficient is positive, so every sufficiently high even degree I = 2k occurs. The normalized
frequency is

1 -1
E\/Zk(zk Tn—D=k+ ”T + O(k™).

For large k, consecutive normalized frequencies are separated by more than 1/2, and each cluster has
width less than 1/2. Every sufficiently high cluster is nonempty by (25.4), so R, = 1.

If k = 1, equation (25.6) becomes ay[T'|RY; = 2by. A prime divisor £ of Ry would give v/(2by) > n,
contrary to (25.7). O

For spherical space forms, the coefficient set and its maximal value below follow from Priifer’s
multiplicity formula and eventual spectral support [69, Lemma 7 and Corollary 1, pp. 302-305].
For r € Z, write C, for the cyclic group of order r.

Theorem 25.3 (Leading multiplicity coefficients). Fix an odd integer n > 5. The possible positive

coefficients c in (25.1), among all closed connected Riemannian n-manifolds, are exactly

2"
———— :N€eZ . 25.9
Lot N ez @59
Every value is realized by the round scalar lens space S"/Cyy, where S" is the unit sphere in C("*1)/2
and the generator acts by z — ¢™/Nz.

Proof. For a manifold satisfying (25.1), take T', k, R from Theorem 25.2. For k = 1, equation (25.6)
gives
2 2"
TR 2l rRY
For x = 2, it gives R,y = 1 and (n — 1)!c = 2" /(|['|/2). Both have the form in (25.9).
The stated scalar action of Cyy is free and contains —I. Equations (25.8) and (8.1) give

1 2"
dim H2Ck2N = N dim sz + O(kniz) = m
n—1)!

(n—1!c

k"1 4 Ok 2).

All high even degrees occur and odd degrees do not. The index of the corresponding distinct eigenvalue
differs from k by a fixed integer, which does not change this asymptotic. ]

Corollary 25.4. Under the hypotheses of Theorem 25.2, write ¢ = 2"/((n — 1)IN) as in (25.9). If
v2(N) # n—1 (mod n), then M has constant positive curvature, Ry = 1, and |r;(M)| = 2N. In
particular this holds if 2" 1 } N, orif ¢ > 2/(n — 1)\.

Proof. If || is odd, then k = 1 and N = 2"'[T|RY;. Hence v,(N) = n — 1 + nvz(Rq), contrary to the
hypothesis. Theorem 25.2 gives constant curvature, k = 2, and R = 1, whence |[T| = 2N. If 2" { N,

then v2(N) < n — 1, so the stated congruence cannot hold. If ¢ > 2/(n — 1)!, the alternative x = 1 is
excluded by (25.6). O

Corollary 25.5. For each odd dimension n > 5, the largest possible coefficient in (25.1) is 2" /(n — 1)!. It
occurs precisely on round real projective space, up to scale.

Proof. The largest value in (25.9) has N = 1. Corollary 25.4 gives a round universal cover and a
deck group of order two. By Lemma 8.2, this group is {I, —I}. The converse is the case N = 1 of
Theorem 25.3. g

For a finite group T', let exp I be the least common multiple of the orders of its elements.
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Proposition 25.6. Under the hypotheses of Theorem 25.2, suppose m; is eventually quasipolynomial with
quasiperiod d. Retain L, T,T, x from that theorem and put q; = d/ gcd(R, d). Then

exp m1(M) | kqq. (25.10)

Furthermore,

vy i=(n—D1d" e € Zsy, vg|IRA = 2k"d™ 1. (25.11)
Proof. Replace the metric g by (27/T)?g, so that T = 2. The multiplicities, R, and k are unchanged.
Take A, 0, Q_; from the proof of Lemma 25.1, and put dy = dimker(A — k) also for the finitely
many remaining indices. The sequence (dy) is eventually quasipolynomial with quasiperiod g4 and
degree n — 1. Changing finitely many terms adds a polynomial to its generating function. By [74,
Proposition 4.4.1, p. 546, author’s version], its generating function has denominator dividing (1 —z%)".
Since dj € Z, this gives

Fa(z) = ) diz" € Q(2), (1 — 2%)"Fa(z) € Z[z].

k>0

Put B= A+ 0 = VA — Q_y, so that B — (A + 1)/2 € ¥!(M). Let s > 2 be the order of an element
of T, and put t = L/s. Fix a nonzero 0 < y € C;°((0,1)). Lemmas 15.1 and 15.2, with positive reference
operator (A + 1)'/2, give

Tr(e"Px(B/R)) = Cs, R™ + o(R™), Coy #0, ;> 1.
On the other hand,
Tr(e"®x(B/R) = Y. de"** ) y((k + 0)/R).
k>0

If F4 were regular at ¢'!, Lemma 8.4, with shift o, would make this sum O(R™N) for every N >0, a
contradiction. Thus €'’ is a pole of F4. Every finite pole is a g4th root of unity, so

gut — 1 b _ K4
21s S

Taking the least common multiple of the element orders gives (25.10).
For every sufficiently large j, the finite-difference identity [74, (1.97) and Proposition 1.9.2, pp. 85,
87, author’s version] gives

n—1

_1—qfn—1 n—
>+t ( . )mHad =(n—-1)d" 'c.
a=0

The left side is an integer, and the right side is positive. Multiplying (25.6) by d"~! proves the second
identity in (25.11). O

Corollary 25.7. If the quasiperiod d in Proposition 25.6 is odd and squarefree, then R = 1.

Proof. Write (n — 1)!c = ay/b, with coprime positive integers ay, by. Equation (25.11) gives by | d" 1.
Thus by is odd, v,(2by) = 1 < n, and v«(2by) < n — 1 for every odd prime ¢. Apply Theorem 25.2. [

Corollary 25.8. Let M be closed and connected of odd dimension n > 5. Suppose m; = p(j) for every
sufficiently large j, where p is a polynomial of degree n — 1 and positive leading coefficient. Then every
geodesic has the same prime period and R = 1. Exactly one of the following holds:

(1) M is a Zoll smooth homotopy sphere;
(2) M is round real projective space, up to scale.

Proof. Take X, T, x from Theorem 25.2 and put d = 1. Corollary 25.7 gives R, = 1, and (25.10) gives
expl'| k. If k = 1, thenT = 1, so M = X is a Zoll smooth homotopy sphere. If k = 2, Theorem 25.2
makes M round and I nontrivial. Every nonidentity element of T is an involution, hence equals —I
by Lemma 8.2. Thus I' = C,. Both alternatives have a common prime geodesic period, and they are
disjoint because their fundamental groups differ. U
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Corollary 25.9. Suppose (25.1) holds in odd dimension n > 5 and m;(M) = C,, for an odd prime p. If m;
is eventually quasipolynomial with quasiperiod p, then

2
c=———.
p(n—1)!
The same conclusion R. = 1 follows from (25.1) alone when its coefficient equals 2/(p(n — 1)!).

RCI = 13

Proof. With T and k as in Theorem 25.2, |[I| = p is odd, so k = 1. In the quasipolynomial case,
Corollary 25.7, with d = p, gives Ry = 1; equation (25.6) then determines c. If ¢ = 2/(p(n — 1)!), the
same identity gives R} = 1 directly. (]

26. SPECTRAL CLUSTERS ON FINITE COVERINGS AND FLAT BUNDLES

Let X be a closed connected Zoll manifold of dimension n > 2 and common prime period L, and
let T be a finite free isometry group of order q. Put M = X /T and O(T') = {ord(g) : g € T}. For H <T,
write Y = X/H, let Ay be its nonnegative scalar Laplacian, and put Py = (L/27)/Ay.

All representations and function spaces are complex. Write Rg f = fog~". For a finite-dimensional
unitary representation py : I' - U(V), let V* be its complex dual and put

(@ =Trpv(g).  py(g)t=1topy(g)™ (geT, te V)

Define the Hermitian vector bundle

Ev = (X x V)T, g (x, 0 = (gx, py(g)0).

Its smooth sections are the smooth maps s : X — V* satisfying s(gx) = py(g)s(x). The product
connection descends to a flat unitary connection. Denote its nonnegative connection Laplacian by
Ag,, and put Py = (L/27),[A¢,. The action of T on L*(X) ® V* is Ry ® pj(g).

Let f§ € [0, 1) be the scalar quantizer shift on X, modulo Z. For every sufficiently large integer k,
put

by(k) = #{v € SpecPy : |v — (k+ p)| < 1/2}, (26.1)

counting multiplicities. Assigning the finitely many remaining frequencies to nonnegative integer
labels defines Fy(z) = Y150 by(k)z* modulo Q[z]. For d € Zs; and a rational function F whose finite
poles are roots of unity, PP; F denotes the sum of its proper partial-fraction terms at the primitive
dth roots. If F € Q(z), then PP, F € Q(z), since the primitive dth roots form a Galois-invariant set.
This operation vanishes on polynomials.

Lemma 26.1. There is a self-adjoint quantizer
Ax=Px+Qx—-B,  Ox €Y (X),  SpecAx CZs,,

which commutes with Px and every isometry of X. It descends, with the same shift f, to every X /H and
every Ey. For all sufficiently large k, uniformly in H and V, the k-eigenspaces of the descended operators
are the spectral subspaces of Py and Py for the interval (k+  —1/2,k +  + 1/2).

Proof. On scalar half-densities, Px has zero subprincipal symbol. Its Hamiltonian flow has period 2,
and S*X is connected. Move the zero eigenvalue of Px to a positive number below its first positive
eigenvalue. This smoothing perturbation leaves the eigenspaces unchanged. Theorem 1.1 of [15] then
gives a self-adjoint quantizer commuting with Px. Absorb the perturbation into Qx and subtract an
integer from the shift to obtain f € [0, 1). The resulting spectrum is integral.

The operator QxPx has order zero and is bounded. Hence there is C > 0 such that, on every
Px-eigenspace of eigenvalue v > 0,

|Qxul < Cvul.

Every eigenvalue of Ax on that space is an integer within C/v of v — f. For large v, this interval
contains at most one integer. Since Ay is self-adjoint, its restriction is the scalar nearest integer to
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v — . Replace its restriction on each remaining Px-eigenspace by a nonnegative scalar integer. These
eigenspaces are finite-dimensional and smooth, so the change is finite-rank and smoothing. Every
isometry preserves the Px-eigenspaces and hence commutes with the resulting Ax.

Restrict Ay to H-invariant functions, or restrict Ay ® 1 to (L>(X) ® V*)'. The corresponding
Laplacian is the restriction of Ax or Ax ® 1, so functional calculus gives the corresponding restriction
of Px. Choose a covering chart whose distinct translates are disjoint. In its descended correction
kernel, the identity sheet contributes Qx or Qx ® 1; the other sheets contribute smooth kernels. The
correction therefore has order —1 on the quotient or flat bundle. The restrictions remain self-adjoint
and commute with the corresponding P. On the unchanged eigenspaces, tensoring by 1y« preserves
the bound C/v, and restriction cannot increase it. Choose vy > 2C above the changed frequencies,
and choose K above all Ax-eigenvalues on the Px spectral subspace for [0, v ]. For k > max{K, vo+ 1},
the estimate |[v — (k + f)| < 1/2 identifies the k-eigenspaces with the stated spectral subspaces. These
choices are independent of H and V. g

The scalar quantizer on X /H supplied by [15, Theorem 1.1] has the same shift modulo Z. Indeed, if
its shiftis S € [0, 1), comparison along any sequence of Py-eigenvalues v — oo gives dist(fy—f, Z) =
O(v™"). Thus By = B. Its high labels coincide with the descended labels. Every return on X /H lies in
(L/|H|)Z, by lifting the returning tangent vector and applying Lagrange’s theorem. The multiplicity
formula [15, Theorem 1.4] consequently gives, as in Lemma 24.3,

(1 — 2" Fy y(2) € Z[ 2],

In particular these functions are rational, with finite poles only at |H|th roots of unity.

Put Ex = ker(Ax — k) and yx(g) = Tr(R,|Ex). Choose the finitely many initial labels by restriction
from Ay. The kth cluster on £y is then (Ex ® V*)I. The character inner-product formula [24,
Theorem 4.5.1, p. 66] gives

by /pa(k) = |;1| 3 o), (26.2)
geH
by = = ¥ 1w (@ele). (263)
q ger

Here by(k) = dimHomr(V, Ex) and Fy(z) = )15 by(k)z*. For irreducible V, by (k) is its multiplicity
in Eg. The conjugate in (26.3) is the character of V*.

Lemma 26.2. Ford € O(T), put

ra) = > w(g.,  Ra(x) =) rak).

ord(g)=d k>0
Then ry(k) € Z, Ry € Q(z), and every finite pole of Ry is a primitive dth root of unity.

Proof. Let C < T be cyclic of order d, and let C, be its subgroup of order e | d. Let y denote the
arithmetic Mébius function. Since Y’ ¢, xk(g) = edim E,fe, Mobius inversion on the divisors of d
[74, Proposition 3.7.1, p. 303, and Example 3.8.4, pp. 306-307] gives

>, (@)=Y, p(d/e)edimE;".
geC eld
ord(g)=d
Each element of order d generates exactly one cyclic subgroup of order d. Summing over these
subgroups proves integrality and expresses Ry as an integer linear combination of Fx,c,. Thus
R; € Q(z) and its finite poles are dth roots.

Write @, = Gft /G2y @nd let g denote the tangent lift of g to SX. The coefficients of Ty(z) =

Dokso Xi( 2)z" have polynomial growth, since |yc(g)| < dim Eg. Its Abel boundary, parametrized
by z = 7", is the distribution Tr(Rge*“AX ). The finite-rank positive adjustment in the proof of
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Lemma 15.2 commutes with R, and changes this trace by a smooth finite sum. The propagator
theorem and the trace wavefront inclusion [21, Theorem 1.1, p. 43, and equations (1.20)—(1.23), p. 44]
therefore apply. Composition with the canonical graph of R, shows that the twisted trace can be
singular at t only if

dw=3" for some v € SX.

If g has order d, this equality implies dt = 27ra for some a € Z. If r = ged(a, d) > 1, then

/g\d/ r
contradicting freeness. Thus, for d > 1, t/(27) = a/d in lowest terms; for d = 1, t € 2xZ. The
twisted trace is smooth at every other time. The Abel boundary of R; is the sum of these traces over
the elements of order d. It is smooth at every nonprimitive dth root. A pole on the unit circle has a
singular Abel boundary, by the calculation in Lemma 8.4. Such poles are therefore absent. O

V= q>727m/rv =70,

Theorem 26.3. Let H < T be a union of complete element-order classes, and write
H={geT : ord(g) € Dy}.

Then
q

] > PPyFy  (mod Q[z]). (26.4)

dEDH

Fx/p =

In particular Fx = qPPy Fy. ForT = Cy and its subgroup Hy, of order h | g,

Fx/m, = 4 S PPy Fy (mod Q[z]). (26.5)

h dlh
Proof. Equation (26.2) gives Fy; = ¢! 2.4eo) Ra- The finite pole sets in Lemma 26.2 are pairwise
disjoint, so
Rq = gPPgFy (mod Q[2]).
Since H contains every element of each order in Dy, averaging over H gives (26.4). For H = {1}, one

has Dy = {1}. In C, the subgroup of order & consists exactly of the elements whose orders divide h,
giving (26.5). .

Theorem 26.4. Let V be a finite-dimensional unitary representation of I' whose character is constant on
each complete element-order class: yy(g) = vq when ord(g) = d. Thenv, € Z, and the cluster character
of the flat-bundle Laplacian on Ey satisfies

Fy = Z vgPP; Fy;y  (mod Qlz]). (26.6)
deO)
ForT = Cq =(g) and e | q, put
We = @ Xa/es )(a/e(g()) = eZm‘a/e‘

a mod e
(a,e)=1

Then
Fw,= Y. c(q/d)PPyFy (mod Q[z]),  c(j)= ), €™/ (26.7)
dlq amod e
(a,e)=1

Proof. Let N be the exponent of T, and put {y = ¢?7/N. The eigenvalues of py(g) are Nth roots of
unity, so yy(g) is an algebraic integer in Q({x). For (a, N) = 1, the Galois automorphism {y — (g
sends yy(g) to yv(g?). The elements g and g¢ have the same order, so every vy is fixed by the Galois
group. Hence vy € Q, and a rational algebraic integer is an integer [24, Propositions 5.2.4-5.2.5,
pp- 94-95]. In particular v; = vg. Grouping (26.3) by element order gives Fy = g~ Y. ;v4R4, and the
preceding partial-fraction identity proves (26.6).
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For an element g/ of order d, ged(j,q) = gq/d. Since e | ¢, ged(j,e) = ged(ged(j, q).e) =
ged(q/d, e). The Ramanujan-sum identity [71, Section 2, equations (2.3) and (2.7)]

c()= D, rule/r)

rlged(e.j)

therefore gives yw.(gl) = c.(q/d). This proves (26.7). Changing the generator g, permutes the
primitive characters modulo e, so the isomorphism class of W, is unchanged. 0

Corollary 26.5. Within the class of free cyclic Zoll quotients of odd order, the scalar spectrum determines
L, q, and B, and therefore the eventual cluster ranks of every corresponding intermediate cover and every
representation W, in Theorem 26.4.

Proof. Proposition 24.6 determines L. Since O(C,) is the set of divisors of g, equation (15.1) gives
Z(M) = (L/q)Zso. Theorem 24.1 determines its least positive element £, and hence g = L/ .
For any sequence of scaled scalar frequencies v; — oo, the common quantizer gives

eZm vj eZmﬂ )

This determines f € [0, 1) and the eventual coefficients of Fy;. Apply Theorems 26.3 and 26.4. g

For round lens spaces, Lauret [55, Theorem 4.3 and its proof, p. 15] proves that scalar isospectrality
passes to corresponding intermediate covers. His proof separates the generating function by primitive
orders of finite poles. For I' = C, and e | g, the characters trivial on Hy/, are precisely the summands
of Wy with f | e. Frobenius reciprocity [24, Theorem 5.10.1, p. 107] gives, with the common labels
chosen above,

FX/Hq/E = leFWf
e

Mobius inversion therefore gives equality of the sequences for W, whenever the corresponding cover
sequences agree for all divisors of q. In the round case, this is a consequence of Lauret’s theorem.
Equations (26.4) and (26.6) hold for eventual cluster ranks on free Zoll quotients, for the subgroups and
characters specified above. The polynomial ambiguity leaves finitely many initial ranks undetermined;
the eigenvalue locations inside each cluster are not determined by these formulas.

27. EXACT DEFICITS IN NORMALIZED PRIME QUOTIENTS

Let m > 2 be an integer, put n = 2m + 1, and let p > 5 be prime. Choose a € Z with a # 0,1, -1
(mod p), and let Q = L(p; 1™, a) have the unit round metric. Suppose

M=X/Cp, (27.1)

where C), acts freely by isometries on a smooth homotopy n-sphere X with common prime period
27 and Vol(X) = Vol(S"). For s € R, write ¥¥(M) for the pseudodifferential operators of order s and
type (1,0). Suppose also that

Py=+Ay+m?2=A+B, SpecACZ, Be¥ (M), (27.2)
where A is self-adjoint and strongly commutes with Py;. Let Py = \/Ag + m?. For k € Z, put
ar = dimker(A — k), gk = dimker(Pp — k), dr = ar — k.

All frequency lists are counted with multiplicity. Put E,(R) = E,(R; Spec Py, Spec Pp), as in Defini-
tion 1.1, and set Rx = m + K + 1/2 for K € Z>,. For a polynomial f, define A, f(¢) = f(t + p) — f(¢).

Theorem 27.1. Under (27.1)—(27.2), dy is eventually quasipolynomial with quasiperiod dividing p and
degree at most n — 2. For every fixed 0 < n < 1, the sequence E,(Rx) is eventually quasipolynomial in K,
with quasiperiod dividing p. For 0 < r < p, let D, € Q[t] satisfy dy = D,(k) for all sufficiently large
k =r (mod p). Precisely one of the following holds:



96 ANASS NIFA

(1) Every D, is zero, and E,(Rg) is eventually constant.

(2) Some D, is nonzero. Put D = maxp,( deg D,. The constants c, = AIL,)Dr are integers, and

p—1
_ D+1 D _ Yr—o lCr]
E,(Rk) = CRg" + O(Rg), C= 7pD+1(D Y > 0. (27.3)

In this caseliminfg E,(Rx)/Rgx > 1/p.
Proof. Apply Lemma 24.3 to M. Since

Py — Ay = m* (P + Ay € ¥ (M),
its quantizer can be written
A=Py+0-p  Qe¥i (M),

where Q strongly commutes with Py;. The multiplicities of A are eventually quasipolynomial with
quasiperiod p and degree at most n — 1. On a Pys-eigenspace of eigenvalue v, boundedness of BPy,
and QP gives corrections of norm O(v ™). The nearest-integer argument in the proof of Lemma 26.1
makes both A and A scalar on every sufficiently high such eigenspace. Their integer eigenvalues
Uy, v, satisfy

u, —v, = pf+0(™).

Letting v — oo gives € Z, and then u, = v, + f for all sufficiently large v. Thus S = A — (A+p)is
finite-rank and smoothing, and B = —§ — S € ¥;'(M). Moreover, a; = dim ker(A — (k — B)) for all
large k. For Q, Lemma 8.1 makes P an integer quantizer; the same comparison applies with B = 0.
Hence ayg, g, and dy are eventually quasipolynomial with quasiperiod p and degree at most n — 1.
Since dj € Z, interpolation at n sufficiently large indices in each residue class gives D, € Q[¢].

Since p is odd, Proposition 24.6 gives the least global period 27 for both M and Q. The fixed-
component argument preceding (25.4) in the proof of Lemma 25.1 gives one leading coefficient on
all residue classes for each multiplicity sequence. Let w, be the Euclidean unit-ball volume, and put
¢z = nw, Vol(Z2)/(2x)" for Z € {M, Q}. The Weyl law for Ay + m? [42, Theorem 1.1, p. 194] then
gives

ar = cpk™ 1+ O(k"2), qx = ch"_1 + O(k"?).

Since Vol(M) = Vol(X)/p = Vol(§")/p = Vol(Q), one has ¢y = cg. Thus dy = O(k"?), and each
D, has degree at most n — 2.

The bounded operator B = Py; — A is self-adjoint and commutes with A. Since BA € ¥°(M) is
bounded, there is Cy > 0 such that

Spec(Plker(a—k)) € [k — Co/k, k + Co/k]

for all sufficiently large positive k. Choose ky € Z( so that this inclusion holds and Cy/k <
min(z, 1 — n,1/4) for every k > ko. Every frequency in this cluster lies within 5 of k and at distance
at least 1 — Cy/k > n from every other integer. Thus its largest matching with the reference spectrum
has min(ay, gx) pairs.

Every frequency with A-eigenvalue below kj is less than ky + |B|, so only finitely many such
copies occur. Choose an integer

ki > max{m, ko + |B| + n + 1}.

No matching pair joins a Py-frequency whose A-eigenvalue is below k; to a reference integer at
least ki, or conversely. For A-eigenvalues at least k, this follows from the preceding separation; for
the remaining frequencies, it follows from the choice of k;. For k > ki, all frequencies in the kth
cluster are below Rx when k < m+ K, and above Rx when k > m + K. Let e,y € Z>, be the matching
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deficit between the finite multiset of Py;-frequencies with A-eigenvalue below k; and the reference
frequencies below k;. Each later cluster has deficit ax + gx — 2 min(ay, gx) = |dk|. Therefore

m+K

E,(Rk) = eyo+ Y. |dil (27.4)
k:kl

for all sufficiently large K.

Each nonzero D, has a constant sign for all sufficiently large positive arguments. Hence |dj| is
eventually quasipolynomial with quasiperiod p. By [74, Proposition 4.4.1, p. 546, author’s version],
its generating function differs by a polynomial from a proper rational function whose finite poles are
pth roots of unity. Multiplication by (1 — z)~! gives the generating function of the partial sums and
introduces no other finite poles. After removal of its polynomial part, the same proposition gives
eventual quasipolynomiality of these partial sums. Translation of the index by m and subtraction of
the finitely many initial terms give the assertion for (27.4).

If every D, vanishes, the sum is eventually constant. Otherwise let y, be the coefficient of degree
D in D,. The finite-difference formula [74, (1.97) and Proposition 1.9.2(b), pp. 85 and 87, author’s
version], applied to the integer-valued tail in each residue class, gives

¢, = D!pPy, e Z.

Suppose first that D > 1, and let G(z) be the proper rational part of Y-, dxz*. By [74, Proposi-
tion 4.4.1], its poles are pth roots of unity, with maximal order exactly D + 1. Its coeflicients agree
with dy for all sufficiently large k. Lemma 22.1, with ¢ = p and d = D + 1, therefore gives

"iﬂ >yl

oD+ 1)(m + KP4+ o(KP).

Since m + K = Rx —1/2 and y, = ¢,/(D!pP), this proves (27.3). If D = 0, counting the indices in each
residue class gives

EU(RK) =

er|cr|RK + O(l),

which is the same formula. At least one c, is a nonzero integer, so C > 0. For D > 1, the quotient by
Rk tends to infinity. For D = 0, it tends to )., [¢,|/p > 1/p. O

Corollary 27.2. Within the class (27.1)—(27.2), the following are equivalent:

(1) for one0 < n < 1 and a sequence K, — o0, E;(Rk,) = o(Rk, );

(2) ax = qx for all sufficiently large k;

(3) for every fixed € > 0, Ec(Rx) = O.(1).

The first condition can equivalently be replaced by lim infx E,(Rg)/Rx < 1/p for one0 < n < 1.

Proof. Theorem 27.1 gives the second condition from the first and from the displayed liminf bound.
Under the second, fix € > 0 and take k sufficiently large that Cy/k < min(e, 1/4). The clusters have
equal ranks and lie wholly on the same side of each cutoff Rg. Pairing within each cluster leaves only
finitely many copies unmatched, which proves the third. Taking € = 1/2 gives the first. Under the
second, the displayed liminf is zero. g

For each sufficiently large k, let by ;, 1 < j < ay, be the eigenvalues of B on ker(A — k), counted
with multiplicity. Then |by j| < Cy/k, uniformly in j. The corresponding scalar Laplace eigenvalues
Ak,j satisfy

Ay =Kk —m? +2kbe;+ bE;, Ay — (A* —m®) = 2AB + B* € ¥y(M).

Changing finitely many integer eigenvalues in a common eigenbasis of A and Py leaves ay = gy for
all large k unchanged and alters B by a finite-rank smoothing operator.
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For finite subgroups of a compact connected semisimple Lie group, Lauret—Miatello prove rational-
ity of multiplicity generating functions and finite determination along each fixed string of irreducible
representations [56, Propositions 2.2 and 3.1, pp. 4 and 6-7, arXiv version 2]. If q is the least common
multiple of the orders of two finite subgroups, their Corollary 3.2, pp. 7-8, gives equality at every
label of the string when the set of unequal labels has upper density less than 1/q. For two compact
orientable real hyperbolic manifolds of the same dimension, Kelmer proves scalar isospectrality when
the cumulative absolute multiplicity discrepancy up to spectral parameter T is o(T) [50, equation (0.1)
and Theorem 1(1), pp. 3—4, arXiv version 2].

28. EQUIVARIANT SPECTRAL COMPARISON NEAR THE ROUND METRIC

Let m > 2 be an integer, put n = 2m + 1, and let gy be the standard round metric of curvature one
on S". A normalized Zoll metric is a smooth Riemannian metric whose unit-speed geodesics have
prime period 2. Operators in this section act on complex half-densities. For a diffeomorphism h, put
Ry = (h™1)* on half-densities. Put

Py =(Ag+m?)2  Py=(Ag +mH)2
Their principal symbols are

pg(x, &) = g1 (£, ), Po = Pg-

The spectrum of P is m + Z>,, with the harmonic multiplicities of Lemma 8.1. The canonical and
Fourier integral comparison for Zoll metrics on S? appears in [88, Section 3, equations (3.6)—(3.8)].

Theorem 28.1 (Equivariant Zoll spectra). There is a C* neighborhood U, of gy with the following
property. Let g € U5, be a normalized Zoll metric, and let H C O(n + 1) be a finite group preserving g.
There is a unitary H-equivariant Fourier integral operator U of order zero such that

U*P,U = P, + K, K =K*"e ¥ '(s"). (28.1)

There are C; > 0 and an integer kg such that, for every integer k > kg, the spectral subspace of
Py in (k —1/4,k + 1/4) is isomorphic to ker(Py — k) as an H-module, and its eigenvalues belong to
[k — Cg/k,k + Cg/k]. These intervals contain every sufficiently large eigenvalue of Pg.

IfH acts freely, write My = (S", g)/H and My = (S", go)/H. For fixedn > 0 and N € Z,,

Ey(m+ N+ L (A, +m®Y2 (Aygy + m*)V?) = 0g,(1) (N — o). (28.2)

The neighborhood U, is independent of H. For fixed g, the operator U and the constants Cg, ky may also
be chosen independently of H.

28.1. The geodesic circle action. Identify the round unit tangent bundle with
Y={Z=[xv]eR™D2 . 7Tz -},
Put

R, = <cost — sin t) , D =diag(1,-1), p(Z)=2D,

sint cost

and write il\(Z) = hZ for h € O(n+ 1). Let Gfg be the geodesic flow on the g-unit tangent bundle.
Identify the two unit tangent bundles by

v
ve(x,0) = | x, — |, rt =v1Glv,.
¢ < \/gx(v,v)> £8 e

Thus T4(Z) = ZR;.
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Lemma 28.2. For a normalized Zoll metric g sufficiently close to gy in C?, the map

By(Z) = i /0 ” T'(Z)R_;dt,  Ry(Z) = By(Z)(By(2) By(2)) '/ (28.3)
is a diffeomorphism of Y, and
RIY =TiR,  Rgp=pR,  Rgh=hR; (heO(n+1), h'g=g).
Both Ry and Rg_1 tend to the identity in C' as g — go in C2.

Proof. On the compact unit tangent bundle, the coefficients of the geodesic vector field depend on the
metric and its first derivatives. The first variational equation depends on its second derivatives. The
integral equations for the flow and its differential, followed by Gronwall’s inequality on [0, 27], give
sup [Ty —Toler < Calg — golle
0<t<2m

in a fixed neighborhood. Hence B, — Id in C*. The polar retraction r(Z) = Z(Z"Z)"'/? is smooth on
the full-rank matrices and satisfies

r(AZQ) = Ar(2)Q (Ae O(n+1), Q€ 0(2)).

It follows that R, is C'-close to the identity.

Since Y is compact and has no boundary, the diffeomorphisms form an open subset of C!(Y, Y)
[41, Chapter 2, Theorem 1.6, p. 38]. Thus R, is a diffeomorphism for g sufficiently close to gp. Its
inverse tends to the identity in C!, by D(R;,l) = (DRy - Rgl)*l.

Periodicity gives

1 27m+s
By[}2) = /s T“(Z)R_, duR, = By(Z)R.

t
g
Bg(pZ) = Bg(Z)D. An orthogonal isometry common to g and gy commutes with v, and I“fg; hence

Reversibility gives I, p = pl"gt. Since DR_; = R;D, changing ¢t to —t in the circle integral gives

Bg(;z\Z ) = hBg(Z). The polar retraction proves all three identities. None of the estimates depends on
the common isometry. g

28.2. Strict contact and homogeneous Hamiltonian conjugacy. Let 6 be the tautological form on
T*S", and take 1x,d0 = —da. Define

[ &) _
1g(x,v) = <x, W), ag = ,0.

The Reeb flow of ag is T'y: on {pg = 1}, Euler’s identity gives 0(X,,) = 1, while dp, vanishes on the
tangent space of this hypersurface.

Lemma 28.3. After restricting U, there is a homogeneous Hamiltonian isotopy x; on T*S™ \ 0 such that
Ko =1, ngK'lzpo, K?QZQ.

It commutes with all common orthogonal isometries and with j(x, &) = (x, —£). Its generators are real,
homogeneous of degree one, invariant under the common isometries, and odd under ;.

Proof. Put f = (Rgl)*ag and n = f — ao. Let Ty = 9,T§|,_, be the round Reeb field. The two forms
have Reeb field T;. Thus

n(Ty) =0, i7,dn =0, Lg,n=0.

They are invariant under the common isometries and change sign under p. For 0 < s < 1 the forms
as = ap + sn are contact in a sufficiently small neighborhood and satisfy

ay(Ty) =1, ir,das = 0.
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The Moser isotopy in the proof of [1, Proposition 3.2], with equal periods, is the flow B; of the uniquely
determined vector field

ag(Ys) =0, y,das = —1.

It satisfies Bjas = a. Uniqueness makes Y;, and therefore B, commute with the round flow, the
common isometries, and p; for the last symmetry both da; and 1 change sign. The map ¥ = R;Bl
satisfies /" ag = ap. Define

k(ri(2)) = rig(y2), r>0.

The tautological forms in these coordinates are rag and rag, respectively. Thus k"0 = 0 and pgok = py.
The second variational equation contains derivatives of the geodesic field of order at most two, hence
metric derivatives of order at most three. The C* metric bound therefore gives C? closeness of Ry.
Substituting df = (Rgl)* dag in the defining linear system for Y, gives C' closeness of Y; to zero,
uniformly in s. Hence x is C!-close to the identity on compact cotangent annuli.

The Lagrangian neighborhood theorem identifies nearby symplectic maps with closed one-forms
[7, Theorem 4.19 and Corollaries 4.20-4.21, p. 49, author’s version]. For nearby x, y € S", the round
metric gives a unique midpoint q and a small u € T,S" such that

x = expg"(—u), y = exp‘go(u).

This is an O(n + 1)-equivariant coordinate map near the diagonal. Write k(x, ¢) = (y, v). The graph
of k, regarded in T*(S" x S™) with covectors (—¢, v), is Lagrangian. Pull its tautological form back to
these midpoint coordinates and write it as A; dg’ + B; du'. Set {; = B;/2. Subtraction of d(2{;u’) gives

A,’ dql - Zui dgl

This is the canonical form on T*(T*S") with base (g, {) and fiber (A, —2u). Both the original tautolog-
ical form and the differential of the pairing 2{;u’ are intrinsic, so this symplectic map is independent
of coordinates. The diagonal corresponds to the zero section. The transformed graph of « is the graph
of a small closed one-form o on T*S™ \ 0. Projection to (g, {) is a local diffeomorphism by the inverse
function theorem. All norms and cospheres in this construction are for g;. On the unit cosphere, the
angular part of this projection is a C!-small perturbation of the identity and hence a diffeomorphism.
Its radial part is multiplication by the positive function |{|/|£|. Homogeneity therefore makes the full
projection a diffeomorphism of the punctured cotangent bundle.
For fiber dilation &, and its generator E, homogeneity implies ;0 = ro. Hence

o = d(c(E))

by Cartan’s formula. Replace o by to and invert the midpoint construction. Both projections of
each inverse image, to the input covector (x, &) and to the output covector (y, v), have angular
part C!-close to the identity and positive radial factor, uniformly for 0 < ¢t < 1. Hence both are
global diffeomorphisms. The resulting Lagrangians are therefore graphs of homogeneous symplectic
diffeomorphisms k;. Every such map satisfies

k;0 = k;(1gd0) = 1gx;d0 = 0.

All maps are equivariant under the common orthogonal group. Simultaneous reversal of &, v leaves
q, u unchanged and negates A, B, so j*¢ = —o; this remains true for to. Thus k;j = jk;. Finally, for
W; = k:k; 1, set G; = O(W,). Differentiation of ;0 = 0 gives i1y,d0 = —dG,. Homogeneity gives
degree one; the stated invariance and oddness follow from the symmetries of W; and 6. ]

28.3. Quantization through the subprincipal term.

Proposition 28.4. Let H C O(n + 1) be a compact subgroup preserving g. Suppose a homogeneous
Hamiltonian isotopy x;, with ko = I, is generated by real degree-one functions G,;, commutes with H,
and satisfies pg o k1 = po. Then (28.1) holds.
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Proof. Since G; has degree one, G; = 0(k;x; ') by Euler’s identity. The cotangent lifts of H preserve
0, so G, is H-invariant. Choose a smooth family of formally self-adjoint operators A; € ¥Y, on smooth
half-densities, with principal symbol G; and subprincipal symbol zero. In half-density coordinates,
take real Weyl quantization after multiplying G; by a smooth frequency cutoff that vanishes near zero
and equals one for large frequencies. A real partition }; ij = 1 and the sum )}, y;A, ;x; preserve
both symbols: the two Poisson terms involving y; cancel. Averaging R A;R; "' over H with its Haar
probability measure makes the operators H-equivariant without changing those symbols or formal
self-adjointness. Conjugation by an orthogonal map is continuous in each classical symbol seminorm.
Compactness of O(n+ 1) therefore bounds these seminorms before and after averaging, independently
of the subgroup.

Solve 0,U; = —iA;U;, Uy = I. The first-order evolution and Sobolev energy estimates of [79,
Section L5, equations (5.1)—(5.8)] apply on the compact time interval. The homogeneous flow is
complete there: |Xg, po| < Cpo gives e Cipy < py o k; < e“py, and the angular variables lie in the
compact cosphere. For smooth half-densities u, v, differentiation gives 9,(U;u, U;v) = 0. By density
U; is an isometry on L?. The backward equation supplies its inverse, so U; is unitary. Uniqueness
makes it commute with every Ry,.

The scalar Cauchy propagator construction [27, Section 2.1, equation (6)], with A = —G;, gives a
Fourier integral operator of order zero associated with ;. Since A; is classical, the homogeneous
transport equations give classical amplitudes. Near the characteristic relation 7 + G; = 0, where ¢ # 0,
the spacetime symbol satisfies d,(7 + G;) = 1. Thus the initial hypersurface is noncharacteristic for
the transport equations [22, Theorems 5.3.1-5.3.2]. The local propagators compose over [0, 1]; the
Sobolev estimates and the Duhamel formula identify their composition with U; modulo a smoothing
operator.

Let B € ¥},(S™) have principal symbol b and subprincipal symbol s. The scalar Weyl product gives

o1(i[As, B]) ={G, b}, sub(i[A;, B]) = {G;, s}.

The next odd Weyl-product term has degree 1 + 1 — 3 = —1. Egorov’s theorem [79, Theorem 1.6.1
and equation (6.16), pp. 20-21] gives U;BU;" € ¥},. Put b; = 01(U;BU;") and s; = sub(U;BU;"). Since
0:(U;BU}) = —i[As, U;BU;] on smooth half-densities,

9¢tby +{G;, by} = 0, 9¢st +{Gy, st} = 0.

Their initial values are b and s; hence b; = b o k;! and s, = s o x;!. Equivalently the inverse
conjugation has symbols b o k; and s  k;. Lemma 20.6 gives sub(Pg) = sub(P,) = 0 on half-densities.
Hence Uj P, U; — Py has order —1. The propagators preserve every Sobolev space, so the two order-one
operators have the same domain H'. Their bounded difference is self-adjoint. Take U = Uj. g

28.4. High eigenspaces and quotient multiplicities.
Proof of Theorem 28.1. The common orthogonal isometry group
I,=theO(n+1): h'g =g}

is closed in O(n + 1) and hence compact. Apply Lemma 28.3 and Proposition 28.4 with H = T. The
resulting operators U, K commute with every subgroup of 7. The neighborhood and these operators

are independent of the chosen finite subgroup H. Put B; = Py + tK and C = ||P(} 2k P(} / ?]. Then
Py— CPy' < B, < Py + CP;! (0<t<1).
Lemma 20.5, with the displayed common form bound, gives uniformly in ¢ the ordered estimate
|Ai(By) = A;(Po)| < C/A;(Po)

for all large j, without an index shift. The finitely many remaining eigenvalues are bounded uniformly
in t, since |tK| < |K]. Thus there is an integer k, such that the high spectrum lies in disjoint intervals
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[k —C/k,k+ C/k] C (k—1/8,k+1/8) for k > kg. The resolvent identity makes the finite-rank
orthogonal projections IT; x = 1(j—1/4 k+1 /4)(Bt) norm-continuous in ¢.

Each I,y commutes with H. Lemma 1.4 identifies its representation with that of ITo x = 153(Po).
The unitary U transfers this identification to P.

For a free action, let 7 : S® — S"/H be the quotient map. The unitary map |H|["'/27* identifies
quotient eigenspaces with invariant subspaces upstairs. Choose an integer L > k, such that C/L < n.
Equal invariant multiplicities match every quotient frequency in a cluster with label k > L to its round
integer center. The cutoffs m + N + 1/2 include the same labels on both sides. The total unmatched
multiplicity is at most

rank 1(_co 14+1/4](Pg) + rank 1(_co 1+1/4)(Po).
This finite bound is independent of N and H, and proves (28.2). (]

Remark 28.5. The functions p; = pg o k; ' associated with Lemma 28.3 are positive and homogeneous

of degree one. They need not be Riemannian dual norms, and their Hamiltonian generators G; need
not be positive. Theorem 28.1 holds for each normalized Zoll metric g € U,. For the invariant family
of Proposition 28.6, the cluster bounds are uniform on [0, 1]; the metrics need not belong to V.

28.5. Invariant families of Zoll metrics. Let p and a be as in Section 27.

Proposition 28.6. Fix a free smooth C,-action on S*™*', m > 2, which is linear with weights (1, .., 1, a)

for the unit round metric. Suppose gs, s € [0, 1], is a smooth family of invariant Riemannian metrics
with gy the unit round metric, such that every prime geodesic of every g has length 2. Put M =
($m*+1, g,)/Cp and Py = \[Ag, + m?, and put Qs = \JAy, + m?. For k € Z, the kth cluster is the spectrum
in (k —1/4, k + 1/4). There are an integer Ky and C > 0, independent of s, such that for every integer
k > Ky:

(1) every frequency of Py in the kth cluster differs from k by at most C/k;

(2) the C,-module carried by that cluster is isomorphic to ker(Py — k);

(3) the quotient cluster multiplicity on M; equals that on M.

These clusters contain every frequency above Ky — 1/2. Consequently, for each fixed n > 0, the quotient
frequencies admit matchings at the cutoffs Rk = m+ K + % K € Z,, satisfying

En(RK; Qs, Qo) = Or](l) (K — o0),
uniformly in s € [0, 1].

Proof. The half-density Hilbert space and the operators Ry, h € C,, are independent of s. The
complex-power construction in Lemma 20.6, applied with the parameter s, makes s — P; smooth in
V. Its scalar subprincipal symbol vanishes, and its Hamiltonian flow has period 2. Formula (20.5),
with By = 0, gives oo(e?™Fs) = p;, where p; is the Maslov factor. Under radial identification with
Sg,S", this fourth root of unity is locally constant on the connected space [0,1] x S5 S". At's =0
the frequencies are the integers k + m, so p; = po = 1. Put p; = p, and Uy(t) = €. The local
Fourier integral construction [22, Theorems 5.3.1-5.3.2] applies near 7 — ps = 0, since 9.(7 — p;s) = 1.
The transport equations and their asymptotic sums may be solved smoothly in s on a finite cover of
[0,1] x [0, 27r] x S S™ by nondegenerate phase charts. The resulting parametrices V(1) satisfy

F(t) = (9, — iP,)Vi(t) € ¥, FQ=V,(0)-Te¥ ™,
with kernels smooth jointly in the parameters and the two spatial variables. Duhamel’s formula gives

Uy(t) — V() = —U,(t)F? — / t Uy(t — w)Fy(u) du.

0
The Sobolev estimates [79, Section 1.5, equations (5.1)—(5.8)] are uniform in s, ¢. Differentiate the
evolution equation on smooth half-densities. For every j, £ € Z> and r € R, the derivatives extend to
bounded operators 939tUs(t) : H'*/*! — H", uniformly in s, t. Every parameter derivative of the
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right-hand side of Duhamel’s formula therefore maps H™" to H" for every r > 0, with norm bounded
uniformly in s, t. Hence Uy(t) — V(t) is smooth in s, t with values in ¥~%. At t = 27 the canonical
relation is the diagonal and the principal symbol is p; = 1. Therefore

™ = 1+ R, R, € ¥ !

cl >

and s — R, is smooth in this class.
The order-zero family R,P; has uniformly bounded L? operator norm, say at most Cy. For an
eigenvector with frequency g,

|27 — 1] < Co/ .

If d = dist(y, Z) < 1/2, then |e?™ — 1| = 2sin(rd) > 4d. Hence d < Cy/(4y). Choose K large
enough that all frequencies above Kj, — 1/2 lie in disjoint intervals (k — 1/4, k + 1/4) and satisfy
|t — k| < C/k. Increase K; so that C/K, < 1/8.

For each such k, let I x be the Riesz projector onto (k — 1/4, k + 1/4). Its contour is uniformly
separated from the spectrum. The family P; is smooth as a map H! — L?; elliptic estimates and the
resolvent identity therefore make II;x norm-continuous in s. It commutes with the fixed C,-action.
Lemma 1.4 proves equality of the cluster representations and of their invariant multiplicities.

Match all copies in each quotient cluster with the copies of the round frequency k. If k >
max{Ky, C/n}, all match errors are at most 1. The whole-cluster cutoffs include the same labels on
both sides. Compactness of the metric family gives uniform upper and lower bounds for the metric
tensors and their volume densities. The Rayleigh quotients and the min—max principle therefore give

Aj(Ag) > cAj(Ag,) (sefo,1], j >0)

with ¢ > 0 independent of s, j. The number of frequencies below any fixed bound is consequently
bounded uniformly in s. The quotient multiplicity is at most the corresponding multiplicity upstairs.
Leaving the remaining low frequencies unmatched gives E;(Rk; Qs, Qo) = Oy(1) uniformly in s. [J

29. INTEGRAL TOPOLOGY OF ORDER-THREE RETURNS

29.1. The geodesic circle. Let X*™*! be a closed smooth homotopy sphere with Riemannian metric
g, where m > 2 is an integer. Let d be its distance. Suppose that every unit-speed geodesic has prime
period 2. Write E = SX, let G; denote geodesic flow, and put

p:E—G=E/S', n:E—X.
The action of R/(27Z) on E is free. The canonical contact form is

Aa)(§) = g, drd).

There is a symplectic form w on G with p*w = dA. Give G its symplectic orientation. Let e € H (G 72)
be the Euler class with the positive convention of Section 12; thus eg = [w/(27)]. Proposition 12.3
gives Vol(X) = Vol(§2™*1).

Lemma 29.1. There are integral classes x, y such that
H*(E;Z) = Z{1, x, y, xy), Ix| =2m, |yl=2m+1, x*=y*=0,

where y = m*ux for an oriented generator ux of H*"*'(X; Z). The integral cohomology of G is torsion-
free. Its odd groups vanish. For 0 < j < 2m, the group H?/(G; Z)) has rank one, except when j = m, when
it has rank two. The class e™ is primitive, and

(e, [G]) = 2. (29.1)

Every odd-order isometry of X acts trivially on H*(G; Z). In the Borel spectral sequence of the geodesic
circle action,

dyy = +2ux, u e H*BSY:Z) a generator. (29.2)
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Proof. The sphere-bundle computation in Lemma 13.5 gives the ring H*(E; Z) and the stated class
y. Lemma 12.1 gives the cohomology of G and the primitivity of ™. Proposition 12.3 and (12.2)
give (29.1). The odd-order action is determined in Lemma 13.3, and the integral transgression is
Lemma 13.5. (]

Lemma 29.2. Let q be an odd prime and let h generate a free isometric action of Cq on X. Denote its
tangent lift by h and its induced map on G by h. For c € F, set

F. = Fix(h'Gypesq)s  Be=F./S.

The return map is independent of the integer representative of c, since G, = I. Every nonempty F is a
connected closed contact manifold and a mod-q cohomology sphere. If dim F. = 2d, — 1, then

H*(Be; Fy) = Fylec]/(ef),

where e, is the restriction of e reduced modulo q. Moreover,

Fix(h : G- ¢) = | | B..

c#0

Reversal interchanges F, and F_., and

> de=m+1. (29.3)
{e,—c}: Fe#0

Proof. The lift h preserves A and commutes with G;. Put k = F, and retain x, y for their reductions
modulo g. The action of St x Cqyon H *“(E; k) is trivial. Let u also denote the pullback of the reduction
modulo q of the class in (29.2). The product-action transgression in the proof of Proposition 13.6 gives

dyy = +2ux, dox = 0.

Let A, C S' x C4 be generated by (e27i¢/4, h=1), Its action is generated by K, = il\*le,[c/q. Choose
w € H?(BA.;Kk) so that ulga, = cw, and choose a generator € € H'(BA.; k). Then H*(BA; k) =
k[w] ® A(e), and restriction gives d;y = +2cwx. Over k(w) this coefficient is invertible, x is a
boundary, and xy is a cycle because x? = 0. The third page has basis

1, xy, € €xy

where |¢| = 1 and €2 = 0. Lemma 13.2 therefore gives 2 bj(FsFy) <4

For a K -invariant auxiliary metric, the fixed set is a closed submanifold with tangent space
ker(dK. — I) [51, Chapter II, Theorem 5.1, p. 59]. The homogeneous cotangent extension of K,
is symplectic, has finite order, preserves |¢|,, and commutes with fiber dilations. The fixed-cone
argument of Section 10.1 makes every nonempty component of F, a closed oriented contact manifold
of positive odd dimension. Each contributes its degree-zero and top cohomology to the preceding
bound. Hence F, is connected and has no intermediate mod-q cohomology. The Gysin sequence of
its free geodesic circle action gives the ring H*(B.;Fy) = Fy[e.]/ (ed), including d. = 1 when B, is a
point.

On a circle fiber above Fix(h), the map h is a rotation. Its angle depends continuously on the base
point in a local bundle trivialization. Since h9 = I, that angle belongs to {27rc/q : ¢ € Fy} and is
locally constant. The value ¢ = 0 would give a fixed point of # on X. Thus Fix(h) = [],., B.. The
identities JG; = G_;J and JE = E], for J(x,v) = (x,-v), give J(F.) = F_. and, when F. = @, d. = d_.

Give G a h-invariant Riemannian metric by averaging. The Lefschetz formula for an isometry [51,
Chapter II, §5, p. 63] gives L(h) = y(Fix(h)). Lemma 29.1 and the cohomology of B, therefore give

2m+2= ) y(B)= ). d.

c#0 c#0
F.#® F.#®

Division into reversal pairs proves (29.3). (]
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29.2. The short return families. Let h be a fixed-point-free isometry of exact order three. Write h
and h for its induced maps on E and G, respectively, and put

2 ~ ~
0= ?” F, = Fix(h"'G,),  F.=Fix(h"''G_;), B, =F,/S\.
Since h has prime order, its action on X is free. Put e, = e|p, € H 2(B.;Z), and denote their reductions

modulo three by é..

Theorem 29.3. The sets F, and F_ are connected closed contact manifolds of dimension 2m + 1. They
are interchanged by (x,v) — (x,—v), and

H*(F;F3) = H(S™™ ™, F;),  H*(By;Fs) = F[e.]/(er™).

Moreover,
Fix(h : G —> G) =B, UB_. (29.4)

Each evaluation map F. — X has integral degree prime to three. In particular it is onto, and
2
d(x, hx) = d(x, h*x) = ?” (x € X). (29.5)

Proof. For g = 3 the only possible nonzero phases are 1 and —1. Lemma 29.2 gives precisely one
reversal pair, and (29.3) gives d; = m + 1. This proves the statements about dimensions, cohomology,
and the fixed set.

The deck action on F, is free, since evaluation maps it equivariantly to the free action on X. On
F, it equals the contact flow G; on X its degree has odd order in {1, —1}. Both actions therefore
preserve orientation. For Z = F, X, let n; € H 2m+2(B(Cs3;F3) be the Euler class of its Borel fibration
with the chosen orientation. These fibrations are Fs-oriented [47, Proposition 1.3, p. 281]. Put
D = deg(n|r,) mod 3. The equivariant degree formula [47, Theorem 1.9, p. 282] gives

Dnr, = nx.

The class nx is the transgression of the oriented top class [47, Theorem 2.3, pp. 283-284]. The
nonvanishing argument at the end of the proof of Proposition 13.6 applies to this free Cs-action: the
Borel sequence of X has only rows zero and 2m + 1, and H*"*4(X /C3;F3) = 0. Thus nx # 0, and
D # 0. The integral degree is prime to three. Evaluation is onto, since Hzp11(X \ {x};F3) = 0 for
every x € X [37, Proposition 3.29]. Reversal commutes with evaluation and identifies F, with F_.
Their evaluation degrees agree up to sign, so the assertion holds for F_ as well.

For every x, choose v € F, based at x. Its length-¢ geodesic ends at hx, so d(x, hx) < . Equa-
tion (15.2), applied with s = 3 and L = 27, gives d(x, hx) > £. Hence d(x, hx) = £ for every x. Finally,
d(x, h?x) = d(hx, h®x) = d(x, hx). O

Corollary 29.4. For M = X /(h), every prime geodesic has length 27t /3 or 2. The prime geodesics of
length 27 /3 are exactly the noncontractible prime geodesics. One passes through every point of M.

Proof. Extend a unit-speed lift to a geodesic on X, of prime period 2. The stabilizer of its oriented
geodesic in Cj is either trivial or all of Cs. In the first case its projection has prime period 2,z and
trivial monodromy. In the second, Theorem 29.3 places the oriented geodesic in B, or B_; its prime
projected period is 277 /3 and its monodromy is h or h%. Since X is simply connected, a quotient loop
is contractible exactly when its monodromy is trivial. Surjectivity of F, — X gives a noncontractible
prime geodesic through every point of the quotient. 0

Corollary 29.5. For odd-dimensional Besse homotopy spheres of dimension at least five, the following
conditions are equivalent:

(1) every sphere admitting a nonidentity Clifford translation of order three has constant sectional
curvature;

(2) every sphere admitting a free isometric Cs action has constant sectional curvature.
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Proof. Smale’s theorem [73, Theorem A] makes each such homotopy sphere a topological sphere.
By [70, Theorem A], its prime geodesics have one common length. Rescale that length to 27. A
nonidentity constant-displacement map has positive displacement and no fixed point. Conversely,
Theorem 29.3 makes every generator of a free isometric Cs action a Clifford translation. ]

29.3. Twisted indices and integral homotopy type. For an isometry f of a closed Riemannian
manifold X, put

AfX ={ce H'([0,1],X) : ¢(1) = fe(0)}, E(c) = ;/01 |¢? dt, evo(c) = ¢(0).

A path is critical for € if and only if it is a smooth geodesic satisfying ¢(1) = df ¢(0) [30, Theo-
rem 1.6(2)].

Theorem 29.6. Under the hypotheses of Theorem 29.3, both F, and F- are homotopy (2m + 1)-spheres.
Each evaluation F. — X has degree +1 and is a homotopy equivalence. With the symplectic orientation
and the positive Euler-class convention,

H(Bi;Z) = Zle]/(el™),  (el,[B])=1,  B.=CP"

Moreover,
X/(h) = L(3;1,...,1).

The critical manifolds of the energy on the h-twisted path space, in increasing order of length, have
dimension 2m + 1 and indices 0, 2m, 4m, 6m, ....

Lemma 29.7. The energy on AgX satisfies the Palais—-Smale condition. Suppose its critical set at a value
c is a compact submanifold whose Hessian kernel is its tangent bundle. Then c is isolated among the
critical values. Up to homotopy, crossing c attaches the negative disk bundle along its sphere bundle.
Suppose the full minimum set C is such a submanifold, every higher critical level has the same property,
and every negative bundle above C has rank at least r > 1. Then

7i(AfX,C)=0 (<)
If X is a homotopy n-sphere, n > 5, and f has degree one, then
A AfX)=0 (1<j<n—2),  (evo)e : Ho(AfX;Z) > Ho(X;Z).

Proof. Take N = graph(f) C X x X. This is a closed submanifold with compact projections, and X
is complete. Grove’s theorem therefore gives the Palais-Smale condition [30, Theorem 2.4]. The
graph of f is totally geodesic. At a critical path, the Hessian, represented for the H! inner product
fo 1((Dt Y,D:Z) +(Y,Z)) dt, is identity minus a compact self-adjoint operator: its lower-order terms
factor through the compact inclusion H' < L2, It has finite negative index and is invertible on
the orthogonal complement of its kernel. The Morse—Bott attachment theorem for closed sublevels
applies [4, Appendix B, Theorems B.1-B.3, pp. 1625-1627]. An accumulation of critical values in a
bounded interval would, by Palais—Smale, yield a critical point with distinct critical values in every
neighborhood, contrary to its Morse-Bott normal form. Thus only finitely many attachments occur in
each bounded interval. A CW decomposition of each compact critical manifold gives relative cells of
dimension at least the negative rank. Cellular approximation gives the asserted relative connectivity
on each bounded sublevel. Every map from a compact pair into (A7 X, C) has bounded energy, so the
same conclusion holds for the full path space.

The inclusion into the continuous twisted path space is a homotopy equivalence [30, Theorem 1.3].
Evaluation is therefore a fibration up to homotopy with fiber QX. Its homotopy sequence gives
7j(AfX) =0 for 1 < j < n— 2. The James reduced-product model J(S"~") for QS" has cells only in
dimensions divisible by n — 1 [37, Proposition 3.22, p. 224; Theorem 4J.1, p. 471]. Since n > 5, it gives
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H,(QX;Z) = 0. Since f has degree one, it is smoothly homotopic to idx. Such a homotopy gives a
section of evaluation. In its integral homology spectral sequence,

E%, = Hy(X; Hy(QX; Z)),

the only nonzero term of total degree n is E5, = Z. The section makes this term permanent. The
edge homomorphism is (evy)., which is consequently an isomorphism. O

Lemma 29.8. Let y be a unit-speed geodesic with (y(0), y(0)) € F.. Write D, for covariant differentiation
and take the curvature convention D*] + R(J, y)y = 0 for Jacobi fields. On the complexified normal
bundle, let gc be the complex bilinear extension of g and put(Y,Z) = gc(Y,Z). For|z| = 1, let j(z) be
the complex negative index of

¢
LO)= [ (DJF = RU DD de
on the complex normal H' fields satisfying J(£) = z dh J(0). Then

, L m, 0<6<2x/30r4r/3<60<2nm,
=0, =
2m, 2m/3<6<4r/3.

For an integer r > 1, let i, be the real Morse index of the arc y|[o -, with endpoint twist h". One has
i3k41 = 4km, i3k = (4k + 2)m, isp = (4k — 2)m, (29.6)
where k > 0 in the first two formulas and k > 1 in the last.

Proof. Uniqueness for the geodesic equation gives y(t + £) = hy(¢) for every t € R. Theorem 29.3
gives d(x, hx) = ¢ for every x. Thus the short arc minimizes the twisted energy and j(1) = 0. The
endpoint terms in its Hessian cancel, since A is an isometry and y(¢) = dh y(0).

For normal Jacobi fields, the form

Y, 2) = ge(D,Y, 2) - ge(Y, D;2)
is independent of t. Its restriction to real initial data is symplectic. Write P, for Jacobi transport on
normal initial data and set
T = (dh™ ' @ dh™M)P,.
This map is symplectic on a real vector space of dimension 4m. The identity G3; = I and commutation

with i give T3 = I. Its fixed space is the contact tangent space of F, of dimension 2m. Hence T is
semisimple, and its complex eigenspaces at { = ¢/ and {? each have dimension m.
Extend a field on the r-fold arc by J(¢ + rf) = dh"J(t). Translation gives the unitary operator

SN =dn ' jit+0, S =1

It preserves the index form. Restriction to [0, ¢] identifies its z-eigenspace with the domain of I, and
the restricted form is rI,. The character decomposition [31, Lemma 2.3 and (2.4)] gives

ir= ), J(2).

z'=1

Here complexification preserves the negative index, and the tangential form fo e |f’|? dt is nonnegative.
In particular, Lemma 11.2 gives

2m = j(1) + j(O) + j(®).
The kernel of I, consists of Jacobi fields satisfying also D,J(¢) = z dh D;J(0); it is therefore the

z-eigenspace of T. At a phase ), the gauge J(t) = €®~%)!/ty(¢) fixes the form domain, and its
derivative on the kernel is

Q0,(Y,2) = i/{(<y, D.Z) —(D;Y, Z)) dt = —iQ(Y, Z).
t Jo
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If E, is an eigenspace of T, symplectic invariance gives Q(E,, E,,) = 0 for zw # 1. Semisimplicity
makes the pairing of E, with E,-1 nondegenerate. Thus Qp, is nondegenerate at each of the three
eigenphases.

Put § = 0 — 0y, zo = €% and R, Y = R(Y, y)y. Under this gauge the Jacobi operator is

As=—(D;+i8/)* - R,
on the fixed H? domain
Y(f) = zo dh Y(0), D;Y(f) = zo dh D; Y(0).

It is a holomorphic family of type (A), self-adjoint for real §, with compact resolvent. Its eigenvalues
near zero admit analytic parametrizations [49, Chapter VII, Theorem 3.9, pp. 392-393]. On the finite-
dimensional spectral subspace near zero, the derivatives of the eigenvalues through zero are the
eigenvalues of Qy, relative to the L? inner product [49, Chapter II, Theorem 5.4, pp. 111-112]. The
index is constant off the three eigenphases. At z = 1, the real fixed symplectic space has dimension
2m, so Qy has inertia (m, m). Since j(1) = 0, it follows that j(e!?) = m for 0 < 6 < 27/3.

Complex conjugation gives j({) = j({?), so both equal m. At 6 = 277/3, the index immediately
before and at the crossing is m, whereas the kernel has dimension m. Every crossing eigenvalue is
therefore positive on the left and negative on the right. The index is 2m on (27 /3, 47 /3). Conjugation
gives its values on the remaining arc and at 47 /3.

Finally,

i,=m(r—1+#a€Z:r/3<a<2r/3}).

The number in braces is k, k + 1, or k — 1 when r = 3k + 1, 3k + 2, or 3k, respectively. This gives
(29.6). O

Proof of Theorem 29.6. Put n = 2m + 1. A critical path in A, X extends by h to a closed geodesic. If its
length is L, its unit tangent state returns after 3L; hence L = r¢ for an integer r > 1. The integer r is
not divisible by three, since h has no fixed point. For r = 3k + 1 the initial unit state belongs to F,; for
r = 3k + 2 it belongs to F_. Conversely, each such state v determines the critical path ¢,(t) = 7G,pv,
0 < t < 1. Uniqueness for the geodesic and Jacobi equations makes v — ¢, an injective immersion.
Compactness makes it an embedding, so each critical manifold is compact and has dimension n. If
r =2 (mod 3), time reversal gives an r-fold arc in F; with endpoint twist h~! = A" and preserves the
index form. Formula (29.6) therefore gives the successive indices

0,n—1,2(n—1),3(n-1),....

For r = +1 (mod 3), the relative return is E_lG,g = il\_lGi[. Its fixed normal Jacobi data are
identified with T,F. n ker A, of dimension 2m. These data form the normal Hessian kernel. The
tangential Jacobi fields are (A + Bt)y; the twisted value condition gives B = 0. Thus the full kernel
has dimension n. The differential of the initial-state parametrization identifies the tangent space of
the critical manifold with this kernel: the fixed set of the finite-order return has tangent space equal
to its fixed subspace. All critical manifolds are consequently Morse-Bott. Every ¢ € A, X satisfies

E(c) > %length(c)2 > 1d(¢(0), he(0))? = %fz.

The family F, attains equality; the classification of critical paths makes it the full minimum set. The
map h has degree one, since its order is odd. Lemma 29.7 gives

mi(ApX,Fr)=0 (j<n-—1), mi(Fy)=0 (1<j<n-3).

For the second vanishing statement, apply the relative homotopy sequence and the vanishing for
ApX in that lemma.

As n > 5, F, is simply connected and H;(F;;Z) = 0 for 1 < j < n — 3 by Hurewicz. The
universal coefficient theorem gives H!(F,; Z) = H*(F,; Z) = 0. Integral Poincaré duality then gives
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H,—1(Fy;Z) = Hy—5(Fy;Z) = 0. Thus F, is a simply connected integral homology sphere. Hurewicz
and the homological Whitehead theorem give F, = S" [37, Corollary 4.33]. Reversal gives F_ = S".

The first attachment above F; has rank n — 1 over F_. Its negative bundle is orientable because F_
is simply connected. The Thom isomorphism gives relative homology in degrees n, n + 1 equal to
Hi(F_;Z), Hy(F_; Z), respectively; both vanish. Every later negative rank is at least 2(n — 1) > n+ 1.
The exact sequences of the sublevel pairs therefore give

Hy(Fy;Z) S Hy(ALX; Z).

Compose with the evaluation isomorphism of Lemma 29.7. Evaluation F; — X has degree +1 and is
a homotopy equivalence. Reversal gives the same conclusion for F_.
The integral Gysin sequence of F, — B, gives

H*(Bs;Z) = Z[ex]/(el™).

In particular e’ generates the top cohomology. Its symplectic representative has positive integral, so
(e, [B+]) = 1. The homotopy sequence of the circle bundle gives 7;(B.) = 0. Since dim B, = 2m,
cellular approximation gives a classifying map for e, with values in CP™. It induces an integral
cohomology isomorphism; the homological Whitehead theorem gives B, = CP™.

The quotient X /(h) is a finite CW complex with fundamental group C; and universal cover
homotopy equivalent to S”. Fix an identification of its fundamental group with C; and a homotopy
equivalence of its universal cover with S". With these choices, Wall’s classification [81, Proposition 1,
p. 117] assigns a generator of H"*1(C3;Z) = Z/3, which determines the homotopy type with the
chosen identifications. Postcomposition of the covering equivalence with a degree-—1 self-map of S"
negates this generator. Thus, after forgetting the choices, the two generators give the same homotopy
type, represented by L(3; 1, ..., 1). O

Question 29.9. Let X?™*1 m > 2, be a normalized Zoll homotopy sphere with a free isometric action
of order three. Must its sectional curvature be one?

30. PRIME CYCLIC ACTIONS AND THEIR GEODESIC RETURN FAMILIES

Let m > 2 be an integer, put n = 2m + 1, and let p > 5 be prime. Set £ = 277 /p. Let X be a closed
smooth homotopy n-sphere with Riemannian metric g and distance d. Suppose that

every unit-speed geodesic has prime period 2, Vol(X) = V,. (30.1)
The volume equality also follows from Proposition 12.3. Let h generate a free isometric action of C,
on X, let h be its tangent lift, and put
E=SX, G=E/S', M=X/C,.

The circle acts by the geodesic flow G;, with t € R/(27Z). Write # : E — X for evaluation and
pe + E — G for the circle projection. Let A be the canonical contact form, and let w be the symplectic
form on G with pjw = dA. The positive Euler class e € H2(G; Z) has real image eg = [w/(27)], as in
Section 12. For b € I, interpret b ¢ modulo 277 and put

F,={veE: iI\UZGb[U}, BbZFb/Sl.
Freeness gives Fy = @. Reversal J(x,v) = (x,—v) sends F, to F_;. Empty families are allowed.

30.1. Cohomology and the partition of return dimensions.

Lemma 30.1. The integral cohomology of E has additive basis 1, x, y, xy, where |x| = 2m, |y| = 2m + 1,
x* = 9% =0, and y = n*ux for an oriented generator ux € H*"*1(X; Z). The geodesic circle action has
Borel differential

dyy = +2ux, u e H*BSY:Z) a generator.
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Every nonempty Fy, b # 0, is a connected closed contact manifold which is a mod-p cohomology sphere.
IfdimFy, = 2dy, — 1, then
* d
H*(By;Fp) =Fplep]/(ey’), el =2,
where ey, is the restriction of e reduced modulo p.

Proof. The integral cohomology and circle differential are those of Lemma 29.1. Apply Lemma 29.2
with g = p to the return families F;. O

Theorem 30.2. Under (30.1), the nonempty F, occur in pairs Fy, F_}, of the same dimension. Choosing
one representative from each pair, their integers d, = (dim F, + 1)/2 satisfy

Z dy =m+1.
{b,*b}:Fbi@
In particular, a free order-p isometry determines a partition of m+1 with at most (p —1)/2 parts, together
with nonzero phase labels modulo sign.

Proof. This is (29.3). There are (p — 1)/2 nonzero phase pairs, and every nonempty pair contributes a
positive integer. O

30.2. Two return dimensions.

Theorem 30.3. Assume (30.1), and suppose the largest component of Fix(G, : S(X/C,) — S(X/Cp))
has dimension n — 2. After replacing h by a generator of the same group, there is b € Fy, \ {1, -1} such
that the only nonempty phase families are

Fi, Foq, Fy, Fp,
where
dimF, =dimF_; =n-—2, dimF, =dimF_, = 1.
The first two are mod-p cohomology (n — 2)-spheres, the last two are circles. Their quotients have

respectively the mod-p cohomology of CP™! and of a point.
Proof. Let p : E — SM be the tangent covering. For a € F},

Fix(h"°G) = F,r,  p 'Fix(Ge : SM — SM) = [ [ .
c#0
Indeed, G = hay is equivalent to G100 = il\v, since Gy, = h? = I. The case a = 0 is excluded
by the prime period 2. The deck group preserves each F,. The nonempty F, are connected; their
quotients are precisely the connected components of the fixed set in SM, with the same dimensions.
The largest part of the partition in Theorem 30.2 is therefore m. Its parts are positive and sum to m+1,
so they are m and 1. If dim F, = n — 2, replacing h by he multiplies every phase by ¢~!. The phases
of the (n — 2)-dimensional families become 1, —1, and the remaining phases are b, —b with b # +1.
Lemma 30.1 gives the cohomology statements. A connected closed one-dimensional manifold is a
circle, and its free circle quotient is a point. O

Theorem 30.4. In the setting of Theorem 30.3, put |c|, = min{r, p — r} for r €{0,..., p — 1} representing
c. Then for every j € {l,....,p — 1},

in d(x, W/ x) = ¢min{|j|,,|jb|,}.
min d(x, W'x) = emin . )
Proof. Put a; = min{|jl,,|jbl,}. For ¢ € {1, b}, an arc on a geodesic in F. or F_, joins a point x to

h/x with length #jc|,. Thus the minimum displacement L; satisfies L; < ¢a;. The isometry h/ is
fixed-point-free. Lemma 13.1 gives L; > 0 and extends every minimizing segment attaining L; to an

h’-invariant oriented geodesic. Its initial unit state v satisfies h/v = Gp,v. Since j is a unit modulo p,
this geodesic is also h-invariant. Thus v € F, for some ¢ € {1,—1, b, —b}, and

Lj = jet (mod 2r).

Every positive representative of this class is at least #jc|, > ¢a;. Hence L; = {a;. (]
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Corollary 30.5. In the setting of Theorem 30.3, let Ny = n(F;) = n(F-1) and Cy = n(Fy) = n(F-p),
where 1 : SX — X is evaluation. For every j € F}, the two numbers |jl|, and |jb|, are distinct, and

argmin d(x, h/x) =

No, jlp <1jblp,
xeX

Co,  1jblp <ljlp-

In particular, no nonidentity element of the deck group is a Clifford translation. These identities hold for
every p > 5.

Proof. Equality of the two least absolute residues would give jb = +j (mod p), contrary to b # +1.
Put a; = min{|j|,,|jb|,} and let A; be the indicated set Ny or Cy. Every x € A; lies on an invariant
geodesic whose shorter arc from x to h/x has length ¢a;. By Theorem 30.4, this is the global minimum.
Conversely, the phase calculation in that theorem’s proof places the initial state of any globally
minimizing segment in some F, and gives its length at least #]jc|,. Since fa; is the minimum and the
two residues are distinct, ¢ belongs to the pair defining A;. Its initial point therefore lies in A;.

Each A; is the image of a smooth map from a compact manifold of dimension at most n — 2. Every
point of the domain is critical, so Sard’s theorem [41, Chapter 3, Theorem 1.3] gives that A; has zero
n-dimensional measure. Thus A; # X. A constant-displacement isometry has all of X as its minimum
set, so no h/, j # 0, is a Clifford translation. O

30.3. Embedded minimum sets.

Lemma 30.6. Let b € F), \ {1,—-1}. If p > 11, there is k € {2, 3} such that
k<(p-1)/2, |kbl, > k.

One can take k = 2 unless b = +27'; in that case one can take k = 3. For p = 7, k = 2 satisfies these
inequalities when b = +£2, whereas neither k = 2 nor k = 3 does when b = £3. For p =5 and b = 42,
no such integer k exists.

Proof. Since 2b # 0, the inequality [2b|, < 2 is equivalent to 2b = +1. In this case
3bl,=(p—3)/2=3  (p=11).
Both 2 and 3 are at most (p — 1)/2 for p > 11. For the remaining primes,
2-2s=1 [2-2,=3  [2:3,=1  [3-3,=2
O

Theorem 30.7. In the setting of Theorem 30.3, suppose there is an integer 2 < k < (p — 1)/2 with
|kbl|, > k. Then evaluation

m=nlp : FF —X
is a smooth embedding. Its image is exactly
N={xeX :d(x,hx) = .

The manifold N has codimension two and is a mod-p cohomology sphere. It carries a smooth unit field V
whose orbits are ambient geodesics of prime period 2xx. The form a = g(V,-)|rn is contact with Reeb
field V. The time-t map of V is h|y.

The squared displacement f(x) = d(x, hx)? is smooth in a neighborhood of N. It is Morse—Bott there,
with critical manifold N and a positive definite Hessian normal to N.

These conclusions hold for every p > 11. For these primes, evaluation also embeds the circle F, as a
closed geodesic in X.



112 ANASS NIFA

Proof. For v € F; based at x, its geodesic segment of length k¢ joins x to h*x. Since k|, = k and
|kb|, > k, Theorem 30.4 gives

d(x, hkx) =kt =mind(y, hky).
yeX

This segment, and each of its subsegments, minimizes distance.

Suppose v, w € F; have the same base point x. Concatenate the first length-£ segment of the
geodesic of v with the h-translate of the first length-(k — 1)¢ segment of the geodesic of w. This path
joins x to h¥x and has length k¢, so it minimizes distance. Its tangent vectors at the junction hx are
dh(v) and dh(w). A minimizing path has no corner; hence v = w.

For a vertical vector ¢ € T,F;, the associated Jacobi field satisfies J(0) = J(£) = 0. Apply Lemma 13.4
to the minimizing segment of length T = k¢, with ¢y = £ < T. It gives J = 0, hence ¢ = 0. Thus 7 is
an injective immersion. Since F; is compact, it is an embedding.

Every point of n(F;) has displacement ¢. Conversely, £ = min, d(y,hy) by Theorem 30.4.

Lemma 13.1 therefore gives G = hv for the unit initial vector of any minimizing segment from
x € N to hx. Hence v € F; and n(F;) = N. The dimension and cohomology of N are those of Fj.

Let R, be the geodesic vector field on SX. Since F; is flow-invariant, V = (r1).(R;|r,) is a smooth
unit field on N. Its flow is

O, =m0 Gromy}, @, = hy.
Thus its orbits are ambient geodesics of prime period 2. For the canonical contact form A on SX,
Ty (g(V, ')|TN) = Alf,.

The latter is contact by Lemma 30.1; its Reeb field is R;|f,.

For x € N, the segment from x to hx extends to a minimizing segment of length k¢ > ¢. Hence hx
lies outside the cut locus of x. On some open neighborhood U C X of N, the function L(y) = d(y, hy)
and the vector field W, = exp;l(hy) are therefore smooth [63, proof of Lemma 1.1.2, p. 413]. The
minimizing segments are

Yy(t) = expy(tWy/[), 0<t<tL

Fix x € N, putv = 77 *(x), and write y = yy. Let D; denote covariant differentiation along y, and
take the curvature convention D?] + R(J, y)y = 0 for Jacobi fields. For w € T, X, put f(s) = exp,(sw)
and choose ¢ > 0 such that S(s) € U for |s| < ¢. Put

0d
Jw(t) = Py ¥e(s)().

s=0

Both f and h o § are geodesics. The Jacobi field J,, satisfies
Jw(0) =w,  Ju(0) = dh(w).

The segment y,, has constant speed L(y)/¢, and y has unit speed. Since dL, = 0,

(DeJw(®), y(1)) = €1dL(w) =0  (0<t<0).
With

I(Y,2) = A[(wty, D,Z) - (R(Y, )y, Z)) dt,
the unit-speed specialization of [63, (1.3.1), p. 416] gives

Hessy L(w, w) = I(J,, Ju)

Since f = L%, L(x) = ¢, and dL, = 0, polarization gives

Hessy f(w, z) = 2¢I(J,, J2)
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Integration by parts gives

I(Jw, J2) = (dh™'D1J,,(€) = D1 ],,(0), 2).
The Levi-Civita connection identifies T, Y;X with T, X @ T, X. The vector &, = (w, D;],,(0)) belongs
to T,SX, since (D, ],,(0),v) = 0. For K = h"'G,, one has

dK, (&) = (w, dh7' D, (D).

Consequently

w € kerHess, f < dK,(&,) = é&,.
The maps h and G, commute, and K? = I. Consequently

ker(dK, — I) = T,F;

by the fixed-set theorem for an invariant auxiliary metric [51, Chapter II, Theorem 5.1, p. 59]. It
follows that ker Hess, f C T, N. Since f > £* and f|y = £, the Hessian is nonnegative and vanishes
on T,N. Hence

ker Hessy f = T¢N,

and its restriction to the normal space is positive definite. In coordinates (y, z) with N = {z = 0}, one
has 9, f(y,0) = 0 and D,9, f(y,0) > 0. The implicit function theorem gives {9, f = 0} = {z = 0} near
each point of N. Thus N is the critical set near N, and f is Morse—Bott there.

For p > 11, Lemma 30.6 supplies k. Put a = b™' € F, and &’ = h“. On F, one has W = Gy, and
Theorem 30.4 gives, for 1 < j < p,

min d(y. (h'Y'y) = ¢min{ljalp, |jlp}-

Since a # +1, Lemma 30.6 gives an integer 2 < k” < (p — 1)/2 with |k’a|, > k’. Every length-k’¢

arc from Fj, therefore minimizes distance. The preceding injectivity and immersion arguments, with

(W, Fp, k”) in place of (h, Fi, k), show that evaluation embeds Fj,. By Theorem 30.3, F, is one orbit of

the geodesic circle, so its image is a closed geodesic. g
Corollary 30.8. Under the embedding hypothesis of Theorem 30.7,

~ F i=1

H(X\N;F,) =4 ¥ ’

« 2 [o, i# 1.

Proof. The manifold X is an oriented integral homology sphere, and N is a compact locally contractible
subspace. Integral Alexander duality [37, Theorem 3.44 and the proof of Corollary 3.45], followed by
the universal coefficient theorem, gives

H(X\ N;F,) = H""Y(N;F,).
Since N is a mod-p cohomology (n—2)-sphere, the latter group is IF, for i = 1 and zero otherwise. [
Lemma 30.9. Let p > 11 be prime and b € F}, \ {+1}. Then the function
6(j) = min{|jl,.[bjl,},  jEF,,
is not subadditive. More precisely, some r with 5(r) = 1 and some s € {1, —1} satisfy §(r + s) > 2.
Proof. Changing b to —b does not change . Put
a=|blp, r= |a_1|p, ar=¢ (mod p), ¢e€f{l,—1}

Then2<ar<(p—1)/2and §(r) =6(1) =1.If r > 4,take s=¢.Since3<r+s<(p+1)/2 and
3<a+1<(p+1)/2,

lr + s|, >3, la(r + s)|, =la+ 1], > 3.
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Thus 6(r + s) > 3.
If r =3 and ¢ = 1, take s = 1; then |4/, > 3 and |a(r + )|, = la+ 1|, > 3.If r = 3 and ¢ = —1, then
a > 4: the possibilities a = 2,3 would make p divide 7 or 10. Again s = 1 gives

lr + sl, = [4], > 3, la(r + s)|, =la—1], =a-12>3.
Finally, if r = 2, then 4 < 2a < p — 1 excludes 2a = 1 (mod p). Hence 2a = p — 1 and, for s = 1,
O(r +s) = 8(3) = min{3, (p — 3)/2} = 3.
In each case §(r + s) > 6(r) + 6(s) = 2. O

Theorem 30.10. In the setting of Theorem 30.3, if p > 7, the sets Ny and Cy are disjoint. For p > 11, put
N = Ny and C = Cy; these are embedded submanifolds. With any orientations on N and C, their integer
linking number in the oriented homotopy sphere X satisfies

Ik(C,N)# 0 (mod p).

Proof. Suppose x € Ny N Cy. Arcs on the two geodesics through x give d(x, h/x) < £5(j), while
Theorem 30.4 gives the reverse inequality. Thus

d(h"x,h’x) = ¢6(v — u) (u,v € Fp).

For p > 11, the triangle inequality would make § subadditive, contrary to Lemma 30.9.
For p = 7, replacing b by —b if necessary gives b € {2,3}. If b = 2,put c =2 and j = 4;if b = 3,
put ¢ = —3 =4 and j = 2. In both cases

cj=1inFy, 5(1)=68()) =1, S(1+j)=2.

Choose v € F; and w € F, based at x. Their length-£ segments join x to hx and h’x, respectively.
Concatenating the first segment with the h-translate of the second gives a path from x to h'™/x of
length 2¢ = d(x, h'*/x). It has no corner at hx, so dh,v = dh,w, and hence v = w. But F; n F, = @:
otherwise G(._1),v = v, contrary to the prime period 2. This proves disjointness.

Suppose now p > 11. By Theorem 30.7, N and C are embedded, and C is a circle. They are
invariant under C,. Set Z = X \ N. Choose an invariant closed tubular neighborhood U of N,
disjoint from C, and put K = X \int U. Then K is a compact manifold with boundary, and Z retracts
equivariantly onto K. Corollary 30.8 shows that K is a mod-p cohomology circle. The actions on C
and K are free and induce the identity on their one-dimensional H'(—;F,), since Hom(C), ]F;) =0.

Choose generators ac € H'(C;F,) and ax € H'(K;F,). These determine F,-orientations of the
Borel fibrations [47, Proposition 1.3, p. 281]; write nc, nx € H(BC,;F,,) for their Euler classes. By
[47, Theorem 2.3, pp. 283-284], dyax = nk. If ng = 0, the Borel spectral sequence of K, whose only
nonzero rows have degrees zero and one, would collapse. Its base row would then give nonzero
cohomology in arbitrarily large degrees. This contradicts K¢, = K/C), since the latter is a compact
manifold with boundary. Thus ng # 0.

For the equivariant inclusion i : C < K, define D € F, by i*ax = Dac. The equivariant degree
formula [47, Theorem 1.9, p. 282] gives

Dne = nx # 0.

Hence D # 0, and i. : Hi(C;F,) — Hi(K;F,) is nonzero.
The contact form orients the connected manifold N. Integral Alexander duality [37, Theorem 3.44,
pp. 254-255], together with the exact sequence of (X, Z), gives

H(Z;Z)=H"*N;Z) = Z.

Let p € Hi(Z;Z) be the meridian generator, represented by the boundary of a positively oriented
normal two-disk to N. The inclusion C < Z sends its oriented fundamental class to 1k(C, N)p.
Reduction identifies H(Z; Z) ® IF,, with H,(Z;F,). Since the retraction Z — K fixes C, the nonzero
homomorphism above gives Ik(C, N) # 0 (mod p). Reversing either orientation changes only the
sign. ]
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Proposition 30.11. Under (30.1), let ¢ € IF; with F, # @, and write dim F, = 2d. — 1. Then, for every
veF,

dimker(dr|r,r,) < min {dc -1 l; : 1J } :

In particular evaluation is an immersion whenever p > n.

Proof. Replace h by h¢", so that F, becomes the phase-1 family. For v € Fy, let y be its unit-speed
geodesic and put r = dimker(dn|,F, ). A vertical vector & € T,F; gives a normal Jacobi field with

Je(0) =0,  J(t+¢) = dhJ(t).

The map & — J; is injective by uniqueness for the Jacobi equation. Thus each of the distinct interior
instants jf, 1 < j < p — 1, has conjugate multiplicity at least ». The Morse index theorem [61,
Theorem 15.1, p. 83] and Lemma 11.2 give

(p— Dr <indp(yljo2.) < n—1.

The endpoint 27 is not included in the conjugate-point count.

The vertical subspace of T,E lies in ker A, and is isotropic for dA,. Its intersection with T,F; is
therefore isotropic in the symplectic space T,F; n ker 4,, of dimension 2d, — 2. Hence r < d, — 1 as
well. If p > n, the integer bound is zero. g

30.4. Intrinsic index forms.

Lemma 30.12. Let N C X be the embedded minimum submanifold of Theorem 30.7, with its induced
metric. Let y : [0,T] - N, T > 0, be an orbit arc of V, and let Iy and Ix denote its intrinsic and
ambient index forms. They agree on H'([0, T], y*TN):

IN(W, Z) = Ix(W, 2).

Consequently the endpoint-fixed intrinsic index on a full period is at most the ambient endpoint-fixed
index. If yljo,r] minimizes ambient distance, an intrinsically normal Jacobi field vanishing at both ends
of a proper subinterval [a, b] C [0, T], with a < b, vanishes identically.

Proof. Write II for the second fundamental form of N C X, and DN, Df( and Ry, Ry for the intrinsic
and ambient covariant derivatives and curvature tensors. Since the orbit is an ambient geodesic,
DNV =0and II(V, V) = 0. Take the convention that (R(W, V)V, W) is positive on the round sphere.
The Gauss equation and the Gauss formula along a curve [58, Theorem 8.4, p. 136; Lemma 8.5, p. 138]
give

(Rv(W, V)V, W) = (Rx(W, V)V, W) — [I(V, W)I*,
whereas

IDXW? = |IDNW|? + |[I(V, w)|%.

Subtracting the curvature terms gives

IDY W —(RN(W, V)V, W) = DFW]* — (Rx(W, V)V, W).

Integration and polarization give the equality for smooth fields; continuity extends it to H' fields. The
intrinsic Dirichlet form domain is a subspace of the ambient one, which gives the index inequality.
Ambient minimality makes the common Dirichlet form nonnegative on every subinterval of [0, T].
If b < T, apply Lemma 13.4 to the intrinsic form on [a, T]. If b = T, then a > 0; apply that lemma to
the reversed interval [0, T]. In either case the Jacobi field is zero. O
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31. SPECTRAL COMPARISON AT PRIME RETURN TIMES

Letm € Z, m > 2, and let p > 5 be prime. Put n = 2m + 1 and ¢ = 2z /p. Fix an integer a with
2<a<(p-1)/2,and put

Q=Lp:1"a), (=P
For a closed Riemannian manifold Y, let Ay be its nonnegative scalar Laplacian and put Py =
JAy + m?. Let M be a closed connected Riemannian manifold, and put Ry = m+ K +1/2 for K € Z,.
Proposition 31.1. Suppose that, for a fixed 0 < n < 1/4 and a sequence of integers K, > 0 tending to
infinity,
E,(Rk,; Pm, Pg) = 0o(Rg, ).

Then dim M = n, and the universal Riemannian cover X — M is a closed smooth homotopy n-sphere
satisfying (30.1). Its deck group is cyclic of order p. There is a self-adjoint integer quantizer A strongly
commuting with Py;, with A — Py; € ¥ 1!, such that, for R, = Rk,,

cl
Tr(eij[A)((A/Rv» - Tr(eij(PQ)((PQ/RV)) =o(R,) (31.1)
forevery j €{0,...,p — 1} and y € C((0, 1)).

Proof. Theorem 15.6, with g = p, gives dim M = n, a smooth homotopy-sphere cover X, covering
degree p, prime period 27, and volume V,,. A group of prime order is cyclic. The error is also o(R}),
so Proposition 10.1 applies with lattice spacing one. Its quantizer A satisfies (10.3), which gives

Tr(e" x(A/R,)) — Tr(e"" x(Po/R\))| < Ixleo (Ey(Ry; Put, Po) + O(1)) = o(R,).
Take t = jt. O

For the rest of this section, let X, h, M = X/Cp, and the families F,, B, be as in Section 30. In
particular, (30.1) holds. Suppose that a self-adjoint operator A strongly commuting with Py satisfies

Spec A C Z, A—Py eV,
and that (31.1) holds along R, — oo.

Corollary 31.2. The largest component of Fix(G, : SM — SM) has dimension n — 2. Consequently,
after a change of deck generator, the nonempty families are F..; and Fyp, with dimensionsn—2,n—2,1,1,
where b # 0,41 (mod p).

Proof. Lemma 15.1, with L = 2z and s = p, gives Fix(G, : SM — SM) # @. Let d be the maximum
dimension of its components. For a fixed nonzero 0 < y € CZ°((0, 1)), Lemma 15.2 gives

Tr(e y(A/R)) = cp R4V 4 o(RUHD/2) ¢y = 0.

For every nonidentity deck power on the round reference, the two rotation blocks have distinct
eigenvalue pairs, since a # +1 modulo p. By [69, Theorem 1, p. 291; Lemma 1, p. 294], the length-¢
return components are the two Hopf families on $*™"! and the two orientations of S!, modulo Cp.
Applying the same reciprocal-trace lemma to Py gives

Tr(e”PQ)((PQ/R)) = coR™ + o(R™), co # 0.

If (d + 1)/2 = m, divide (31.1) at j = 1 by R?aX{(dH)/ 2m} The difference of the two expansions has a
nonzero limit, whereas the right side tends to zero. Hence d = 2m — 1 = n — 2. Theorem 30.3 gives
the four families. ]
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31.1. The transverse determinant. Choose the generator h as in Corollary 31.2. Let F = F;, B= B; =
F/S!, and let pr : F — B be the circle projection. Write & = A|r and wp = w|p, so that prwp = da.
Orient F by a A (da)™!. The Reeb flow on F has prime period 2. The integral Euler class ez = ez
has real image [wp/(27)]. With the symplectic orientation of B, put

D = ('}, [B]) € Zs. (31.2)

Lemma 31.3. Let Y be a closed Riemannian manifold, let a be the canonical contact form on SY, and
suppose Gp = I for some T > 0. Let t € TQ and let C C Fix(G;) be a connected component of dimension
2d + 1. Then C is contact. For p € C, put

N, =(T,C nker a,)"* C ker a,, Sp = th(p)|Np.
The map S, has finite order and no eigenvalue one. The Duistermaat-Guillemin density on C is

_ la A (der)?|/d!

,1det[R(I - Sp).

dve (31.3)

The denominator is positive and constant on C.

Proof. Identify SY with S*Y by the metric. Choose an integer qy > 1 with gyt € TZ. Then G = I.
By Section 10.1, the fixed cone C ={rp : r > 0, p € C}is a clean symplectic submanifold of T*Y \ 0,
and C is contact. Let w be the canonical symplectic form on T*Y. At p € C, put L = dG(p) and
W =ker(I — L) = T,C. Since L% = I, the map L is semisimple and

T(T*Y)=Weo W?, (I — L)|we is invertible.

Both summands are L-invariant. The radial field and the Reeb field span a symplectic plane in W; its
symplectic complement is ker ,. Hence W® = N}, and I — L induces I — S, on T,(T*Y)/W. Put
wc = wle = d(ra). With symplectic density |a)g.+1 |/(d + 1)!, the clean density formula [21, Lemma 4.4,
p- 60], in the normalization of [76, Lemma 2.3, p. 8], gives

3 lwd 1| /(d + 1)!

Jdetr(T = S,)

Moreover,

d+1 d

oy :rddr/\a/\(da)
(d+ 1) d!

Put ¢(y, &) = |€]. On the cone, g = r, so division by |dq| = |dr| at r = 1 gives (31.3), by [21, p. 60].

The eigenvalues of S, are goth roots of unity different from one. Their multiplicities are locally

constant, hence constant on C. Nonreal eigenvalues occur in conjugate pairs, and the only possible

real eigenvalue is —1. Thus detr(I — S,) > 0 and is constant on C. O

Let S be the restriction of dG, to the symplectic normal bundle of the image of F in S(X/C,). This
bundle has real rank 2n — 2 — (dim F — 1) = 2(m + 1). Choose wy, ..., Wyu41 € I} so that

§W1 g—Wl gwm+1 g—WmH
b EERA 3

are the eigenvalues of S ® C. Write [w] for the image of w € F, in F, /{£1}. The multiset
{lw1], ..., [Wm+1]} is independent of the ordering and the choice of one eigenvalue from each conjugate
pair.

Theorem 31.4. Under (31.1), one has
D=1, A{lwil .o, [Wpnl} ={[2]" " [a~ 1], [a + 1]}. (31.4)

Thus the complexified characteristic polynomial of the symplectic normal return agrees with that of the
round reference along a (2m — 1)-dimensional return component. The equality includes all collisions
among the displayed residue classes and is valid also for p =5 and p = 7.
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Proof. Integration along the upstairs circle gives

/ an(da)™™"  Q2m)" b
F (m—l)! _(m—l)! ’
The deck group acts along these circles, so passing to F/C,, divides this integral by p. Lemma 31.3
therefore gives
27)"D
/ dv = (2n)"D . (31.5)
F/C, p(m— DT 11— 0w

Reversal interchanges the images of F; and F_, preserving their positive densities and the absolute
normal determinants. Both periodic Morse indices are zero, since their length is £. Their leading clean-
trace contributions consequently add with the same phase. The two one-dimensional components
have leading order R, below R™ because m > 2.

The proof of Lemma 15.2, with L = 2,7 and s = p, gives the same leading coefficient for A and Py,
since their principal and subprincipal symbols agree. Equation (31.1) therefore equates the leading
R™ coefficients for Py and Pp.

For the round reference, the corresponding family is the Hopf bundle $?"~! — CP™"!. Its positive
Euler class is the integral generator, so Do = 1. Apply [69, Lemma 6, p. 299] at length ¢, with weight
1 of multiplicity m and weight a of multiplicity one. The normal eigenvalue pairs have weights

[2] (m—1 times), [a—1], [a+1].

The remaining eigenvalue one has multiplicity 2(m — 1); it is tangent to the fixed family in the contact
hyperplane. The pairs with weights +2 belong to the tangential summand of [69, Theorem 2, p. 292],
but are normal to the fixed family and occur in (31.5).

For the signed deck weights, identify the round geodesic space with the quadric of isotropic
lines by (x,v) = [x — iv]. The geodesic flow acts on x — iv by €', and for z = (x — iv)/ /2 one has
Im(z - dz) = v- dx = a. Thus the complex structure on the quadric is compatible with the positive
reduced symplectic form. At a line of deck weight 1, the projective tangent weights are

0 (m— 1 times), -2 (m times), a—1, —a—1.
The differential of the quadric equation removes one direction of weight —2. Hence the signed normal
weights of the deck action on the geodesic space are
—2  (m — 1 times), a—1, —a—1.

The quotient return at time 7 lifts to A1 G, and induces the inverse deck map on the geodesic space.
Its signed normal weights are therefore the negatives of these deck weights; their classes modulo
sign agree.

Comparing (31.5) on the two sides, all universal factors and the common index phase cancel. Put
u=(2,..,2,a—1,a+ 1), alist of length m + 1. Then

D 1
[Lh=v Tl =)

Squaring gives an equality in K = Q({):

p’[Ja-¢ma-gm=TJa-na-. (31.6)

Write Ng/q for the field norm and @, for the pth cyclotomic polynomial. For every nonzero s
(mod p), N /o(1 = {*) = ®,(1) = p. Taking norms in (31.6) and cancelling the 2(m + 1) identical
factors gives DXP~D = 1. Since D >0, D = 1.

For s € ]F;, let ¢s be the multiplicity of s in the signed list (wy, —wy, ..., W41, —Wp41) minus its
multiplicity in the analogous list for u. Then

Cs = C_g, Z ¢, =0, H(l -5 =1
S S
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Every nontrivial pth root is a Galois conjugate of {, so the last equality holds at every such root.
Franz’s independence lemma [26, §§9, 11, pp. 251-252] (see also [20, Chapter I, §5, pp. 11-12]) gives
cs = 0 for all s. This is exactly (31.4). The multiplicities in the signed lists include all coincidences
among the u;. g

Corollary 31.5. For F = F, or F_y, put ar = A|r and give F its contact orientation. Then
/(XF A(dap)™™ v
P2 i(m—1r

Proof. The fiber integral in the proof of Theorem 31.4, with D = 1, gives the value (27)™ /(2™ 1(m —
1)!) = Vy,—; for F;. Reversal preserves the positive contact density, so the integral has the same value
on F_;. O

31.2. Annular coefficient polynomials. Write h,(k) for the multiplicity of the frequency k + m on Q
and Hy(2) = ) 150 ha(k)zF. Lemma 8.1 gives
1-22 15 1
H, = . 31.7
A M crr cpre T e ey L7

For j=1,...,p—1,1et Cj(a), 1 < s < m, be the partial-fraction coefficients at z = ek

m

C; .

H,(z) = Z (1_1’;(;_)05 + a function regular at {’.
s=1

Define the polynomial

m m—1

i x—m+s—1 -

Tia(0) =" ) CLS(“)< s—1 ) =D tarx" (31.8)
s=1 r=0

Proposition 31.6. For every y € C((0,1)), every j=1,...,p — 1, and every N > 0, as R — +oo,

m—1 1
Tr(e%2 y(Po/R)) = Y tjarR™ / x(Wu" du+ Oy N(RY).
r=0 0

The leading coefficient of Tj , is
£ = 20
HEmTE plm = DI(1 = {HymI (1 = i1 - {0y’

(31.9)

Proof. At z = {/, the two terms r = j,—j have a pole of order m. The two terms r = a™!j, —a™'j have
simple poles. They are distinct from j, —j because a # +1. All other terms are regular. Multiplication
by (1 — z{ /)™ and evaluation at z = {/ therefore gives

2
(1= Y11 = (@D (1 = (0=
This remains valid for m = 2, since the other poles have order one. The rational function (31.7) is

proper, and every pole is a pth root of unity. For £€# = 1, let s¢ be its pole order at &, with sz = 0 if it is
regular there, and let Cy s be the coefficients of (1 — z/&)™* in its principal part. Partial fractions give

S§ _
h()=Y Y, Cg,s<k-:_sl 1>§—k.

Er=1 s=1

Cj,m(a) = »

At time j¢, the phase {/**™ is nonoscillatory precisely when & = {/. The proof of Lemma 8.4 applies
to each of these finitely many terms: the terms with & # {7/ are O(R™) for every N, and the remaining
sum equals

/ T,u(x)x(x/R) dx + O(R™).
R
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Indeed x = k + m; since y is supported in a compact subset of (0, 1), the integers x < m make no

contribution for large R. Expanding T, proves the trace formula. The leading coefficient of T, is

{"Cjm(a) g
(m-1)!

Theorem 31.7. Let A be a self-adjoint integer quantizer strongly commuting with Py, with A—Py € ¥ .
Under (31.1), for every j = 1,..., p — 1 the coefficients of R™,R™"!, ..., R in the annular clean trace of A
equal those in Proposition 31.6.

Proof. Since Gf = I and j is a unit modulo p, Fix(G;,) = Fix(G,). Its components are clean, of
dimensions 2m — 1 and one. The operator A is scalar and classical, with principal symbol |£[,. A
finite-rank smoothing change makes A positive and leaves all annular traces unchanged for large R.
The full clean trace expansion [21, Theorem 4.5, equations (4.6)—(4.7)], paired with the annular cutoff
as in Section 10.1, gives constants 7, independent of y such that

m—1

Tr(e¥x(A/R) = ) 7;,R™ /0 1 x(Wu" du+ Oy ;(1).

r=0

The integer exponents follow from the odd dimensions of the fixed components. The first omitted
frequency-symbol term has degree —1; its annular integral is bounded because the support of y is
bounded away from zero.

Choose 0 < y # 0. If some 7, # tjq,, let ry be the largest such index. Subtract the expansion in
Proposition 31.6 and divide by R7*!. The limit is

1
(Tj,ro - tj,a,ro)/ )((u)ur" du # 0,
0

contrary to (31.1). Thus 7, = t;,, for every r. Since these constants are independent of y, the
equality holds for every cutoff. (]

The coefficient of R is the sum of the principal contributions of the one-dimensional families and
the degree-zero frequency-symbol terms of the (2m — 1)-dimensional families.

Corollary 31.8. Under (31.1), if X is round, then X /C,, is isometric to L(p; 1™, a).

Proof. The period normalization makes X isometric to the unit round sphere. By [45, §1, Example (ii),
p- 77], a free order-p orthogonal action is a direct sum of rotation planes with nonzero weights modulo
p. Group equal weights modulo sign. A block of multiplicity s gives two fixed components CP*! in
the geodesic space. Corollary 31.2 therefore gives precisely one block of multiplicity m and one of
multiplicity one. After changing the generator and conjugating individual coordinates, the quotient
is L(p; 1™, b) with2 < b < (p—1)/2.

By (31.9), the absolute leading coefficient at j = 1 is

2
p(m — 1)![2sin(27/p)|™14]sin(xb /p) — sin’(x/p)]’
The leading coefficient for A equals that for Py by the proof of Lemma 15.2. Equation (31.1) therefore
gives |t1 p.m—1| = |t1.am—1|- The expression in brackets is strictly increasing for 2 < b < (p — 1)/2, so

b = a. The normalized orthogonal representations are then conjugate. Their quotients are isometric
by [45, Lemma 1.2, p. 78]. O

[t b m1| =

32. SIGNED NORMAL WEIGHTS AND MARKED PHASES

For a symplectic vector space V, write Mp(V) for its metaplectic group. In a Schrodinger realization,
its fourfold extension is the group puy Mp(V), where py = {1, —1, 1, —i} acts by scalar multiplication [16,
§11.2, p. 2455].
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Lemma 32.1. Let P be a scalar, self-adjoint, classical pseudodifferential operator of order one on half-
densities over a smooth manifold Y. Assume that its principal symbol q is real and positively homogeneous
of degree one, and that its invariant subprincipal symbol vanishes. Put U(t) = exp(—itP), and let ®; be
the flow of the Hamiltonian vector field Hy of q. Suppose that, for an odd positive integer p and £ > 0,

Dy = id, U(pt) =1 (mod ¥).

For p € Fix(®,;) C T*Y \ 0, the principal action of U(f) on coherent-state profiles at p is the unique
metaplectic lift of L = d®,(p) whose pth power is the identity. It is also the unique such lift in the fourfold
extension.

Proof. Since ®,(p) = p, one has L? = 1. Let d = dim Y and let & — 0*. Choose cotangent coordinates
p = (x0, &) and y; € CZ(Y) supported in this coordinate chart, with y, = 1 near x,. For f € S(R%),
put

T f(x) = B ()@ O/ £ ((x — x0)/ Vi) |dx|'/2.
Then
Bim 1T fliecyy = 1 lizra)- (32.1)

The unnormalized packet #9/4 T;’ f belongs to the class I°({p}) of [34, Definition 4.1, p. 21, arXiv

version]. We apply the coherent-state results to this packet and then multiply by A=4/4,

The trajectory {®;(p) : 0 < t < pt} is compact and disjoint from the zero section. In cotangent
charts covering it, the semiclassical Weyl symbol of AP is g + O(h?). After inserting microlocal cutoffs,
extend the real symbol in each chart to a proper real symbol, quadratic outside a compact set, with
self-adjoint Weyl quantization. The coherent-state propagation theorem [34, Theorem 4.2, pp. 21-22,
arXiv version] applies to these local extensions. The principal transport depends only on the symbol
near the trajectory, so a finite subdivision of [0, pf] gives the transport for U(t).

Let J be an open time interval containing [0, pf] on which the trajectory is defined, and let 7
denote the cotangent variable dual to ¢. With the canonical symplectic form dz A dt + d& A dx, one
has H; = 9;q - dx — dxq - 9¢. Put

2, ={(t,—q(p); ®1p) : t€ J}C T'Rx T"Y.

Let F denote the microlocal propagator from half-densities on Y to half-densities on J x Y, given by
Fu(t) = U(t)u|dt|*/2. Its canonical relation is parameterized by

(t.p) — ((t.—q(p"): @1p"). p').

Projection to the input covector is (¢, p”) = p’, a submersion. Theorem 4.3 of [34, p. 22, arXiv version]
therefore gives F(h?/* T;lf) € I(X,). Apply the second transport equation [34, Theorem 3.12, p. 17,
arXiv version] to —ihd, + AP on half-densities on R x Y along this curve. Its principal symbol 7 + ¢
vanishes on ¥, and its Hamilton field 9; + H, is tangent to this curve. The symplectic identification
of Tp,,(T*Y) with the symplectic normal of %, is

v +—> [0, —dgo,p(v);v)].

It intertwines the normal transport with d®;. The normal bundle over the interval J admits a
metaplectic structure; choose the lift equal to the identity at ¢ = 0. Write (x(s), £(s)) = ®;p in each
cotangent chart. The scalar transport factors are

eXp(;zA (£-%—q) d5> , exp(—i/o sub(P)(®;p) ds) .

They equal one: the second by hypothesis, and the first because £ - d;q = q. The remaining local
profile map is the metaplectic transport determined by d®;.
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Under a cotangent coordinate change x = /(y), let xo = ¥/(y0), A = DY/(y), and B;; = &-9;; /().
Taylor expansion of the phase and the half-density transformation give the principal change of profile

f(v) — | det A2 B2 £( ).

The quadratic multiplier is a metaplectic shear. The dilation belongs to the metaplectic group when
det A > 0. For a reflection in one coordinate, the corresponding operator is i exp[—iz(N + %)], where
N = %(—ai +x?—1) is the one-dimensional oscillator number operator. Thus the dilation for arbitrary
A belongs to the fourfold extension of [16, §11.2, p. 2455]. Expressing the initial and final profiles in
the same chart therefore gives a lift L of L in this extension.

The symbol expansion and the norm estimate [34, Theorem 3.15, p. 18, arXiv version] give, with a

compact microlocal cutoff equal to one near p understood on the left,
UWTEf = THLF) + Opa(h'/?),

Composition of the principal profile maps at the fixed point gives the same formula for U(p¢) with
L?. An operator of order —1 is O;2(h) on these microlocalized packets. The hypothesis on U(p?)
consequently gives

TH(IP - Df) = Op(n'7?).

Equation (32.1) implies (I? — I) f = 0 for every Schwartz profile, hence L? = I.

Every other lift in the fourfold extension is cL with c e Uy. Since p is odd, ¢ — c? is a bijection
of piy, so L is the unique lift whose pth power is one. For either metaplectic lift T of L, one has
T? € {I,—I}; exactly one of T,—T has pth power one. It must equal L. A change of the initial chart
conjugates the profile map and preserves its pth power, so this pointwise conclusion requires no
global metaplectic structure on T*Y. O

For a metaplectic operator T covering a symplectic map with no fixed vectors, let ©(T) € C*
denote its oscillatory trace in the quadratic-kernel normalization of [16, §11.3 and Example 11.1,
p. 2456]. Its phase is ©(T)/|O(T)|.

Lemma 32.2. Let S and Sy be symplectic maps of real dimension 2d, with S? = S§ = I for an odd prime
p, and with no fixed vectors. Choose invariant compatible complex structures, and let their complex
eigenvalues be

e2min/p. eZm'rl-O/p, rorl €{1,...,p—1}
Suppose that their unsigned weight multisets agree. Let T and Ty be their unique metaplectic lifts with
TP =T =LIf
o(r) _ e(Ty)
oDl 1e(To)l’

then
d d
H r = H r’ in Fp.
i=1 i=1
Proof. Choose a compatible unitary basis, with symplectic form d¢ A dx and complex coordinate
x — i€ on each plane. A rotation through 6 = 27r/p has continuous metaplectic lift exp[—iO(N + %)],
where N = (=92 + x* — 1) has the simple eigenvalues 0, 1,2, .... Its pth power is (—1)". The lift of S
whose pth power is one is therefore the tensor product of these lifts multiplied by (—1)%: .
In the oscillator representation with compact weights —k — 1/2, k € Z,, the rank-one compact
character formula [3, §2, p. 4; Proposition 3.18, pp. 11-12, author’s version] gives

@(CXP[—IQ(N + %)]) = 2131:(9/2)
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This is Adams’s convention ¥_(x) = e 2"*, whose compact generator is (_09 g). Here 0 < 6 < 27
and 6 # x, since p is odd, so each rank-one element lies in the regular compact set of the cited formula.
The quadratic kernels and their oscillatory traces factor under tensor products. Consequently

(~DZrid
12 sin(r;/p)

The denominator is positive. Reversing the Hamiltonian or Fourier convention conjugates both
characters and preserves equality of their phases.

Match the occurrences of each unsigned class in the two multisets. After permutation, each r; is
1) or p — r?, including when a class occurs more than once. Each replacement r — p — r? changes
the parity of ), r; and multiplies the product in F, by —1. Equality of phases in (32.2) implies an
even number of replacements and hence equality of the products. For d = 0, both products and both
characters equal one. O

o(T) = (32.2)

Corollary 32.3. Under the hypotheses of Theorem 31.4, the product of the signed symplectic normal
weights at By = F,/S' agrees with the corresponding product for the round reference. This holds for both
the quotient return and the deck action on the normal bundle in the space of oriented geodesics.

Proof. On scalar half-densities, Py = /Ay + m? has principal symbol |¢|; and zero subprincipal
symbol [21, p. 58]. Since A has integer spectrum and strongly commutes with Py, (10.8) gives

e~2miPu — 2mi(A=Py) _ T (mod ‘I’_l).

The frequencies of Py are integers, so e 2""¢ = . Both homogeneous geodesic flows have period 27.
Lemma 32.1 therefore applies to Py and Py with ¢ = 27/p.

Identify SM with S*M by the metric, and let C be the cone over the image of F; in SM. For p € C,
put W = T,C. This is a symplectic space of dimension 2m, and the derivative of the return has the
invariant splitting

T(T"M)=W & W¢, dGep) =Iw @ S.

By uniqueness in Lemma 32.1, its lift whose pth power is the identity is I ® S, where S is the
corresponding lift of S on W<,

In the clean stationary-phase formula, the transverse quadratic factor is ©(S) [16, Theorems 11-12,
pp- 2454-2456, and §11.4]. The fixed factor is positive. Indeed, identify W symplectically with
T*R™, write ww for its symplectic form, and let Op;’ denote Weyl quantization for 7 > 0. For
0<aw € CZ(W), aw # 0, one has

m

Tr(Op(aw)) = (2mh) ™ / aw W S 0.
w m!

Thus the phase of the local principal clean-trace coefficient is the phase of o(S).
Every length-¢ geodesic has periodic Morse index zero, by Lemma 15.1. Conjugating the component
formula in Section 10.1 gives, for the negative half-wave, the phase

exp (_in(m - 1))
2

on each (2m—1)-dimensional return component of M and Q. Their normal metaplectic traces therefore
have the same phase. Their unsigned normal weight multisets agree by Theorem 31.4. Lemma 32.2,
with d = m + 1, gives equality of the signed products for the quotient returns.

On F,, the quotient return induces dh™! on the normal space of B; in G. Replacing the quotient
return by the deck derivative negates all m + 1 weights. Both products acquire the factor (—1)™*!, so
their equality persists. g

Lemma 32.4. Under the hypotheses of Theorem 31.4, normalize the generator so that a (2m — 1)-
dimensional family has phase 1, and let b € F}, \ {+1} be the phase of a one-dimensional family. Let
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v € H*(BCp; F,) be the reduction modulo p of the first Chern class of the character h — (. Give the
normal bundle of By in G an invariant compatible complex structure, and let I1j, be the product of its
signed deck weights relative tov. Then

I, = (-=2)""'(1—b*) inF,. (32.3)
In particular,
(1-0%?*=(1-ad"? inF,, (32.4)
and hence
b =a> or b*=2-d%

If2 — a? is zero or a quadratic nonresidue modulo p, then b = +a. This holds for all allowed values of a
whenp =5orp=7.

Proof. Let L — G be the line bundle associated to the geodesic circle bundle by
(Gyu, z) ~ (u, e tz).

For a local section s of E — G, the frame [s, 1] has connection form —i s*A and curvature —iw. The
Chern-class normalization of [7, Appendix D, p. 126, author’s version] gives

(O = [i(—ia))} _ [g] ~ e,

2 2

The group H?(G; Z.) is torsion-free by Lemma 12.1, so ¢;(£) = e. The deck action on L is h[u, z] =
[hu, z]. Above B, it acts on the fibers by {7¢.

All cohomology groups below have coefficients in F,,. Put £ = clc P(£) mod p and e. = e|p, mod p.
Additivity of the first Chern class [38, Proposition 3.10, p. 86] gives

&lp, = ec — cv.
Write
H*(BC,) = F,[v] ® A(e), =2, lel=1, K =TF,().
By Lemma 29.2 and Corollary 31.2,
¢ = B, UB_; UB, LB_,.

Give G and these components their symplectic orientations, and give their normal bundles invariant
compatible complex structures. Write ec,(vg) for the equivariant Euler class of the normal bundle of
a fixed component B. For its inclusion i, the Thom identity gives

igip(x) = ec,(vp)x

[37, Corollary 4D.9, Theorem 4D.10, and p. 444]. The part of ec,(vp) of degree zero on B is pranke vs
times the product of the nonzero normal weights. The remaining part has positive degree on B and is
nilpotent. Thus this Euler class is invertible after extending scalars to K. Lemma 13.2 and equivariant

pushforward therefore give
igx
Nt
/g BcgCr B ecp(VB)

The class ¢ and the normal Euler classes have even degree. Since each fixed component has no odd
cohomology by Lemma 30.1, the restrictions and reciprocal Euler classes in this formula have no €
term.

Let z be an indeterminate. Define the formal Laurent series at infinity

R(z) = 02m+1/ 1 — Z Z—k—IUZm—k/égk. (32.5)
g

G =& k>0
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The pushforward |, § * belongs to H**~4m(BC,). It is zero for k < 2m and is a scalar multiple of v*~2"
for k > 2m. Thus every coefficient of R belongs to IF,. For ¢ = +1, Lemma 30.1 and Theorem 31.4,

with reversal for ¢ = —1, give
m __ m—1 _
e, =0, / e, =1
B,

Hence

1 m—1 j

e
— - Z i+1 j+1°
zv — &, = (z+c)
The corresponding contribution to R is rational, with its only possible pole at —c and order at most
m. The point components contribute simple poles at b and —b. These four points are distinct, so the
denominator divides

Qp(2) = (22 = )"(2* - b?).

The constant equivariant pushforward of %™ equals the ordinary number /g e’™. Lemma 12.2, the
prime period 2z and Vol(X) = V, give this number as 2. Since Q) is monic of degree 2m + 2, the
expansion at infinity therefore gives

2z+C
R(z)= 222, CeF,
Qi(2)
Let ] be the involution of G induced by geodesic reversal. It commutes with C,, and inverts
the geodesic circle action, so J*£ = L* equivariantly and J*¢ = —£. Moreover, J*w = —w. Since

dim G = 4m, the map J preserves orientation. Thus

Lﬁ:eaﬁéﬁ.

For odd k this pushforward is zero because p is odd. Consequently R(—z) = —R(z), and C = 0:

2z
(22 = 1)m(z% - b?)

R(z) = (32.6)

Write ry, ..., Iy41 for the signed normal deck weights at B;. Its contribution to the coefficient of

(z+1)™is
m—1
02m+1/ € _ 1
g v in  II,

The other components have no pole at —1. Since "' has top degree on By, every positive-degree
term of the reciprocal normal Euler class vanishes in this integral. The same coefficient in (32.6) is

_ oy
(D)

2z
(z— "= b?)

z=-1

Taking reciprocals proves (32.3).
The quotient return on F; induces the inverse deck derivative on the normal space of B;. Inversion
preserves unsigned weights, so Theorem 31.4 gives

I = 2""2(a—1)*(a + 1)

Squaring (32.3) and cancelling the nonzero factor 2™~2 proves (32.4). Factoring the difference of
squares in [F,, gives the two alternatives. Since b # 0, the second is impossible when 2 — a® is zero or
a quadratic nonresidue. For p = 5, a = 2 gives the nonresidue 3. For p = 7, a = 2, 3 give respectively
the nonresidue 5 and zero. O
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Theorem 32.5. Under the hypotheses of Theorem 31.4, the phase of the one-dimensional family satisfies
b=+a (mod p).

Consequently, after normalizing the generator by a (2m — 1)-dimensional component, the nonempty
phase families are F.1, F. 4, and

) ; 2T .
min d(x, h'x) = " min{|jlp, ljal,} (1 <j<p).

Proof. Choose the same associated-line and character conventions on both sides, with a phase-one
(2m — 1)-dimensional component on each. Corollary 32.3 gives equality of the signed normal deck-
weight products. Applying (32.3) to M and Q gives

2" (1= b%) = (=2)" (1 - @)

The common factor is nonzero in Fj, so b® = a* and b = +a. Theorem 30.4 gives the displacement
formula. ]

33. INTEGRAL TOPOLOGY AND SIGNED PRIME RETURN MAPS

Let m > 2 be an integer, let X?™*! be a normalized Zoll homotopy sphere, and let h generate a
free isometric action of prime order p > 5. Let d be the Riemannian distance on X. Put C, = (h),
£=2n/pand { = e?™/P Let 7 : SX — X be the unit tangent bundle projection, G; the geodesic

f_low on SX, and h= dh|sx. The flow defines a free action of S' = R/27Z. Write G = SX/S!, and let
h be the induced map on G. For ¢ € Fp, put

F.={veSX : hv = G

For r € R, write |r|, = mingez |r — kpl; this also defines a function on R/pZ.

Assume that the nonempty families are Fy, F_q, F,, F—,;, where a is an integer satisfying 2 < a <
(p — 1)/2, with dimensions 2m — 1,2m — 1,1, 1. Assume that they are connected mod-p homology
spheres and that

mind(x, hix) = emin(jly lajly} (1< <p). (33.1)

At F;, assume that the unsigned transverse weights are
2], [a—1], [a+1],

where [r] = {r, —r} C F; and exponents denote multiplicities. These hypotheses hold in the spectral
setting of Proposition 31.1, by Corollary 31.2 and Theorems 30.3, 31.4, and 32.5.
Let A be the canonical contact form on SX. For v € F,, the relative return is the symplectic map

dv(iz\_1 Geo)lker 2,» With symplectic form dA. The Euler class of a geodesic circle bundle has the positive
convention of Section 12.
Theorem 33.1. The families F..q are homotopy (2m — 1)-spheres, and
F/S' = cp™ !, F1/Cp=L(p;1,...,1).
Let e € H*(F,/S'; Z) be its positive Euler class. Then H*(F;/S'; Z) = Z[e]/(e™) and{(e™ !, [F,/S']) = 1
in the symplectic orientation. If m = 2, then
F/S' = &%, F =83 Fi/Cp = L(p;1,1)

diffeomorphically.

All four relative returns are symplectically conjugate to the corresponding returns for the round action
(z,w) = ({z,{*W) on §¥™1 C C™ @ C. With invariant compatible complex structures J satisfying
dA(u, Ju) > 0 for u # 0, their nontrivial signed weights are

family ‘ relative return ‘ weights in ¥,
F d(h™'Gy) 2"l 1—a, 1+a (33.2)
F, d(h'Gg) | (a—1™, (a+ D™

Reversal gives the other two maps. On G, the relative return induces dh™.
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33.1. Boundary indices and orientations. For j € F;, consider the energy on the twisted path space
ApiX defined in Section 29. A critical path extends by A’ to a closed geodesic. Its length is r¢ for
an integer r > 1: its p-fold extension has length in 27Z-,. Moreover, p { r, since K’ has no fixed
point. Its initial unit state lies in F,;-1, and conversely a state v in that family gives the critical path
t = 1Gryv, 0 < t < 1. Thus the critical lengths have the four distinct residues j, —j, aj, —aj modulo
p.

The initial-state parametrization is a smooth embedding, by uniqueness for the geodesic and
Jacobi equations and compactness of the family, as in the proof of Theorem 29.6. The relative return
i G,¢ has pth power equal to the identity. Its fixed tangent space is therefore the tangent space of its
fixed set. The normal Hessian kernel is this fixed space in ker A; the tangential kernel consists of the
constant multiples of y. Thus the Hessian kernel is exactly the tangent space of the critical manifold.
Lemma 29.7 applies. Since deg(h/) = 1, the evaluation fibration in its proof gives connectedness and

(AR X) =0 1<k<2m-1).

Fix F = F,, where ¢ € {1,—1, a, —a}, and write dimF = 2d — 1. Put g = he Along a geodesic with
initial state in F, one has y(t + ¢) = gy(t). Take the Hermitian metric, covariant derivative D; and
curvature convention of Lemma 29.8. For 0 € R/27Z, let j(6) be the complex negative index of the
normal form

{
I() = /O (IDJE = (RU, ¥ D)) dt

on complex normal H' fields satisfying J(¢) = €%dg J(0). Let i(q) be the real Morse index of the

g-fold arc with endpoint twist g9, for an integer q > 1. Equation (33.1) gives minimum displacement

at least ¢ for every nonidentity power of h. The short arc in F attains this bound for g, so j(0) = 0.
Put

T= d(§_1G€)|ker)L5 Es = ker(T - gvsl) (0 <s< P),

where E; is taken in the complexified contact space. Then T? = I and its real fixed space has dimension
2d — 2. The crossing calculation in the proof of Lemma 29.8 depends only on the twisted boundary
condition. With h replaced by g, it gives on E; the Hermitian form

Qs(u,v) = —iw(u,v), w=dA,

where o is extended complex bilinearly. Semisimplicity of T makes the pairing of E; with E; nonde-
generate, so Qs is nondegenerate. On Ej its positive and negative indices are both d — 1. Consequently
j0+) = j2n—) =d - 1.

For 1 < s < p, let A; and B be the negative and positive indices of Qs, respectively, and put
As = A — Bs. The index at 27s/p is its left limit minus B, or its right limit minus A,. The character
decomposition in the proof of Lemma 29.8, with h replaced by g, gives

i(q)= Y, jlarg2). (33.3)
z9=1

The hypotheses of [31, Lemma 2.3 and (2.4), pp. 37-38] hold, since g = I and y(t + ¢) = gy(t). The
tangential index form is nonnegative.
For p t q, the number of sample points strictly beyond 2zs/p is ¢ — 1 — | qs/p]. Hence

p—1
i(q)=<q—1)(d—1)+ZAs(q—1— [‘;J) (3.4
s=1

For p | g, every nonzero eigenphase is sampled, and the right side must be decreased by Zf:_ll Bs.
The normal Jacobi space has real dimension 4m. Conjugation gives B, s = A, and therefore

p—1 p—1
D A=0, Y Bi=2m-d+1.
s=1

s=1
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The p-fold arc is a prime closed geodesic, so Lemma 11.2 gives i(p) = 2m. Substitution in the corrected
formula at g = p yields

p-1
Z(p —1—35)As =4m— p(d — 1).
s=1
The identities
(q—i—p)s:[qs +s [qs-p(p_q)sj:s—l (1<q<p)
P pl 7 p p B

now give
i(g+p)=i(g)+4m  (g21),
i(Q+i(p—q)=4m—-2d+2 (1<q<p).

The change of variable t — gf — t identifies the index form of an arc with that of its reversal, with g
replaced by g~!. Thus the same indices apply to the opposite family with the inverse endpoint twist.

Put M = X/C,, and let p : X — M be the quotient map. The manifold M is closed and Besse.
Every deck transformation preserves orientation, since its degree has odd order. The orientation of X
therefore descends to M. For f € Cp, including f = I, let A{sjM be the component of the free loop
space corresponding to f under m;(M) = C,. The map

(33.5)

AfX — A[f]M, yrF—=>peoy,

is a p-sheeted covering: a loop has one lift for each initial point in a fiber of p, and its endpoint
transformation is unchanged by a deck transformation because Cj, is abelian. Its differential identifies
fields with J(1) = df J(0) with periodic fields along the projected loop. Since p is a local isometry,
this identification intertwines covariant derivatives and the energy Hessians. The quotient has odd
dimension, so [84, Theorem 3, p. 283] gives

i(q)=0 (mod 2) (g=1), (33.6)

by taking f = g9.
By the transfer theorem [37, Proposition 3G.1, p. 321], the pullback

p* 1 HX(M;Fy) — H*(X;F,) =0

is injective, since p is odd. Thus the second Stiefel-Whitney class w,(M) vanishes, and the oriented
manifold M is spin. By [70, Corollary C, p. 914], the negative bundle over every critical manifold in
the free loop space of M is orientable. The Hessian identification above makes the negative bundle
over each lifted critical manifold its pullback. In particular, the negative bundles over the circle critical
manifolds in A,; X are orientable.

33.2. The circle indices and the large family.

Lemma 33.2. The homotopy types, integral cohomology, Euler number and dimension-three diffeomor-
phisms are those in Theorem 33.1. In a twisted path space whose minimum is F; or F_1, each of the two
circle critical manifolds below 27 has index 2m. Ifb = a™! € F.g= ht, and dy = |bqlp, the q-fold arc
in F, with endpoint twist g7 has index

0, q < dg,
ic(Q) =12m, dy<q<p-—dy, 1<g<p. (33.7)
dm, p—ds<gq,
Proof. Fix a sector Ay X whose full minimum is F,, with ¢ € {1,—1}. Its minimum index is zero.
Reversal and (33.5), with d = m, give index 2m + 2 for the opposite family. With d = 1, the same

identity gives circle indices r and 4m — r. Subsequent occurrences of each family add 4m to its index.
The four critical residues are distinct, so each critical value corresponds to a single family.
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Put gy = min{r, 4m — r} and suppose qy < 2m. Every other attachment above the minimum then
has rank at least 2m + 2. If g = 0, attachment of its negative disk bundle adds a disjoint circle.
Attachments of rank at least 2m + 2 preserve the set of connected components. A path between
the resulting components would have bounded energy and hence lie in a bounded sublevel. This
contradicts the connectedness of Ay X.

If go > 0, (33.6) gives 2 < gy < 2m — 2. Choose regular sublevels A C D immediately before and
after the index-qq circle. All earlier positive-rank attachments have rank at least 2m + 2. Since F; is a
mod-p homology (2m — 1)-sphere,

Hy1(A;F,) = 0.
The negative bundle of the circle is orientable, so the Thom isomorphism gives
Hy (D, A;Fy) = Hy(S'; Fp) = Fy.

The exact sequence of the pair makes the map Hy (D;F,) — Hy (D, A;F)p) surjective. Every later
attachment has rank at least 2m + 2, so it preserves Hg,. A singular bounding chain has bounded
energy; hence Hy (A X;F,) # 0. This contradicts the homotopy vanishing from Lemma 29.7 and the
Hurewicz theorem. Thus both circle indices are 2m in every such sector.

In Ay X, equation (33.1) gives the full minimum Fj, since 1 < a. All attachments above it now have
rank at least 2m. Lemma 29.7 gives

ﬂj(AhX, Fl) =0 (] < 2m)
Its homotopy sequence and the vanishing of 7;(AX) for 1 < j < 2m — 1 give
m(F)=0 (1<j<2m—2).
By Lemma 29.2, F, is a closed contact (2m — 1)-manifold, oriented by A|r, A (dA|r, )™ !. The Hurewicz
isomorphism supplies a map S?"~! — F, representing its integral orientation class. It is an integral
homology equivalence between simply connected spaces of CW type, hence a homotopy equivalence
[37, Corollary 4.33, p. 367]. Reversal gives F_; =~ S?™~1,

Put B = F;/S!, and let e € H%(B; Z) be the positive Euler class of this circle bundle. The circle
action is free, since its prime period is 27z. The quotient is a closed smooth (2m — 2)-manifold, and the
homotopy sequence of the circle bundle gives 71(B) = 0. The integral Gysin sequence [37, Section 4.D,
p- 438] gives

H*(B;Z) = Z[e]/(e™).
Indeed, cup product with e is an isomorphism between the successive even groups through degree
2m — 2, and the odd groups vanish, since H*(Fy; Z) is supported in degrees 0 and 2m — 1. Thus e™!

generates top cohomology. Its symplectic representative is positive, so (¢!, [B]) = 1.
Let L5 be the line bundle associated by

(Giw, 2) ~ (w, e't2), w € Fy.

With the associated-line convention in Section 32, one has ¢;(Lg) = e. Let u = ¢;(O(1)) be the

positive generator on CP”. Complex line-bundle classification [38, Proposition 3.10, p. 86] gives a

map f : B— CP* with L5 = f*O(1) and f*u = e. The smooth compact manifold B has a finite CW

structure of dimension 2m — 2. Cellular approximation [37, Theorem 4.8, p. 349] therefore makes

f take values in CP™!. It induces an integral cohomology isomorphism. The universal coefficient

theorem and the homological Whitehead theorem [37, Corollary 4.33, p. 367] give B = CP™!.
Taking dual unit-circle bundles gives an S!-equivariant bundle map

fN: Fl - SZm—l
over f, with the standard scalar action on the target. Its fiber map has degree one. The homotopy

sequences of the two bundles and Whitehead’s theorem [37, Theorem 4.5, p. 346] show that ]Tis a
homotopy equivalence. On Fj, the deck generator is G,. Consequently f descends to

Fi/Cp—> L(p;1,...,1).
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The quotient map induces the identity between the deck groups on fundamental groups. Its lift to the
universal covers is f, so it induces isomorphisms on all higher homotopy groups as well. The same
theorem gives the stated quotient homotopy equivalence.

If m = 2, the surface B is closed, oriented and simply connected. Choose an orientation-preserving
diffeomorphism f : B — CP' = S Since (e, [B]) = 1, it satisfies f*u = e. The associated line bundles
are topologically isomorphic. By [41, Chapter 4, Section 3, Theorem 3.5, p. 101], their underlying
smooth real plane bundles admit a smooth isomorphism T. It preserves fiber orientation: otherwise
e = —ein H%(B;Z) = Ze. Choose Hermitian metrics and write T* for the fiberwise adjoint. The polar
part T(T*T)~'/? is an oriented fiberwise isometry, hence is complex linear. Taking dual unit circles
gives an S'-equivariant diffeomorphism F; = S°, and therefore F;/C, = L(p; 1,1).

Finally, let b = a™!, g = h® and d, = |bql,. Equation (33.1) gives

min d(x, g7x) = fmin{|q|,, dg}.

For 1 < q < (p — 1)/2, the inequality g < d; means that the g-fold arc in F, attains the global
minimum, so its index is zero. If d; < g < (p — 1)/2, the minimum is F; or F_y, and the circle index is
2m by the first part of the proof. For (p +1)/2 < g < p, use d,_q = d, and (33.5) with d = 1. These
give all three cases of (33.7). An equality ¢ = d, or ¢ = p — d, would give bq = +q (mod p), hence
b = £1, contrary to a # *1. U

33.3. The return along F;. Here g = hand d = m. Putx = p0/(2n) e R/pZ and H = (p — 1)/2. For
the round reference, write jr(x) for the normal boundary index at phase 27x/p. Let 14 denote the
indicator of a set A. One has

RO =Mm=1) Y, Ypeeepep + Y, Lx—eal,<i}- (33.8)

e==+1 e==+1

Indeed, on a round real normal two-plane of deck weight w, the Fourier modes of —D? — I have
eigenvalues (pk + x + w)? — 1, k € Z. There are m — 1 planes with w = 1 and one with w = a. The
strict inequalities exclude the zero eigenvalues. In particular, ‘}’:_01 Jr(j) = 2m.

The actual and round returns have the same unsigned weights by hypothesis. Thus their possible
crossing forms differ only in the positive and negative indices at these eigenvalues. For 1 < r < H,
replacing one positive direction of Q, by a negative one changes the boundary index by 2 on (r, p —r)
and by 1 at each endpoint. The change in its integer-grid sum is 2(p — 2r).

Suppose first that 2 < a < (p —3)/2. In the round model, Q, has m — 1 positive directions from the
repeated weights, and the exceptional weights give one negative direction at a — 1 and one positive
direction at a + 1. Let k € {0,..., m — 1} count the repeated directions whose signs change, and let
€p, €c € {0, 1} be the indicators of a sign change at a — 1 and a + 1, respectively. These descriptions
allow coincident eigenvalues; the resulting inertia is the sum of their contributions. Both full-period
indices equal 2m, so

k(p—4)—ep(p—2a+2)+ep—2a—-2)=0. (33.9)
If €, = 0, both remaining coefficients are positive, and k = ¢, = 0. If €, = €, = 1, then k(p — 4) = 4,
impossible for a prime p > 7. If (ep, €.) = (1, 0), then
0<p-—-2a+2<2(p—4), k(p—4)=p—2a+2.

Hence k = 1 and a = 3. The two changes then occur at the same eigenvalue {?, with opposite signs,
and leave its inertia unchanged.

Suppose now that a = (p — 1)/2. Both exceptional directions are negative, at r = (p — 3)/2 and
r = (p —1)/2, and the equation is

k(p —4) =3€p + €. (33.10)

For p > 11, only the zero solution occurs. For p = 7, the only other solution is (k, €p, €.) = (1, 1,0),
whose two changes cancel at 2. For p = 5, one has a = 2 and k = 3¢, + €. The solution (1,0, 1) again
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preserves the inertia at (2. The remaining solutions are (3,1, 0) and (4, 1, 1), subject to k < m — 1, and
give the same distinct inertia. They require m > 4.

For this distinct inertia, let j.(x) denote the actual boundary index at phase 27 x /5. Relative to jg,
its change is —2 on (1,4) and +6 on (2, 3), with half these changes at the respective endpoints. Thus

x [(0,DU4,5 (1,2)uB,49 (2,3)
Ju(x) ‘ m—1 m—2 6.

At the integer points, j.(1) = j.(4) = m — 2 and j.(2) = j.(3) = 2. Formula (33.3) gives the indices 6
and 2m — 4 for the large-family arcs of lengths 2¢ and 3¢.

In Ap2 X, the four critical families below 27 are F_,, Fy, F_;, F,, at lengths ¢, 2¢, 3¢, 4¢. The first is
the full minimum set by (33.1). Complementarity with d = 1 gives index 4m for the last one. Their
indices would therefore be

0, 6, 2m-—4, 4m,

and every later occurrence adds 4m by (33.5). Since m > 4, all attachments after the minimum circle
have rank at least four. Lemma 29.7 would give

m(ApX) = m(F,) = Z,

contrary to the vanishing already proved. Thus the crossing inertias at F; agree with the round ones
for every p > 5.

33.4. An invertible finite convolution.
Lemma 33.3. Put H = (p — 1)/2. If real numbers cy, ..., cg satisfy

H
(R e EP

r=1
then every ¢, is zero.

Proof. Taking q = p — 1, for which |(p — D)r/p] = r — 1, gives

H
d(p-2r)e =o.
r=1

Put G = (Z/pZ)*. For u € G, let (u) € {1,..., p — 1} be its representative and put B(u) = (u)/p — 1/2.
Extend ¢ to G by ¢(r) = ¢, and ¢(—r) = —¢, for 1 < r < H. Since

qg—1-2 + 2B(qr),

qrj _q(p—2r)
p P

and B(—u) = —B(u), the hypotheses give ). ,c; c(u)B(qu) = 0 for every q € G. For a character
x : G — C*, multiplication by y(q) and summation over g, followed by v = qu, give

0=8, >, cwyw, B, =, x®BQ). (33.11)
ueG veG
If y(—1) = —1, its extension by zero on pZ is a nonprincipal Dirichlet character of conductor p.

Therefore
154
By = EZUX(U);':O
v=1

by [82, Proposition 4.1, p. 31; Theorem 4.9, p. 37]. Thus (33.11) makes every odd Fourier coefficient
of ¢ zero. The even coeflicients vanish because c is odd. Character orthogonality [20, Exposé I,
Proposition (1.2), p. 2] now gives ¢ = 0. g
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33.5. The return along F,. Let b € {1,..., p — 1} satisfy ab = 1 (mod p), and put g = h”. Then
gv = G forv € F,. Put H = (p — 1)/2. For the return d(g ' Gy)ker s, Write A, = A, — B, and
d, = A, + B, for 1 < r < H, with the crossing conventions above. Its fixed contact space is zero, since
dim F, = 1. Hence

M=

dr = zms dr 2 IAV|'

r=1

Pairing r with p — r in (33.4) gives

H
ic(q) = Y, A (q—1—2 l‘f;J) 1< g<p). (33.12)
r=1

For x = p@/(2r), the corresponding round boundary index is
JrR(x)=m (1{|x7b|p<1} + 1{|x+b|p<1}) .

Let AR be its jumps. Formula (33.3) gives its g-fold index as

ir(q) =m Z #keZ : |pk+ebql < q}.

e==+1

For 1 < q < p, put d; = |bgl,. For either sign e, the distances below p from ebq to pZ are d,
and p — d,. The two endpoints do not equal g, as in Lemma 33.2. Each count is therefore 0, 1, or 2
according as g < dg, dg < g < p—dg, or p—dy < q. Consequently ir(q) = ic(q) by (33.7). The round
jumps satisfy (33.12) with ic replaced by iz. Lemma 33.3, applied to ¢, = A, — A, gives

A =AF (1< r<H).

The four endpoints of the round intervals have the two unsigned classes [b — 1] and [b + 1]. These
classes are nonzero and distinct: b # +1, and their equality would give 2 = 0 or 2b = 0 in FF;,. Each of
the two positive-half jumps has absolute value m. Thus

H H
diadl=2m=> d,.
r=1 r=1
The inequalities d, > |A,| imply
A+ A, A —A
dr = |Ar|; Ar = %, Br = M?r

These are the round inertias. Conjugation gives the same conclusion at the phases p —r.

Completion of the proof of Theorem 33.1. The topology is Lemma 33.2. Let T be the relative return at
F, for h and time ¢, or the relative return at F, for g = h® and time ¢. It is a real symplectic map with
T? = I, hence is semisimple and has no eigenvalue —1. Let T¢ be its complexification, and extend
@ = dA complex bilinearly. For a nonreal eigenvalue z, put

E, = ker(T¢ — zI), H,(u,v) = io(u,v), u,ve€E,.

For z = {?*, this form is —Qj, so its positive and negative indices are A; and B;. In [36, Theorem 1.2,
p- 115], the form Q\f is exactly H,. Semisimplicity gives ker((Tec — zI)F) = E, for every k > 1 and
makes all the higher forms zero. The fixed summand is the identity, of the same dimension as in
the round model. Thus the equal crossing inertias proved above give the required real symplectic
conjugacy for each of these two returns. At F,, taking ath powers gives the return in the theorem,
since

('Gp)* = h'Gq.



SPECTRAL RESOLUTION AND RIGIDITY 133

For the round metric, identify normal Jacobi fields with their initial data (x, y) = (J(0), D;J(0)) in
a parallel normal frame. Then

dA(, ), (Y ) =y, xy = (x,y"), T y) =, —x).

One has dA(v, Jv) = |x[> + |y|*> > 0 for v = (x, y) # 0, and Jacobi evolution is e’ . With the complex
coordinate x — iy, the inverse deck rotation on a real normal two-plane of weight w has weights
w, —w. It commutes with J, so the time-¢ relative return has weights 1 — w,1 + w. At F,, the m
normal two-planes have weight b for g. The short return has weights 1 — b,1 + b, each repeated m
times; its ath power has weights a — 1, a + 1 modulo p. At F;, the m — 1 normal two-planes of weight
one give weights 0, 2, and the plane of weight a gives 1 — a, 1 + a. Removing the fixed summand gives
(33.2).
Let R(x,v) = (x,—v) be reversal. It satisfies

R¥dA=—d), RGAE'GHR I =h"'G_,,

Applying reversal on both the comparison and round sides gives symplectic conjugacies for the other
two returns, with the negatives of the displayed signed weights. Since G; acts trivially on G, the
relative return induces dh™!. O

34, INTEGRAL LINKING AND DISPLACEMENT EXTREMA

Retain the hypotheses of Theorem 33.1, and suppose p > 11. Putn = 2m + 1, £ = 2% /p, and
H = (p—1)/2. Let 7 : SX — X be the unit tangent bundle projection. Proposition 12.3 gives
Vol(X) = Vol(S™), where S" has its unit round metric. Thus (30.1) holds, and Theorems 30.7 and 30.10
give disjoint embedded submanifolds

N = n(F,) = n(F-y), C = n(F,) = n(F_).

By Lemma 33.2, N is a homotopy (n — 2)-sphere; C is a circle. Fix orientations on X, N, C. For disjoint
closed oriented submanifolds A, B C X of positive dimensions with dim A + dim B = n — 1, write
1Ik(A, B) for their integral linking number, defined by intersecting B with an integral chain bounding
A. For an isometry f of X, put 7(x) = d(x, fx), where d is the Riemannian distance. Choose
bef{l,..,p—1}withab =1 (mod p).

Theorem 34.1. One has |1k(N, C)| = 1. The inclusions
N — X\C, C— X\N

are respectively a homotopy equivalence and an integral homology equivalence.
At least one of the following conditions holds for some integers g, r. If

1<g<r<H, lagl, < g <r <larlp, (34.1)
then, for f = hY,
min 35(x) = laqlyt, arger;ln dr(x) = C,

max dr(x) = q¢, ar%g(ax 5r(x) =N.
If
1<g<r<H, lbgly < g <r<|br|p, (34.2)
then, for f = hba,
I§1€1)1;1 3r(x) = |bqglpt, arger;lin dr(x) =N,

max 6 ¢(x) = q¢, argmax d5(x) = C.
xeX xeX

In either case, uy = %55} is smooth near its maximum set. Its Hessian has that set’s tangent space as
kernel and is negative definite on the normal space.
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Lemma 34.2. Let p > 11 be prime, put H = (p — 1)/2, and let ¢ € F, \ {1, -1}. Define
me(i) = |cil, w1 (i) = el 1<i<H.
Then some 7 € {7, w1} and integers 1 < q < r < H satisfy n(q) < q < r < n(r).

Proof. Multiplication by ¢ permutes the pairs {i, —i}, so 7.1 = 7, '. Neither permutation has a fixed
point, since ci = +i would give ¢ = +1. Suppose neither has the required pair. For either permutation
7, an index q with 7(q) < ¢ cannot precede an index r with z(r) > r. Since there are no fixed points,
one has

{i + 7.(i) >i}={1,..,R}, x>t =1{1,...,Sh

Both sets are nonempty and proper: a fixed-point-free permutation of {1, ..., H} sends 1 above itself
and H below itself. For j = 7.(i), one has

i<R < j>i = n1,'(j)<j = j>S.

Hence R + S = H and 7.({1,...,R}) = {H — R+ 1,..., H}. Replacing c by ¢! if necessary, assume
1<R<H/2.
Regard the following integer intervals as subsets of F:

A={-R...,R, J={H-R+1,..,H+R, B=cA={0}u]J.
For subsets U, V C Fj,, write U+ V ={u+v : u€ U, v € V}. Then
A+ A={-2R,..., 2R}, J+J={-Q2R-1),...,2R — 1}, B+B=c(A+A)=Ju({J+])).

Since 4R + 1 < p, one has |A + A| = 4R + 1. The intervals J and J + J are disjoint if 3R < H; their
union is F, if 3R > H + 1. Thus

4R + 1 =|B + B| = min(p, 6R — 1).
It follows that R =1 or p = 4R+ 1. If R = 1, then ¢ = £H in F,. Since H > 5,
m:(2)=1<2<3<H-1=r.3),

contrary to the assumption.

Suppose p = 4R+1. Then multiplication by ¢ sends A\{0} to its complement in . For j = 2,4, put
S; = Y xea x'. The finite-field power-sum identity [72, Chapter I, §2.1, Lemma, p. 5] gives sz]F; x/ =0,
since 0 < j < p — 1. Hence ¢/S; = —S;. In Fj, one has R = —1/4 and

S _RR+1DCR+1) 1 s _ R(R+1)(QR+1)BR*+3R-1) 5
2T 3 T3 ‘T 15 T 512
The denominators and both sums are nonzero because p > 11. Thus c? = ¢* = —1, whereas (¢?)? = 1,
a contradiction. O

34.1. Negative bundles and evaluation. Let f be an isometry of a closed oriented homotopy n-sphere
X. On the twisted path space

ApX ={y € H'([0,1], X) = y(1) = fy(0)},

put

1
B)=; [ ikdn e =y,

For s € R, write E* = {y : E(y) < s}. At a critical path y, let I, be the energy Hessian, represented
with the H! inner product in the proof of Lemma 29.7. Its negative spectral spaces form the negative
bundle over any compact Morse—Bott critical manifold.
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Lemma 34.3. Let F C Ay X be a Morse-Bott critical manifold, and suppose that ev | is a diffeomorphism
onto an embedded submanifold B C X. Suppose every y € F minimizes between its fixed endpoints. Let
E, be the negative spectral space of I,. Then evaluation induces an injection

E, — Ty 0)X/ Ty(0)Bs Y +— Y(0) mod Ty)B.
It is an isomorphism if diim E,, = codim B.

Proof. Suppose Y € E and Y(0) € T,(g)B. Since evaluation restricts to a diffeomorphism on F, there is
J € T,F = ker I, with J(0) = Y(0). The twisted endpoint condition gives (Y — J)(0) = (Y — J)(1) = 0.
Fixed-endpoint minimality therefore gives

Negative definiteness on E;, implies Y = 0. Equality of dimensions gives the last assertion. O

For a finite singular chain &, let |¢| denote the union of the images of its singular simplices with
nonzero coefficients.

Lemma 34.4. Let L > 0 and ¢ = L*/2. Suppose that the critical set of E at and below c is the disjoint
union of the full minimum set Fy and a compact Morse—Bott manifold F, and that Fy is Morse—Bott.
Suppose their evaluations are diffeomorphisms onto disjoint closed connected oriented submanifolds A, B,
with
ind(F) = codimB = r, dimA=r-1, 2<r<n-1.
Assume that d(y, fy) = L on B and that every path in F minimizes between its fixed endpoints. Then
|Ik(A, B)| =1, dix, fx)<L (x¢€X), d(x, fx) <L (x¢B).

Proof. Every path in F is a constant-speed minimizing geodesic of length L, so E(F) = ¢ > minE.
Let v~ F be the negative bundle, with a smooth fiber metric and norm | - |. For € > 0, let D.(v~F)
denote its closed disk bundle of radius €. A smooth tubular chart along F restricts, for sufficiently
small € > 0, to an embedding

1: D(v'F) — ArX

which is the identity on the zero section and whose differential there is the inclusion on TF @ v~F.
Compactness of F and negative definiteness of the Hessian give €, k > 0 such that

EG(y,v) <c—xpl* (ol < o).

Put D = D.(v~F) and S = dD. Choose a regular value c¢_ < c greater than both min E and maxg(E - ).
Give Ay X the complete Riemannian metric of [30, Example 1.2, p. 208]. The energy is smooth, bounded
below and satisfies the Palais—Smale condition by Lemma 29.7. Choose a regular ¢y € (minE, c_)
sufficiently close to min E. The Morse-Bott attachment at the minimum makes Fy — E® a homotopy
equivalence. The interval [ ¢, c—] has no critical value, so the closed-sublevel deformation theorem
[64, Theorem 9.3.2, pp. 193-194] deforms E“ onto E®. Thus Fy, = E* is a homotopy equivalence.
Choose a homotopy R; : E — E*,0 <t < 1, with Ry = id and R,(E®) C F.
For every n € AsX,

E(n) > } length(n)* > $d(n(0), fn(0))*. (34.3)

Thus a path of energy below ¢ cannot evaluate to B. Fix y € F and orient its fiber disk D}. The
evaluation of this disk meets B only at the centre. Lemma 34.3 makes this intersection transverse,
with sign +1. The homotopy R; moves the boundary of this disk into F; through paths in E-. Attach
the resulting cylinder to the disk and evaluate. This gives a map of pairs

¥ (D, — (X, A)
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whose algebraic intersection with B is +1. Let [¥] € H,.(X, A;Z) be the image of the relative
fundamental class of the oriented disk. The homology sequence of (X, A) gives an isomorphism

a : Hr(X,A, Z) — Hrfl(AQ Z) = Z[AL

since H,(X;Z) = H,—1(X;Z) = 0. Write 9[¥] = k[A], with k € Z. By the intersection definition of
linking,

k1k(A, B) = [¥] - [B] = +1.

Consequently |1k(A, B)| = |k| = 1.
Put vxB = TX|g/TB. The maps in Lemma 34.3 vary smoothly with y and give a vector-bundle
isomorphism

v F = (ev]|r) vxB.

The orientations of X and B orient vx B; pull this orientation back to v~ F, and orient F through ev |f.
Then D is a compact oriented n-manifold with boundary S. Choose a finite relative fundamental
chain z of (D, S), regarded through : as a chain in A;X. Its boundary lies in E*. Since

Hy1(E;Z) = Hia(AZ) = 0,
there is a finite singular n-chain w in E¢ with 0w = 9z. Thus I’ = z — w is an integral n-cycle, and
IT| c E°, Il n E"Y(c) C F.
Fix y € Band put y;, = (ev|r)"'(y). Then

(eve) ' (M) ={(1, 0} v €ev(w.

At (yy,0) the differential of ev o1 is invertible: the tangent directions to F map isomorphically onto
T, B, and the negative directions map isomorphically onto T, X /T, B. Hence the image of ev.[I'] in
H,(X, X \{y}; Z) is a local orientation generator. The local-to-global fundamental-class isomorphism
[37, Theorem 3.26(a), p. 236] gives

ev.[I] = £[X].

For every x € X, the punctured manifold has H,(X \ {x}; Z) = 0 [37, Proposition 3.29, p. 239]. If
x ¢ ev(|T), the evaluated cycle would be a cycle in X\{x}, contrary to ev,[['| = +[X]. Thusev(|T|) = X.
For x ¢ B and n € [I'| with ev(n) = x, one has 5 ¢ F and therefore E(5) < c. Equation (34.3) proves
the displacement bounds. O

34.2. Proof of the linking and extremum theorem.

Proof of Theorem 34.1. Apply Lemma 34.2 with ¢ = a. It gives (34.1) or (34.2).
Suppose first that (34.1) holds, and put s = |aq|,. In ApeX, the critical lengths below 27 and their
evaluated images are

length | st qt (p—q)t (p—s)t
image | C N N C.

Equation (33.1) and (34.3) make the first critical manifold the full energy minimum: its arcs attain
the lower bound, and any path attaining it is a critical path of that length. Corollary 30.5 gives
argmin, .y Spe(x) = C.

Since r < |ar|,, every length-rf arc in F; attains the marked minimum for h". Its length-g¢ prefix
therefore minimizes between its endpoints. Consequently &y = gf on N. Lemma 34.3 bounds the
index of this second critical manifold by codim N = 2. The index is even by (33.6). If it were zero, its
negative disk bundle would add a disjoint component above the minimum. Every later attachment
has even rank; rank zero adds a component, and rank at least two cannot join distinct components. A
path joining two components has bounded energy and hence lies below finitely many critical levels,
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by Lemma 29.7. This would contradict the connectedness of Ay X. Thus the index is two. Lemma 34.4,
with A= C, B= N, and L = g/, gives

[Ik(C,N)| =1, max Spe(x) = qt, argmax Opq(x) = N.
x€X xeX

Suppose instead that (34.2) holds. Put g = h” and s = |bgly. The first two critical lengths in
AgeX are st, gf, with evaluated images N, C. The marked minimum and (34.3) again identify the first
critical manifold with the full minimum. Corollary 30.5, applied with j = bgq, gives its displacement
minimum set N, since [bg|, < g = |abgql,. For the second critical manifold, one has s < g < p — s, so
(33.7) gives index 2m = n — 1 = codim C. The length-r¢ arcs in F, attain the marked minimum for g”,
since r < [br],. Their length-q¢ prefixes therefore minimize between their endpoints, and 544 = gf
on C. Lemma 34.4, with A = N, B = C, and L = g¢, proves the second alternative and |lk(N, C)| = 1.
The two orders of linking have the same absolute value, so the linking assertion follows in either case.

Let B be the maximum set in the chosen alternative, put L = q¢, and write f for the corresponding
isometry. For x € B, the selected arc from x to fx is a proper prefix of a minimizing arc. It is the
unique minimizing arc to fx: replacing it by another and retaining the tail would give a minimizing
curve; its velocities must agree at the junction, and uniqueness for the geodesic equation identifies
the two prefixes. Lemma 13.4 excludes conjugacy at fx. Thus (x, fx) is outside the cut locus, and

up(y) = 3d(y, fy)

is smooth near B [63, proof of Lemma 1.1.2, p. 413].

Parametrize the selected arc by unit speed, y : [0,L] — X, and let I be its index form. For
w € T, X, nonconjugacy gives a unique Jacobi field J,, with J,,(0) = w and J,,(L) = df,w. Since
y(L) = df,y(0), its tangential coefficient has equal endpoint values. The Jacobi equation makes this
coefficient affine; hence

(DJw, y) = 0.

The first variation of 6 vanishes at x. The second variation formula for geodesic endpoint variations,
followed by polarization, gives

Hessy ug(w, z) = LI(J, J2)

[63, (1.3.1), p. 416]. Every H' field Y satisfying Y(L) = d f, Y(0) decomposes uniquely as Y = Jy)+Z,
where Z(0) = Z(L) = 0. Integration by parts gives I(J,y, Z) = 0. The Dirichlet form is nonnegative by
minimality and has zero kernel by nonconjugacys; it is therefore positive definite. Thus the endpoint
form (w, z) = I(J,, J;) has the index and nullity of the full twisted form, namely codim B and dim B.
The critical manifold evaluates diffeomorphically onto B, so its kernel is identified with T, B. The
Hessian of uy is consequently negative definite on the normal space to B.

Integral duality for a compact locally contractible subset of a closed oriented manifold [37, Theo-
rem 3.44, pp. 254-255], together with the relative homology sequences, gives

Z, i=n-2,
0, i#n—-2,

Z, i=1,

E(X\C;Z):[ 0, i#1

H(X\N;Z) = {
Here X is an integral homology sphere, C is a circle, and N is a homotopy (n — 2)-sphere. In
each complement, orient the meridian generator as the boundary of an oriented normal disk to the
omitted submanifold. The two inclusion homomorphisms send [N] and [C] to Ik(N, C) and 1k(C, N)
times these generators, respectively. Indeed, a bounding chain in X has that coefficient under the
relative Thom class, and the boundary homomorphism sends a normal disk to its meridian. Both
coeflicients have absolute value one by linking symmetry. Thus both inclusions are integral homology
equivalences.

To prove that X \ C is simply connected, take a smooth loop in this complement and a continuous
filling disk in X. Extend the filling to a neighborhood of the disk. Smooth approximation [41,
Chapter 2, Section 3, Theorem 3.3, p. 57] and transverse approximation [41, Chapter 3, Section 2,
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Theorem 2.1, p. 74] give a smooth disk transverse to C, with boundary sufficiently close to the original
loop to be homotopic to it in X \ C. Since 2 + 1 — n < 0, this disk is disjoint from C. Thus X \ C is
simply connected. The manifolds N and X \ C have CW homotopy type, and N is simply connected
because n — 2 > 3. The homological Whitehead theorem [37, Corollary 4.33, p. 367] therefore makes
N < X\ C a homotopy equivalence.

O

34.3. An upper bound for displacement.
Theorem 34.5. Let q be an integer with 1 < q < H and |aq|, < q. Then
Spa(x) < gt (x € X), Ona(x) < gt (x¢N).
Proof. Put s = |agl,. The critical lengths below 27, their evaluated images, and their indices are

length | st qt (p—q)t (p—s)t
image | C N N C
index | 0 2 n—1 2n—2.

The first critical manifold is the full minimum by (33.1) and (34.3). For each € € {1, -1}, one has
#keZ : |pk+eql<q}=0, #lkeZ : |pk+eaq < q}=1

Indeed, the two least lattice distances are g, p — q in the first count and s, p — s in the second, with
s < qg<p—-q < p-—-s. The large-family boundary index is (33.8), as proved in Section 33. The
Bott formula (33.3) therefore gives index two at length gf. Reversal and (33.5) give the two opposite
indices. The same formula increases every index by 4m = 2n — 2 when a full period is added.

Put ¢ = (q£)?/2, and let F be the second critical manifold. Evaluation identifies F with N. Choose
a sufficiently small negative disk bundle D in the Morse—Bott attachment at c. Its zero section has
energy c, and its other points have energy below c. Choose regular values c_ < ¢ < ¢, with no other
critical value between them and with 0D C E. Put Z = E and Y = E. The first critical manifold
is the full Morse-Bott minimum, and there is no other critical value below ¢. The minimum-sublevel
argument in the proof of Lemma 34.4, with the same complete Riemannian metric and Palais-Smale
condition, makes its inclusion in Z a homotopy equivalence.

The rank-two negative bundle over N is orientable, since N is simply connected. The integral
Thom isomorphism [10, Chapter VI, Theorem 11.3, pp. 368-369] gives

Hy(Y,Z;Z) = H,_»(N; Z) = Z.

Since Hy,(Z;Z) = H,—1(Z;Z) = 0, the pair sequence gives H,(Y;Z) = H,(Y,Z;Z). The next
attachment has an orientable negative bundle over N of rank n — 1. Its relative groups in degrees n
and n + 1 are H;(N; Z) and H,(N; Z), respectively; both vanish because N = $""2 and n > 5. Every
later negative rank is at least 2n — 2 > n + 1. The pair sequences therefore make all subsequent maps
on H, isomorphisms. Every finite singular chain has bounded energy, so

Hy(Y:Z) S Hy(Apa X Z).
Moreover, deg(h?) = 1 because h? has odd order. Lemma 29.7 gives
ev, : Hy(AuX;Z) = Hy(X;Z).

Orient the negative bundle and N. Since 9D C Z and H,—1(Z; Z) = 0, the finite-chain construction
in the proof of Lemma 34.4 caps D by a chain in Z. Denote the resulting cycle by I'. Its image
in H,(Y,Z;Z) is a Thom generator, so [['] generates H,(Y;Z). Consequently ev,[I'| = +[X]. The
support satisfies

Il| c ES, IlnE~'(c) C F, ev(F) = N.

Proposition 3.29 of [37, p. 239] gives ev(|T|) = X, since H,(X \{x}; Z) = 0 for every x € X. Forx ¢ N
and 5 € [I'| with ev(n) = x, one has n ¢ F and E(n) < c. Equation (34.3) proves the result.
O
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